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ÄËß ÓÐÀÂÍÅÍÈß ÃÅËÜÌÃÎËÜÖÀ
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Abstract. We discuss continuation problem for the Helmholtz equation.

Numerical algorithm and regularization method based on singular-value

decomposition are presented. Comparative analysis of Tikhonov regularization

method and Godunov's approach are presented.

Keywords: continuation problem, regualarization problem, comparative

analysis, numerical methods, Godunov methods

1. Ââåäåíèå

Â àêóñòèêå ðàññìàòðèâàþòñÿ òîëüêî ìàëûå êîëåáàíèÿ ñðåäû, è ïîýòîìó ðàñ-
ñìàòðèâàþòñÿ çâóêîâûå âîëíû ñ ìàëûìè àìïëèòóäàìè. Ïîëíàÿ ñèñòåìà ëèíåé-
íûõ îáùèõ óðàâíåíèé àêóñòèêè äëÿ äàâëåíèÿ è ñêîðîñòè ÷àñòèö èìååò âèä:

ρ
∂v

∂t
+∇p = 0

β
∂p

∂t
+∇v = 0

ãäå ρ � ïëîòíîñòü ñðåäû, v � ñêîðîñòü ÷àñòèö, p � äàâëåíèå âîëíû è β �
ñæèìàåìîñòü ñðåäû. Ëþáîå ÷àñòíîå ðåøåíèå ñèñòåì óðàâíåíèÿ åñòü ñâîáîäíàÿ
âîëíà.

Ïðèâåäåì ïîëíóþ ñèñòåìó óðàâíåíèé àêóñòèêè ê îäíîìó-åäèíñòâåííîìó óðàâ-
íåíèþ îòíîñèòåëüíî âåëè÷èíû p. Ðàññìîòðèì íåîäíîðîäíóþ ñðåäó è ïóñòü
ïëîòíîñòü ñðåäû ρ = ρ(x, y) çàâèñèò îò êîîðäèíàò. Ïðîäèôôåðåíöèðóåì âòîðîå
óðàâíåíèå ïî âðåìåíè è ïðåäñòàâèì ïîðÿäîê äèôôåðåíöèðîâàíèÿ ñêîðîñòè ïî
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âðåìåíè è ïî êîîðäèíàòó è çàìåíèì âåëè÷èíó
∂v

∂t
âåëè÷èíó íà åå çíà÷åíèÿ èç

ïåðâîãî óðàâíåíèÿ [1].
ρ
∂v

∂t
+∇p = 0

β
∂p

∂t
+∇v = 0


∂v

∂t
= −1

ρ
∇p

β
∂2p

∂t2
+
∂

∂t
(∇v) = 0


∂v

∂t
= −1

ρ
∇p

β
∂2p

∂t2
+∇

(∂v
∂t

)
= 0

β
∂2p

∂t2
+∇

(
− 1

ρ
∇p
)

= 0

β
∂2p

∂t2
−∇

(1

ρ

)
∇p− 1

ρ
∇(∇p) = 0

β
∂2p

∂t2
− ∇ρ

ρ2
∇p− 1

ρ
∆p = 0

βρ
∂2p

∂t2
− ∇ρ

ρ
∇p−∆p = 0

c−2(x, y)
∂2p

∂t2
= ∆p−∇ ln(ρ(x, y))∇p

ãäå c−2 = βρ

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì óðàâíåíèå àêóñòèêè [2] â îáëàñòè Q = Ω × (0,+∞), ãäå Ω =
(0, 1)× (0, 1):

c−2(x, y)Utt = ∆U −∇ ln(ρ(x, y))∇U (x, y, t) ∈ Q(1)

Â òåîðèè êîëåáàíèé ãàðìîíè÷åñêàÿ çàâèñèìîñòü îò âðåìåíè èãðàåò âàæíóþ
ðîëü. Â ÷àñòíîñòè, ýòî ñâÿçàíî ñ òåì, ÷òî ãàðìîíè÷åñêàÿ çàâèñèìîñòü ñîõðà-
íÿåòñÿ ïðè ïðîõîæäåíèè êîëåáàíèé ÷åðåç ëèíåéíûå êîëåáàòåëüíûå ñèñòåìû
ñ ïîñòîÿííûìè ïàðàìåòðàìè � ðåçîíàòîðû, ôèëüòðû è ò.ï.:ýòè ñèñòåìû äà-
þò ãàðìîíè÷åñêèé îòêëèê íà ãàðìîíè÷åñêîå âîçäåéñòâèå. Òàê êàê ëèíåéíûõ
ñèñòåìàõ ïðèíöèï ñóïåðïîçèöèè ñïðàâåäëèâ, òî â íèõ îêàçûâàåòñÿ óäîáíûìè
ðàññìàòðèâàòü êîëåáàíèÿ ñ ëþáîé çàâèñèìîñòüþ îò âðåìåíè ïðè ïîìîùè ðàç-
ëîæåíèå Ôóðüå, ò.å. ïðåäñòàâëÿòü èõ â âèäå ñóïåðïîçèöèè êîëåáàíèé ñ îäíèì-
åäèíñòâåííûì, ãàðìîíè÷åñêèì âèäîì çàâèñèìîñòè îò âðåìåíè.

Â àêóñòèêå ãàðìîíè÷åñêàÿ çàâèñèìîñòü îò âðåìåíè èìååò àíàëîãè÷íûå ïðå-
èìóùåñòâà: äëÿ ñðåä, â êîòîðûõ âîëíû óäîâëåòâîðÿþò ëèíåéíûì óðàâíåíè-
ÿì, ñèíóñîèäàëüíàÿ çàâèñèìîñòü îò âðåìåíè ñîõðàíÿåòñÿ ïðè ðàñïðîñòðàíåíèè
âîëíû, ïðè åå îòðàæåíèè è ïðåëîìëåíèè, ïðè ðàññåÿíèè îò ïðåïÿòñòâèè è ò.ï.
Âîëíû ñ äðóãîé çàâèñèìîñòüþ îò âðåìåíè òàêèì ñâîéñòâàì íå îáëàäàþò. Òàê
êàê, êðîìå òîãî, äëÿ ëèíåéíûõ óðàâíåíèé àêóñòèêè ñïðàâåäëèâ ïðèíöèï ñó-
ïåðïîçèöèè, òî âîëíó ñ ïðàêòè÷åñêè ëþáîé çàâèñèìîñòüþ îò âðåìåíè ìîæíî
ïðåäñòàâèòü â âèäå ñóïåðïîçèöèè ãàðìîíè÷åñêèõ âîëí ðàçíûõ ÷àñòîò. Òàêîå
ïðåäñòàâëåíèå ïîçâîëÿåò âìåñòî âîëí ñ ëþáîé çàâèñèìîñòüþ îò âðåìåíè èçó-
÷àòü âîëíû ñ îäíîé åäèíñòâåííîé çàâèñèìîñòüþ � ãàðìîíè÷åñêîé, ÷òî óäîáíî
èìåííî ââèäó ñîõðàíåíèÿ ýòèìè âîëíàìè ñâîåé âðåìåííîé çàâèñèìîñòè. Òà-
êîå ðàçëîæåíèå âîëí íà ãàðìîíè÷åñêèå ñîñòàâëÿþùèå íàçûâàþò ñïåêòðàëüíûì
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ðàçëîæåíèåì Ôóðüå. Â çàâèñèìîñòè îò òîãî, ïåðèîäè÷íà èëè íåò èñõîäíàÿ âîë-
íà, ïðèõîäèì ñîîòâåòñòâåííî ê ðÿäó èëè ê èíòåãðàëó Ôóðüå. Îáðàòíîå ïðå-
îáðàçîâàíèå ïîçâîëÿåò âîññòàíîâèòü èñõîäíóþ âîëíó ïî åå ñïåêòðó. Ïîýòîìó
çíàÿ ïîâåäåíèå ãàðìîíè÷åñêèõ âîëí ðàçíûõ ÷àñòîò â òåõ èëè èíûõ óñëîâèÿõ
ðàñïðîñòðàíåíèÿ, ìîæíî ìåòîäîì Ôóðüå íàéòè ïîâåäåíèå âîëí ëþáîãî òèïà
[1].

Ïðåäïîëîæèì, ÷òî â Ω óñòàíîâèëñÿ ãàðìîíè÷åñêèé ðåæèì êîëåáàíèé:

U(x, y, t) = u(x, y)eiωt, (x, y, t) ∈ Q(2)

Ïîäñòàâëÿÿ (2) â (1) ïîëó÷èì óðàâíåíèå Ãåëüìãîëüöà:

− ω2c−2u = ∆u−∇ ln(ρ(x, y))∇u, (x, y) ∈ Ω

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó:

− ω2c−2u = ∆u−∇ ln(ρ(x, y))∇u, (x, y) ∈ Ω,(3)

u(0, y) = h1(y), y ∈ [0, 1],(4)

u(x, 0) = h2(x), x ∈ [0, 1],(5)

ux(0, y) = f1(y), y ∈ [0, 1],(6)

uy(x, 0) = f2(x), x ∈ [0, 1].(7)

Çàäà÷à (3) � (7) ÿâëÿåòñÿ íåêîððåêòíîé. Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ìû
ñíà÷àëà ñâåäåì åå ê îáðàòíîé çàäà÷å Aq = f ïî îòíîøåíèþ ê íåêîòîðîé ïðÿ-
ìîé (êîððåêòíîé) çàäà÷å. Äàëåå ìû ñâåäåì ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ
Aq = f ê çàäà÷å ìèíèìèçàöèè öåëåâîãî ôóíêöèîíàëà J(q) = 〈Aq − f,Aq − f〉.
Ïîñëå âû÷èñëåíèå ãðàäèåíòà J ′q öåëåâîãî ôóíêöèîíàëà, ìû ïðèìåíÿåì ìåòîä
ïî êîîðäèíàòíîãî ñïóñêà äëÿ åãî ìèíèìèçàöèè [3, 9, 8, 7, 10].

3. Òåîðåìà óñëîâíîé óñòîé÷èâîñòè

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó:

∆u = 0, (x, y) ∈ Ω,

u(0, y) = f1(y), y ∈ [0, 1],

u(x, 0) = f2(x), x ∈ [0, 1],

ux(0, y) = h1(y), y ∈ [0, 1],

uy(x, 0) = h2(x), x ∈ [0, 1].

Çàäà÷ó ðàçäåëèì íà äâå çàäà÷è:

Çàäà÷à 1

∆u = 0,

u(0, y) = f1(y),

u(x, 0) = 0,

ux(0, y) = h1(y),

uy(x, 0) = 0.

Çàäà÷à 2

∆u = 0,

u(0, y) = 0,

u(x, 0) = f2(x),

ux(0, y) = 0,

uy(x, 0) = h2(x).
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Çàäà÷à 1 ìû ïðîäîëæèì ïîëå ïî îñè x, òîãäà ãðàíèöó ïðè y = 1 ìîæíî âçÿòü
íîëü. À òàêæå, çàäà÷à 2 ìû ïðîäîëæèì ïîëå ïî îñè y, òîãäà ãðàíèöó ïðè x = 1
ìîæíî âçÿòü íîëü. Ïóñòü h2(x) = 0, h1(y) = 0.

Çàäà÷à 1

∆u = 0, (x, y) ∈ Ω,(8)

u(0, y) = f1(y), y ∈ [0, 1],(9)

u(x, 0) = 0, x ∈ [0, 1],(10)

ux(0, y) = 0, y ∈ [0, 1],(11)

u(x, 1) = 0, x ∈ [0, 1].(12)

Çàäà÷à 2

∆u = 0, (x, y) ∈ Ω,(13)

u(0, y) = 0, y ∈ [0, 1],(14)

u(x, 0) = f2(x), x ∈ [0, 1],(15)

u(1, y) = 0, y ∈ [0, 1],(16)

uy(x, 0) = 0, x ∈ [0, 1].(17)

Theorem 1 (óñëîâíîé óñòîé÷èâîñòè). Ïóñòü äëÿ f1 ∈ L2(0, 1) è ñóùåñòâóåò
ðåøåíèå u ∈ L2(Ω) çàäà÷è (8) � (12). Òîãäà âåðíà ñëåäóþùàÿ îöåíêà óñëîâíîé
óñòîé÷èâîñòè

1∫
0

u2(x, y)dy ≤

( 1∫
0

f21 (y)dy

)1−x( 1∫
0

u2(1, y)dy

)x

.(18)

Theorem 2 (óñëîâíîé óñòîé÷èâîñòè). Ïóñòü äëÿ f2 ∈ L2(0, 1) è ñóùåñòâóåò
ðåøåíèå u ∈ L2(Ω) çàäà÷è (13) � (17). Òîãäà âåðíà ñëåäóþùàÿ îöåíêà óñëîâíîé
óñòîé÷èâîñòè

1∫
0

u2(x, y)dx ≤

( 1∫
0

f22 (x)dx

)1−y( 1∫
0

u2(x, 1)dx

)y

.(19)

4. Ñâåäåíèå èñõîäíîé çàäà÷è ê îáðàòíîé çàäà÷å

Ïîêàæåì, ÷òî ðåøåíèå èñëåäóåìîé çàäà÷è(3) � (7) ìîæíî ñâåñòè ê ðåøåíèþ
îáðàòíîé çàäà÷è ïî îòíîøåíèþ ê íåêîòîðîé ïðÿìîé (êîððåêòíîé) çàäà÷å.

Â êà÷åñòâå ïðÿìîé çàäà÷è áóäåì ðàññìàòðèâàòü ñëåäóþùóþ

− ω2c−2u = ∆u−∇ ln(ρ(x, y))∇u, (x, y) ∈ Ω,(20)

u(0, y) = h1(y), y ∈ [0, 1],(21)

u(x, 0) = h2(x), x ∈ [0, 1],(22)

u(1, y) = q1(y), y ∈ [0, 1],(23)

u(x, 1) = q2(x), x ∈ [0, 1].(24)

Îáðàòíàÿ çàäà÷à ê çàäà÷å (20) � (24) çàêëþ÷àåòñÿ â îïðåäåëåíèè ôóíêöèè
q1(x), q2(y) ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè ïðÿìîé çàäà÷è.

ux(0, y) = f1(y), y ∈ [0, 1],

uy(x, 0) = f2(x), x ∈ [0, 1].

Ââåäåì îïåðàòîð

A : (q1, q2) 7→ (ux(0, y), uy(x, 0)).

Òîãäà îáðàòíóþ çàäà÷ó ìîæíî çàïèñàòü â îïåðàòîðíîé ôîðìå

Aq = f.
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Ââåäåì öåëåâîé ôóíêöèîíàë

J(q1, q2) =

1∫
0

[
ux(0, y; q1, q2)− f1(y)

]2
dy +

1∫
0

[
uy(x, 0; q1, q2)− f2(x)

]2
dx.(25)

Áóäåì ìèíèìèçèðîâàòü êâàäðàòè÷íûé ôóíêöèîíàë (25) ìåòîäîì Ëàíäâåáåðà.
Ïóñòü èçâåñòíî ïðèáëèæåíèå qn. Ïîñëåäóþùåå ïðèáëèæåíèå îïðåäåëèì èç:

qn+1 = qn − αJ ′(qn)(26)

çäåñü α ∈ (0, ||A||−2)[2].

Àëãîðèòì ðåøåíèå îáðàòíîé çàäà÷è

Îïèøåì êðàòêî àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è íà îñíîâå ïî êîîðäè-
íàòíîãî ñïóñêà ìåòîäîì èòåðàöèè Ëàíäâåáåðà.

(1) Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå q0 = (q01 , q
0
2);

(2) Ïðåäïîëîæèì, ÷òî qn èçâåñòíî, òîãäà ÷èñëåííî ðåøàåì ïðÿìóþ çàäà÷ó

uxx + uyy −
(ρx
ρ
ux +

ρy
ρ
uy

)
+
(ω
c

)2
u = 0, (x, y) ∈ Ω,

u(0, y) = h1(y), y ∈ [0, 1],

u(x, 0) = h2(x), x ∈ [0, 1],

u(1, y) = qn1 (y), y ∈ [0, 1],

u(x, 1) = qn2 (x), x ∈ [0, 1].

(3) ×èñëåííî ðåøàåì ñîïðÿæåííóþ çàäà÷ó ïî ïåðâîìó êîìïîíåíòó

ψxx + ψyy +
(ρx
ρ
ψ
)
x

+
(ρy
ρ
ψ
)
y

+
(ω
c

)2
ψ = 0, (x, y) ∈ Ω,

ψ(0, y) = 2
(
ux(0, y; q1, q2)− f1(y)

)
, y ∈ [0, 1],

ψ(x, 0) = 0, x ∈ [0, 1],

ψ(1, y) = 0, y ∈ [0, 1],

ψ(x, 1) = 0, x ∈ [0, 1].

(4) Âû÷èñëÿåì ãðàäèåíò ôóíêöèîíàëà J ′(qn1 ) = −ψx(1, y);
(5) Âû÷èñëÿåì ñëåäóþùåå ïðèáëèæåíèå qn+1

1 ïî ôîðìóëå (26);
(6) ×èñëåííî ðåøàåì ïðÿìóþ çàäà÷ó

uxx + uyy −
(ρx
ρ
ux +

ρy
ρ
uy

)
+
(ω
c

)2
u = 0, (x, y) ∈ Ω,

u(0, y) = h1(y), y ∈ [0, 1],

u(x, 0) = h2(x), x ∈ [0, 1],

u(1, y) = qn+1
1 (y), y ∈ [0, 1],

u(x, 1) = qn2 (x), x ∈ [0, 1].
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(7) ×èñëåííî ðåøàåì ñîïðÿæåííóþ çàäà÷ó ïî âòîðîìó êîìïîíåíòó

ψxx + ψyy +
(ρx
ρ
ψ
)
x

+
(ρy
ρ
ψ
)
y

+
(ω
c

)2
ψ = 0, (x, y) ∈ Ω,

ψ(1, y) = 0, y ∈ [0, 1],

ψ(x, 1) = 0, x ∈ [0, 1],

ψ(0, y) = 0, y ∈ [0, 1],

ψ(x, 0) = 2
(
uy(x, 0; q1, q2)− f2(x)

)
, x ∈ [0, 1].

(8) Âû÷èñëÿåì ãðàäèåíò ôóíêöèîíàëà J ′(qn2 ) = −ψy(x, 1);

(9) Âû÷èñëÿåì ñëåäóþùåå ïðèáëèæåíèå qn+1
2 ïî ôîðìóëå (26).

(10) Âû÷èñëÿåì çíà÷åíèå ôóíêöèîíàëà

J(qn+1) =
1∫
0

[
ux(0, y; qn+1

1 , qn+1
2 ) − f1(y)

]2
dy +

1∫
0

[
uy(x, 0; qn+1

1 , qn+1
2 ) −

f2(x)
]2
dx;

(11) Åñëè çíà÷åíèå öåëåâîãî ôóíêöèîíàëà íå äîñòàòî÷íî ìàëî, òîãäà ïåðå-
õîäèì øàãó 2;
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5. ×èñëåííûå ðåøåíèå îáðàòíîé çàäà÷è

Ñíà÷àëà ðàññìàòðèâàåì èñõîäíóþ çàäà÷ó â äèñêðåòíîé ïîñòàíîâêå. Ïðîâî-
äèì ÷èñëåííîå èññëåäîâàíèå óñòîé÷èâîñòè çàäà÷è â äèñêðåòíîé ïîñòàíîâêå.

Äèñêðåòèçàöèÿ èñõîäíîé çàäà÷è
Ñîîòâåòñòâóþùàÿ ðàçíîñòíàÿ çàäà÷à äëÿ èñõîäíîé çàäà÷è (3) � (7) èìååò

âèä

ui+1,j − 2ui,j + ui−1,j
h2

+
ui,j+1 − 2ui,j + ui,j−1

h2

− ρi+1,j − ρi−1,j
2hρi,j

· ui+1,j − ui−1,j
2h

− ρi,j+1 − ρi,j−1
2hρi,j

· ui,j+1 − ui,j−1
2h

+
(ω
c

)2
ui,j = 0, i, j = 1, N − 1,

u0,j = hj1, j = 0, N,

ui,0 = hi2, i = 0, N,

u1,j = hj1 + h · f j1 , j = 0, N,

ui,1 = hi2 + h · f i2, i = 0, N.

Äëÿ óäîáñòâà ââåäåì íîâûå îáîçíà÷åíèè ai,j = 1 +
ρi+1,j − ρi−1,j

4ρi,j
,

bi,j = 1 +
ρi,j+1 − ρi,j−1

4ρi,j
, c = −4 +

(ω · h
c

)2
,

di,j = 1− ρi+1,j − ρi−1,j
4ρi,j

, ei,j = 1− ρi,j+1 − ρi,j−1
4ρi,j

.

ai,jui−1,j + bi,jui,j−1 + cui,j + di,jui,j+1 + ei,jui+1,j = 0, i, j = 1, N − 1,(27)

u0,j = hj1, j = 0, N,(28)

ui,0 = hi2, i = 0, N,(29)

u1,j = hj1 + h · f j1 ,(30)

ui,1 = hi2 + h · f i2, i = 0, N.(31)

Ïîñòðîèì ñèñòåìó ðàçíîñòíûõ óðàâíåíèé [4, ñ.379]

A ·X = B.(32)

Çäåñü A � ìàòðèöà ðàçìåðîì (N + 1)
2
, X � íåèçâåñòíûé âåêòîð âèäà

X = (u0,0, u0,1, . . . u0,N , u1,0, u1,1, . . . u1,N , . . . uN,0, uN,1, . . . uN,N ) ,

B � âåêòîð äàííûõ (ãðàíè÷íûå è äîïîëíèòåëüíûå óñëîâèÿ).
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Èññëåäîâàíèå óñòîé÷èâîñòè ìàòðèöà èñõîäíîé çàäà÷è

Îïèñàíèå ÷èñëåííîãî ýêñïåðèìåíòà c = 1, ω = 0.5

h1(y) =
1− cos(8πy)

4
, h2(x) =

1− cos(8πx)

4
,

q1(y) =
1− cos(8πy)

4
, q2(x) =

1− cos(8πx)

4
,

ρ(x, y) = e−
(x−0.5)2+(y−0.5)2

2b2 , b = 0.1.

Â òàáëèöå 1 ïðåñòàâëåíû ðåçóëüòàòû ñèíãóëÿðíîãî ðàçëîæåíèÿ ìàòðèöû èñ-
õîäíîé çàäà÷è A è ïðÿìîé çàäà÷è AT äëÿ çíà÷åíèé N = 50.

Ìàòðèöû σmax(A) σmin(A) µ(A) ‖A‖
AT 743.404 0.015 47056.2 8404.42
A 743.404 9.07 · 10−19 8.19 · 1020 8404.42

Òàáëèöà 1. Ñèíãóëÿðíûå ðàçëîæåíèå ìàòðèö c ðàçìåðîì
(N + 1)2

n

si
ng

_v
al

ue

0 500 1000 1500 2000 2500
10-2

10-1

100

101

102

n

si
ng

_v
al

ue

0 500 1000 1500 2000 2500
10-19

10-14

10-9

10-4

101

a) σn ïðè N = 50 b) σn ïðè N = 50

Ðèñ. 1. a) Çíà÷åíèå ñèíãóëÿðíûõ ÷èñåë ìàòðèöà AT ñ ðàçìå-
ðîì (N + 1)2, b) Çíà÷åíèå ñèíãóëÿðíûõ ÷èñåë ìàòðèöà A ñ ðàç-
ìåðîì (N + 1)2

Ìàòðèöà èñõîäíîé çàäà÷è èìååò ïëîõóþ îáóñëîâëåííîñòü [5]. ×òî ïîäòâåðæäà-
åòñÿ áûñòðûì óáûâàíèåì ñèíãóëÿðíûõ ÷èñåë íà ðèñóíêå 1 b).
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×èñëåííûå ðåçóëüòàòû îáðàòíîé çàäà÷è ìåòîäîì Ëàíäâåáåðà

Â äàííîì ðàçäåëå äëÿ ðåøåíèÿ äâóìåðíîé ïðÿìîé çàäà÷è äëÿ óðàâíåíèÿ
Ãåëüìãîëüöà, èñïîëüçóåòñÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ. Ïðîâåäåíà òðèàíãóëÿ-
öèÿ ñ ÷èñëîì òðåóãîëüíèêîâ � Nt; âåðøèí � Nv; è ñ ÷èñëîì òî÷åê íà ãðàíèöå
� N . Çàäà÷à ðåøåíà ñ âû÷èñëèòåëüíîé ïàêåòîì FreeFEM++.
Îïèñàíèå ÷èñëåííîãî ýêñïåðèìåíòà c = 1, ω = 0.5

h1(y) =
1− cos(8πy)

4
, h2(x) =

1− cos(8πx)

4
,

q1(y) =
1− cos(8πy)

4
, q2(x) =

1− cos(8πx)

4
,

ρ(x, y) = e−
(x−0.5)2+(y−0.5)2

2b2 , b = 0.1.

n

J(
qn

)

0 100 200 300
0.3

0.4

0.5

0.6

0.7

0.8

Ðèñ. 2. Çíà÷åíèå ôóíêöèîíàëà J(qn) ïî èòåðàöèè

×èñëî èòåðàöèé, n J(q) ‖uT − ũ‖
10 0.8158 0.1491
100 0.6254 0.1013
300 0.3788 0.0553
365 0.3323 0.0538

Òàáëèöà 2. Ðåçóëüòàòû ðåøåíèÿ ìåòîäîì èòåðàöèè Ëàíä-
âåáåðà áåç øóìà
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n

||u
(

,y
)

-
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(
,y

)|
|
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n
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,
)
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(x
,
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a) ‖u(, y)− un(, y)‖ b) ‖u(x, )− un(x, )‖

Îáîçíà÷åíèÿ: (Çíàê �) � ïðè çíà÷åíèè x = 0.25 è y = 0.25, (çíàê
•) � ïðè çíà÷åíèè x = 0.5 è y = 0.5, (çíàê H) � ïðè çíà÷åíèè x = 0.75
è y = 0.75

Ðèñ. 3. a) Íîðìà ðàçíîñòè òî÷íîé ðåøåíèè ãðàíèöà è âîññòà-
íîâëåííîé ðåøåíèè ãðàíèöà, b) Íîðìà ðàçíîñòè òî÷íîé ðåøå-
íèè ãðàíèöà è âîññòàíîâëåííîé ðåøåíèè ãðàíèöà

n

||u
-u

n|
|

0 100 200 300 400
10-5

10-4

10-3

10-2

10-1

a) ‖u(x, y)− un(x, y)‖

Îáîçíà÷åíèÿ: (Çíàê �) � ïðè çíà÷åíèè 0 ≤ x, y ≤ 0.25, (çíàê •) �
ïðè çíà÷åíèè 0 ≤ x, y ≤ 0.5, (çíàê H) � ïðè çíà÷åíèè 0 ≤ x, y ≤ 0.75

Ðèñ. 4. a) Íîðìà ðàçíîñòè òî÷íîé ðåøåíèè è âîññòàíîâëåííîé ðåøåíèè
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a) u(0.25, y) b) u(x, 0.25)

Îáîçíà÷åíèÿ: (Çíàê �) � ðåøåíèå ìåòîäîì Ëàíäâåáåðà, (çíàê •) �
òî÷íîå ðåøåíèå

Ðèñ. 5. Íà ðèñóíêå a) cðàâíåíèå ãðàíèö u(x, y) ïðè x = 0.25,
íà ðèñóíêå b) cðàâíåíèå ãðàíèö u(x, y) ïðè y = 0.25

y

u(
0

.5
,y

)

0 0.1 0.2 0.3 0.4 0.5

0

0.05

0.1

0.15

0.2

0.25

x

u(
x,

0
.5

)
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a) u(0.5, y) b) u(x, 0.5)

Îáîçíà÷åíèÿ: (Çíàê �) � ðåøåíèå ìåòîäîì Ëàíäâåáåðà, (çíàê •) �
òî÷íîå ðåøåíèå

Ðèñ. 6. Íà ðèñóíêå a) cðàâíåíèå ãðàíèö u(x, y) ïðè x = 0.5, íà
ðèñóíêå b) cðàâíåíèå ãðàíèö u(x, y) ïðè y = 0.5
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a) u(0.75, y) b) u(x, 0.75)

Îáîçíà÷åíèÿ: (Çíàê �) � ðåøåíèå ìåòîäîì Ëàíäâåáåðà, (çíàê •) �
òî÷íîå ðåøåíèå

Ðèñ. 7. Íà ðèñóíêå a) cðàâíåíèå ãðàíèö u(x, y) ïðè x = 0.75,
íà ðèñóíêå b) cðàâíåíèå ãðàíèö u(x, y) ïðè y = 0.75
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a) u(1, y) b) u(x, 1)

Îáîçíà÷åíèÿ: (Çíàê �) � ðåøåíèå ìåòîäîì Ëàíäâåáåðà, (çíàê •) �
òî÷íîå ðåøåíèå

Ðèñ. 8. Íà ðèñóíêå a) cðàâíåíèå ãðàíèö u(x, y) ïðè x = 1, íà
ðèñóíêå b) cðàâíåíèå ãðàíèö u(x, y) ïðè y = 1

Âû÷èñëèòåëüíûé ýêñïåðèìåíò ñ 1% øóìîì (ε = 0.01)

n

J(
qn

)

0 200 400 600 800 1000

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Ðèñ. 9. Çíà÷åíèå ôóíêöèîíàëà J(qn) ïî èòåðàöèè

×èñëî èòåðàöèé, n J(q) ‖uT − ũ‖
10 0.8158 0.1499
100 0.6254 0.1028
1000 0.2032 0.0906

Òàáëèöà 3. Ðåçóëüòàòû ðåøåíèÿ ìåòîäîì èòåðàöèè Ëàíä-
âåáåðà áåç øóìà
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a) ‖u(, y)− un(, y)‖ b) ‖u(x, )− un(x, )‖

Îáîçíà÷åíèÿ: (Çíàê �) � ïðè çíà÷åíèè x = 0.25 è y = 0.25, (çíàê
•) � ïðè çíà÷åíèè x = 0.5 è y = 0.5, (çíàê H) � ïðè çíà÷åíèè x = 0.75
è y = 0.75

Ðèñ. 10. a) Íîðìà ðàçíîñòè òî÷íîé ðåøåíèè ãðàíèöà è âîññòà-
íîâëåííîé ðåøåíèè ãðàíèöà, b) Íîðìà ðàçíîñòè òî÷íîé ðåøå-
íèè ãðàíèöà è âîññòàíîâëåííîé ðåøåíèè ãðàíèöà
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n|
|
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a) ‖u(x, y)− un(x, y)‖

Îáîçíà÷åíèÿ: (Çíàê �) � ïðè çíà÷åíèè 0 ≤ x, y ≤ 0.25, (çíàê •) �
ïðè çíà÷åíèè 0 ≤ x, y ≤ 0.5, (çíàê H) � ïðè çíà÷åíèè 0 ≤ x, y ≤ 0.75

Ðèñ. 11. a) Íîðìà ðàçíîñòè òî÷íîé ðåøåíèè è âîññòàíîâëåí-
íîé ðåøåíèè
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a) u(0.25, y) b) u(x, 0.25)

Îáîçíà÷åíèÿ: (Çíàê �) � ðåøåíèå ìåòîäîì Ëàíäâåáåðà, (çíàê •) �
òî÷íîå ðåøåíèå

Ðèñ. 12. Íà ðèñóíêå a) cðàâíåíèå ãðàíèö u(x, y) ïðè x = 0.25,
íà ðèñóíêå b) cðàâíåíèå ãðàíèö u(x, y) ïðè y = 0.25
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a) u(0.5, y) b) u(x, 0.5)

Îáîçíà÷åíèÿ: (Çíàê �) � ðåøåíèå ìåòîäîì Ëàíäâåáåðà, (çíàê •) �
òî÷íîå ðåøåíèå

Ðèñ. 13. Íà ðèñóíêå a) cðàâíåíèå ãðàíèö u(x, y) ïðè x = 0.5,
íà ðèñóíêå b) cðàâíåíèå ãðàíèö u(x, y) ïðè y = 0.5



×ÈÑËÅÍÍÎÅ ÐÅØÅÍÈÅ ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ C.19

y

u(
0.

75
,y

)

0 0.2 0.4 0.6 0.8

0

0.1

0.2

0.3

x

u(
x,

0.
75

)

0 0.2 0.4 0.6 0.8

0

0.1

0.2

0.3
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Îáîçíà÷åíèÿ: (Çíàê �) � ðåøåíèå ìåòîäîì Ëàíäâåáåðà, (çíàê •) �
òî÷íîå ðåøåíèå

Ðèñ. 14. Íà ðèñóíêå a) cðàâíåíèå ãðàíèö u(x, y) ïðè x = 0.75,
íà ðèñóíêå b) cðàâíåíèå ãðàíèö u(x, y) ïðè y = 0.75
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Îáîçíà÷åíèÿ: (Çíàê �) � ðåøåíèå ìåòîäîì Ëàíäâåáåðà, (çíàê •) �
òî÷íîå ðåøåíèå

Ðèñ. 15. Íà ðèñóíêå a) cðàâíåíèå ãðàíèö u(x, y) ïðè x = 1, íà
ðèñóíêå b) cðàâíåíèå ãðàíèö u(x, y) ïðè y = 1
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Àííîòàöèÿ. Èññëåäóåòñÿ çàäà÷à ïðîäîëæåíèÿ ðåøåíèÿ ïàðàáîëè-

÷åñêîãî óðàâíåíèÿ ñ äàííûìè íà ÷àñòè ãðàíèöû. Çàäà÷à ïðîäîëæå-

íèÿ ñ�îðìóëèðîâàíà â âèäå îáðàòíîé çàäà÷è. Ïîñòðîåí ÷èñëåííûé

ìåòîä ðåøåíèÿ íà îñíîâå ìåòîäà êîíå÷íûõ ðàçíîñòåé è ìåòîäà ñèí-

ãóëÿðíîãî ðàçëîæåíèÿ. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ.

Êëþ÷åâûå ñëîâà: çàäà÷à ïðîäîëæåíèÿ, ïàðàáîëè÷åñêîå óðàâíåíèå.

1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

�àññìîòðèì çàäà÷ó ïðîäîëæåíèÿ äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ

(1.1) ut = a(x, t)uxx, x ∈ R, t > 0;

(1.2) u|x=0 = f(t), ux|x=0 = g(t), t > 0.

Òðåáóåòñÿ îïðåäåëèòü �óíêöèþ u(x, t) ïî çàäàííûì f(t) è g(t).
Çàäà÷à ïðîäîëæåíèÿ (1.1), (1.2) ÿâëÿåòñÿ íåêîððåêòíîé [5℄.

2. Ôîðìóëèðîâêà ðåçóëüòàòîâ

Ïóñòü â ïîëóïîëîñå Π = {(x, t) : x ≥ 0, 0 ≤ t ≤ 1} äâàæäû íåïðåðûâíî

äè��åðåíöèðóåìàÿ �óíêöèÿ u(x, t) óäîâëåòâîðÿåò äè��åðåíöèàëüíîìó íåðà-

âåíñòâó

[a(x, t)uxx − ut]
2 ≤ k1u

2 + k2u
2
x, (1)

© 2014 Áåëîíîñîâ À.Ñ., Øèøëåíèí Ì.À.
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ãäå k1, k2 - íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû, à êîý��èöèåíò a(x, t) â îáëà-
ñòè Π ÿâëÿåòñÿ íåïðåðûâíî äè��åðåíöèðóåìîé �óíêöèåé, ïðè÷åì a(x, t) > 0
ïðè (x, t) ∈ Π. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Åñëè

u(0, t) < e−
1

η(t) , ux(0, t) < e−
1

η(t) ,

ãäå

η(t)
t → 0 ïðè t → 0, òî u(x, 0) ≡ 0 ïðè x ≥ 0.

Òåîðåìà 2. Ïóñòü

0 < a0 < a(x, t) ≤ 1, |ax(x, t)| ≤ 1, |at(x, t)| ≤ 1,

max{|u(x, t)| , |ux(x, t)| , |ut(x, t)|} ≤ const < ∞,
(2)

ïðè (x, t) ∈ Π,
∞
∫

0

|at(ξ, t)| dξ ≤ const < ∞ ïðè t ∈ [0, 1]. Ïóñòü ïîëîæèòåëüíàÿ

ìîíîòîííî âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü xn óäîâîëåòâîðÿåò óñëîâèþ

xn ≤ const · nµ, ãäå µ <
1

2
.

Òîãäà åñëè u(xn, t) = 0 ïðè t ∈ [0, 1], n = 0, 1, 2, . . ., òî u ≡ 0 â îáëàñòè Π.
Òåîðåìà 1 ÿâëÿåòñÿ óñèëåíèåì ñîîòâåòñòâóþùåãî óòâåðæäåíèÿ Å. Ì. Ëàí-

äèñà, äîêàçàííîãî â ðàáîòå [1℄. Òåîðåìà 2 äàåò äîñòàòî÷íîå óñëîâèå (êîòîðîå

ñëåäóåò íàëîæèòü íà ïîñëåäîâàòåëüíîñòü xn) åäèíñòâåííîñòè çàäà÷è ïðîäîë-

æåíèÿ ðåøåíèÿ äè��åðåíöèàëüíîãî íåðàâåíñòâà (1) ñ áåñêîíå÷íîé ïîñëåäîâà-

òåëüíîñòè îòðåçêîâ {(xn, t) : 0 ≤ t ≤ 1}. Äîêàçàòåëüñòâî òåîðåì 1 è 2 âûòåêàåò

èç ñâîéñòâ îöåíêè ðåùåíèÿ çàäà÷è Êîøè äëÿ äè��åðåíöèàëüíîãî íåðàâåíñòâà

(1) ñ äàííûìè íà âðåìåíèïîäîáíîé ïîâåðõíîñòè. Â ðàáîòå [4℄ äîêàçàíî, ÷òî ýòà

îöåíêà èìååò ñòåïåííîé õàðàêòåð. Íàñ áóäåò èíòåðåñîâàòü åå çàâèñèìîñòü îò

ðàçìåðîâ îáëàñòè è ðàññòîÿíèÿ äî ãðàíèöû. Òàê æå, êàê è â ðàáîòå [4℄, ïðè

âûâîäå îöåíêè ìû èñïîëüçóåì ìåòîäèêó Êàðëåìàíà.

3. Îñíîâíàÿ ëåììà

Ââåäåì íåêîòîðûå îáîçíà÷åíèÿ. Ïóñòü

V = {(x, t) : 0 ≤ x ≤ h,−T0 ≤ t ≤ T0}, ãäå h > 0, 0 < T0 < 1,

ε = max
t∈[−T0,T0]

{|u(0, t)| , |ux(0, t)|},

λ = max
t∈[−T0,T0]

{

h
∫

0

|at(ξ, t)| dξ
}

+ 1,

M = max
(x,t)∈V

{|u(x, t)| , |ux(x, t)| , |ut(x, t)|}+ 1.

(3)

Ëåììà 1.Ïóñòü â îáëàñòè V äâàæäû íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíê-

öèÿ u(x, t) óäîâëåòâîðÿåò äè��åðåíöèàëüíîìó íåðàâåíñòâó (1), êîý��èöèåíò

a(x, t) êîòîðîãî óäîâëåòâîðÿåò â îáëàñòè V óñëîâèÿì (2). Ïóñòü ρ ∈ (0, h),
r = h− ρ. Òîãäà ñóùåñòâóþò òàêèå êîíñòàíòû C1, C2, çàâèñÿùèå îò a0, k1, k2,
÷òî åñëè

ε < exp{−C1(h+ 1)2λ2[T−1
0 + r−2 + lnM ]},

òî

|u(ρ, 0)| < exp{−C2(h+ 1)2λ2[T−1
0 + r−2 + lnM ]r}. (4)
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Äëÿ äîêàçàòåëüñòâà ëåììû 1 ñ ïîìîùüþ ïîäõîäÿùåé çàìåíû ïåðåìåííûõ

ïåðåâåäåì íåðàâåíñòâî (1) â íåðàâåíñòâî ñ ïîñòîÿííûìè êîý��èöèåíòàìè ïðè

ñòàðøèõ ïðîèçâîäíûõ. Ñ ýòîé öåëüþ ïîëîæèì

y(x, t) = 1−
a

1
2
0

h

h
∫

x

a−
1
2 (ξ, t)dξ,

τ(t) =
a0
h2

t.

(5)

Ïîñêîëüêó, êàê ëåãêî çàìåòèòü (ó÷èòûâàÿ óñëîâèÿ (2)),

0 ≤
x

h
≤ y(x, t) ≤ 1− a

1
2
0 (1−

x

h
) ≤ 1

è τ íå çàâèñèò îò x, òî îáëàñòü V ïðè ýòîé çàìåíå ïåðåéäåò â êðèâîëèíåéíóþ

òðàïåöèþ Ṽ , ñîäåðæàùóþñÿ â ïðÿìîóãîëüíèêå

{(y, τ) : 0 ≤ y ≤ 1, −T1 ≤ τ ≤ T1}, ãäå T1 =
a0
h2

T0,

ñ âåðøèíàìè â òî÷êàõ y(0,−T0), y(0, T0), y(h, T0) è y(h,−T0), ëåâàÿ ñòîðîíà

êîòîðîé îïèñûâàåòñÿ óðàâíåíèåì

γ(τ) = 1−
a

1
2
0

h

h
∫

0

a−
1
2 (ξ, t(τ))dξ.

Ó÷èòûâàÿ óñëîâèÿ (2), èç íåðàâåíñòâà (1) ëåãêî ïîëó÷èòü, ÷òî â îáëàñòè Ṽ
�óíêöèÿ u(y, τ) óäîâëåòâîðÿåò ñëåäóþùåìó äè��åðåíöèàëüíîìó íåðàâåíñòâó:

(uyy − uτ )
2 ≤ k̃1u

2 + k̃2u
2
y, (6)

ãäå

k̃1 = 2h4a−2
0 k1,

k̃2 =
h2

2a20
[(1 +

λ

a0
)2 + 2k2],

(7)

à λ îïðåäåëÿåòñÿ ðàâåíñòâîì (3). Òî÷êà (ρ, 0) ïðè çàìåíå (5) ïåðåéäåò â òî÷êó

(ρ̃, 0) = (1− r̃, 0), ãäå

r̃ =
a

1
2
0

h

h
∫

h−r

a−
1
2 (ξ, t)dξ.

Ïîëîæèì

φ(y, τ) = y + τ2T−2
1 + 1.

Ïóñòü (Pr)− ñâÿçíàÿ ÷àñòü ëèíèè óðîâíÿ �óíêöèè φ(y, τ), ïðîõîäÿùåé ÷åðåç

òî÷êó (ρ̃, 0), ïðèíàäëåæàùàÿ Ṽ è ñîäåðæàùàÿ òî÷êó (ρ̃, 0), ãäå (Pr) ⊂ {(y, τ) ∈

Ṽ : y + τ2T−2
1 = ρ̃}, Ṽr− ÷àñòü îáëàñòè Ṽ ,îãðàíè÷åííàÿ êóñêîì ïàðàáîëû Pr

è ëåâîé ãðàíèöåé (γ) îáëàñòè Ṽ , (γr) = ∂Ṽr (Pr)− ÷àñòü êðèâîé (γ), ÿâëÿþ-

ùàÿñÿ äîïîëíåíèåì (Pr) äî ãðàíèöû ∂Ṽr îáëàñòè Ṽr. (ðèñ. 1). Òàêèì îáðàçîì,

Ṽr2 ⊂ Ṽr1 ïðè r1 < r2.
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1

T1

−T1

Ṽr(γr)

ρ̃
0

(Pr)

�èñóíîê 1

Îöåíèì âûðàæåíèå

∫

∂Ṽr

φ−2ν(y, τ)u2(y, τ) cos(−→n , y)ds,

ãäå ν > 0 - íåêîòîðûé ïàðàìåòð,

−→n îçíà÷àåò íàïðàâëåíèå âíåøíåé íîðìàëè ê

êîíòóðó ∂Ṽr, ds− ýëåìåíò äëèíû äóãè. Èñïîëüçóÿ �îðìóëó �ðèíà è òîò �àêò,

÷òî 1 ≤ φ(y, τ) ≤ 3 ïðè (y, τ) ∈ Ṽ , ïîëó÷àåì

∫

∂Ṽr

φ−2νu2 cos(−→n , y)ds ≤

∫

Ṽ0

φ−2νu2
ydydτ (8)

(ñ÷èòàÿ ν ≥ 3
2 ). Ïîëîæèì

Φ(y, τ) = φ−ν(y, τ), v(y, τ) = Φ(y, τ)u(y, τ).

Òîãäà

Φ[uyy − uτ ] = vyy − gvy + bv − vτ , (9)

ãäå

g = 2Φ−1Φy, b = 2Φ−2Φ−2
y − Φ−1Φyy +Φ−1Φτ .

Èñïîëüçóÿ (6), (9) è �îðìóëó �ðèíà, èìååì

∫∫

Ṽ0

Φ2[k̃1u
2 + k̃2u

2
y]dydτ ≥

≥

∫∫

Ṽ0

[vyy − bv]2dydτ +

∫∫

Ṽ0

[vτ + gvy]
2dydτ −

∫∫

Ṽ0

2gvyvyydydτ−

−

∫∫

Ṽ0

2gbvvydydτ −

∫∫

Ṽ0

2vτvyydydτ −

∫∫

Ṽ0

2bvvτdydτ ≥

≥

∫∫

Ṽ0

∂g

∂y
v2dydτ +

∫∫

Ṽ0

[

∂b

∂τ
+

∂

∂y
(g · b)

]

v2dydτ−

−

∫

∂Ṽ0

[gv2y + g · bv2 + 2vyvτ ] cos(
−→n , y)ds+

∫

∂Ṽ0

[v2y − bv2] sin(−→n , y)ds.
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Ïåðåéäåì îò v ê u. Èñïîëüçóÿ �îðìóëó �ðèíà, èìååì

∫∫

Ṽ0

∂g

∂y
v2ydydτ =

∫∫

Ṽ0

Φ2

(

∂g

∂y

)

u2
ydydτ−

−

∫∫

Ṽ0

[

∂2g

∂y2
ΦΦy +

∂g

∂y
ΦΦyy

]

u2dydτ +

∫

∂Ṽ0

(

∂g

∂y

)

ΦΦyu
2 cos(−→n , y)ds.

Ïîëó÷àåì

∫∫

Ṽ0

Φ2[k̃1u
2 + k̃2u

2
y]dydτ ≥

∫∫

Ṽ0

Φ2
(∂g

∂y

)

u2
ydydτ+

+

∫∫

Ṽ0

{

Φ2

[

∂b

∂τ
+

∂

∂y
(b · g)

]

−
[∂2g

∂y2
ΦΦy +

∂g

∂y
ΦΦyy

]}

u2dydτ+

+

∫

∂Ṽ0

{∂g

∂y
ΦΦyu

2 − g(Φyu+Φuy)
2 − b · g(Φu)2−

−2(Φyu+Φuy)(Φτu+ Φuτ)
}

cos(−→n , y)ds+

+

∫

∂Ṽ0

{(Φyu+Φuy)
2 − b(Φu)2} sin(−→n , y)ds.

Îáîçíà÷èì äëÿ óäîáñòâà

p = Φ−1Φy, q = Φ−1Φτ .

Òîãäà

g = 2p, b = p2 − py + q è

∫∫

Ṽ0

Φ2[k̃1u
2 + k̃2u

2
y]dydτ ≥

∫∫

Ṽ0

2pyΦ
2u2

ydydτ+

+

∫∫

Ṽ0

{ ∂

∂τ
(p2 − py + q) + 2

∂

∂y
(p3 − ppy + q)−

−2ppy − 2py(p
2 + py)

}

Φ2u2dydτ+

+

∫

∂Ṽ0

Φ2{2ppyu
2 − 2p(pu− uy)

2 − 2(p3 − ppy + pq)u2−

−2(pu+ uy)(qu − uτ )} cos(
−→n , y)ds+

+

∫

∂Ṽ0

Φ2{u2
y + 2puuy + (py − q)u2} sin(−→n , y)ds.

Ïîäñòàâèâ çíà÷åíèÿ âûðàæåíèé

p = νφ−1, q = −νφ−1φτ , py = νφ−2,

pyy = −2νφ−3, qy = pτ = νφ−2φτ ,

pyτ = −2νφ−3φτ , qτ = −ν[φ−1φττ − φ−2φ2
τ ]
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è ïðèâåäÿ ïîäîáíûå ÷ëåíû, ïîëó÷èì

∫∫

Ṽ0

[2νφ−2 − k̃2]Φ
2u2

ydydτ+

+

∫∫

Ṽ0

{4ν3φ−4 − ν2(12φ−4 + 6φ−3φτ ) + νφ−1φττ − k̃1}Φ
2u2dydτ ≤

∫

∂Ṽ0

Φ2{−2νφ−2u2
y − 4[ν3φ−3 − ν2(φ−2φτ + φ−3)]u2−

−(4ν2φ−2 − 2νφ−1φτ )u · uy − 2νφ−1u · uτ + 2uyuτ} cos(
−→n , y)ds+

∫

∂Ṽ0

Φ2{−u2
y + 2νφ−1u · uy − ν(φ−2 + φ−1φτ )u

2} sin(−→n , y)ds.

Îöåíèâ ïî ìîäóëþ ïðàâóþ ÷àñòü ïîñëåäíåãî íåðàâåíñòâà è ïðèíèìàÿ âî âíè-

ìàíèå âûðàæåíèÿ (7) äëÿ k̃1, k̃2, à òàêæå ó÷èòûâàÿ, ÷òî 1 ≤ φ(y, τ) ≤ 3,

0 ≤ φτ (y, τ) ≤ 2T−1
1 , φττ (y, τ) = 2T−1

1 ïðè (y, τ) ∈ Ṽ , çàêëþ÷àåì, ÷òî ñóùå-

ñòâóåò íåêîòîðàÿ êîíñòàíòà C, çàâèñÿùàÿ îò a0, k1, k2, è íåêîòîðàÿ àáñîëþòíàÿ
êîíñòàíòà onst òàêèå, ÷òî ïðè ν ≥ C[T−1

1 +(h+1)2λ2] ñïðàâåäëèâî íåðàâåíñòâî
∫∫

Ṽ0

φ−2νu2
ydydτ ≤ onst ·

∫

∂Ṽ0

φ−2ν{u2
y+ν |u · uy|+ν2u2+ |u · uτ |+ν−1 |uy · uτ |}ds.

Îáîçíà÷èâ ÷åðåç Q âûðàæåíèå â �èãóðíûõ ñêîáêàõ â ïîñëåäíåì íåðàâåíñòâå,

ïîëó÷àåì òåïåðü èç (8):

∫

Pr

φ−2νu2 cos(−→n , y)ds ≤ onst

{

∫

∂Ṽ0

φ−2νQds+

∫

(γ)

φ−2νu2ds
}

≤

(òàê êàê φ(y, τ) = 2 ïðè (y, τ) ∈ (P0), φ(y, τ) ≥ 1 â îáëàñòè Ṽ )

≤ onst{2−2ν max
(y,τ)∈Ṽ

{Q}

T1
∫

−T1

[1 + (
∂φ

∂τ
)2]1/2dτ + max

(y,τ)∈(γ)
{Q}

T1
∫

−T1

[1 + (
∂γ

∂τ
)2]1/2dτ}.

Äàëåå, ïîñêîëüêó

|u(y, τ)| ≤ M, |uy(y, τ)| ≤ ha
−1/2
0 M, |uτ (y, τ)| ≤ h3a−3

0 M

ïðè (y, τ) ∈ Ṽ ,

|u(y, τ)| ≤ ε, |uy(y, τ)| ≤ ha
−1/2
0 ε

ïðè (y, τ) ∈ (γ),

cos(−→n , y) ≥ (1 + 4T−2
1 ), φ(y, τ) = 2− r̃

ïðè (y, τ) ∈ (Pr), à òàêæå

[

1 +
(∂φ

∂τ

)2]1/2

≤ (1 + 4T−2
1 )1/2
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ïðè τ ∈ [−T1, T1], òî çàêëþ÷àåì, ÷òî ñóùåñòâóåò íåêîòîðàÿ êîíñòàíòà

C = C(a0, k1, k2) òàêàÿ, ÷òî ïðè ν ≥ C[T−1
1 +(h+1)2λ2] ñïðàâåäëèâî íåðàâåíñòâî

∫

(Pr)

u2ds ≤ onst ·M2ν4{2−2ν + ε}(2− r̃)2ν .

Ïîëîæèì ν = − ln ε
2 ln 2 . Òîãäà

∫

(Pr)

u2ds ≤ onst ·M2(− ln ε)4 · exp
{

− ln ε · ln (1 −
r̃

2
)
}

≤

≤ onst ·M2(− ln ε)4exp{
r̃

2
ln ε}.(òàê êàê r̃ > 1).

Îòñþäà, ââèäó òîãî, ÷òî T1 = a0

h2T0, r̃ ≥
a
1/2
0

h r, ïîëó÷àåì, ÷òî ñóùåñòâóþò êîí-

ñòàíòû C1 = C1(a0, k1, k2), C2 = C2(a0, k1, k2) òàêèå, ÷òî åñëè
(− ln ε) > C1(h+ 1)2λ2[T−1

0 + r−2 + lnM ], òî âåðíî íåðàâåíñòâî
∫

(Pr)

u2ds ≤ exp{−C2(h+ 1)λ2[T−1
0 + r−2 + lnM ]r} = E.

Ïîëó÷èì îòñþäà íåðàâåíñòâî (4). Ïóñòü N = {(y, τ) ∈ (Pr) : |u(y, τ)| > E1/4}.
Òîãäà ìåðà µ(N) ìíîæåñòâà N ìåíüøå E1/4

. Äåéñòâèòåëüíî, äîïóñòèì ïðîòèâ-

íîå. Òîãäà

E ≥

∫

(Pr)

u2ds ≥

∫

N

u2ds ≥ E1/2µ(N) ≥ E3/4, íîE < 1.

Òàê êàê íà êîíöàõ êðèâîé (Pr) |u| ≤ ε < E1/4
è µ(N) < E1/4

, òî íà êðèâîé (Pr)
íàéäåòñÿ òî÷êà (y0, τ0) òàêàÿ, ÷òî |u(y0, τ0)| < E1/4

è ðàññòîÿíèå ìåæäó òî÷-

êàìè (ρ̃, τ0) è (y0, τ0) ìåíüøå E
1/4

. Ïîñêîëüêó ïðîèçâîäíàÿ �óíêöèè u(y, τ) ïî
ëþáîìó íàïðàâëåíèþ íå ïðåâîñõîäèò âåëè÷èíû max

(y,t)∈Ṽ
{|uy(y, τ)|+ |uτ (y, τ)|} ≤

2Mh3a−3
0 , òî ñ ïîìîùüþ òåîðåìû î ñðåäíåì ïîëó÷àåì íåðàâåíñòâî

|u(ρ̃, 0)| ≤ (2Mh3a−3
0 + 1)E1/4,

èç êîòîðîãî ñðàçó ñëåäóåò óòâåðæäåíèå ëåììû.

Äîêàçàòåëüñòâî òåîðåì 1 è 2

Óòâåðæäåíèå òåîðåìû 1 âûòåêàåò èç ñëåäóþùåãî áîëåå ñèëüíîãî óòâåðæäå-

íèÿ.

Ëåììà 2. Ïóñòü â îáëàñòè V = {(x, t) : 0 ≤ x ≤ h, 0 ≤ t ≤ 1} �óíê-

öèÿ u(x, t) ∈ C2(V ) óäîâëåòâîðÿåò íåðàâåíñòâó (1) è âûïîëíÿþòñÿ óñëîâèÿ (2).
Òîãäà ñóùåñòâóåò òàêàÿ êîíñòàíòà C0, çàâèñÿùàÿ îò a0, k1, k2, h, ÷òî åñëè

max{|u(0, t)|, |uX(0, t)|} < e−C0/t
, òî u(x, 0) ≡ 0 ïðè x ∈ [0, h] .

Äîêàçàòåëüñòâî. Ïóñòü M = max
(x,t)∈V

{|(u(x, t)|, |ux(x, t)|, |ut(x, t)|} + 1, ρ ∈

(0, h), r = h−ρ. Â îáëàñòè {(x, t) : 0 ≤ x ≤ h, 0 ≤ t ≤ 2t0 âûïîëíÿþòñÿ óñëîâèÿ
ëåììû 1, ïîýòîìó ñóùåñòâóþò C1(a0, k1, k2), C2(a0, k1, k2) òàêèå, ÷òî åñëè

ε = max
t∈[0,2t0]

{|u(0, t)|, |ux(0, t)|} < exp{−C1(h+ 1)2λ2[t−1
0 + r−2 + lnM ]}, (10)
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òî

|u(ρ, t0)| < exp{−C2(h+ 1)λ2(t−1
0 + r−2 + lnM)r}. (11)

Âîçüìåì C0 = C1(h+1)2λ2+1. Òîãäà ïðè äîñòàòî÷íî ìàëûõ t0 áóäåò âûïîëíåíî
íåðàâåíñòâî (10) è, ñëåäîâàòåëüíî, íåðàâåíñòâî (11), ïðàâàÿ ÷àñòü êîòîðîãî

ñòðåìèòñÿ ê íóëþ ïðè t0 → 0. Ëåììà 2 äîêàçàíà.
Äëÿ äîêàçàòåëüñòâà òåîðåìû 2 íàì êðîìå ëåììû 1 ïîòðåáóåòñÿ òðè âñïîìî-

ãàòåëüíûõ óòâåðæäåíèÿ.

Ëåììà 3 Ïóñòü â îáëàñòè V = {(x, t) : 0 ≤ x ≤ δ, 0 ≤ t ≤ 1} �óíêöèÿ

u(x, t) ∈ C2(V ) óäîâëåòâîðÿåò íåðàâåíñòâó (1) è âûïîëíåíû óñëîâèÿ (2), à òàê-

æå max
(x,t)∈V

{|(u(x, t)|, |ux(x, t)|} ≤ M . Òîãäà åñëè u(0, t) = u(δ, t) = 0 (ïðè t ∈

[0, 1]), òî

δ
∫

0

u2(x, t)dx ≤ M2δ · exp
{

− t
[

a0δ
−2 −

(k2 + 2

a0
+

k1a0
k2

)]}

= ε.

Åñëè ïðè ýòîì ε < 1, òî ïðè (x, t) ∈ V

|u(x, t)| ≤ (M + 1)ε1/4. (12)

Äîêàçàòåëüñòâî. Ñäåëàåì çàìåíó

y =
x

δ
, τ =

t

δ2
.

Òîãäà â îáëàñòè {(y, τ) : 0 ≤ y ≤ 1, 0 ≤ τ ≤ δ−2} �óíêöèÿ u(x, t) áóäåò

óäîâëåòâîðÿòü äè��åðåíöèàëüíîìó íåðàâåíñòâó

(auyy − uτ )
2 ≤ k1δ

4u2 + k2δ
2u2

y, (13)

ãäå

0 < a0 ≤ a(y, τ) ≤ 1, |ay(y, τ) ≤ δ, (14)

à òàêæå óñëîâèÿì:

|u(y, τ)| ≤ M, |uy(y, τ)| ≤ δM

è, êðîìå òîãî,

u(0, τ) = u(1, τ) = 0 äëÿ âñåõ τ ∈ [0, δ−2]. (15)

Èìååì äàëåå

d

dτ
(

1
∫

0

u2(y, τ)dy) =

1
∫

0

2auyydy −

1
∫

0

2u(auyy − uτ )dy =

=

1
∫

0

2a
∂

∂y
(u · uy)dy −

1
∫

0

2au2
ydy −

1
∫

0

2u(auyy − uτ )dy ≤

(ïðèìåíÿÿ ê ïåðâîìó èíòåãðàëó �îðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì è èñïîëü-

çóÿ óñëîâèÿ (13), (14), (15))

≤ −2a0

1
∫

0

u2
ydy +

1
∫

0

δ[χ−2u2 + χ2u2
y]dy +

1
∫

0

{η−2u2 + η2×

×[k1δ
4u2 + k2δ

2u2
y]}dy =
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(ãäå χ, η - ëþáûå îòëè÷íûå îò íóëÿ êîíñòàíòû. Ïîëîæèâ χ2 = a0

2δ , η2 = a0

k2δ2
,

ïðîäîëæèì ðàâåíñòâî)

= −
a0
2

1
∫

0

u2
ydy +

1
∫

0

2δ2

a0
u2dy +

1
∫

0

[k2δ
2

a0
+

k1δ
2a0
k2

]

u2dy.

Äàëåå, ïîñêîëüêó

1
∫

0

u2(y, τ)dy =

1
∫

0

(

y
∫

0

uy(ξ, τ)dξ
)2

dy ≤

≤

1
∫

0

ydy

1
∫

0

u2
y(y, τ)dy =

1

2

∫

u2
y(y, τ)dy,

òî, îêîí÷àòåëüíî ïîëó÷àåì

d

dτ

(

1
∫

0

u2(y, τ)dy
)

≤ −
{

a0 − δ2
[k2 + 2

a0
+

k1a0
k2

]}

1
∫

0

u2(y, τ)dy (16)

(äëÿ âñåõ τ ∈ [0, δ−2]). Ïîëîæèì

f(τ) =

1
∫

0

u2(y, τ)dy, P = a0 − δ2
[k2 + 2

a0
+

k1a0
k2

]

, φ(τ) = f(τ)ePτ .

Òîãäà, â ñèëó (16), èìååì:

dφ(τ)

dτ
= ePτ [

df(τ)

dτ
+ Pf(τ)] ≤ 0 ïðè τ ∈ [0, δ−2].

Ñëåäîâàòåëüíî, φ(τ) ≤ φ(0) ïðè τ ∈ [0, δ−2], ëèáî

1
∫

0

u2(y, τ)dy ≤
(

1
∫

0

u2(y, 0)dy
)

exp
{

− τ
[

a0 − δ2
(k2 + 2

a0
+

k1a0
k2

)]}

,

èëè â ïåðåìåííûõ x,t:

δ
∫

0

u2(x, t)dx ≤ (

δ
∫

0

u2(x, 0)dx)exp{−t[a0δ
−2 − (

k2 + 2

a0
+

k1a0
k2

)]} ≤

≤ M2δ · exp
{

− t
[

a0δ
−2 −

(k2 + 2

a0
+

k1a0
k2

)]}

= ε.

Åñëè ε < 1, òî, ïðèìåíÿÿ òå æå ðàññóæäåíèÿ, êîòîðûå ïðîâîäèëèñü íà ïîñëåä-

íåì ýòàïå äîêàçàòåëüñòâà ëåììû 1, íåòðóäíî ïîëó÷èòü îöåíêó (12).

Ëåììà 4. Ïóñòü â îáëàñòè V = {(x, t) : 0 ≤ x ≤ δ, 0 ≤ t ≤ 1} �óíêöèÿ

u(x, t) ∈ C2(V ) óäîâëåòâîðÿåò íåðàâåíñòâó (1), âûïîëíåíû óñëîâèÿ (2), à òàêæå

max
(x,t)∈V

{|(u(x, t)|, |ux(x, t)|} ≤ M . Òîãäà åñëè

max
(x,t)∈V

{|(u(0, δ)|, |u(δ, t)|, |u(x, 0)|} ≤ ε,

òî â ëþáîé ïîäîáëàñòè

Vσ = {(x, t) : σ ≤ x ≤ δ − σ, σ ≤ t ≤ 1}, 0 < 2σ < min(1, δ)
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ñïðàâåäëèâî íåðàâåíñòâî

|ux(x, t)| < C(δ + σ−2)ε, (17)

ãäå Ñ - íåêîòîðàÿ êîíñòàíòà, çàâèñÿùàÿ îò a0, k1, k2 è îò M .

Äîêàçàòåëüñòâî îöåíêè (17) ïðîâîäèòñÿ ñîâåðøåííî àíàëîãè÷íî äîêàçàòåëü-

ñòâó Ñ. Í. Êðóæêîâà àïðèîðíîé îöåíêè ìîäóëÿ ïðîèçâîäíîé ðåøåíèÿ ïàðàáî-

ëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà (äàííîìó â ðàáîòàõ [2℄, [3℄). Òîò �àêò, ÷òî

ìû ðàññìàòðèâàåì ñëó÷àé äè��åðåíöèàëüíîãî íåðàâåíñòâà, â äàííîì ñëó÷àå

íå âíîñèò ñóùåñòâåííûõ èçìåíåíèé â äîêàçàòåëüñòâî, ïîýòîìó ìû åãî îïóñêà-

åì.

Ëåììà 5 Ïóñòü xn - ïîëîæèòåëüíàÿ ìîíîòîííî âîçðàñòàþùàÿ ïîñëåäîâà-

òåëüíîñòü. Åñëè xn < Cnµ
è µ < 1

2 , lim
n→∞

xn(xn + xn−1) = 0.

Äîêàçàòåëüñòâî Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò íîìåð m òàêîé, ÷òî äëÿ

êàæäîãî n ≥ m ñïðàâåäëèâî íåðàâåíñòâî

xn(xn − xn−1) ≥ nµnδ+µ−1
, ãäå 0 < δ < 1− 2µ.

Òîãäà äëÿ ëþáîãî n ≥ m âåðíî è íåðàâåíñòâî

(xn − xn−1) ≥
1

C
nδ+µ−1.

Äàëåå

xn = xm + (xm+1 − xm) + · · · (xn − xn−1) >

>
1

C

n
∑

k=m+1

kδ+µ−1 >
1

2C

n
∫

m+1

xδ+µ−1dx > −
(m+ 1)δ+µ

2C(δ + µ)
+

nδ+µ

2C(δ + µ)
.

Îòñþäà ñëåäóåò, ÷òî

xn

nµ → 0 ïðè n → 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ. Èòàê,

ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü nk òàêàÿ, ÷òî

xnk
(xnk

− xnk−1) ≤ nµ
kn

δ+µ−1
k → 0,

(òàê êàê δ + 2µ < 1), ò.å. lim
n→∞

xn(xn + xn−1) = 0.

Äîêàçàòåëüñòâî òåîðåìû 2. Âûáåðåì ïðîèçâîëüíûå ρ > 0, 0 < t0 < 1
3 è

äîêàæåì, èñõîäÿ èç óñëîâèé òåîðåìû, ÷òî u(ρ, 2t0) = 0.
Ïðèíèìàÿ âî âíèìàíèå óòâåðæäåíèå ëåììû 5, ñðàçó ïðåäïîëîæèì, ÷òî

xn(xn − xn − 1) → 0 ïðè n → ∞.Áóäåì ñ÷èòàòü n íàñòîëüêî áîëüøèì, ÷òî

hn =
xn + xn−1

2
> ρ, δn = xn − xn−1 < t0.

Ïîëîæèì ε = max
t0≤t≤3t

{|u(hn, t)|, |ux(hn, t)|}. Ïðèìåíÿÿ ëåììó 1 ê îáëàñòè

{(x, t) : 0 ≤ x ≤ hn, t0 ≤ t ≤ 3t0}, çàêëþ÷àåì, ÷òî ñóùåñòâóåò êîíñòàíòû

C1(a0, k1, k2), C2(a0, k1, k2) òàêèå, ÷òî åñëè

ε < exp{−C1(xn + 1)2λ2
n(t

−1
0 + r−2 + lnM)}, (18)

òî

|u(ρ, 2t0)| < exp{−C2(hn + 1)λ2
n(t

−1
0 + r−2 + lnM)r}. (19)

Ïîêàæåì, ÷òî ïðè äîñòàòî÷íî áîëüøèõ n âûïîëíåíî óñëîâèå (18).Òåì ñàìûì

òåîðåìà 2 áóäåò äîêàçàíà, ïîñêîëüêó ïðàâàÿ ÷àñòü (19) ñòðåìèòñÿ ê íóëþ ïðè

n → ∞.
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Â ñèëó ëåììû 3, â îáëàñòè Dn = {(x, t) : xn−1 ≤ x ≤ xn,
t0
2 ≤ t ≤ 1}

ñïðàâåäëèâî íåðàâåíñòâî

xn
∫

xn−1

u2(x, t)dx ≤ M2δnexp
{

−
t0
2

[

a0δ
−2
n −

(k2 + 2

a0
+

k1a0
k2

)]}

→
n→∞

0.

Òîãäà ñîãëàñíî âòîðîìó óòâåðæäåíèþ ëåììû 3 ïðè äîñòàòî÷íî áîëüøèõ n â

îáëàñòè Dn ñïðàâåäëèâà îöåíêà

|u(x, t)| ≤ exp{−
t0a0
8

δ−2
n }. (20)

Ïðèìåíÿÿ íàêîíåö ëåììó 4 ñ δ = δn, σ = δn
2 ê îáëàñòè Dn, çàêëþ÷àåì, ÷òî

|ux(hn, t)| ≤ C(a0, k1, k2,M)(δn + 4δ−2
n )exp

{

−
t0a0
8

δ−2
n

}

. (21)

Ââèäó òîãî, ÷òî δnxn →
n→∞

0, λn ≤ onst ≤ ∞, èç (20) è (21) ñëåäóåò, ÷òî ïðè

äîñòàòî÷íî áîëüøèõ n âûïîëíåíî íåðàâåíñòâî (18).Òåîðåìà (2) äîêàçàíà.

4. ×èñëåííûå ðàñ÷åòû

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ïðîäîëæåíèÿ, ðàññìîòðèì ïîñòàíîâêó ïðÿ-

ìîé çàäà÷è

(4.1) ut = a(x, t)uxx, x ∈ (0, L), t ∈ (0, T );

(4.2) u|t=0 = ϕ(x), x ∈ (0, L);

(4.3) ux|x=0 = g(t), u|x=L = q(t), t ∈ (0, T ).

�àññìîòðèì çàäà÷ó ïðîäîëæåíèÿ êàê îáðàòíóþ çàäà÷ó îïðåäåëåíèÿ �óíêöèè

q(t) ïî çàäàííîé äîïîëíèòåëüíîé èí�îðìàöèè

(4.4) u|x=0 = f(t), t ∈ (0, T ).

Ïóñòü hx = T/Nx � øàã ñåòêè ïî ïåðåìåííîé x, ht � øàã ñåòêè ïî âðå-

ìåíè âûáèðàåòñÿ èç óñëîâèÿ óñòîé÷èâîñòè. Çàìåíèì ïðîèçâîäíûå êîíå÷íî-

ðàçíîñòíûìè àíàëîãàìè è ïåðåéäåì ê ðåøåíèþ ïðÿìîé äèñêðåòíîé çàäà÷è:

vk+1
i − vki

ht
= aki

vki+1 − 2vki + vki−1

h2
x

, i = 1, Nx − 1, k = 0, Nt − 1;

v0i = ϕi, i = 0, Nx.

Èç àïïðîêñèìàöèè ãðàíè÷íûõ óñëîâèé ñî âòîðûì ïîðÿäêîì ïî âðåìåíè ïîëó-

÷àåì ñîîòíîøåíèå

vk+1
0 = vk0 +

2ak0ht

h2
x

[vk1 − vk0 − hxg
k],

vk+1
Nx

= vkNx
+

2akNx
ht

h2
x

[vkNx−1 − vkNx
].

Çàäà÷à ïðîäîëæåíèÿ ÷èñëåííî ðåøàëàñü äâóìÿ ìåòîäàìè.
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1. Ìåòîä îáðàùåíèÿ ðàçíîñòíîé ñõåìû. Çàäà÷à ïðîäîëæåíèÿ çàìåíÿëàñü

êîíå÷íî-ðàçíîñòíûì àíàëîãîì è ñëîé çà ñëîåì âîññòàíàâëèâàëîñü ïîëå âíóòðè

îáëàñòè

vki+1 = 2vki − vki−1 +
h2
x

aki ht
[vk+1

i − vki ], i = 1, Nx − 1, k = i, Nt − i;

vk0 = fk, k = 0, Nt;

vk1 = fk + hxg
k +

h2
x

ak0
[f ′]k, k = 0, Nt.

2. Ìåòîä ñèíãóëÿðíîãî ðàçëîæåíèÿ. Äèñêðåòíàÿ çàäà÷à ïðîäîëæåíèÿ ñâî-

äèëàñü ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé [6, 7, 8, 9℄

Av = f,

ãäå v = (v00 , . . . , v
0
Nx

, v10 , . . . , v
1
Nx

, . . . , vNt
0 , . . . , vNt

Nx
).

x

t
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�èñ. 4.1. �åøåíèå ïðÿìîé çàäà÷è
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1

�èñ. 4.2. �åøåíèå çàäà÷è ïðîäîëæåíèÿ ÌÎ�Ñ. Ñëåâà � òî÷-

íûå äàííûå. Ñïðàâà � øóì â äàííûõ 1%
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x

t

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

�èñ. 4.3. �åøåíèå çàäà÷è ïðîäîëæåíèÿ ñ ãðàíè÷íûìè óñëîâè-

ÿìè ut|t=0 = ut|t=T = 0.
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ÏÐÎÒÎÒÈÏ ÂÛÑÎÊÎÎÏÒÈÌÈÇÈÐÎÂÀÍÍÎÃÎ ÏÀÊÅÒÀ

TWSM ÄËß ÄÈÔÐÀÊÖÈÎÍÍÎÃÎ ÌÎÄÅËÈÐÎÂÀÍÈß

ÑÅÉÑÌÈ×ÅÑÊÈÕ ÂÎËÍÎÂÛÕ ÏÎËÅÉ Ñ ÀÄÀÏÒÀÖÈÅÉ

ÏÎÄ GPU-ÊËÀÑÒÅÐ

Í.Þ. Çÿòüêîâ, À.À. Àéçåíáåðã, E.Æ. Ðàêøàåâà, À.Ì. Àéçåíáåðã

Abstract. We represent a new highly-optimized TWSM algorithm

adapted for GPU cluster. We show the scheme of parallelization of the

TWSM for several GPUs. Accuracy, stability and e�ciency of the algorithm

are illustrated by numerical examples for transmission through the W-

shaped salt overhang and re�ection from smooth interface with strong

contrast.

Keywords: seismic modeling, di�raction modeling, high-performance

computing, GPU.

1. Ââåäåíèå

Â 2008 ãîäó â ðàáîòå [1] áûë ïðåäñòàâëåí ìåòîä àíàëèòè÷åñêîãî îïèñàíèÿ
êàñêàäíîé äèôðàêöèè, îáîáùàþùèé ìåòîä íàëîæåíèÿ êîíöåâûõ âîëí (TWSM)
äëÿ îáëàñòåé ñ ãðàíèöàìè ñëîæíîé ôîðìû. Ïåðâûé ïðîòîòèï âûñîêîîïòèìè-
çèðîâàííîãî àëãîðèòìà TWSM äëÿ äèôðàêöèîííîãî ìîäåëèðîâàíèÿ áûë ïðåä-
ñòàâëåí â ðàáîòå [2]. Â äàííîé ðàáîòå ïðåäñòàâëåí óëó÷øåííûé âûñîêîîïòèìè-
çèðîâàííûé àëãîðèòì, àäàïòèðîâàííûé äëÿ GPU-êëàñòåðà. Îïèñûâàåòñÿ ñõå-
ìà ðàñïàðàëëåëèâàíèÿ TWSM äëÿ íåñêîëüêèõ GPU. Òî÷íîñòü, ñòàáèëüíîñòü

Zyatkov, N.Y., Ayzenberg, A.A., Rakshaeva, E.Z., Aizenberg, A.M., Prototype of

highly-optimized TWSM-package for diffraction modeling of seismic wavefields with

adaptation for GPU-cluster.

c© 2014 Çÿòüêîâ Í.Þ., Àéçåíáåðã À.À., Ðàêøàåâà Å.Æ., Àéçåíáåðã À.Ì .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäå-
ðàöèè.
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è ýôôåêòèâíîñòü ìåòîäà äåìîíñòðèðóåòñÿ ÷èñëåííûìè ïðèìåðàìè ïðåëîìëå-
íèÿ âîëíîâîãî ïîëÿ ÷åðåç W-îáðàçíûé ñîëÿíîé íàâåñ è îòðàæåíèÿ îò ãëàäêîé
ãðàíèöû.

2. Ðåàëèçàöèÿ àëãîðèòìà TWSM

Ðåàëèçàöèþ àëãîðèòìà â îáùåì ñëó÷àå ìîæíî ðàçäåëèòü íà ðåàëèçàöèþ
òð¼õ îñíîâíûõ áëîêîâ:

(1) Ðåàëèçàöèÿ âåêòîðà ïàäàþùåãî âîëíîâîãî ïîëÿ èñòî÷íèêà íà ãðàíèöó
ñ ó÷¼òîì êàñêàäíîé äèôðàêöèè;

(2) Ðåàëèçàöèÿ ðàñïðîñòðàíåíèå ïîëÿ îò ïîñëåäíåé ãðàíèöû â ïðè¼ìíèêè,
ñ ó÷¼òîì êàñêàäíîé äèôðàêöèè;

(3) Ðåàëèçàöèÿ ðàñïðîñòðàíåíèÿ ïîëÿ îò ïðåäûäóùåé ãðàíèöû ê ñëåäóþ-
ùåé, â ñîîòâåòñòâèè ñ íåêîòîðûì âîëíîâûì êîäîì, ñ ó÷¼òîì êàñêàäíîé
äèôðàêöèè.

Ïîñðåäñòâîì êîìáèíèðîâàíèÿ òð¼õ îñíîâíûõ áëîêîâ ïðîãðàììû, àëãîðèòì
ïîçâîëÿåò ìîäåëèðîâàòü ðàñïðîñòðàíåíèå ïîëÿ èñòî÷íèêà â ïðîèçâîëüíîé ñëî-
èñòîé ñðåäå, â ñîîòâåòñòâèè ñ âîëíîâûì êîäîì ïîëÿ. Áîëåå ïîäðîáíàÿ èíôîð-
ìàöèÿ îá àëãîðèòìå TWSM äàíà â ðàáîòå [2].

Ðåàëèçàöèÿ àëãîðèòìà ðàñïðîñòðàíåíèÿ ïîëÿ â ñëîèñòîé ñðåäå ñ ïðîèçâîëü-
íûìè ãðàíèöàìè ñâîäèòñÿ ê ðåàëèçàöèè ïðîöåäóðû ïåðåìíîæåíèÿ ìàòðèöû
áîëüøèõ ðàçìåðîâ (ïîðÿäêà 150 Ãá ïàìÿòè) íà âåêòîð âîëíîâîãî ïîëÿ äëÿ êàæ-
äîé äèñêðåòíîé ÷àñòîòû ωk èç íàáîðà ω1...ωK (çàäà÷à áûëà ðåøåíà â ÷àñòîòíîé
îáëàñòè). Íà ðèñ. 1 ïîêàçàíà ñõåìà ðåàëèçàöèè ìàòðè÷íî-âåêòîðíîãî ïðåîáðà-
çîâàíèÿ TWSM íà ãðàôè÷åñêèõ óñêîðèòåëÿõ. Êàæäîìó óñòðîéñòâó íàçíà÷àåò-
ñÿ ñîîòâåòñòâóþùàÿ ïîëîñà (èëè íàáîð ïîëîñ) ìàòðèöû. Ïîñëå ýòîãî êàæäûé
GPU îñóùåñòâëÿåò ìàòðè÷íî-âåêòîðíîå ïðåîáðàçîâàíèå äëÿ ñîîòâåòñòâóþùåé
ïîëîñû ìàòðèöû äëÿ êàæäîé äèñêðåòíîé ÷àñòîòû ωk è ïîëó÷àåò íåêîòîðûå íà-
áîðû ÷àñòåé èñêîìûõ âåêòîðîâ Fω1

s ...FωK
s . Ïîñëå ýòîãî ðåçóëüòàòû âñåõ GPU

îáúåäèíÿþòñÿ â ïðåîáðàçîâàííûé íàáîð âåêòîðîâ Fω1
s ...FωK

s .

Ðèñ. 1. Ñõåìà ðåàëèçàöèè ìàòðè÷íî-âåêòîðíîãî ïðå-
îáðàçîâàíèÿ TWSM íà ãðàôè÷åñêèõ óñêîðèòåëÿõ.
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3. Òåñò 1: ïðåëîìëåíèå ÷åðåç W-îáðàçíóþ ãðàíèöó

Äëÿ àíàëèçà ðåçóëüòàòîâ è òåñòèðîâàíèÿ àëãîðèòìà áûëà ðàññìîòðåíà W-
îáðàçíàÿ ãðàíèöà, ñîñòîÿùàÿ èç ÷åòûð¼õ ãðàíåé è ÷åòûð¼õ îñòðûõ ð¼áåð ïî-
ðîæäàþùèå ìíîãîêðàòíóþ äèôðàêöèþ (ðèñ. 2). Âåðõíÿÿ è âòîðàÿ ãðàíè îïðå-
äåëÿþòñÿ ôîðìóëàìè z = ±0.41(4−x) è îáðàçóþò ðåáðî ñ x = 4 êì è z = 0 êì.
Òðåòüÿ è íèæíÿÿ ãðàíè îïðåäåëÿþòñÿ ôîðìóëàìè z = ±0.41(4 − x) − 1 è îá-
ðàçóþò ðåáðî ñ x = 4 êì è z = −1 êì. Áûëî ïðîâåäåíî ìîäåëèðîâàíèå äëÿ
äâóõ îäíîðîäíûõ îáëàñòåé: ñåäèìåíòîâ (ñíàðóæè äâóêëèííîé ãðàíèöû) ñ ïî-
ñòîÿííûìè ñêîðîñòüþ â ñðåäå 2.0 êì/ñ è ïëîòíîñòüþ 2.0 ã/ñì3 è ñîëÿíîãî òåëà
W-îáðàçíîé ôîðìû ñ ïîñòîÿííûìè ñêîðîñòüþ 4.0 êì/ñ è ïëîòíîñòüþ 3.0 ã/ñì3

â ñðåäå. Èñòî÷íèê áûë ðàñïîëîæåí â òî÷êå (x = 4 êì, y = 0 êì, z = 1 êì),
èçëó÷àþùèé ñôåðè÷åñêóþ P-âîëíó ïðåäñòàâëåííóþ â âèäå ñêàëÿðíîãî ïîòåí-
öèàëà, óäîâëåòâîðÿþùóþ óðàâíåíèþ Ãåëüìãîëüöà. Èìïóëüñ èñòî÷íèêà èìåë

êîñèíóñîèäàëüíóþ ôîðìó e−(2τ)2 cos(2πτ), ãäå τ = t/T − 2. T = 0.032 c � ïåðè-
îä, ñîîòâåòñòâóþùèé äëèíå âîëíû â 0.064 êì. Ìîäóëü ñïåêòðà èìåë ìàêñèìóì
íà äîìèíèðóþùåé ÷àñòîòå â 38.25 Ãö. 101 ïðè¼ìíèê áûëè ðàñïîëîæåíû âäîëü
ëèíèè Ïðîôèëü 1 (y = 0 êì è z = −2 êì) îò x = 3.25 êì äî x = 4.75 êì ñ
øàãîì ∆x = 0.015 êì. Òàêæå áûëè èñïîëüçîâàíû âñïîìîãàòåëüíûå ïðè¼ìíèêè
Ïðîôèëü 2 (y = 0 êì è z = 0 êì) è Ïðîôèëü 3 (y = 0 êì è z = −1 êì) ðàñïî-
ëîæåííûå âäîëü îñè Ox îò x = 2.0 êì äî x = 3.5 êì ñ øàãîì ∆x = 0.015 êì.

Íà ðèñ. 3 ïðåäñòàâëåíà ñóïåðïîçèöèÿ ôèçè÷åñêè ðåàëèçóåìîé ïðÿìîé âîë-
íû, ðàñïðîñòðàíÿþùàÿñÿ ïî ñåäèìåíòàì, è âîëíîâîãî ïîëÿ, äâàæäû ïðåëîì-
ëåííîãî ÷åðåç âåðõíþþ è íèæíþþ ãðàíè W-ãðàíèöû ðàçäåëîâ ñåäèìåíòû-ñîëü-
ñåäèìåíòû â ïðè¼ìíèêàõ Ïðîôèëü 1. Ýòè âîëíû ïðåäñòàâëåíû ðàçäåëüíî íà
ðèñ. 4 è ðèñ. 5. Íà Ðèñ. 4 ïðåäñòàâëåíî âîëíîâîå ïîëå, äâàæäû ïðåëîìëåí-
íîå ÷åðåç âåðõíþþ è íèæíþþ ãðàíè W-ãðàíèöû ðàçäåëîâ ñåäèìåíòû-ñîëü-
ñåäèìåíòû â ïðè¼ìíèêàõ Ïðîôèëü 1. Íà ñåéñìîãðàììå âèäíî 2 âîëíû. Âîëíà,
ïðèøåäøàÿ ïî âðåìåíè ðàíüøå, ïðåëîìèëàñü, ïðîéäÿ îò èñòî÷íèêà ïî ñåäè-
ìåíòàì, ÷åðåç âåðõíþþ ãðàíü W-îáðàçíîé ãðàíèöû, ïðîøëà ïî ñîëè è çàòåì
ïðåëîìèëàñü ÷åðåç íèæíþþ ãðàíü, äàëåå ðàñïðîñòðàíÿÿñü ïî ñåäèìåíòàì â
ïðè¼ìíèêè Ïðîôèëü 1. Âîëíà, ïðèøåäøàÿ ïî âðåìåíè ïîçäíåå, ïðåëîìèëàñü,
ïðîéäÿ îò èñòî÷íèêà ïî ñåäèìåíòàì, ÷åðåç âåðõíþþ ãðàíü W-îáðàçíîé ãðàíè-
öû, ïðîøëà ïî ñîëè è çàòåì ïðåëîìèëàñü ÷åðåç âòîðóþ ãðàíü, ðàñïðîñòðàíÿ-
ÿñü äàëåå ïî ñåäèìåíòàì â ïðè¼ìíèêè Ïðîôèëü 1, ïîðîæäàÿ äèôðàêöèþ íà
ðåáðå x = 4 êì è z = 0 êì. Íà ðèñ. 5 ïðåäñòàâëåíà ôèçè÷åñêè ðåàëèçóåìàÿ
ïðÿìàÿ âîëíà, ðàñïðîñòðàíÿþùàÿñÿ ïî ñåäèìåíòàì â ïðè¼ìíèêè Ïðîôèëü 1 ñ
ó÷¼òîì äèôðàêöèè îò ð¼áåð W-îáðàçíîé ãðàíèöû. Äàííûé òåñò ïîäðîáíî îïè-
ñàí â ðàáîòå [2]. Íà ðèñ. 6 ïîêàçàíî îäíîêðàòíî ïðåëîìëåííîå èç ñåäèìåíòîâ â
ñîëü ïîëå èñòî÷íèêà ÷åðåç âåðõíþþ ãðàíü W-îáðàçíîé ãðàíèöû â ïðè¼ìíèêàõ
Ïðîôèëü 2. Ïåðâàÿ âîëíà ñ ñèëüíûìè àìïëèòóäàìè ïðåäñòàâëÿåò ñîáîé ÷è-
ñòóþ ïðåëîìëåííóþ âîëíó. Âòîðàÿ âîëíà � êðàåâàÿ, ðàñïðîñòðàíÿþùàÿñÿ îò
âåðõíåãî ðåáðà W-îáðàçíîé ãðàíèöû âäîëü ïðè¼ìíèêîâ Ïðîôèëü 2. Íà ðèñ. 7
ïîêàçàíî îäíîêðàòíî ïðåëîìëåííîå èç ñåäèìåíòîâ â ñîëü ïîëå èñòî÷íèêà ÷å-
ðåç âåðõíþþ ãðàíü W-îáðàçíîé ãðàíèöû â ïðè¼ìíèêàõ Ïðîôèëü 3. Âîëíîâîå
ïîëå íà ñåéñìîãðàììå ïðåäñòàâëÿåò ñîáîé ñóïåðïîçèöèþ ïðåëîìëåííîé âîëíû
è äèôðàãèðîâàííûõ âîëí ðàçëè÷íîé êðàòíîñòè.
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Ðèñ. 2. Ìîäåëü c ãðàíè-

öåé W-ôîðìû.
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Ðèñ. 3. Ñóïåðïîçèöèÿ
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Ðèñ. 4. Äâàæäû ïðå-

ëîìëåííàÿ âîëíà â ïðè-

¼ìíèêàõ Ïðîôèëü 1.
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Ðèñ. 5. Ôèçè÷åñêè ðåà-

ëèçóåìàÿ ïðÿìàÿ âîëíà â
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Ðèñ. 6. Îäíîêðàòíî
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Ðèñ. 7. Îäíîêðàòíî

ïðåëîìëåííàÿ âîëíà â

ïðè¼ìíèêàõ Ïðîôèëü 3.

4. Òåñò 2: îòðàæ¼ííàÿ è ãîëîâíàÿ âîëíû îò ãëàäêîé ãðàíèöû

Àëãîðèòì òàêæå òåñòèðîâàëñÿ äëÿ ìîäåëè îòðàæåíèÿ âîëíîâîãî ïîëÿ îò
ãëàäêîé ãðàíèöû, ÿâëÿþùåéñÿ ðàçäåëîì äâóõ ñðåä ñ ñèëüíûìè êîíòðàñòàìè
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ñêîðîñòåé è ïëîòíîñòåé (ðèñ. 8). Âåðõíåå ïîëóïðîñòðàíñòâî èìåëî ñëåäóþùèå
ïàðàìåòðû ñðåäû: ñêîðîñòü � 2.0 êì/ñ, ïëîòíîñòü � 1.8 ã/ñì3, íèæíåå èìåëî
ñêîðîñòü 2.8 êì/ñ, ïëîòíîñòü 2.1 ã/ñì3. Èñòî÷íèê áûë ðàñïîëîæåí â òî÷êå
ñ êîîðäèíàòîé (x = −1.25 êì, y = 0 êì, z = 0 êì), 80 ïðè¼ìíèêîâ áûëè
ðàñïîëîæåíû âäîëü ïðÿìîé ëèíèè (y = 0 êì è z = 0 êì) îò x = −1.25 êì äî
x = 0.725 êì ñ øàãîì ∆x = 0.025 êì. Áûëà èñïîëüçîâàíà òà æå ñàìàÿ ôîðìà
èìïóëüñà èñòî÷íèêà, êàê è â Òåñòå 1. Âîëíîâîå ïîëå íà ñåéñìîãðàììå (ðèñ. 9)
ïðåäñòàâëåíî â âèäå ÷èñòîé îòðàæ¼ííîé âîëíû ñ ñèëüíûìè àìïëèòóäàìè è
ãîëîâíîé âîëíû ñî ñëàáûìè àìïëèòóäàìè, êîòîðàÿ âèäíà îò x = −0.5 êì äî x =
0.725 êì. Ñóùåñòâîâàíèå ãîëîâíîé âîëíû � ðåçóëüòàò ïðèìåíåíèÿ àëãîðèòìîì
TWSM ýôôåêòèâíûõ êîýôôèöèåíòîâ îòðàæåíèÿ (ÝÊÎ) [3]. Èñïîëüçîâàííàÿ
âåðñèÿ ÝÊÎ ÿâíî ó÷èòûâàåò äâå ãëàâíûå êðèâèçíû ãðàíèöû [4].

Ðèñ. 8. Ìîäåëü îòðàæå-

íèÿ îò ãëàäêîé ãðàíèöû.
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Ðèñ. 9. Îòðàæ¼ííàÿ è

ãîëîâíàÿ âîëíû.

5. Çàêëþ÷åíèå

Â äàííîé ðàáîòå áûë ïðåäñòàâëåí ïðîòîòèï âûñîêîîïòèìèçèðîâàííîãî ïà-
êåòà TWSM àäàïòèðîâàííîãî äëÿ GPU-êëàñòåðà. Ïàêåò ïðåäíàçíà÷åí äëÿ ìî-
äåëèðîâàíèÿ êàñêàäíîé äèôðàêöèè â òåðìèíàõ ìàòðèö ðàñïðîñòðàíåíèÿ - ïî-
ãëîùåíèÿ è ÝÊÎ. Òî÷íîñòü, ñòàáèëüíîñòü è ýôôåêòèâíîñòü àëãîðèòìà ïîä-
òâåðæäàåòñÿ ÷èñëåííûìè òåñòàìè ñ W-îáðàçíîé è ãëàäêîé ãðàíèöàìè. Àâòîðû
íàäåþòñÿ, ÷òî äàííûé àëãîðèòì àäàïòèðîâàííûé äëÿ GPU-óñêîðèòåëåé èëè
åãî ÷àñòè ìîãóò áûòü èñïîëüçîâàíû â êà÷åñòâå ìîäåëèðóþùåãî ÿäðà â îïòèìè-
çàöèîííûõ ìåòîäàõ èíòåðïðåòàöèè.
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1. Èäåíòèôèöèðóåìîñòü â ôàðìàêîêèíåòèêå è åå çíà÷åíèå.
Îïèñàíèå àëãîðèòìà ïîèñêà èäåíòèôèöèðóåìîé çàìåíû

ïåðåìåííûõ.

Ïðîáëåìà èäåíòèôèöèðóåìîñòè ïàðàìåòðîâ èìååò êëþ÷åâîå çíà÷åíèå ïðè
àíàëèçå äèíàìè÷åñêèõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé, â ÷àñòíîñòè, ñè-
ñòåì, îïèñûâàþùèõ ôàðìàêîêèíåòè÷åñêèå ïðîöåññû â îðãàíèçìå [12, 13].

Àíàëèç èäåíòèôèöèðóåìîñòè ïàðàìåòðîâ äëÿ äèíàìè÷åñêèõ ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîçâîëÿåò îòâåòèòü íà âîïðîñ, êàêèå
íåèçâåñòíûå ïàðàìåòðû ìîæíî âû÷èñëèòü ïî èçâåñòíûì äàííûì íà âõîäå è
âûõîäå. Â ôàðìàêîêèíåòèêå â êà÷åñòâå äàííûõ íà âûõîäå îáû÷íî âûñòóïàþò
ðåçóëüòàòû äàííûõ êîíöåíòðàöèè ïðåïàðàòà â êðîâè è/èëè ìî÷å. Â êà÷åñòâå
äàííûõ íà âõîäå èñïîëüçóþòñÿ äàííûå î ïðåïàðàòå (äîçèðîâêà, ñïîñîá ââåäå-
íèÿ, êîëè÷åñòâî ïðèåìîâ ëåêàðñòâåííîãî ñðåäñòâà). Ñòðîãî ïîíÿòèå èäåíòèôè-
öèðóåìîñòè îïèñûâàåòñÿ ñëåäóþùèì îïðåäåëåíèåì:
Îïðåäåëåíèå. Åñëè ïàðàìåòðû ìîäåëè èìåþò åäèíñòâåííîå èëè êîíå÷íîå

÷èñëî çíà÷åíèé, äàþùèõ âåëè÷èíû âõîäà-âûõîäà äàííûõ, òîãäà áóäåì ãîâî-
ðèòü, ÷òî ìîäåëü è åå ïàðàìåòðû ÿâëÿþòñÿ èäåíòèôèöèðóåìûìè. Åñëè æå
êàêîå-íèáóäü ïîäìíîæåñòâî ïàðàìåòðîâ ìîæåò ïðèíèìàòü áåñêîíå÷íîå êîëè÷å-
ñòâî çíà÷åíèé, äàþùèõ òå æå ñàìûå äàííûå âõîäà-âûõîäà, òî äàííàÿ ìîäåëü è
ýòî ìíîæåñòâî ïàðàìåòðîâ íàçûâàåòñÿ íåèäåíòèôèöèðóåìûìè. Â òàêîì ñëó÷àå
îáû÷íî ñòàâèòñÿ âîïðîñ î ïîèñêå ïîäõîäÿùåé çàìåíû ïåðåìåííûõ, ñâîäÿùåé
èñõîäíóþ ìîäåëü ê èäåíòèôèöèðóåìîé. Òàêàÿ çàìåíà íàçûâàåòñÿ èäåíòèôèöè-
ðóåìîé (èäåíòèôèöèðóåìàÿ ðåïàðàìåòðèçàöèÿ).

Ñóùåñòâóþò ðàçíûå ïîäõîäû ê ïîèñêó òàêèõ çàìåí. Íàïðèìåð, ñ èñïîëü-
çîâàíèåì ðÿäîâ Òåéëîðà [3], ïðåîáðàçîâàíèåì ïîäîáèÿ [4], à òàêæå ïîäõîäû,
îñíîâàííûå íà èñïîëüçîâàíèè ìåòîäîâ äèôôåðåíöèàëüíîé àëãåáðû [5]. Ìû æå
áóäåì ñòàðàòüñÿ èñêàòü çàìåíó ïåðåìåííûõ, íàèáîëåå ïîäõîäÿùóþ èìåííî äëÿ
ôàðìàêîêèíåòè÷åñêîãî ìîäåëèðîâàíèÿ, à èìåííî - ðàöèîíàëüíóþ ðåïàðàìåò-
ðèçàöèþ. Ðàññìîòðèì äâå, íà ïåðâûé âçãëÿä, èäåíòè÷íûå ÷åòûðåõêàìåðíûå
ôàðìàêîêèíåòè÷åñêèå ìîäåëè:

Ðèñ. 1.1. Äâå ÷åòûðåõêàìåðíûå ôàðìàêîêèíåòè÷åñêèå ìîäåëè.

Ðàçíèöà ìåæäó íèìè ñîñòîèò ëèøü â îäíîì ïåðåõîäå ìåæäó êàìåðàìè. Ò.å.
ñ òî÷êè çðåíèÿ ôèçèîëîãèè ýòî ðàâíîñèëüíî îòñóòñòâèþ îáðàòíîãî ïîòîêà ëå-
êàðñòâåííîãî ïðåïàðàòà, íàïðèìåð, èç ïå÷åíè â ïî÷êè. Òåì íå ìåíåå, íåñìîòðÿ
íà êàæóùóþñÿ ñõîæåñòü ïðåäñòàâëåííûõ ìîäåëåé, äëÿ ïåðâîé ìîäåëè íå ñóùå-
ñòâóåò íåîáõîäèìîé íàì çàìåíû ïåðåìåííûõ. Âòîðàÿ æå ìîäåëü, èçíà÷àëüíî
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íåèäåíòèôèöèðóåìàÿ, äîïóñêàåò ðàöèîíàëüíóþ çàìåíó ïåðåìåííûõ, ïðèâîäÿ-
ùóþ åå ê èäåíòèôèöèðóåìîé. Ïîñëå ÷åãî óæå ìîæíî ïðèñòóïàòü ê ðåøåíèþ
îáðàòíîé çàäà÷è, âû÷èñëÿÿ êîíñòàíòû ñêîðîñòè, ëèáî íåêîòîðûå èõ êîìáèíà-
öèè, ïîëó÷åííûå ïîñëå ðåïàðàìåòðèçàöèè.

Ñ äðóãîé ñòîðîíû, èñïîëüçóÿ ôóíäàìåíòàëüíûå ìàòåìàòè÷åñêèå ïîäõîäû (â
ò.÷. òåîðèþ ãðàôîâ, âûñøóþ ìàòåìàòèêó, ìàòåìàòè÷åñêèé àíàëèç è äð.), ìîæ-
íî çàðàíåå îïðåäåëèòü, áóäåò ëè äàííàÿ ìîäåëü èäåíòèôèöèðóåìîé. È, áîëåå
òîãî, â ñëó÷àå íåèäåíòèôèöèðóåìîñòè ìîäåëè â íåêîòîðûõ ñëó÷àÿõ óäàåòñÿ ïî-
äîáðàòü ¾óäîáíóþ¿ çàìåíó ïåðåìåííûõ, ïðèâîäÿùóþ èñõîäíóþ ìîäåëü ê èäåí-
òèôèöèðóåìîé. Ñëåäóåò îòìåòèòü, ÷òî ôàðìàêîêèíåòè÷åñêèå ìîäåëè â îáùåì
ñëó÷àå âñåãäà íåèäåíòèôèöèðóåìû (çà èñêëþ÷åíèåì îäíîêàìåðíîé ìîäåëè).

Îïèøåì àëãîðèòì, êîòîðûé ïî äàííîé ñèñòåìå ëèíåéíûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé îïðåäåëÿåò, ÿâëÿåòñÿ ëè îíà èäåíòèôèöèðóåìîé. È â ñëó÷àå
íåèäåíòèôèöèðóåìîé ìîäåëè âûäàåò ðàöèîíàëüíóþ çàìåíó ïåðåìåííûõ, ïðè-
âîäÿùóþ äàííóþ ñèñòåìó ê èäåíòèôèöèðóåìîé.

Îïðåäåëåíèÿ òåðìèíàì èç òåîðèè ãðàôîâ, êîòîðûå â áóäóùåì áóäóò èñïîëü-
çîâàòüñÿ äëÿ ïîèñêà ïîäõîäÿùèõ çàìåí, ìîæíî ïîñìîòðåòü â ÏÐÈËÎÆÅÍÈÈ
I.

Íåìíîãî ïîäðîáíåé îñòàíîâèìñÿ íà îïðåäåëåíèè äâîéíîãî õàðàêòåðèñòè÷å-
ñêîãî ïîëèíîìèàëüíîãî îòîáðàæåíèÿ. Â òåîðèè ëèíåéíûõ êàìåðíûõ ìîäåëåé
ó íàñ åñòü ãðàô G ñ n âåðøèíàìè è m äóãàìè. Ïðîñòðàíñòâî ïàðàìåòðîâ
θ ⊆ R2n−1 ñîñòîèò èç òàêèõ ìàòðèö, ÷üÿ ñòðóêòóðà èíäóöèðóåòñÿ ãðàôîì G, ïî-
ëîæèòåëüíûìè âíåäèàãîíàëüíûìè ýëåìåíòàìè, îòðèöàòåëüíûìè äèàãîíàëüíû-
ìè ýëåìåíòàìè è ñòðîãèì äèàãîíàëüíûì ïðåîáëàäàíèåì. Îòîáðàæåíèå c : θ →
R2n−1 ñîïîñòàâëÿåò ìàòðèöåA ⊆ θ âåêòîð (c1(A), . . . , cn(A), d1(A), . . . , dn−1(A)),
ñîñòàâëåííûé èç êîýôôèöèåíòîâ ïðè õàðàêòåðèñòè÷åñêèõ ìíîãî÷ëåíàõ.

Îòîáðàæåíèå c : θ → R2n−1 íàçûâàåòñÿ äâîéíûì õàðàêòåðèñòè÷åñêèì ïîëè-
íîìèàëüíûì îòîáðàæåíèåì.

Èòàê, âåðíåìñÿ ê îïèñàíèþ àëãîðèòìà ïîèñêà ðàöèîíàëüíîé çàìåíû ïåðå-
ìåííûõ. Âî-ïåðâûõ, ñëåäóåò ñêàçàòü, ÷òî äàííîé ñõåìå äëÿ êàìåðíîé ìîäåëè
ìîæíî ñîïîñòàâèòü ãðàô. Íà ðèñóíêå 1.2 ñïðàâà ïðåäñòàâëåíà ÷åòûðåõêàìåð-
íàÿ ôàðìàêîêèíåòè÷åñêàÿ ìîäåëü, à ñëåâà ñîîòâåòñòâóþùèé ãðàô ñ ÷åòûðüìÿ
âåðøèíàìè.

Ðèñ. 1.2. Ñïðàâà � ÷åòûðåõ êàìåðíàÿ ôàðìàêîêèíåòè÷åñêàÿ
ìîäåëü; Ñëåâà � ñîîòâåòñòâóþùèé åé ãðàô.
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Ïî äàííîìó ãðàôó G ñ n âåðøèíàìè è m ≤ 2n − 2 äóãàìè, ïîëó÷åííîìó
èç êîíêðåòíîé ìîäåëè, ìû ëèáî óêàçûâàåì êîíêðåòíóþ çàìåíó, êîòîðàÿ ñâå-
äåò íàøó ìîäåëü ê èäåíòèôèöèðóåìîé, ëèáî ãîâîðèì, ÷òî òàêîé çàìåíû íå
ñóùåñòâóåò.

Íà ïåðâîì ýòàïå àëãîðèòìà ìû âû÷èñëÿåì d = dim(Imc) � ðàçìåðíîñòü îá-
ðàçà äâîéíîãî õàðàêòåðèñòè÷åñêîãî ïîëèíîìèàëüíîãî îòîáðàæåíèÿ. Åñëè d 6=
m+ 1, òî íå ñóùåñòâóåò çàìåíû ïåðåìåííûõ â íåîáõîäèìîì äëÿ íàñ âèäå (ðà-
öèîíàëüíàÿ çàìåíà ïåðåìåííûõ). Èíà÷å:

à) Èùåì îñòîâíîå äåðåâî T èç ãðàôà G ñ âåðøèíàìè j1 → i1, . . . , jn−1 → in−1
á) Ôîðìèðóåì ìàòðèöó E ñ ïîìîùüþ ïåðåñòàíîâêè ñòîëáöîâ ìàòðèöû ñìåæ-

íîñòè E(G) òàêèì îáðàçîì, ÷òî ïåðâûå n − 1 ñòîëáöîâ îòâå÷àþò ðåáðàì T è
âû÷åðêèâàíèåì ïåðâîé ñòðîêè. Äðóãèìè ñëîâàìè, E = (E1E2), ãäå E1 - n − 1
íà n− 1 ìàòðèöà, îòâå÷àþùàÿ ðåáðàì T

â) Îïðåäåëÿåì ìîíîìèàëüíîå ìàñøòàáèðîâàíèå: Xi = fi(A)xi. Ïîëîæèì
f1(A) = 1. Ïóñòü òàêæå ri = (r1,i, . . . , rn−1,i)

T - i-ûé ñòîëáåö ìàòðèöû C1 =

E−1. Òîãäà fi+1(A) = a
r(1,i)

i1j1
. . . a

rn−1,i

in−1jn−1
.

ã) Çàìåíÿåì ýëåìåíòû aij ìàòðèöû A íà ýëåìåíòû
aijfi(A)
fj(A) .

Ñäåëàåì íåêîòîðûå çàìå÷àíèÿ ïî îïèñàííîìó àëãîðèòìó. Âî-ïåðâûõ, d ìî-
æåò áûòü âû÷èñëåíî êàê ñ ïîìîùüþ îïðåäåëåíèÿ ðàíãà ìàòðèöû ßêîáè îòîá-
ðàæåíèÿ c â îáùåé òî÷êå, òàê è ñ ïîìîùüþ ïîèñêà îáíóëÿþùåãî èäåàëà îáðàçà
îòîáðàæåíèÿ c, èñïîëüçóÿ áàçèñû Ãð¼áíåðà. Òàêæå ñëåäóåò îòìåòèòü, ÷òî â
íåêîòîðûõ ñëó÷àÿõ ýòîò øàã ìîæíî ïðîïóñòèòü: åñëè G ÿâëÿåòñÿ èíäóêòèâíî
ñèëüíî ñâÿçíûì ãðàôîì, òî óñëîâèå d = m + 1 àâòîìàòè÷åñêè âûïîëíÿåòñÿ, è
íåò íåîáõîäèìîñòè âû÷èñëÿòü d òðóäîåìêèìè ìåòîäàìè.

Â ñëó÷àå ñóùåñòâîâàíèÿ èäåíòèôèöèðóåìîé ìàñøòàáèðóåìîé çàìåíû ïåðå-
ìåííûõ, íîâàÿ ìàòðèöà áóäåò èìåòü n − 1 ýëåìåíòîâ, îòâå÷àþùèõ îñòîâíî-
ìó äåðåâó T , ðàâíûõ åäèíèöå, è îñòàâøèåñÿ âíåäèàãîíàëüíûå ýëåìåíòû (èõ
m − n + 1) ïîíèìàþòñÿ êàê íîâûå ïàðàìåòðû â ðåïàðàìåòðèçîâàííîé ñèñòå-
ìå. Ýòè íîâûå ïàðàìåòðû ÿâëÿþòñÿ èäåíòèôèöèðóåìûìè â íîâîé ìîäåëè(íî
íåèäåíòèôèöèðóåìûìè â èñõîäíîé).

2. Ðàçðàáîòêà àëãîðèòìà ðåøåíèÿ îáðàòíîé çàäà÷è
ôàðìàêîêèíåòèêè â îáùåì ñëó÷àå (ïðîèçâîëüíîãî êîëè÷åñòâà
êàìåð). Ïîñòàíîâêà ïðÿìîé è îáðàòíîé çàäà÷è. Âû÷èñëåíèå
ãðàäèåíòà ôóíêöèîíàëà ñ ïîìîùüþ ââåäåíèÿ ñîïðÿæåííîé

çàäà÷è

Ïîñëå ñäåëàííîé çàìåíû ïåðåìåííûõ ìû ïîëó÷àåì ñëåäóþùóþ ñèñòåìó îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

Ẋ = QX + u

X(0) = X0

y = X1

Äàííàÿ ìîäåëü è åå ïàðàìåòðû óæå ÿâëÿþòñÿ èäåíòèôèöèðóåìûìè.
Ïîñòàíîâêà ïðÿìîé çàäà÷è. Â ïðÿìîé çàäà÷å ïî èçâåñòíîé íà÷àëüíîé

êîíöåíòðàöèè òðåáóåòñÿ îïðåäåëèòü ôóíêöèè X1, ..., Xn, êàæäàÿ èç êîòîðûõ
îïèñûâàåò ïîâåäåíèå êîíöåíòðàöèè ëåêàðñòâåííîãî ïðåïàðàòà â ñîîòâåòñòâóþ-
ùåé êàìåðå.
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Ïîñòàíîâêà îáðàòíîé çàäà÷è. Ïðåäïîëîæèì, ÷òî íàì èçâåñòíû äàííûå
èçìåðåíèé êîíöåíòðàöèè â öåíòðàëüíîé êàìåðå y = X1 â íåêîòîðûõ òî÷êàõ
f = (X1(t1), ..., X1(tM )). Ïî ýòèì äàííûì èçìåðåíèé òðåáóåòñÿ îïðåäåëèòü ïà-
ðàìåòðû ìîäåëè � ìàòðèöó Q, ñîñòîÿùóþ èç êîíñòàíò ñêîðîñòè.

Äëÿ ðåøåíèÿ ýòîé çàäà÷è ââåä¼ì ôóíêöèîíàë:

J(Q) =

M∑
k=1

(X1(tk;Q)− fk)2.

è áóäåì åãî ìèíèìèçèðîâàòü. Çäåñü X1(tk;Q) � ðåøåíèå ïðÿìîé çàäà÷è. Äëÿ
ïîèñêà ãðàäèåíòà ââåäåííîãî ôóíêöèîíàëà ðàñïèøåì ðàçíîñòü:

J(Q)− J(Q+ δQ) =

M∑
k=1

(X1(tk;Q)− fk)2 −
M∑
k=1

(X1(tk;Q+ δQ)− fk)2 =

=

M∑
k=1

δX1(tk;Q)2(X1(tk;Q)−fk) =

∫ T

0

δX1(tk;Q)

M∑
k=1

2(X1(tk;Q)−fk)δ(t−tk)dt.

Ñåé÷àñ ðàññìîòðèì ñîïðÿæåííóþ çàäà÷ó ñ íà÷àëüíûìè äàííûìè íà ïðàâîì
êîíöå:{

ψt +Q∗ψ = g

ψ(T ) = 0,

ãäå g =


∑M

k=1 2(X1(tk;Q)− fk)δ(t− tk)

0
...

0


Òîãäà íàøà ðàçíîñòü ïðåäñòàâèìà â âèäå:∫ T

0
δX1(tk;Q) [ψt +Q∗ψ] dt.

Ïóñòü òåïåðü X̄ - ðåøåíèå ñëåäóþùåé çàäà÷è:{
X̄t = (Q+ δQ)X̄ + u(t)

¯X(0) = X0

Òîãäà δX = X̄ −X áóäåò ðåøåíèåì ñëåäóþùåé çàäà÷è ñ íóëåâûìè íà÷àëü-
íûìè äàííûìè:{

˙δX ≈ QδX + δQX

δX(0) = 0
Òîãäà, ïðèìåíÿÿ èíòåãðèðîâàíèå ïî ÷àñòÿì â ïîñëåäíåì èíòåãðàëå, ïîëó÷à-

åì:

(2.1)

∫ T

0

[
−
(

˙δX,ψ
)

+ (δX,Q∗ψ)
]
dt =

=

∫ T

0

[
−
(

˙δX, ψ
)

+ (QδX,ψ)− (QδX,ψ) + (δX,Q∗ψ)
]
dt.

Âûðàæåíèå − (QδX,ψ) + (δX,Q∗ψ) = 0 èç îïðåäåëåíèÿ ñîïðÿæåííîãî îïå-
ðàòîðà.

Òåïåðü çàìåíÿåì ˙δX ≈ QδX + δQX. Ïîëó÷àåì:
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∫ T

0

− (QδX + δQX,ψ) + (QδX,ψ) dt =

∫ T

0

− (δQX,ψ) dt.

Òàêèì îáðàçîì, ïðåíåáðåãàÿ ÷ëåíàìè âòîðîãî ïîðÿäêà ìàëîñòè ïîëó÷èëè
ñëåäóþùåå ðàâåíñòâî:

J(Q)− J(Q+ δQ) ≈
∫ T

0
− (δQX,ψ) dt

Òåïåðü äëÿ ïîëó÷åíèÿ ãðàäèåíòà ââåäåì ñêàëÿðíîå ïðîèçâåäåíèÿ â ïðî-
ñòðàíòñâå êâàäðàòíûõ ìàòðèö Mn(R) ðàçìåðà n ñëåäóþùèì îáðàçîì:

Äëÿ ìàòðèö A è B ñêàëÿðíîå ïðîèçâåäåíèå âû÷èñëÿåòñÿ ïî ïðàâèëó:
〈A •B〉 =

∑n
j=1Aj · Bj , ãäå Aj · Bj - ñêàëÿðíîå ïðîèçâåäåíèå j−îé ñòðî-

êè ìàòðèöû è j−îé ñòðîêè ìàòðèöû B. Ïðîåâåðèì, ÷òî ââåäåíàÿ îïåðàöèÿ
óäîâëåòâîðÿåò ñâîéñòâàì ñêëÿðíîãî ïðîèçâåäåíèÿ:
〈αA1 + βA2 •A3〉 =

∑n
j=1 (αA1 + βA2)j ·(A3)j =

∑n
j=1 (αA1j + βA2j)·(A3)j =

α
∑n

j=1A1j ·A3j + β
∑n

j=1A2j ·A3j = α 〈A1 •A3〉+ β 〈A2 •A3〉
Ñâîéñòâà ñèììåòðè÷íîñòè è ïîëîæèòåëüíîé îïðåäåëåííîñòè ââåäåíîãî ñêà-

ëÿðíîãî ïðîèçâåäåíèÿ òðèâèàëüíûì îáðàçîì ñëåäóþò èç îïðåäåëåíèÿ ñêàëÿð-
íîãî ïðîèçâåäåíèÿ âåêòîðîâ.

Èñïîëüçóÿ îïðåäåëåíèå ñêàëÿðíîãî ïðîèçâåäåíèÿ äëÿ ìàòðèö, ïðåîáðàçóåì
âûðàæåíèå:

∫ T

0

− (δQX,ψ) dt = −
∫ T

0

(δQ11x1 + δQ12x2 + ...+ δQ1nxn)ψ1dt−

−
∫ T

0

(δQ21x1 + δQ22x2 + ...+ δQ2nxn)ψ2dt− . . .

−
∫ T

0

(δQn1x1 + δQn2x2 + ...+ δQnnxn)ψndt =

= −
n∑

j=1

∫ T

0

δQ1jψ1Xj − ...−
n∑

j=1

∫ T

0

δQnjψnXj =

n∑
i=1

(

∫ T

0

−ψXdt)i · (δQ)i.

Â èòîãå, ìû ïîëó÷èëè ñëåäóþùåå âûðàæåíèå:

J(Q)− J(Q+ δQ) ≈ 〈J ′(Q) • δQ〉
ãäå ìàòðèöà J ′(Q) � ãðàäèåíò öåëåâîãî ôóíêöèîíàëà (J ′(Q))ij = −

∫ T

0
ψiXjdt.

ÏÐÈËÎÆÅÍÈÅ I. Ïîíÿòèÿ èç òåîðèè ãðàôîâ.

Âåðøèíà - òî÷êà, ãäå ìîãóò ñõîäèòüñÿ/âûõîäèòü ð¼áðà è/èëè äóãè. Ìíîæå-
ñòâî âåðøèí ãðàôà G îáîçíà÷àåòñÿ V (G).

Äóãà � ýòî îðèåíòèðîâàííîå ðåáðî.
Ãðàô - âêëþ÷àåò ìíîæåñòâî âåðøèí è ìíîæåñòâî ð¼áåð, ÿâëÿþùååñÿ ïîä-

ìíîæåñòâîì äåêàðòîâà êâàäðàòà ìíîæåñòâà âåðøèí (òî åñòü êàæäîå ðåáðî ñî-
åäèíÿåò ðîâíî äâå âåðøèíû).

Îñòîâíîå äåðåâî (îñòîâ) (íåîðèåíòèðîâàííîãî) ñâÿçíîãî ãðàôà � âñÿêèé ÷à-
ñòè÷íûé ãðàô, ÿâëÿþùèéñÿ äåðåâîì.

Îñòîâíîé ïîäãðàô � ïîäãðàô, ñîäåðæàùèé âñå âåðøèíû.
Ìàòðèöà ñìåæíîñòè ãðàôà � ýòî ìàòðèöà, çíà÷åíèÿ ýëåìåíòîâ êîòîðîé õà-

ðàêòåðèçóþòñÿ ñìåæíîñòüþ âåðøèí ãðàôà. Ïðè ýòîì çíà÷åíèþ ýëåìåíòà ìàò-
ðèöû ïðèñâàèâàåòñÿ êîëè÷åñòâî ð¼áåð, êîòîðûå ñîåäèíÿþò ñîîòâåòñòâóþùèå
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âåðøèíû (òî åñòü êîòîðûå èíöèäåíòíû îáåèì âåðøèíàì). Ïåòëÿ ñ÷èòàåòñÿ ñðà-
çó äâóìÿ ñîåäèíåíèÿìè äëÿ âåðøèíû, òî åñòü ê çíà÷åíèþ ýëåìåíòà ìàòðèöû â
òàêîì ñëó÷àå ñëåäóåò ïðèáàâëÿòü 2.
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ÏÐÅÏÀÐÀÒÀ
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Àííîòàöèÿ.Â äàííîé ñòàòüå îïèñàí êàìåðíûé ïîäõîä ê ìîäåëèðî-

âàíèþ ôàðìàêîêèíåòè÷åñêèõ ïðîöåññîâ â îðãàíèçìå ÷åëîâåêà. Áûëà

ðàññìîòðåíà òðåõêàìåðíàÿ ôàðìàêîêèíåòè÷åñêàÿ ìîäåëü. Íåëèíåé-

íàÿ îáðàòíàÿ çàäà÷à ðåøàëàñü ìåòîäàìè ïðîñòîé èòåðàöèè è Íüþ-

òîíà-Êàíòîðîâè÷à. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåí-

òîâ. Ïðîâåäåí àíàëèç ñòðàòåãèé âûáîðà íà÷àëüíîãî ïðèáëèæåíèÿ.

Ïîêàçàíà ñâÿçü ôàðìàêîêèíåòè÷åñêèõ ïîêàçàòåëåé ïðåïàðàòà ñ âû-

áîðîì íà÷àëüíûõ ïðèáëèæåíèé.

Êëþ÷åâûå ñëîâà: ôàðìàêîêèíåòèêà, êàìåðà, ìåòîä Íüþòîíà-Êàí-

òîðîâè÷à, ìåòîä ïðîñòîé èòåðàöèè, îñíîâíûå ôàðìàêîêèíåòè÷åñêèå

ïîêàçàòåëè.

1. Ââåäåíèå

Êàìåðíûé ïîäõîä ê ìîäåëèðîâàíèþ ôàðìàêîêèíåòè÷åñêèõ ïðîöåñ-
ñîâ. Ïîíÿòèå êàìåðû. Ëèíåéíûå è íåëèíåéíûå ìîäåëè. Óñòîé÷èâîñòü
êàìåðíûõ ìîäåëåé. Ïðèìåðû. Äëÿ íà÷àëà äàäèì îïðåäåëåíèå êàìåðû,
îïèøåì êàìåðíûé ïîäõîä ê ìîäåëèðîâàíèþ ôàðìàêîêèíåòè÷åñêèõ ïðîöåññîâ,
ðàññìîòðèì ëèíåéíûå è íåëèíåéíûå êàìåðíûå ìîäåëè. Ïîä êàìåðîé áóäåì
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ïîíèìàòü êîëè÷åñòâî âåùåñòâà, êîòîðîå âåäåò ñåáÿ, ñëîâíî îíî êèíåòè÷åñêè-
îäíîðîäíî è èäåàëüíî ïåðåìåøåíî. Êàìåðíàÿ ìîäåëü ñîñòîèò èç êîíå÷íîãî íà-
áîðà êàìåð ñî ñïåöèàëüíûìè ñâÿçÿìè ìåæäó íèìè. Ýòè ñâÿçè ïðåäñòàâëÿþò
ñîáîé ïîòîê âåùåñòâà, ÷òî ôèçèîëîãè÷åñêè îçíà÷àåò ïåðåìåùåíèå èç îäíîãî ìå-
ñòà â äðóãîå èëè õèìè÷åñêîå ïðåîáðàçîâàíèå, ëèáî òî è äðóãîå îäíîâðåìåííî.
Ïðèìåð êàìåðíîé ìîäåëè èçîáðàæåí íà ðèñóíêå ñíèçó, ãäå êàìåðû èçîáðàæå-
íû êðóãàìè, à ñâÿçè ìåæäó íèìè � ñòðåëêàìè. Ôàêòè÷åñêè, ìíîãîêàìåðíûìè

Ðèñ. 1.1. Òð¼õêàìåðíàÿ ìîäåëü. Ñíà÷àëà âåùåñòâî ïîïàäàåò â
êàìåðó 3. Èç êàìåðû 2 âåùåñòâî íåîáðàòèìî ïîêèäàåò ñèñòåìó.
Îáìåí âåùåñòâà ìåæäó êàìåðàìè èçîáðàæåí ñòðåëêàìè. Êàìå-
ðà 1 ÿâëÿåòñÿ äîñòóïíîé (äëÿ èçìåðåíèé): âõîäíûå ïàðàìåòðû
è äàííûå èçìåðåíèé èçîáðàæåíû áîëüøîé ñòðåëêîé è ïóíêòèð-
íîé ëèíèåé ñîîòâåòñòâåííî.

ìîäåëÿìè â ôàðìàêîêèíåòèêå íàçûâàåòñÿ ñëåäóþùèé ïðîöåññ: èññëåäóåìûé
ïðåïàðàò âñòóïàåò â ðàçëè÷íûå ñîñòîÿíèÿ è âûõîäèò èç íèõ. Òàêæå ýòî ìîæåò
áûòü áèîõèìè÷åñêîå èçìåíåíèå ëåêàðñòâà. Â òàêèõ ìîäåëÿõ êëþ÷åâàÿ âåùü
ñîñòîèò â òîì, ÷òî ïîòîê âûõîäà ïðåïàðàòà èç êàìåðû ïðîïîðöèîíàëåí êîëè-
÷åñòâó âåùåñòâà â êàìåðå. Ïåðåä òåì, êàê äàòü ïîíÿòèÿ êèíåòè÷åñêîé îäíî-
ðîäíîñòè è îáúÿñíèòü, ÷òî çíà÷èò �ïåðåìåøàíî èäåàëüíî�, ïîëåçíî ïîíÿòü, ÷òî
ìîæíî èñïîëüçîâàòü â êà÷åñòâå êàìåð. Ïëàçìà � êàíäèäàò íà ðîëü êàìåðû.
Òàêîå âåùåñòâî, êàê ãëþêîçà ïëàçìû òàêæå ìîæåò áûòü êàìåðîé. Öèíê â êî-
ñòÿõ ìîæåò áûòü êàìåðîé, êàê è òèðîêñèí â ùèòîâèäíîé æåëåçå. Â íåêîòîðûõ
ýêñïåðèìåíòàõ ìîæåò áûòü íåñêîëüêî êàìåð, îòâå÷àþùèõ çà ïëàçìó: êàæäàÿ
êàìåðà ñîîòâåòñòâóåò îïðåäåëåííîìó âåùåñòâó â ïëàçìå. Òàêîé ïîäõîä îòíî-
ñèòñÿ íå òîëüêî ê ïëàçìå. Íàïðèìåð, ãëþêîçî-6-ôîñôàò è ãëþêîçà ìîãóò áûòü
äâóìÿ ðàçëè÷íûìè êàìåðàìè â êëåòêå ïå÷åíè. Òàêæå ñëåäóåò ðàçäåëèòü êà-
ìåðû íà äîñòóïíûå äëÿ èçìåðåíèé è íåäîñòóïíûå. Ñ ïîíèìàíèåì òîãî, ÷òî
ìîæåò áûòü èñïîëüçîâàíî â êà÷åñòâå êàìåðû, ëåã÷å äàòü îïèñàíèå êèíåòè÷å-
ñêîé îäíîðîäíîñòè è ïîíÿòèÿ èäåàëüíîé ïåðåìåøàííîñòè. �Âåùåñòâî ïåðåìå-
øàíî èäåàëüíî� îçíà÷àåò, ÷òî ëþáûå äâå ïðîáû, âçÿòûå èç îäíîé êàìåðû â îäíî
âðåìÿ, áóäóò èìåòü îäèíàêîâóþ êîíöåíòðàöèþ èçó÷àåìîãî âåùåñòâà è ïî ýòîé
ïðè÷èíå áóäóò îäèíàêîâî ðåïðåçåíòàòèâíû. Ýòî îïðåäåëåíèå ïîêàçûâàåò îä-
íîðîäíîñòü èíôîðìàöèè â îòäåëüíîé êàìåðå. Êèíåòè÷åñêàÿ îäíîðîäíîñòü æå
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îçíà÷àåò, ÷òî êàæäàÿ ÷àñòèöà â êàìåðå èìååò ðàâíóþ âåðîÿòíîñòü ïîêèíóòü åå.
Ïîíÿòèå êàìåðû ïîçâîëÿåò ñâåñòè ñëîæíóþ ôèçèîëîãè÷åñêóþ ñèñòåìó ê êîíå÷-
íîìó íàáîðó êàìåð, ñâÿçàííûõ ìåæäó ñîáîé. Êîëè÷åñòâî íåîáõîäèìûõ êàìåð
çàâèñèò êàê îò èçó÷àåìîé ñèñòåìû, òàê è îò ðàçíîîáðàçèÿ ýêñïåðèìåíòàëüíûõ
âîçìîæíîñòåé. Î÷åâèäíî, ÷òî êàìåðíàÿ ìîäåëü óíèêàëüíà äëÿ êàæäîé èçó÷à-
åìîé ìîäåëè.

Ðèñ. 1.2. i-àÿ êàìåðà â ñèñòåìå

Íà ðèñóíêå 1.2 èçîáðàæåíà èçîáðàæåíà i−àÿ êàìåðà n−êàìåðíîé ìîäåëè.
qi ≥ 0 îáîçíà÷àåò ìàññó êàìåðû. Ñòðåëêè ïîêàçûâàþò ïîòîêè âíóòðü è âíå
ñèñòåìû. ui ≥ 0 � ïîòîê â êàìåðó; F0i � âûõîä èç êàìåðû; ïîòîê èç êàìåðû i â
j - Fji, Fji > 0∀i, j. Îáùèå óðàâíåíèÿ äëÿ êàìåðíûõ óðàâíåíèé ïîëó÷àþòñÿ èç
çàêîíà ñîõðàíåíèÿ ìàññû:

dqi(t)
dt =

∑
j 6=i

Fij −
∑
j 6=i

Fji − F0i + ui

qi(0) = qi0.
(1.1)

Ïîòîêè ui, âîîáùå ãîâîðÿ, êîíñòàíòû ëèáî ôóíêöèè, çàâèñÿùèå òîëüêî âðåìå-
íè. Ôóíêöèè Fji, Fij è F0i ìîãóò áûòü ôóíêöèÿìè îò q1, . . . , qn (èíîãäà è îò
âðåìåíè, íî ìû íå áóäåì ðàññìàòðèâàòü ýòîò ñëó÷àé). Îáû÷íî ýòè ôóíêöèè
ìîæíî çàïèñàòü â âèäå:

Fji(q) = kji(q)qi, (1.2)

ãäå q = [q1, . . . , qn]
T � âåêòîð, ñîñòîÿùèé èç ìàññ êàæäîé èç êàìåð. Òàêèì

îáðàçîì, ñèñòåìó ìîæíî ïåðåïèñàòü â âèäå:
dqi(t)
dt =

∑
j 6=i

kij(q)qj −

(∑
j 6=i

kji(q)− F0i

)
qi + ui

qi(0) = qi0

(1.3)

Ýëåìåíòû kij íàçûâàþòñÿ êîíñòàíòàìè ñêîðîñòè. Íóæíî èìåòü â âèäó, ÷òî
íàçâàíèå êîíñòàíòû äîñòàòî÷íî óñëîâíî, ò.ê. kij ìîãóò áûòü ôóíêöèÿìè êàê
îò ìàññ, òàê è îò âðåìåíè. Äàííàÿ ñèñòåìà íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé îïèñûâàåò íåëèíåéíóþ êàìåðíóþ ìîäåëü ôàðìàêîêèíåòèêè

[8, 9]. Åñëè êîýôôèöèåíòû kij íå çàâèñÿò îò ìàññ qi è îò âðåìåíè, òî ìîäåëü
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íàçûâàåòñÿ ëèíåéíîé ôàðìàêîêèíåòè÷åñêîé ìîäåëüþ. Ââîäÿ îáîçíà÷å-
íèå:

kji = −

∑
j 6=i

kji + k0i

 , (1.4)

ìîæíî çàïèñàòü ñèñòåìó â âèäå{
q̇i =

∑
j kij(q)qj + ui

qi(0) = qi0
, (1.5)

èëè â îïåðàòîðíîì âèäå: {
q̇ = K(q)q + u

q(0) = q0
, (1.6)

Ãäå K � îïåðàòîð, à u � âåêòîð, îòâå÷àþùèé çà âõîäÿùèå ïîòîêè ïðåïàðàòà
èçâíå.

Â ëèíåéíîì ñëó÷àå, îïåðàòîð K � ìàòðèöà, ñîñòîÿùàÿ èç êîíñòàíò ñêîðî-
ñòè. Òîãäà íàøà ñèñòåìà ïðåäñòàâëÿåò ñîáîé íåîäíîðîäíóþ ñèñòåìó ëèíåéíûõ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. ×òîáû äàííàÿ
ñèñòåìà èìåëà ôèçè÷åñêèé ñìûñë íåîáõîäèìî, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå
íåðàâåíñòâà:

kij ≥ 0 ∀i, j

ki ≥
∑
i6=j kij

(1.7)

Äðóãèå ñâîéñòâà ìàòðèöû ìîæíî ïîñìîòðåòü â ÏÐÈËÎÆÅÍÈÈ I.
K - ìàòðèöà ñ äèàãîíàëüíûì ïðåîáëàäàíèåì, ÷òî âàæíî, ò.ê. ñâîéñòâà óñòîé-

÷èâîñòè êàìåðíûõ ìîäåëåé òåñíî ñâÿçàíû ñ äèàãîíàëüíûì ïðåîáëàäàíèåì êà-
ìåðíûõ ìàòðèö. Íàïðèìåð, äëÿ òàêîé ëèíåéíîé ìîäåëè ìîæíî ïîêàçàòü, ÷òî
âñå ñîáñòâåííûå ÷èñëà ìàòðèöû ñèñòåìû èìåþò îòðèöàòåëüíóþ âåùåñòâåííóþ
÷àñòü, è ñðåäè íèõ íåò ÷èñòî ìíèìûõ çíà÷åíèé. Ýòî îçíà÷àåò îãðàíè÷åííîñòü
ðåøåíèé. Êà÷åñòâåííàÿ òåîðèÿ ëèíåéíûõ è íåëèíåéíûõ êàìåðíûõ ìîäåëåé åñòü
â ðàáîòàõ Jacquez è Simon [1993], ãäå ïðåäñòàâëåíû ñâåäåíèÿ îá óñòîé÷èâîñòè
íåëèíåéíûõ ìîäåëåé. Ëèíåéíàÿ ìîäåëü êðàéíå ïîëåçíà â ïðèëîæåíèÿõ. Ëè-
íåéíûå êàìåðíûå ìîäåëè â ñî÷åòàíèè ñ îïûòàìè ñ ìå÷åíûìè àòîìàìè øèðîêî
ïðèìåíÿþòñÿ â èçó÷åíèè ðàñïðåäåëåíèÿ âåùåñòâà â æèâîì îðãàíèçìå, â êîí-
êðåòíîì îðãàíå è íà êëåòî÷íîì óðîâíå. Ïðèìåðû ìîæíî íàéòè ó Carson[1983] è
y Jacquez [1996]. Èíòåðåñíîå ïðèëîæåíèå ëèíåéíûõ êàìåðíûõ ìîäåëåé (â ñëó÷àå
ñ êîíêðåòíûì îðãàíîì) � îïèñàíèå îáìåíà âåùåñòâà ìåæäó êðîâüþ, òêàíåâîé
æèäêîñòüþ è êëåòêîé òêàíè èç äàííûõ ìíîãîêîìïîíåíòíîãî õèìè÷åñêîãî èí-
äèêàòîðà. Ýòè ìîäåëè ðàññìàòðèâàþòñÿ â ðàáîòàõ Jacquez [1985]. Ïðèìåð æå
ìîäåëè, îïèñûâàþùåé ïåðåìåùåíèå ãëþêîçû è ìåòàáîëèçì â ìûøå÷íîì ñêåëå-
òå ÷åëîâåêà ìîæíî íàéòè â ðàáîòå Saccomani è êîëëåã [1996].

2. Òðåõêàìåðíàÿ ôàðìàêîêèíåòè÷åñêàÿ ìîäåëü ñ
âíóòðèñîñóäèñòûì ââåäåíèåì ïðåïàðàòà

Öåëü íàøåé ðàáîòû ñîñòîèò â ðàçðàáîòêå, à òàêæå àíàëèçå ïðèìåíÿåìûõ
÷èñëåííûõ ìåòîäîâ ðåøåíèÿ âîçíèêàþùèõ îáðàòíûõ çàäà÷. Ïðè ÷èñëåííîì
ðåøåíèè ïðèêëàäíûõ çàäà÷ íåìèíóåìî âñòàåò âîïðîñ î âûáîðå íà÷àëüíûõ ïðè-
áëèæåíèé. Â ñëó÷àå, êîãäà â íàøåé ñèñòåìå êîëè÷åñòâî êàìåð íå ïðåâûøàåò
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÷åòûðåõ, ìû âñåãäà ìîæåì âûïèñàòü àíàëèòè÷åñêóþ ôîðìóëó äëÿ ðåøåíèÿ ñî-
îòâåòñòâóþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé. Â ýòîì ñëó÷àå ìîæíî
ÿâíî âû÷èñëèòü ãðàäèåíò ôóíêöèîíàëà íåâÿçêè è ïðîâîäèòü àíàëèç ïðèìåíå-
íèÿ ðàçëè÷íûõ ÷èñëåííûõ àëãîðèòìîâ. Íàïðèìåð, äëÿ äâóõêàìåðíîé ôàðìà-
êîêèíåòè÷åñêîé ìîäåëè ñ âíåñîñóäèñòûì ñïîñîáîì ââåäåíèÿ ïðåïàðàòà òàêîãî
ïëàíà àíàëèç ïðåäñòàâëåí â íàøåé ñòàòüå [2] Â ðàìêàõ äàííîãî èññëåäîâàíèÿ
ðàññìîòðèì òðåõêàìåðíóþ ìîäåëü. Íà ïðèìåðå êîíêðåòíîé ìîäåëè ïîïûòàåìñÿ
íàéòè ñâÿçü ìåæäó âûáîðîì íà÷àëüíûõ ïðèáëèæåíèé è ôàðìàêîêèíåòè÷åñêè-
ìè ñâîéñòâàìè ïðåïàðàòà è îïèøåì ñëîæíîñòè, âîçíèêàþùèå ïðè òàêîì ïîäõî-
äå. Èòàê, ðàññìîòðèì òðåõêàìåðíóþ ôàðìàêîêèíåòè÷åñêóþ ìîäåëü ñ âíóòðèñî-
ñóäèñòûì ñïîñîáîì ââåäåíèÿ ïðåïàðàòà è ýëèìèíàöèåé òîëüêî èç öåíòðàëüíîé
êàìåðû. Â êà÷åñòâå öåíòðàëüíîé êàìåðû âûáðàíà ïëàçìà êðîâè. Ïðåïàðàò ââî-
äèòñÿ òàêæå òîëüêî öåíòðàëüíóþ êàìåðó. Íà ðèñóíêå 2.1 ïðåäñòàâëåíà ñõåìà
òàêîé ìîäåëè.

Ðèñ. 2.1. Ñõåìà òð¼õêàìåðíîé ôàðìàêîêèíåòè÷åñêîé ìîäåëè
ñ öåíòðàëüíîé ýëèìèíàöèåé

Ïî îïèñàííîìó àëãîðèòìó ñîñòàâëÿåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíå-
íèé èç òð¼õ óðàâíåíèé. Äëÿ ðàññìàòðèâàåìîé òðåõêàìåðíîé ìîäåëè ôóíêöèÿ,
îïèñûâàþùàÿ ïîâåäåíèå êîíöåíòðàöèè â ïëàçìå (öåíòðàëüíàÿ êàìåðà) âûãëÿ-
äèò ñëåäóþùèì îáðàçîì:

Ci.v.(t) = A1e
−λ1t +A2e

−λ2t +A3e
−λ3t (2.1)

Ïàðàìåòðû, ïðèñóòñòâóþùèå â ôóíêöèè Ci.v. áóäåì íàçûâàòü ìàêðîêîíñòàí-
òàìè. Âîîáùå ãîâîðÿ, ðåøåíèå ñèñòåìû ÎÄÓ, ñîîòâåòñòâóþùåå öåíòðàëüíîé
êàìåðå âûãëÿäèò ñëåäóþùèì îáðàçîì:

(2.2) Ci.v.(t) =
Di.v.

Vp
[
(k21 − λ1)(k31 − λ1)
(λ2 − λ1)(λ3 − λ1)

e−λ1t +
(k21 − λ2)(k31 − λ3)
(λ1 − λ2)(λ3 − λ2)

e−λ2t+

+
(k21 − λ3)(k31 − λ3)
(λ1 − λ3)(λ2 − λ3)

e−λ3t]

Ïàðàìåòðû, êîòîðûå ïîÿâëÿþòñÿ ïðè òàêîì ñïîñîáå çàïèñè òîé æå ñàìîé ôóíê-
öèè, áóäåì íàçûâàòü ìèêðîêîíñòàíòàìè. Íóæíî ïîíèìàòü, ÷òî ïðè ÷èñëåííîì
ðåøåíèè ìû âîññòàíàâëèâàåì ìàêðîêîíñòàíòû. Îñíîâíûå ôàðìàêîêèíåòè÷å-
ñêèå âåëè÷èíû æå âû÷èñëÿþòñÿ ÷åðåç ìèêðîêîíñòàíòû. Ïîýòîìó, äëÿ òîãî ÷òî-
áû, ïðè òàêîì ïîäõîäå âûÿâèòü ñâÿçü ñâîéñòâ ïðåïàðàòà è íà÷àëüíûìè ïðè-
áëèæåíèÿìè äëÿ èòåðàöèîííîãî ìåòîäà íåîáõîäèìî áóäåò ïî ìàêðîêîíñòàíòàì
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ñ÷èòàòü ìèêðîêîíñòàíòû è îáðàòíî. ×òî, êîíå÷íî, íå î÷åíü óäîáíî. Òàêæå ñëå-
äóåò îòìåòèòü, ÷òî íàõîæäåíèå ïàðàìåòðîâ äëÿ íàøåãî óðàâíåíèÿ � ïðîöåññ,
íå çàâèñÿùèé îò êîíêðåòíîé ìîäåëè. Òåì íå ìåíåå, íóæíî îòäàâàòü ñåáå îò÷åò â
òîì, ÷òî ïîêàçàòåëè ó ýêñïîíåíò äîëæíû áûòü îòäåëåíû äðóã îò äðóãà (íàïðè-
ìåð, áîëåå ÷åì âäâîå-âïÿòåðî), ÷òîáû ìîæíî áûëî ãîâîðèòü î äîñòîâåðíîñòè
ïîëó÷åííûõ äàííûõ.

2.1. Ïîñòàíîâêà îáðàòíîé çàäà÷è. Â êà÷åñòâå òî÷íîãî ðåøåíèÿ çàäàäèì
ñëåäóþùèé íàáîð ìèêðîêîíñòàíò [1]: k12 = 3, k21 = 2, k13 = 1, k31 = 0.5, k10 =
0.1, Di.v. = 500000, Vp = 5000

Ïîäñòàâëÿÿ äàííûé íàáîð â ôîðìóëó äëÿ êîíöåíòðàöèè, ïîëó÷àåì ñëåäóþ-
ùóþ ôóíêöèþ, ñîîòâåòñòâóþùóþ òî÷íîìó ðåøåíèþ:
Ci.v.(t) = 21.2e−0.02t + 9.3e−0.8t + 69.6e−5.8t

Ðèñ. 2.2. Òî÷íîå ðåøåíèå

Èñêîìûõ ïàðàìåòðîâ îáðàòíîé çàäà÷è (ìàêðîêîíñòàíò) 6, òîãäà, ñîãëàñíî
íàøèì ïðåäøåñòâóþùèì èññëåäîâàíèÿì [2], ïîäòâåðæäåííûõ ðÿäîì çàðóáåæ-
íûõ ñòàòåé (íàïðèìåð, [1]) îïòèìàëüíûì êîëè÷åñòâî èçìåðåíèé áóäåò îêîëî 20.
Âîçüìåì ïðîáû ñ øàãîì, íàïðèìåð, 1

2 . Ðàññìàòðèâàåì îïåðàòîðíîå óðàâíåíèå:

A(q) = f , ãäå A : R6 → R21 � íåëèíåéíûé îïåðàòîð. Îòìåòèì, ÷òî ñèíãóëÿðíîå
÷èñëî µ ìàòðèöû A′(q) â îêðåñòíîñòè òî÷íîãî ðåøåíèÿ µ(A′(q)) ≈ 4716.

Òàêèì îáðàçîì, â òàêîé ïîñòàíîâêå íåëèíåéíàÿ îáðàòíàÿ çàäà÷à ñîñòîèò
â ïîèñêå 6 ïàðàìåòðîâ q = (A1, A2, A3, λ1, λ2, λ3) ïî äàííûì èçìåðåíèé f =
(f1, . . . , f21).

3. ×èñëåííûå ðåçóëüòàòû.

3.1. Ìåòîä ïðîñòîé èòåðàöèè. Íà ïåðâîì ýòàïå äàííàÿ çàäà÷à ðåøàëàñü ìå-
òîäîì ïðîñòîé èòåðàöèè (ÌÏÈ). Ïî èòîãàì êîìïüþòåðíûõ âû÷èñëåíèé, ìîæíî
çàêëþ÷èòü, ÷òî ïðàêòè÷åñêè äëÿ ëþáûõ íà÷àëüíûõ ïðèáëèæåíèé ìîæíî âîñ-
ñòàíîâèòü ôóíêöèþ, äîñòàòî÷íî áëèçêóþ ê òî÷íîìó ðåøåíèþ. Íà ðèñóíêå 3.1
ïðèâåäåí òèïè÷íûé ðåçóëüòàò ïðèìåíåíèÿ ìåòîäà ïðîñòîé èòåðàöèè.

Òàêèì îáðàçîì, åñëè ñòàâèòñÿ çàäà÷à î ïîèñêå êðèâîé, îòâå÷àþùåé çà êîí-
öåíòðàöèþ ïðåïàðàòà â öåíòðàëüíîé êàìåðå, òî ÌÏÈ âïîëíå ãîäèòñÿ. Íî åñëè
ñòàâèòñÿ çàäà÷à î ïîèñêå êîíñòàíò ñêîðîñòè è îñíîâíûõ ôàðìàêîêèíåòè÷åñêèõ
âåëè÷èí, òî ó ÌÏÈ ìîæíî âûäåëèòü ðÿä íåäîñòàòêîâ. Âî-ïåðâûõ, äëÿ ìíîãèõ
íà÷àëüíûõ ïðèáëèæåíèé ñàìè ìàêðîêîíñòàíòû âû÷èñëÿþòñÿ ñ íåâûñîêîé ñòå-
ïåíüþ òî÷íîñòè, ñîîòâåòñòâåííî, íåëüçÿ óòâåðæäàòü, ÷òî ïîëó÷àåìûå ôàðìà-
êîêèíåòè÷åñêèå ïîêàçàòåëè ñîîòâåòñòâóþò ðåàëüíûì äàííûì. Âî-âòîðûõ, ïðè
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Ðèñ. 3.1. Òèïè÷íûé ðåçóëüòàò ïðèìåíåíèÿ ÌÏÈ. ×åðíûì -
òî÷íîå ðåøåíèå, êðàñíûì � íà÷àëüíîå ïðèáëèæåíèå, áèðþçî-
âûì � ÌÏÈ, 50ê èòåðàöèé, ïàðàìåòð ÌÏÈ α = 0.0000035

ïðèìåíåíèè ÌÏÈ ìîæíî áëèçêî âîññòàíîâèòü ôóíêöèþ êîíöåíòðàöèè, íî ïðè
ýòîì áóäåò íàáëþäàòüñÿ ñõîäèìîñòü ê ¾ëîæíîìó¿ ìèíèìóìó (òàêèå ïðèìåðû
ïîäðîáíî îïèñàíû â íàøåé ñòàòüå [2]), à, çíà÷èò, ïîëó÷èòü ôàðìàêîêèíåòè÷å-
ñêèå ïàðàìåòðû íåâîçìîæíî.

3.2. Ìåòîä Íüþòîíà-Êàíòîðîâè÷à. Àíàëèç ñòðàòåãèé âûáîðà íà÷àëü-
íûõ ïðèáëèæåíèé. Äàííóþ çàäà÷ó áóäåì ðåøàòü ìåòîäîì Íüþòîíà-Êàíòîðîâè÷à
(â äàëüíåéøåì - ÌÍÊ). Â äàííîì èññëåäîâàíèè ïîïðîáóåì îòâåòèòü íà âîïðîñ,
êàêèå íà÷àëüíûå ïðèáëèæåíèÿ ëó÷øå âûáèðàòü. À òàêæå ïîïðîáóåì âûÿâèòü
ñâÿçü ìåæäó íà÷àëüíûìè ïðèáëèæåíèÿìè è ôèçè÷åñêèìè ñâîéñòâàìè èññëå-
äóåìîãî ïðîöåññà. Âîçüìåì â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ôóíêöèþ ñ
áëèçêèìè ê òî÷íîìó ðåøåíèþ çíà÷åíèÿìè êîíñòàíò â ïîêàçàòåëÿõ ýêñïîíåíò
è ñ ïðîèçâîëüíûìè ïåðåä ýêñïîíåíòàìè:
Ci.a.(t) = 100e−0.03t + 100e−0.9t + 100e−6t

Â äàëüíåéøåì ÷åðíûì öâåòîì íà ãðàôèêàõ áóäåò óêàçûâàòüñÿ òî÷íîå ðåøå-
íèå, êðàñíûì � ïðèáëèæåíèå èòåðàöèîííûì ìåòîäîì. Äëÿ äàííîãî íà÷àëüíî-
ãî ïðèáëèæåíèÿ óæå ÷åòâåðòàÿ èòåðàöèÿ ìåòîäà Íüþòîíà-Êàíòîðîâè÷à äàåò â
òî÷íîñòè èñêîìîå ðåøåíèå. Ê ñëîâó, óæå ïåðâàÿ èòåðàöèÿ ïðàêòè÷åñêè ïîâòî-
ðÿåò èñêîìóþ êðèâóþ. Ïåðâàÿ èòåðàöèÿ èçîáðàæåíà íà ðèñóíêå 3.2.
C1it(t) = 21.16e−0.027737t + 9.19e−0.888637tt + 69.75e−5.839105t

Ò.å. âñåãî îäíà èòåðàöèÿ ÌÍÊ äàåò ðåçóëüòàò íåñðàâíèìî ëó÷øå, ÷åì 100000
èòåðàöèé ÌÏÈ, íå ãîâîðÿ óæå î âðåìåíè ðàáîòû.

Âîçüìåì òî÷íûå çíà÷åíèÿ ó ýêñïîíåíò, íî íåòî÷íûå â ïîêàçàòåëÿõ: Ci.a.(t) =
21e−0.004t + 9e−0.04t + 60e−0.4t. Â ýòîì ñëó÷àå êðèâàÿ ïîäõîäèëà äîñòàòî÷íî
áëèçêî ê ðåøåíèþ ïðè èñïîëüçîâàíèè ÌÏÈ. Â ñëó÷àå ïðèìåíåíèÿ ÌÍÊ ÷èñëî
îáóñëîâëåííîñòè ó îáðàùàåìîé ìàòðèöû íà ïåðâîé èòåðàöèè ðàâíî 53537176,
íà âòîðîé � ìåòîä óæå ïîëíîñòüþ ¾ðàçâàëèâàåòñÿ¿. Ýòî ãîâîðèò î òîì, ÷òî
ñëåäóåò àêêóðàòíî ïîäõîäèòü ê âûáîðó íà÷àëüíîãî ïðèáëèæåíèÿ.

Òåïåðü âîçüìåì íà÷àëüíîå ïðèáëèæåíèå ñ òî÷íûìè êîíñòàíòàìè, íî íåòî÷-
íûìè ïîêàçàòåëÿìè: Ci.a.(t) = 21.2e−2t+9.3e−4t+69.6e−6t. Íà âòîðîé èòåðàöèè
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Ðèñ. 3.2. Ðåçóëüòàò ïðèìåíåíèÿ ÌÍÊ � ïåðâàÿ èòåðà-
öèÿ(áèðþçîâûì öâåòîì)

λ1 0,000001 0,01 0,05 0.08 0.09 0.1 >0.1
ñõîäèìîñòü + + + + + - -

Òàáëèöà 1. Çàâèñèìîñòü ñõîäèìîñòè ÌÍÊ îò λ1

ìåòîä ðàçâàëèâàåòñÿ, ÷òî ïîäòâåðæäàåò ¾÷óâñòâèòåëüíîñòü¿ ÌÍÊ ê âûáîðó
íà÷àëüíûõ ïðèáëèæåíèé.

Ìîæíî ïðåäïîëîæèòü, ÷òî â âûáîðå íà÷àëüíûõ ïðèáëèæåíèé äëÿ ÌÍÊ çíà-
÷åíèÿ â ïîêàçàòåëÿõ ýêñïîíåíò äîëæíû áûòü äîñòàòî÷íî áëèçêè, â òî âðåìÿ,
êàê êîýôôèöèåíòû ó ýêñïîíåíò ìîãóò áûòü ïðîèçâîëüíûìè. Äàâàéòå ïðîâåðèì
ýòó ãèïîòåçó. Âîçüìåì êàêîå-íèáóäü íà÷àëüíîå ïðèáëèæåíèå, óäîâëåòâîðÿþùåå
ýòèì êðèòåðèÿì:
Ci.a.(t) = 1e−0.02t + 201e−0.8t + 12e−5.8t. Çà îäíó èòåðàöèþ ìû ïîëó÷àåì

òî÷íûé ðåçóëüòàò: 21.2e−0.02t + 9.3e−0.8t + 69.6e−5.8t.
Òåïåðü íåìíîãî èçìåíèì ýòî íà÷àëüíîå ïðèáëèæåíèå, äîáàâèâ íåáîëüøîé

ñëó÷àéíûé øóì ê ïîêàçàòåëÿì ýêñïîíåíò: Ci.a.(t) = 1e−0.03t + 201e−0.81t +
12e−5.81t. Ïðè òàêîì íà÷àëüíîì ïðèáëèæåíèè ìåòîä óæå ðàçâàëèâàåòñÿ. Òåïåðü
ïîïðîáóåì êîýôôèöèåíòû ïðè ýêñïîíåíòàõ âçÿòü áîëåå áëèçêèìè ê òî÷íîìó
ðåøåíèþ: Ci.a.(t) = 18e−0.03t + 12e−0.81t + 55e−5.81t. Óæå çà 4 èòåðàöèè ÌÍÊ
äàåò òî÷íîå ðåøåíèå. Ïîïðîáóåì òåïåðü åù¼ áîëüøå ¾ïîøåâåëèòü¿ ïîêàçàòåëè
ó ýêñïîíåíò, äîáàâèâ ñëó÷àéíûé øóì: Ci.a.(t) = 18e−0.06t + 12e−0.9t + 55e−5.5t.
Çà ïÿòü èòåðàöèé ìû ïîëó÷àåì òî÷íîå ðåøåíèå. Òàêèì îáðàçîì, íàøà ïåð-
âîíà÷àëüíàÿ ãèïîòåçà î òîì, ÷òî êîýôôèöèåíòû ïðè ýêñïîíåíòàõ ìîãóò áûòü
àáñîëþòíî ëþáûìè, à ãëàâíîå � ïîêàçàòåëè íå ïîäòâåðæäàåòñÿ. È íóæíî âà-
ðüèðîâàòü êîýôôèöèåíòû áîëåå ¾ðàâíîìåðíî¿.

Ñåé÷àñ ïîïûòàåìñÿ âûÿñíèòü âêëàä êàêîé èç ýêñïîíåíò áîëüøå âëèÿåò íà
ñõîäèìîñòü. Â êà÷åñòâå êîíñòàíò A1, A2, A3 âîçüìåì òî÷íûå çíà÷åíèÿ è ïî-
ñëåäîâàòåëüíî áóäåì ìåíÿòü çíà÷åíèÿ ó îäíîé èç ýêñïîíåíò. Íà÷íåì ìåíÿòü
çíà÷åíèå ó ïåðâîé èç ýêñïîíåíò: Ci.a.(t) = 21.2e−xt + 9.3e−0.8t + 69.6e−5.8t.

Áóäåì âàðüèðîâàòü çíà÷åíèå x, çàïèñûâàÿ â òàáëèöó ðåçóëüòàò â âèäå:
�+� - ìåòîä ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ;
�-� � ìåòîä ¾ðàçâàëèâàåòñÿ¿
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λ2 <0,23 0,4 0,7 1.3 >1.3
ñõîäèìîñòü - + + + -

Òàáëèöà 2. Çàâèñèìîñòü ñõîäèìîñòè ÌÍÊ îò λ2

Ðåçóëüòàòû äàííîãî èññëåäîâàíèÿ îòîáðàæåíû â òàáëèöå 1. Òàêèì îáðà-
çîì, äëÿ ñõîäèìîñòè, ïàðàìåòð λ1 äîëæåí ïðèíèìàòü çíà÷åíèÿ â äèàïàçîíå:
[0, 0.1) Ðåçóëüòàòû àíàëîãè÷íîãî èññëåäîâàíèÿ äëÿ λ2 ïðåäñòàâëåíû â òàáëèöå
2. Îòêóäà âèäíî, ÷òî äëÿ ñõîäèìîñòè ìåòîäà ïàðàìåòð λ2 äîëæåí ïðèíèìàòü
çíà÷åíèÿ â äèàïàçîíå: [0, 23, 1.3].

Äëÿ ñõîäèìîñòè ìåòîäà çíà÷åíèÿ äëÿ ïàðàìåòðà λ3 äîëæíû ïðèíàäëåæàòü
îòðåçêó [3.8, 6] ïðè ôèêñèðîâàííûõ îñòàëüíûõ çíà÷åíèÿõ. Äëÿ äðóãèõ ïàðà-
ìåòðîâ (ïðè ôèêñèðîâàííûõ îñòàëüíûõ) ïîëó÷àþòñÿ ñëåäóþùèå çíà÷åíèÿ:
A1 ∈ R \ {0} , A2 ∈ R,A3 ∈ R
Â èòîãå, ïðè ïðî÷èõ òî÷íûõ çíà÷åíèÿõ êîíñòàíò çíà÷åíèÿ äëÿ Ai äåéñòâè-

òåëüíî ìîãóò áûòü ëþáûå çà èñêëþ÷åíèåì ðàâåíñòâà íóëþ A1. Â ïðîöåññå ïåðå-
áîðà çíà÷åíèé äëÿ λ1 è λ2 îäíîâðåìåííî îáëàñòü äîïóñòèìûõ íåñêîëüêî ñóæà-
åòñÿ, ïðè÷åì áîëåå àêêóðàòíî íóæíî âûáèðàòü ïàðàìåòð λ1.

3.3. Ñâÿçü ñ ôàðìàêîêèíåòè÷åñêèìè ñâîéñòâàìè ïðåïàðàòà. Òàêèì îá-
ðàçîì, ïðîäåìîíñòðèðîâàí ïîäõîä ê àíàëèçó íà÷àëüíûõ ïðèáëèæåíèé äëÿ èòå-
ðàöèîííûõ ìåòîäîâ.

Ïîïðîáóåì òåïåðü âûáèðàòü íà÷àëüíîå ïðèáëèæåíèå, îñíîâûâàÿñü íà ôè-
çè÷åñêèõ ñâîéñòâàõ îïèñûâàåìîãî ïðîöåññà. Âûáèðàòü íà÷àëüíûå ïðèáëèæå-
íèÿ, âàðüèðóÿ êîíñòàíòû ñêîðîñòè, ïðîöåññ äîñòàòî÷íî íåóäîáíûé, ò.ê. äëÿ ïå-
ðåñ÷åòà ìàêðîêîíñòàíò êàæäûé ðàç òðåáóåòñÿ ðåøàòü êóáè÷åñêîå óðàâíåíèå.
Òàêèì îáðàçîì, ïîïðîáóåì ïîñòðîèòü àëãîðèòì âûáîðà íà÷àëüíîãî ïðèáëèæå-
íèÿ íà îñíîâå ôèçè÷åñêèõ äàííûõ î ïðîöåññå, à íå íà îñíîâå "ñóõèõ"÷èñåë. Â
ÏÐÈËÎÆÅÍÈÈ II âûïèñàíû ÿâíûå ôîðìóëû, ñâÿçûâàþùèå îñíîâíûå ôàðìà-
êîêèíåòè÷åñêèå ïîêàçàòåëè ñ ìèêðîêîíñòàíòàìè. Äàâàéòå îáðàòèì âíèìàíèå,
íàïðèìåð, íà ïàðàìåòð. t 1

2
, îòâå÷àþùèé çà ïåðèîä ïîëóâûâåäåíèÿ ïðåïàðàòà.

Ó òî÷íîãî ðåøåíèÿ ïåðèîä ïîëóâûâåäåíèÿ ðàâåí t 1
2
= log 2

λ1
= ln2

0.02 ≈ 34, 67.

Âûøå ìû îïðåäåëèëè, ÷òî åñëè ïàðàìåòð λ1 > 0.1, òî ÌÍÊ ðàñõîäèòñÿ. Ïðè
λ1 = 0.1, çíà÷åíèå t 1

2
= 6, 9. Çíà÷èò, ìû ìîæåì çàêëþ÷èòü ñëåäóþùåå:

Åñëè ïåðèîä ïîëóâûâåäåíèÿ íà÷àëüíîãî ïðèáëèæåíèÿ ïðèíàäëåæèò èíòåð-
âàëó:

[
0, ln20.1

]
, òî ÌÍÊ äëÿ òàêèõ íà÷àëüíûõ ïðèáëèæåíèé ¾ðàçâàëèâàåòñÿ¿.

4. Âûâîäû

Òàêèì îáðàçîì, èç çàðàíåå èçâåñòíûõ ôàðìàêîêèíåòè÷åñêèõ äàííûõ ìîæíî
ïîëó÷àòü äàííûå î ñõîäèìîñòè ìåòîäà äëÿ êîíêðåòíûõ íà÷àëüíûõ ïðèáëèæå-
íèé.

Ïî èòîãàì ÷èñëåííûõ ýêñïåðèìåíòîâ ìîæíî ñäåëàòü ñëåäóþùèé âûâîä: Â
ñëó÷àå, êîãäà íàñ èíòåðåñóåò òîëüêî ïðîôèëü ôóíêöèè êîíöåíòðàöèè, ëîãè÷-
íûì âûõîäîì ÿâëÿåòñÿ ïðèìåíåíèå ÌÏÈ. Êîãäà æå ñòàâèòñÿ çàäà÷à î ïîèñêå
ôàðìàêîêèíåòè÷åñêèõ ïîêàçàòåëåé (ñì. ÏÐÈËÎÆÅÍÈÅ II) ñëåäóåò ïðèìå-
íÿòü ÌÍÊ.

Íî ñëåäóåò êðàéíå îñòîðîæíî ïîäõîäèòü ê âûáîðó íà÷àëüíûõ ïðèáëèæå-
íèé. ÌÍÊ ðàáîòàåò ïðåâîñõîäíî â ñëó÷àå õîðîøåãî íà÷àëüíîãî ïðèáëèæåíèÿ.
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È ÷åðåç ìàêðîêîíñòàíòû ìîæíî íàéòè íåîáõîäèìûå ôàðìàêîêèíåòè÷åñêèå ïî-
êàçàòåëè íå ïðîñòî áëèçêèå ê òî÷íûì, à ñ î÷åíü âûñîêîé òî÷íîñòüþ. À òàêæå
â ñëó÷àå, êîãäà èìåþòñÿ íåêîòîðûå äàííûå î ïðåïàðàòå (íàïðèìåð, t 1

2
), ìîæ-

íî îãðàíè÷èòü ìíîæåñòâî, èç êîòîðîãî ñëåäóåò áðàòü íà÷àëüíûå ïðèáëèæåíèÿ
äëÿ ïðèìåíÿåìîãî àëãîðèòìà.

×òîáû èçáåæàòü òðóäíîñòåé ñ âûáîðîì íà÷àëüíîãî ïðèáëèæåíèÿ ëîãè÷íûì
âûõîäîì ÿâëÿåòñÿ ïðèìåíåíèå ìåòîäà Ëåâåíáåðãà-Ìàðêâàðäòà, êîòîðûé ÿâëÿ-
åòñÿ êîìáèíàöèåé ýòèõ äâóõ ìåòîäîâ.

ÏÐÈËÎÆÅÍÈÅ I. Ñâîéñòâà ìàòðèöû K.

Òåîðåìà 1. Åñëè ìàòðèöà K íåðàçëîæèìà, òîãäà îíà âûðîæäåíà òîãäà è
òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ ðàâåíñòâî: ki =

∑
i 6=j kij

Òåîðåìà 2. Åñëè ìàòðèöà K íåðàçëîæèìà è âûðîæäåíà, òîãäà 0 � ïðîñòîå
ñîáñòâåííîå ÷èñëî. Ðàíã ìàòðèöû K íå ìîæåò áûòü ìåíüøå n-1

Òåîðåìà 3. Åñëè ìàòðèöà K ðàçëîæèìà è âûðîæäåíà, òîãäà îíà ìîæåò
áûòü ïðåäñòàâëåíà â âèäå:K1 . . . ∗

...
. . .

...

0 . . . Km


ãäå K1, . . . ,Km - íåðàçëîæèìûå ìàòðèöû, è òîëüêî ìàòðèöà Km - âûðîæ-

äåíà. Ýòî âåðíî êàê äëÿ ëèíåéíîãî, òàê è äëÿ íåëèíåéíîãî ñëó÷àÿ.

ÏÐÈËÎÆÅÍÈÅ II. Âû÷èñëåíèå îñíîâíûõ ôàðìàêîêèíåòè÷åñêèõ
âåëè÷èí ÷åðåç ïàðàìåòðû ìîäåëè (ìèêðîêîíñòàíòû).

Äëÿ íà÷àëà ââåäåì îáîçíà÷åíèÿ:

S1 = A1 +A2 +A3;(4.1)

S2 =
A1

λ1
+
A2

λ2
+
A3

λ3
;(4.2)

S3 =
A1

λ21
+
A2

λ22
+
A3

λ23
;(4.3)

S4 =
A1

λ1
e−λ1t +

A2

λ2
e−λ2t +

A3

λ3
e−λ3t;(4.4)

S5 =
A1

λ1
(1− e−λ1t) +

A2

λ2
(1− e−λ2t) +

A3

λ3
(1− e−λ3t);(4.5)

Èñïîëüçóÿ ââåäåííûå îáîçíà÷åíèÿ, çàïèøåì íåêîòîðûå íåçàâèñèìûå îò ìî-
äåëè ôàðìàêîêèíåòè÷åñêèå ïîêàçàòåëè:

Êëèðåíñ ïëàçìû - CLp =
Di.v.

S2
= Di.v.

AUC0→∞
;

Îáúåì êàìåðû ïëàçìû - Vp =
Di.v.

S1
;

Îáúåì ðàñïðåäåëåíèÿ â ðàâíîâåñíîì ñîñòîÿíèè - Vdss =
Di.v.S3

S2
2

;

Ïåðèîä ïîëóâûâåäåíèÿ - t 1
2
= ln2/λ1;

Êîëè÷åñòâî âåùåñòâà, ìåòàáîëèçèðîâàííîå èëè âûâåäåííîå ê âðåìåíè t -
Ae =

Di.v.S5

S2
= D∗AUCt→∞

AUC0→inf
. Ñëåäóåò çàìåòèòü, ÷òî ïðåäûäóùåå óðàâíåíèå ìàòå-

ìàòè÷åñêè âåðíî ëèøü â ñëó÷àå ýëèìèíàöèè òîëüêî èç öåíòðàëüíîé êàìåðû.
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííûé àëãîðèòì ðåøå-
íèÿ îáðàòíîé çàäà÷è äëÿ íåëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà Ẋ = P (X(t), Θ). Çäåñü X(t) � âåêòîð-
ôóíêöèÿ, êîòîðàÿ îïèñûâàåò ñîñòîÿíèå ñèñòåìû (êîíöåíòðàöèþ ïðå-
ïàðàòà â îðãàíèçìå, èììóííûõ ñîñòàâëÿþùèõ, êîëè÷åñòâî çàáîëåâ-
øèõ â ïðîöåññå ðàñïðîñòðàíåíèÿ ýïèäåìèè è ò.ï.), Θ � íàáîð íåîòðè-
öàòåëüíûõ ïàðàìåòðîâ Θm ≥ 0, m = 1, 2, . . . ,M , õàðàêòåðèçóþùèå
èññëåäóåìóþ ìîäåëü. Ïðåäïîëàãàåòñÿ, ÷òî îòíîñèòåëüíî ðåøåíèÿ çà-
äà÷è Êîøè èçâåñòíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ âèäàX(tk) = Φ(k),
k = 1, 2, . . . ,K. Íà÷àëüíîå ñîñòîÿíèå ñèñòåìû X(0) = X0 ïðåäïîëà-
ãàåòñÿ èçâåñòíûì. Â îáðàòíîé çàäà÷å òðåáóåòñÿ îïðåäåëèòü ôóíêöèè
Θ ïî äîïîëíèòåëüíîé èíôîðìàöèè Φ(k), k = 1, 2, . . . ,K.

Îáðàòíàÿ çàäà÷à ñâîäèòñÿ ê çàäà÷å ìèíèìèçàöèè öåëåâîãî ôóíê-

öèîíàëà J(Θ) =
K∑

k=0

|X(tk;Θ)−Φ(k)|2, ïðèáëèæåíèå êîòîðîãî âû÷èñ-

ëÿåòñÿ ãðàäèåíòíûìè ìåòîäàìè. Äëÿ âû÷èñëåíèÿ ãðàäèåíòà ôóíêöè-
îíàëà èñïîëüçóåòñÿ ðåøåíèå ñîîòâåòñòâóþùåé ñîïðÿæåííîé çàäà÷è.
Â êà÷åñòâå ïðèìåðîâ ðàññìîòðåíû îáðàòíûå çàäà÷è ôàðìàêîêèíåòè-
êè [22, 23], èììóíîëîãèè, äèíàìèêè ÂÈ×-èíôåêöèè, ðàñïðîñòðàíå-
íèÿ ýïèäåìèè òóáåðêóëåçà.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíå-
íèé, îáðàòíûå çàäà÷è, èììóíîëîãèÿ, ôàðìàêîêèíåòèêà, ýïèäåìèîëî-
ãèÿ, îïòèìèçàöèÿ, ãðàäèåíòíûå ìåòîäû.
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Ââåäåíèå

Áîëüøèíñòâî ìàòåìàòè÷åñêèõ ìîäåëåé áèîëîãè÷åñêèõ ïðîöåññîâ (ôàðìàêî-
êèíåòèêà, èììóíîëîãèÿ, ïðîöåññ ðàñïðîñòðàíåíèÿ ýïèäåìèè è ò.ï.) îïèñûâà-
þòñÿ ñèñòåìîé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Â ïîñëåäíåå âðå-
ìÿ àêòèâíî ðàçâèâàåòñÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå áèîëîãè÷åñêèõ ñèñòåì,
îñíîâàííîå íà ÷èñëåííîì ðåøåíèè ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé (ÎÄÓ) (Ã.È. Ìàð÷óê, 1991, [1]; À.À. Ðîìàíþõà, À.È. ßøèí, 2003, [2];
À.À. Ðîìàíþõà, Ñ.Ã. Ðóäíåâ, Ñ.Ì. Çóåâ, 2005, [3]; C. Cobelli, E. Carson, 2008, [4];
H.T. Waaler et all., 1962 - 1970, [5, 6, 7, 8] è äðóãèå). Òèï èññëåäóåìîé ìîäåëè
îïðåäåëÿåò êîëè÷åñòâî óðàâíåíèé â ñèñòåìå, êîòîðîå âàðüèðóåòñÿ îò äâóõ è
äî äåñÿòêîâ óðàâíåíèé. Â îáùåì ñëó÷àå, ðàçðàáîòàííûå áèîëîãè÷åñêèå ìîäåëè
õàðàêòåðèçóþòñÿ ñâîèìè ïàðàìåòðàìè, êîòîðûå îïèñûâàþò ïàòîãåí, îñîáåííî-
ñòè èììóíèòåòà çàáîëåâàåìîãî, ôàðìàêîêèíåòè÷åñêèå êîýôôèöèåíòû, îñîáåí-
íîñòè îêðóæàþùåé ñðåäû è ò.ï. Ýòè ïàðàìåòðû èíäèâèäóàëüíû â êàæäîì êîí-
êðåòíîì ñëó÷àå. Ïîýòîìó íåîáõîäèìî èäåíòèôèöèðîâàòü ýòè ïàðàìåòðû äëÿ
ïîëó÷åíèÿ èíôîðìàöèè î õàðàêòåðå çàáîëåâàíèÿ, îá èììóííîì îòâåòå, î âîñ-
ïðèèì÷èâîñòè îðãàíèçìà ê êîíêðåòíîìó âèäó ëåêàðñòâ, î ñêîðîñòè ýïèäåìèè
áîëåçíè è ò.ä. Äëÿ èäåíòèôèêàöèè ïàðàìåòðîâ ìîäåëè èñïîëüçóåòñÿ ïîäõîä,
ïðåäëàãàåìûé â òåîðèè ðåøåíèÿ îáðàòíûõ çàäà÷, îñíîâàííûé íà îïðåäåëåíèè
íåèçâåñòíûõ ïàðàìåòðîâ ìîäåëè ïî ýêñïåðèìåíòàëüíûì äàííûì (íàáëþäåíè-
ÿì).

Â ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííûé àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è
äëÿ íåëèíåéíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà Ẋ =
P (X(t), Θ). Çäåñü X(t) � âåêòîð-ôóíêöèÿ, êîòîðàÿ îïèñûâàåò ñîñòîÿíèå ñè-
ñòåìû (êîíöåíòðàöèþ ïðåïàðàòà â îðãàíèçìå, èììóííûõ ñîñòàâëÿþùèõ, êîëè-
÷åñòâî çàáîëåâøèõ â ïðîöåññå ðàñïðîñòðàíåíèÿ ýïèäåìèè è ò.ï.), Θ � íàáîð
íåîòðèöàòåëüíûõ ïàðàìåòðîâ Θm ≥ 0, m = 1, 2, . . . ,M , õàðàêòåðèçóþùèå èñ-
ñëåäóåìóþ ìîäåëü. Â ðàçäåëå 1 îïèñàíà ïîñòàíîâêà ïðÿìîé çàäà÷è Êîøè äëÿ
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà è ïðèâåäåíû ïðèìåðû
áèîëîãè÷åñêèõ ñèñòåì, îïèñûâàåìûå äàííîé ïðÿìîé çàäà÷åé Êîøè. Â ðàçäå-
ëå 2 ïðèâåäåíà ïîñòàíîâêà îáðàòíîé çàäà÷è, êîòîðàÿ çàêëþ÷àåòñÿ â îïðåäåëå-
íèè íàáîðà ïàðàìåòðîâ Θ ïî äîïîëíèòåëüíîé èíôîðìàöèè âèäà X(tk) = Φ(k),
k = 1, 2, . . . ,K. Íà÷àëüíîå ñîñòîÿíèå ñèñòåìû X(0) = X0 ïðåäïîëàãàåòñÿ èç-
âåñòíûì. Â ðàçäåëå 3 îáðàòíàÿ çàäà÷à ñâîäèòñÿ ê çàäà÷å ìèíèìèçàöèè öåëåâîãî

ôóíêöèîíàëà J(Θ) =
K∑
k=0

|X(tk;Θ)− Φ(k)|2, ïðèáëèæåíèå êîòîðîãî âû÷èñëÿåò-

ñÿ ãðàäèåíòíûìè ìåòîäàìè (àëãîðèòì ïðèâåäåí â ðàçäåëå 4). Äëÿ âû÷èñëåíèÿ
ãðàäèåíòà ôóíêöèîíàëà èñïîëüçóåòñÿ ðåøåíèå ñîîòâåòñòâóþùåé ñîïðÿæåííîé
çàäà÷è. Â êà÷åñòâå ïðèìåðîâ ðàññìîòðåíû îáðàòíûå çàäà÷è ôàðìàêîêèíåòèêè,
èììóíîëîãèè, äèíàìèêè ÂÈ×-èíôåêöèè, ðàñïðîñòðàíåíèÿ ýïèäåìèè òóáåðêó-
ëåçà.

1. Ïîñòàíîâêà ïðÿìûõ çàäà÷

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ñèñòåìû íåëèíåéíûõ ÎÄÓ:{
dX(t)
dt = P (X(t), Θ), t ∈ (0, T ), T > 0,

X(0) = X0.
(1.1)
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Îáîçíà÷åíèÿ, èñïîëüçóåìûå â (1.1), îïèñàíû íèæå:
X(t) = (X1(t), . . . , XN (t))T � âåêòîð ïåðåìåííûõ ìîäåëè ðàçìåðíîñòè N ∈ N,
Θ = (Θ1, . . . , ΘM )T ∈ P � âåêòîð ïàðàìåòðîâ ìîäåëè ðàçìåðíîñòè M ∈ N,
P := {p ∈ RM : pm ≥ 0, m = 1, . . . ,M} � ïðîñòðàíñòâî ðàññìàòðèâàåìûõ ïàðà-
ìåòðîâ,

P (X(t), Θ) = (P1(X(t), Θ), . . . , PN (X(t), Θ))
T
� âåêòîð-ôóíêöèÿ, ãäå Pn(X(t), Θ) :

C(0, T )→ C(0, T ), n = 1, . . . , N ,
X0 = (X0

1 , . . . , X
0
N )T � âåêòîð íà÷àëüíûõ äàííûõ çàäà÷è.

Ïðÿìàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèè âåêòîðà X(t) èç ñèñòåìû (1.1) ïî çà-
äàííûì ïàðàìåòðàì Θ ìîäåëè, ôóíêöèè P è íà÷àëüíûì äàííûì X0.

Äëÿ óäîáñòâà áóäåì îáîçíà÷àòü çàâèñèìîñòü ðåøåíèÿ ïðÿìîé çàäà÷è X(t)
îò âåêòîðà ïàðàìåòðîâ Θ êàê X(t) = X(t;Θ). Èçâåñòíî, ÷òî ðåøåíèå çàäà÷è
Êîøè (1.1) ñóùåñòâóåò â êëàññå Cr(0, T )(r ≥ 1) è åäèíñòâåííî.

Ïðèâåäåì íåñêîëüêî ïîñòàíîâîê çàäà÷ áèîëîãèè, îïèñûâàåìûõ ìîäåëüþ (1.1).
1. Ìíîãîêàìåðíàÿ íåëèíåéíàÿ ìîäåëü ôàðìàêîêèíåòèêè. Â îáùåì

ñëó÷àå, ñêîðîñòü èçìåíåíèÿ êîíöåíòðàöèè â êàìåðå ñ íîìåðîì i ìîæåò áûòü
çàïèñàíà ñëåäóþùèì îáðàçîì:

dCi
dt

=
∑
j 6=i

kij(Ci − Cj) · Ci. (1.2)

Çäåñü Ci � êîíöåíòðàöèÿ ïðåïàðàòà â êàìåðå i, kij � êèíåòè÷åñêèå êîýôôèöè-
åíòû, êîòîðûå â ëèòåðàòóðå íàçûâàþòñÿ êèíåòè÷åñêèìè êîíñòàíòàìè â ñëó÷àå,
êîãäà kij = const.

Â ÷àñòíîñòè, ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ ðàñïðîñòðàíåíèå ãëþêîçû è
èíñóëèíà â îðãàíèçìå, èìååò âèä (C. Cobelli, E. Carson, 2008, [4]):

dQ(t)
dt = NHGB(t)−Rd(t), Q(0) = Qb +D;

dĨ(t)
dt = −k3Ĩ(t)(t) + k2(I(t)− Ib), Ĩ(0) = 0;

G(t) = Q(t)
V .

(1.3)

Çäåñü Q(t) � ìàññà ãëþêîçû, Qb � áàçàëüíîå (îñíîâíîå, â íîðìàëüíûõ óñëîâèÿõ)
çíà÷åíèå ãëþêîçû â îðãàíèçìå, D � äîçà ãëþêîçû, ïîñòóïàþùåé èçâíå, NHGB
� ÷èñòûé ïå÷åíî÷íûé áàëàíñ ãëþêîçû, Rd � ñêîðîñòü ýëèìèíàöèè ãëþêîçû â
ïëàçìå, Ĩ(t) � êîíöåíòðàöèÿ èíñóëèíà (îòêëîíåíèå îò áàçàëüíîãî óðîâíÿ) âíå
ïëàçìû (òêàíåâîé æèäêîñòè, ãäå ïðîèñõîäèò ïåðåäà÷à ñèãíàëà äëÿ äåéñòâèÿ
èíñóëèíà), I(t) � êîíöåíòðàöèÿ èíñóëèíà â ïëàçìå, Ib � åå áàçàëüíîå çíà÷åíèå,
G(t) � êîíöåíòðàöèÿ ãëþêîçû â ïëàçìå, V � çíà÷åíèå ðàñïðåäåëåíèÿ. Ñõåìà
ìîäåëè (1.3) èçîáðàæåíà íà Ðèñóíêå 1.1.

Ìîäåëü (1.3) îñíîâûâàåòñÿ íà óðàâíåíèÿõ áàëàíñà ìàññ, çàïèñàííûõ äëÿ
ãëþêîçû è èíñóëèíà â êðîâè. Ìîäåëü (1.3) íåèäåíòèôèöèðóåìà, ò.å. îïðåäåëèòü
âñå êîíñòàíòû ki íåâîçìîæíî. Â ðàáîòå C. Cobelli, E. Carson, 2008, [4] ïîëó÷åíà
èäåíòèôèöèðóåìàÿ ìîäåëü

dQ(t)
dt = −(p1 + Z(t))Q(t) + p1Qb, Q(0) = Qb +D;

dZ(t)
dt = −p2Z(t) + p3(I(t)− Ib), Z(0) = 0;

G(t) = Q(t)
V ;

(1.4)
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Ðèñ. 1.1. Ñõåìà ðàñïðîñòðàíåíèÿ ãëþêîçû è èíñóëèíà. Êîí-
ñòàíòû ki, i = 1, . . . , 6, õàðàêòåðèçóþò ëèáî ìàòåðèàëüíûå ïî-
òîêè (ñïëîøíûå ëèíèè) èëè óïðàâëÿþùèå âîçäåéñòâèÿ (ïóíê-
òèðíûå ëèíèè).

ñ ïîìîùüþ çàìåíû ïåðåìåííûõ

Z(t) = (k4 + k6)Ĩ(t),

p1 = k1 + k5, p2 = k3, p3 = k2(k4 + k6).

Îòìåòèì, áîëüøèíñòâî ñèñòåì óðàâíåíèé, âîçíèêàþùèõ â ôàðìàêîêèíåòè-
êå, îïèñûâàþòñÿ ìîäåëüþ (1.1).
2. Ìîäåëü èììóííîé ñèñòåìû, ïðåäëîæåííàÿ Ã.È. Ìàð÷óêîì â 1980 ãî-

äó [1], îïèñûâàåòñÿ ñëåäóþùåé ñèñòåìîé ÎÄÓ:

dV (t)
dt = (β − γF (t))V (t),

dC(t)
dt = α(τ)ξ(m)F (t)V (t)− µC(C(t)− C∗(τ)),

dF (t)
dt = ρC(t)− (µf + ηγV (t))F (t),

dm(t)
dt = σV (t)− µmm(t).

(1.5)

V (0) = V 0, C(0, τ) = C∗(τ), F (0, τ) =
ρC∗(τ)

µf
, m(0) = 0. (1.6)

Çäåñü V (t) � êîíöåíòðàöèÿ ïàòîãåííûõ ðàçìíîæàþùèõñÿ àíòèãåíîâ, F (t) � êîí-
öåíòðàöèÿ àíòèòåë (ïîä àíòèòåëàìè ïîíèìàþòñÿ ñóáñòðàòû èììóííîé ñèñòå-
ìû, íåéòðàëèçóþùèå àíòèãåíû (èììóíîãëîáóëèíû, ðåöåïòîðû êëåòîê)), C(t)
� êîíöåíòðàöèÿ ïëàçìàòè÷åñêèõ êëåòîê (ïîïóëÿöèÿ íîñèòåëåé è ïðîäóöåíòîâ
àíòèòåë (èììóíî-êîìïåòåíòíûå êëåòêè è èììóíîãëîáóëèíîïðîäóöåíòû)), m(t)
� îòíîñèòåëüíàÿ õàðàêòåðèñòèêà ïîðàæåííîãî îðãàíà.

Ïåðâîå óðàâíåíèå ñèñòåìû (1.5) îïèñûâàåò èçìåíåíèå ÷èñëà àíòèãåíîâ â
îðãàíèçìå. Êîýôôèöèåíò ðàçìíîæåíèÿ àíòèãåíîâ îáîçíà÷àåòñÿ β, γ � êîýô-
ôèöèåíò, ñâÿçàííûé ñ âåðîÿòíîñòüþ íåéòðàëèçàöèè àíòèãåíà àíòèòåëàìè ïðè
âñòðå÷å ñ íèì. Âòîðîå óðàâíåíèå îïèñûâàåò ðîñò ïëàçìàòè÷åñêèõ êëåòîê, τ �
âîçðàñò èíôåöèðóåìîãî, α � êîýôôèöèåíò, ó÷èòûâàþùèé âåðîÿòíîñòü âñòðå÷è
àíòèãåí � àíòèòåëî, âîçáóæäåíèå êàñêàäíîé ðåàêöèè è ÷èñëî îáðàçóþùèõñÿ
íîâûõ êëåòîê, µC � êîýôôèöèåíò, ðàâíûé îáðàòíîé âåëè÷èíå âðåìåíè æèçíè
ïëàçìàòè÷åñêèõ êëåòîê, C∗ � ïîñòîÿííûé óðîâåíü ïëàçìîêëåòîê â çäîðîâîì
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îðãàíèçìå â âîçðàñòå τ . ßñíî, ÷òî ïðè ñèëüíîì ïîðàæåíèè æèçíåííî âàæíûõ
îðãàíîâ ïðîèçâîäèòåëüíîñòü âûðàáîòêè àíòèòåë ïàäàåò. Çà ýòî îòâå÷àåò ôóíê-
öèÿ ξ(m), êîòîðàÿ â èíòåðâàëå 0 ≤ m ≤ m∗ ðàâíà åäèíèöå (ðàáîòîñïîñîáíîñòü
èììóíîëîãè÷åñêèõ îðãàíîâ â ýòîì èíòåðâàëå íå çàâèñèò îò òÿæåñòè áîëåçíè),
à ïðè m∗ ≤ m ≤ 1 ôóíêöèÿ ξ(m) óáûâàåò (ïðîèçâîäèòåëüíîñòü âûðàáîòêè
àíòèòåë ïàäàåò). Òðåòüå óðàâíåíèå îïèñûâàåò áàëàíñ ÷èñëà àíòèòåë, ðåàãèðó-
þùèõ ñ àíòèãåíîì, ρ � ñêîðîñòü ïðîèçâîäñòâà àíòèòåë îäíîé ïëàçìàòè÷åñêîé
êëåòêîé, µf � êîýôôèöèåíò, îáðàòíî ïðîïîðöèîíàëüíûé âðåìåíè ðàñïàäà àí-
òèòåë, η � êîëè÷åñòâî àíòèòåë, íåîáõîäèìûõ äëÿ íåéòðàëèçàöèè îäíîãî àíòè-
ãåíà. ×åòâåðòîå óðàâíåíèå îïèñûâàåò îòíîñèòåëüíóþ õàðàêòåðèñòèêó ïîðàæå-
íèÿ îðãàíà-ìèøåíè, σ � ñêîðîñòü ïîðàæåíèÿ îðãàíîâ-ìèøåíåé àíòèãåíîì, µm
� ñêîðîñòü ðåãåíåðàöèè îðãàíîâ-ìèøåíåé.

Íà÷àëüíûå óñëîâèÿ (1.6) îçíà÷àþò, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè t = 0
ïðîèçîøëî çàðàæåíèå çäîðîâîãî îðãàíèçìà (m(0) = 0) äîçîé V 0. Çäîðîâûé
îðãàíèçì õàðàêòåðèçóåòñÿ íîðìàëüíûì óðîâíåì èììóíîêîìïåòåíòíûõ êëåòîê
C∗ > 0 ñî ñâîèìè ðåöåïòîðàìè F (0, τ), ñïîñîáíûìè âûçâàòü èììóííóþ ðåàê-
öèþ.

Ñóùåñòâóþò ðàçëè÷íûå âàðèàöèè ìîäåëè (1.5)-(1.6), áîëåå äåòàëüíî îïèñû-
âàþùèå âíóòðèêëåòî÷íûå âçàèìîäåéñòâèÿ (ïðîòèâîâèðóñíûé è ïðîòèâîáàêòå-
ðèàëüíûé èììóííûå îòâåòû), ñîñòîÿùèå èç 7, 10 è áîëåå îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé, èçó÷àåìûõ â ðàáîòàõ M.A. Nowak, R.M. May, 2000, [9];
J.E. Wigginton, D. Kirschner, 2001, [10]; À.À. Ðîìàíþõà, Ñ.Ã. Ðóäíåâ, Ñ.Ì. Çó-
åâ, 2005 ã., [3]; Ò.Å. Ñàííèêîâà, 2008 ã., [11]; Ò.Å. Ñàííèêîâà, Ã.È Ìàð÷óê., À.À.
Ðîìàíþõà, À.È ßøèí., 2003 ã., [12] è äðóãèå. Âñå ýòè ìîäåëè îïèñûâàþòñÿ ñè-
ñòåìîé (1.1).
3. Ìîäåëü äèíàìèêè ÂÈ× èíôåêöèè â ÂÈ×-èíôèöèðîâàííûõ ïàöèåí-

òàõ ñ àíòèðåòðîâèðóñíîé òåðàïèåé îïèñûâàåòñÿ ñëåäóþùåé äèíàìè÷åñêîé ñè-
ñòåìîé (A.S. Perelson, P.W. Nelson, 1999, [13]; Y. Huang, D. Liu, H. Wu, 2006, [14];
H. Miao, X. Xia, A.S. Perelson, H. Wu, 2011, [15]):

dTU (t)
dt = λ− ρTU (t)− ηTU (t)V (t),

dTI(t)
dt = ηTU (t)V (t)− δTI(t),

dV (t)
dt = N δTI(t)− cV (t).

(1.7)

Çäåñü TU (t) � êîíöåíòðàöèÿ íåèíôèöèðîâàííûõ êëåòîê-ìèøåíåé â ìîìåíò âðå-
ìåíè t, TI(t) � êîíöåíòðàöèÿ èíôèöèðîâàííûõ êëåòîê, V (t) � âèðóñíàÿ íàãðóç-
êà, λ � íà÷àëüíûå óðîâåíü íåèíôèöèðîâàííûõ Ò-êëåòîê, ρ � êîýôôèöèåíò, îò-
âå÷àþùèé çà ñìåðòíîñòü íåèíôèöèðîâàííûõ Ò-êëåòîê, η � óðîâåíü èíôåêöèè
â îðãàíèçìå, êîòîðûé âûðàæàåòñÿ ôóíêöèåé ïðîòèâîâèðóñíîãî ëå÷åíèÿ, δ � êî-
ýôôèöèåíò, îòâå÷àþùèé çà ñìåðòíîñòü èíôèöèðîâàííûõ êëåòîê, c � èììóííûé
êëèðåíñ (ïî÷å÷íàÿ ôèëüòðàöèÿ êîìïëåêñîâ àíòèãåí-àíòèòåëî) ñâîáîäíûõ âè-
ðèîíîâ (ïîëíîöåííûå âèðóñíûå ÷àñòèöû, ïðåäñòàâëÿþùèå ñîáîé êîíãëîìåðàò
îðãàíè÷åñêèõ êðèñòàëëîâ), N � ñðåäíåå êîëè÷åñòâî âèðèîíîâ, ïðîèçâîäèìûõ
îäíîé èíôèöèðîâàííîé êëåòêîé â òå÷åíèå åå ñðîêà æèçíè.

Â ðàáîòàõ D.S. Callaway, A.S. Perelson, 2001, [16] è B.M. Adams, H.T. Banks,
M. Davidian, Hee-Dae Kwon, H.T. Tran, S.N. Wynne, E.S. Rosenberg, 2005, [17], íà
îñíîâå ìîäåëè (1.7) èññëåäóþòñÿ áîëåå ñëîæíûå ñèñòåìû, îïèñûâàþùèå äèíà-
ìèêó ÂÈ× èíôåêöèè, ó÷èòûâàþùèå, íàïðèìåð, äèíàìèêó äâóõ ñî-öèðêóëèðóþùèõ
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ïîïóëÿöèé êëåòîê-ìèøåíåé, ïðåäñòàâëÿþùèõ CD4 Ò-ëèìôîöèòû (T1) è ìàê-
ðîôàãè (T2) (T1(t) + T2(t) := TU (t)).
4. ¾Óïðîùåííàÿ ìîäåëü¿ ðàçâèòèÿ ýïèäåìèè òóáåðêóëåçà, íå èñ-

ïûòûâàþùåé âîçäåéñòâèÿ êàêîé-ëèáî ëå÷åáíîé ïðîãðàììû, îïèñûâàåòñÿ ñëå-
äóþùåé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé (S.M. Blower, A.R. McLean,
T.C. Porco, P.M. Small, P.C. Hopewell, M.A. Sanchez, A.R. Moss, 1995, [18]):

dS(t)
dt = Π− βT (t)S(t)− µS(t),

dL(t)
dt = (1− p)βT (t)S(t)− δL(t)− µL(t),

dT (t)
dt = δL(t) + pβT (t)S(t)− (µ+ µT )T (t).

(1.8)

Çäåñü S(t) � êîëè÷åñòâî ÷óâñòâèòåëüíûõ â ìîìåíò âðåìåíè t, L(t) � êîëè÷åñòâî
èíôèöèðîâàííûõ â ìîìåíò âðåìåíè t, T (t) � êîëè÷åñòâî çàðàçíûõ áîëüíûõ â
ìîìåíò âðåìåíè t, Π � ïðèòîê ìîëîäåæè â ìîäåëüíóþ ïîïóëÿöèþ, µ � ñðåäíÿÿ
ñìåðòíîñòü îò ïðè÷èí, íå ñâÿçàííûõ ñ òóáåðêóëåçîì, p � âåðîÿòíîñòü áûñòðîãî
ïðîãðåññèðîâàíèÿ áîëåçíè, δ � êîíñòàíòà ñêîðîñòè ðåàêòèâàöèè òóáåðêóëåçíîé
èíôåêöèè, µT � äîïîëíèòåëüíàÿ ñìåðòíîñòü, âûçûâàåìàÿ àêòèâíûì òóáåðêó-
ëåçîì, β � ¾êîýôôèöèåíò ïåðåäà÷è¿ òóáåðêóëåçíîé èíôåêöèè.

Ãëàâíûå îòëè÷èÿ ýòîé ìîäåëè îò èñõîäíîé ìîäåëè, âïåðâûå îïèñàííîé â ðà-
áîòå H.T. Waaler, A. Geser, S. Andersen, 1962, [5], ñîñòîÿò â ó÷åòå âîçìîæíîñòè
áûñòðîãî ïðîãðåññèðîâàíèÿ áîëåçíè (èíôèöèðîâàíèå ÷óâñòâèòåëüíîãî èíäèâè-
äà ñ âåðîÿòíîñòüþ p ïåðåâîäèò åãî â ãðóïïó áîëüíûõ è ñ âåðîÿòíîñòüþ (1−p) �
â ãðóïïó ëàòåíòíî-èíôèöèðîâàííûõ) è â îòñóòñòâèè âîçìîæíîñòè ñïîíòàííîãî
ñàìîèçëå÷åíèÿ äëÿ èíäèâèäîâ èç ãðóïïû T.

Â ðàáîòå Ê.Ê. Àâèëîâà è À.À. Ðîìàíþõè 2007 ãîäà [19] îïèñàíà ¾ïîäðîáíàÿ¿
ìîäåëü ðàçâèòèÿ ýïèäåìèè òóáåðêóëåçà, îòëè÷àþùàÿñÿ îò ¾óïðîùåííîé¿ ìîäå-
ëè (1.8) ðàçäåëåíèåì áîëüíûõ èíäèâèäîâ íà äâà êëàññà: èíôåêöèîííûå áîëü-
íûå èíäèâèäû (Ti) è íåèíôåêöèîííûå áîëüíûå èíäèâèäû (Tn). Êðîìå òîãî,
ââîäèòñÿ ãðóïïà ñïîíòàííî ñàìîèçëå÷èâøèõñÿ èíäèâèäîâ (R), ìîäåëèðóþùàÿ
ïðîöåññû ñïîíòàííîãî ñàìîèçëå÷åíèÿ àêòèâíûõ ôîðì òóáåðêóëåçà ñ âîçìîæ-
íûì ðåöèäèâîì áîëåçíè. Òàêæå â ðàáîòå [19] è ññûëêàõ â íåé ðàññìàòðèâàþòñÿ
áîëåå ñëîæíûå ìîäåëè ýïèäåìèîëîãèè, îïèñûâàåìûå ñèñòåìîé (1.1).

2. Ïîñòàíîâêà îáðàòíîé çàäà÷è

Îáðàòíàÿ çàäà÷à (1.1), (2.1) çàêëþ÷àåòñÿ â îïðåäåëåíèè âåêòîðà ïàðàìåòðîâ
Θ ïî çàäàííîé ôóíêöèè P è äîïîëíèòåëüíîé èíôîðìàöèè î âåêòîðå X(t;Θ):

Xn(tk;Θ) = Φn(tk), tk ∈ (0, T ), k = 1, . . . ,Kn, n = 1, . . . , N. (2.1)

Çäåñü Φn(tk) := Φ
(k)
n = (Φ

(1)
n , . . . ,Φ

(Kn)
n )T � âåêòîð äàííûõ îáðàòíîé çàäà÷è

ðàçìåðíîñòè K := K1 + . . . + KN . Â çàäà÷àõ èììóíîëîãèè âåêòîð X(t;Θ), â
áîëüøèíñòâå ñëó÷àåâ, îïèñûâàåò êîíöåíòðàöèþ âèðóñîâ, ïàðàìåòðîâ èììóí-
íîé ñèñòåìû (ïëàçìàòè÷åñêèõ êëåòîê, àíòèòåë, ìàêðîôàãîâ è ò. ï.), õàðàêòå-
ðèñòèêó ïîðàæåíèÿ îðãàíà-ìèøåíè è ïðî÷åå, â çàäà÷àõ ýïèäåìèîëîãèè � êîëè-
÷åñòâî íîñèòåëåé èíôåêöèè, êîëè÷åñòâî íåèíôåêöèîííûõ áîëüíûõ è äðóãèå,
â çàäà÷àõ ôàðìàêîêèíåòèêè � êîíöåíòðàöèþ ëåêàðñòâ, ãëþêîçû, èíñóëèíà â

êðîâè, ïëàçìå. Âåêòîð Φ = (Φ
(1)
1 , . . . ,Φ

(K1)
1 , . . . ,Φ

(1)
N , . . . ,Φ

(KN )
N )T îïðåäåëÿåòñÿ

ïî äàííûì àíàëèçà êðîâè, ìî÷è â ìîìåíòû âðåìåíè tk, k = 1, . . . ,K.
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Â ðàáîòå H.W. Engl, C. Flamm, P. Kugler, J. Lu, S. Muller, P. Schuster,
2009, [20] îáðàòíàÿ çàäà÷à (1.1)-(2.1) áûëà ÷èñëåííî èññëåäîâàíà íà êîððåêò-
íîñòü ãðàäèåíòíûìè ìåòîäàìè (Ëåâåíáåðãà-Ìàêâàðäà è Ãàóññà-Íüþòîíà), â
÷èñëåííûõ ðàñ÷åòàõ áûëà ïðèìåíåíà ðåãóëÿðèçàöèÿ À.Í. Òèõîíîâà. Â äàí-
íîé ðàáîòå áóäåò ïðèâåäåí îïòèìèçàöèîííûé àëãîðèòì ðåøåíèÿ îáðàòíîé çà-
äà÷è (1.1), (2.1), îñíîâàííûé íà ðåøåíèè ñîïðÿæåííîé çàäà÷è, à òàêæå áóäåò
ïîëó÷åíà ÿâíàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ ãðàäèåíòà öåëåâîãî ôóíêöèîíàëà.

3. Ìåòîä îïòèìèçàöèè

Îïðåäåëèì îïåðàòîð îáðàòíîé çàäà÷è (1.1), (2.1) ñëåäóþùèì îáðàçîì:

A : P → RK

Θ 7→ X(tk;Θ).
(3.1)

Òàêèì îáðàçîì, îáðàòíàÿ çàäà÷à (1.1), (2.1) ìîæåò áûòü çàïèñàíà â îïåðà-
òîðíîì âèäå:

A(Θ) = Φ. (3.2)

Ðåøåíèå îáðàòíîé çàäà÷è (3.2) áóäåì èñêàòü, ìèíèìèçèðóÿ öåëåâîé ôóíê-
öèîíàë:

J(Θ) = ‖A(Θ)− Φ‖2 =

K∑
k=0

|X(tk;Θ)− Φ(k)|2, (3.3)

ò.å. ðåøåíèå çàäà÷è (3.2) ñâîäèòñÿ ê ðåøåíèþ çàäà÷è min
Θ∈P

J(Θ).

Èñïîëüçóåì ãðàäèåíòíûå ìåòîäû äëÿ ðåøåíèÿ çàäà÷è min
Θ∈P

J(Θ), êîòîðûå

çàêëþ÷àþòñÿ â îïðåäåëåíèè ïðèáëèæåííîãî ðåøåíèÿ

Θj+1 = Θj − αjJ ′(Θj), αj > 0, Θ0 ∈ P.

Çäåñü αj � ïàðàìåòð îïòèìèçàöèè, êîòîðûé êëàññèôèöèðóåò ãðàäèåíòíûå ìå-
òîäû (Ñ.È. Êàáàíèõèí, 2009 ã., [21]), J ′(Θ) ∈ Rm � ãðàäèåíò öåëåâîãî ôóíêöè-
îíàëà (3.3).

Òåîðåìà 1. Ãðàäèåíò öåëåâîãî ôóíêöèîíàëà J(Θ) îïðåäåëÿåòñÿ ñëåäóþùèì
ñîîòíîøåíèåì:

J ′(Θ) = −
T∫

0

Ψ(t)TPΘ(X(t), Θ) dt. (3.4)

Çäåñü Ψ(t) ∈ D′(RN ) � ðåøåíèå ñîïðÿæåííîé çàäà÷è dΨ(t)
dt = −PT

X(X(t), Θ)Ψ(t) + 2
K∑
k=1

(X(t;Θ)− Φ(t))δ(t− tk), t ∈ (0, T ),

Ψ(T ) = 0,

(3.5)

D′(RN ) � ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé â RN , δ(t) � äåëüòà-ôóíêöèÿ
Äèðàêà, PX(X(t), Θ) ∈ RN×RN è PΘ(X(t), Θ) ∈ RN×RM � ñîîòâåòñòâóþùèå
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ìàòðèöû ßêîáè:

PX =


∂P1

∂X1

∂P1

∂X2
. . . ∂P1

∂XN

∂P2

∂X1

∂P2

∂X2
. . . ∂P2

∂XN

...
...

. . .
...

∂PN

∂X1

∂PN

∂X2
. . . ∂PN

∂XN

 , PΘ =


∂P1

∂Θ1

∂P1

∂Θ2
. . . ∂P1

∂ΘM

∂P2

∂Θ1

∂P2

∂Θ2
. . . ∂P2

∂ΘM

...
...

. . .
...

∂PN

∂Θ1

∂PN

∂Θ2
. . . ∂PN

∂ΘM

 .

Äîêàçàòåëüñòâî. Äëÿ âû÷èñëåíèÿ ãðàäèåíòà J ′(Θ) âîñïîëüçóåìñÿ îïðåäåëå-
íèåì ïðîèçâîäíîé Ôðåøå:

J(Θ + δΘ)− J(Θ) = 〈J ′(Θ), δΘ〉+ o(‖δΘ‖). (3.6)

Çäåñü δΘ � âàðèàöèÿ ïàðàìåòðîâ ìîäåëè, 〈·〉 îçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå
âåêòîðîâ.

Ðàñïèøåì ëåâóþ ÷àñòü ñîîòíîøåíèÿ (3.6), èñïîëüçóÿ îïðåäåëåíèå J(Θ) (3.3)
è ïðàâèëî ðàñêðûòèÿ ðàçíîñòè êâàäðàòîâ a2 − b2 = (a− b)(a+ b):

δJ = J(Θ + δΘ)− J(Θ) =
K∑
k=0

|X(tk;Θ) + δX(tk;Θ)− Φ(k)|2−

−
K∑
k=0

|X(tk;Θ)− Φ(k)|2 =
K∑
k=0

δX(tk;Θ)
(
2X(tk;Θ)− 2Φ(k) + δX(tk;Θ)

)
=

=
K∑
k=0

〈δX(tk;Θ), 2(X(tk;Θ)− Φ(k))〉+
K∑
k=0

|δX(tk;Θ)|2.

Çäåñü δX(t;Θ) ÿâëÿåòñÿ ðåøåíèåì âîçìóùåííîé çàäà÷è:{
dδX(t)
dt = δP (t, Θ), t ∈ (0, T ),

δX(0) = 0,
(3.7)

ãäå δP (t, Θ) = PX(t, Θ)δX + PΘ(t, Θ)δΘ � âàðèàöèÿ ôóíêöèè P (t, Θ).

Â ÷èñëåííûõ ðàñ÷åòàõ ìàëûìè âåëè÷èíàìè (o(‖δΘ‖) è
K∑
k=0

|δX(tk;Θ)|2) áó-

äåì ïðåíåáðåãàòü è ïîëàãàòü, ÷òî

δJ ∼= 〈J ′(Θ), δΘ〉 ∼=
K∑
k=0

〈δX(tk;Θ), 2(X(tk;Θ)− Φ(k))〉.

Â ïîñëåäíåì ñîîòíîøåíèè ïåðåéäåì ê èíòåãðàëó, âîñïîëüçîâàâøèñü ñâîéñòâîì
äåëüòà-ôóíêöèè:

〈J ′(Θ), δΘ〉 ∼=
T∫

0

〈δX(t;Θ), 2

K∑
k=0

(X(t;Θ)− Φ(t))δ(t− tk)〉 dt.

Èñïîëüçóÿ ïåðâîå óðàâíåíèå ñèñòåìû (3.5), çàìåíèì ñóììó â ïîñëåäíåì âû-
ðàæåíèè

〈J ′(Θ), δΘ〉 ∼=
T∫
0

〈δX(t;Θ), dΨ(t)
dt + PT

X(X(t), Θ)Ψ(t)〉 dt =

=
T∫
0

(
〈δX(t;Θ), dΨ(t)

dt 〉+ 〈δX(t;Θ), PT
X(X(t), Θ)Ψ(t)〉

)
dt.

(3.8)
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Ðàñïèøåì ïåðâîå ñëàãàåìîå âûðàæåíèÿ (3.8), èñïîëüçóÿ ìåòîä èíòåãðèðîâà-
íèÿ ïî ÷àñòÿì è çàäà÷è Êîøè (3.7) è (3.5):

T∫
0

〈δX(t;Θ), dΨ(t)
dt 〉 dt =

N∑
n=1

T∫
0

δXn(t;Θ)dΨn(t)
dt dt =

=
N∑
n=1

δXn(t;Θ)Ψn(t)|T0 −
N∑
n=1

T∫
0

dδXn(t;Θ)
dt Ψn(t) dt =

= −
T∫
0

〈PX(t, Θ)δX(t;Θ),Ψ(t)〉 dt−
T∫
0

〈PΘ(t, Θ)δΘ,Ψ(t)〉 dt.

Âòîðîå ñëàãàåìîå âûðàæåíèÿ (3.8) ïðåîáðàçóåòñÿ ñëåäóþùèì îáðàçîì:

T∫
0

〈δX(t;Θ), PT
X(X(t), Θ)Ψ(t)〉 dt =

T∫
0

〈PX(X(t), Θ)δX(t;Θ),Ψ(t)〉 dt.

Òàêèì îáðàçîì, âûðàæåíèå (3.8) ïåðåïèñûâàåòñÿ â ñëåäóþùåì âèäå:

〈J ′(Θ), δΘ〉 ∼= −
T∫
0

ΨT(t)PΘ(t, Θ)δΘ dt,

îòêóäà ïîëó÷àåì âûðàæåíèå äëÿ ãðàäèåíòà ôóíêöèîíàëà J(Θ) âèäà (3.4).
�

Çàìå÷àíèå. Îòìåòèì, ÷òî îáîáùåííàÿ çàäà÷à Êîøè (3.5) ýêâèâàëåíòíà ñëå-
äóþùåé çàäà÷å Êîøè ñ ôèêñèðîâàííûìè ðàçðûâàìè ïåðâîãî ðîäà èñêîìîãî
ðåøåíèÿ Ψ(t) â òî÷êàõ tk, k = 1, . . . ,K:

dΨ(t)
dt = −PT

X(X(t), Θ)Ψ(t), t ∈
K⋃
k=0

(tk, tk+1), t0 = 0, tK+1 = T ;

Ψ(T ) = 0,

[Ψ]t=tk = 2(X(tk;Θ)− Φ(k)), k = 1, . . . ,K.

(3.9)

3.1. Íåêîòîðûå ïîñòàíîâêè îáðàòíûõ çàäà÷. Ïðèâåäåì ÿâíûå âûðàæåíèÿ
äëÿ ãðàäèåíòà (3.4) öåëåâîãî ôóíêöèîíàëà íåêîòîðûõ ïîñòàíîâîê çàäà÷ ôàð-
ìàêîêèíåòèêè, èììóíîëîãèè, ÂÈ×-èíôåêöèè è ýïèäåìèîëîãèè òóáåðêóëåçà.
1. Â ðàçäåëå 1 ïðèâåäåíà ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ ðàñïðîñòðàíåíèå

ãëþêîçû è èíñóëèíà â îðãàíèçìå (1.4):
dQ(t)
dt = −(p1 + Z(t))Q(t) + p1Qb, Q(0) = Qb +D;

dZ(t)
dt = −p2Z(t) + p3(I(t)− Ib), Z(0) = 0;

G(t) = Q(t)
V .

(3.10)

Ïðåäïîëîæèì, ÷òî â ìîìåíòû âðåìåíè tk î ôóíêöèÿõ Q(t) è Z(t) ïîëó÷åíà
äîïîëíèòåëüíàÿ èíôîðìàöèÿ âèäà

Q(tk) = Qk, k = 1, . . . ,K1, Z(tk) = Zk, k = 1, . . . ,K2. (3.11)

Â îáðàòíîé çàäà÷å (3.10)-(3.11) òðåáóåòñÿ îïðåäåëèòü âåêòîð èç ïÿòè ïà-
ðàìåòðîâ Θ := (p1, p2, p3, Qb, Ib)

T ∈ R5 ïî äîïîëíèòåëüíîé èíôîðìàöèè Φ :=
(Q1, . . . , QK1

, Z1, . . . , ZK2
)T ∈ RK , K := K1 +K2, î ðåøåíèè ïðÿìîé çàäà÷è.



ÎÁ ÎÏÐÅÄÅËÅÍÈÈ ÏÀÐÀÌÅÒÐÎÂ ÌÎÄÅËÈ ÍÄÓ C.71

Èñïîëüçóÿ Òåîðåìó 1, âûïèøåì ÿâíûé âèä ãðàäèåíòà öåëåâîãî ôóíêöèîíàëà
J(Θ) äëÿ îáðàòíîé çàäà÷è (3.10)-(3.11). Â îáîçíà÷åíèÿõ ðàçäåëà 3 èìååì:

N = 2, M = 5, X(t, Θ) = (Q(t), Z(t))T,

PX =

(
−p1(1 + Z(t)) −p1Q(t)

0 −p2

)
,

PΘ =

(
−Q(t)(1 + Z(t)) +Qb 0 0 p1 0

0 −Z(t) I(t)− Ib 0 −p3

)
.

(3.12)

Òîãäà âûðàæåíèå (3.4) äëÿ çàäà÷è (3.10)-(3.11) ïåðåïèñûâàåòñÿ ñëåäóþùèì
îáðàçîì:

J ′(Θ) = −

(
T∫
0

Ψ1(t)a1(t) dt,−
T∫
0

Ψ2(t)Z(t) dt,
T∫
0

Ψ2(t)a2(t) dt,

T∫
0

p1Ψ1(t) dt,−
T∫
0

p3Ψ2(t) dt

)
;

a1(t) = −Q(t)(1 + Z(t)) +Qb, a2(t) = I(t)− Ib.

(3.13)

Çäåñü Ψ(t) := (Ψ1(t),Ψ2(t))T � ðåøåíèå ñîïðÿæåííîé çàäà÷è (3.9) ïðè çàäàí-
íûõ (3.12).
2. Ìîäåëü èììóííîé ñèñòåìû, ïðèâåäåííàÿ â ðàçäåëå 1, ïðè ξ(m) ≡ 1 îïè-

ñûâàåòñÿ ñëåäóþùåé ñèñòåìîé ÎÄÓ:



dV (t)
dt = (β − γF (t))V (t),

dC(t)
dt = α(τ)F (t)V (t)− µC(C(t)− C∗(τ)),

dF (t)
dt = ρC(t)− (µf + ηγV (t))F (t),

dm(t)
dt = σV (t)− µmm(t).

(3.14)

Ïðåäïîëîæèì, ÷òî â ìîìåíòû âðåìåíè tk î ôóíêöèÿõ V (t), C(t), F (t) è m(t)
ïîëó÷åíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ âèäà

V (tk) = Vk, k = 1, . . . ,K1, C(tk) = Ck, k = 1, . . . ,K2,

F (tk) = Fk, k = 1, . . . ,K3, m(tk) = mk, k = 1, . . . ,K4.
(3.15)

Â îáðàòíîé çàäà÷å (3.14)-(3.15) òðåáóåòñÿ îïðåäåëèòü âåêòîð èç äåñÿòè ïà-
ðàìåòðîâ Θ := (β, γ, α, µC , C

∗, ρ, µf , η, σ, µm)T ∈ R10 äëÿ çàäàííîãî âîçðàñòà
èíôåöèðóåìîãî τ ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè ïðÿìîé çàäà÷è

Φ :=
(
{Vk}K1

k=0, {Ck}
K2

k=0, {Fk}
K3

k=0, {mk}K4

k=0

)T

∈ RK , K := K1 +K2 +K3 +K4.
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Èñïîëüçóÿ Òåîðåìó 1, âûïèøåì ÿâíûé âèä ãðàäèåíòà öåëåâîãî ôóíêöèîíàëà
J(Θ) äëÿ îáðàòíîé çàäà÷è (3.14)-(3.15). Â îáîçíà÷åíèÿõ ðàçäåëà 3 èìååì:

N = 4, M = 10, X(t, Θ) = (V (t), C(t), F (t),m(t))T,

PX =


−β − γF (t) 0 −γV (t) 0

α(τ)F (t) −µC α(τ)V (t) 0

ηγF (t) ρ −µC + ηγV (t) 0

σ 0 0 −µm

 ,

PΘ1,1 = PΘ4,9 = V (t), PΘ1,2 = −PΘ2,3 = −F (t)V (t),

PΘ2,4 = C∗(τ)− C(t), PΘ2,5 = µC , PΘ3,2 = ηF (t)V (t),

PΘ3,6 = C(t), PΘ3,7 = −F (t), PΘ3,8 = γF (t)V (t), PΘ4,10 = −m(t).

(3.16)

Îñòàëüíûå êîìïîíåíòû ìàòðèöû ßêîáè PΘ íóëåâûå.
Òîãäà âûðàæåíèå (3.4) äëÿ çàäà÷è (3.14)-(3.15) ïåðåïèñûâàåòñÿ ñëåäóþùèì

îáðàçîì:

J ′1(Θ) = −
T∫
0

Ψ1(t)V (t) dt, J ′2(Θ) = −
T∫
0

(ηb1(t)Ψ3(t)− b1(t)Ψ1(t)) dt,

J ′3(Θ) = −
T∫
0

b1(t)Ψ2(t) dt, J ′4(Θ) = −
T∫
0

b2(t)Ψ2(t) dt;

J ′5(Θ) = −
T∫
0

µCΨ2(t) dt, J ′6(Θ) = −
T∫
0

C(t)Ψ3(t) dt;

J ′7(Θ) =
T∫
0

F (t)Ψ3(t) dt, J ′8(Θ) = −
T∫
0

γb1(t)Ψ3(t) dt;

J ′9(Θ) = −
T∫
0

V (t)Ψ4(t) dt, J ′10(Θ) =
T∫
0

m(t)Ψ4(t) dt;

(3.17)

b1(t) = V (t)F (t), b2(t) = C∗(τ)− C(t).

Çäåñü Ψ(t) := (Ψ1(t),Ψ2(t),Ψ3(t),Ψ4(t))T � ðåøåíèå ñîïðÿæåííîé çàäà÷è (3.9)
ïðè çàäàííûõ (3.16).
3. Ìîäåëü äèíàìèêè ÂÈ× èíôåêöèè â ÂÈ×-èíôèöèðîâàííûõ ïàöèåíòàõ ñ

àíòèðåòðîâèðóñíîé òåðàïèåé, ïðèâåäåííàÿ â ðàçäåëå 1, îïèñûâàåòñÿ ñëåäóþ-
ùåé äèíàìè÷åñêîé ñèñòåìîé:

dTU (t)
dt = λ− ρTU (t)− ηTU (t)V (t),

dTI(t)
dt = ηTU (t)V (t)− δTI(t),

dV (t)
dt = N δTI(t)− cV (t).

(3.18)

Ïðåäïîëîæèì, ÷òî â ìîìåíòû âðåìåíè tk î ôóíêöèÿõ TU (t), TI(t) è V (t)
ïîëó÷åíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ âèäà

TU (tk) = TUk
, k = 1, . . . ,K1, TI(tk) = TIk , k = 1, . . . ,K2,

V (tk) = Vk, k = 1, . . . ,K3.
(3.19)

Â îáðàòíîé çàäà÷å (3.18)-(3.19) òðåáóåòñÿ îïðåäåëèòü âåêòîð èç øåñòè ïàðà-
ìåòðîâ Θ := (λ, ρ, η, δ,N , c)T ∈ R6 ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè
ïðÿìîé çàäà÷è

Φ :=
(
{TUk

}K1

k=0, {TIk}
K2

k=0, {Vk}
K3

k=0

)T

∈ RK , K := K1 +K2 +K3.
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Èñïîëüçóÿ Òåîðåìó 1, âûïèøåì ÿâíûé âèä ãðàäèåíòà öåëåâîãî ôóíêöèîíàëà
J(Θ) äëÿ îáðàòíîé çàäà÷è (3.18)-(3.19). Â îáîçíà÷åíèÿõ ðàçäåëà 3 èìååì:

N = 3, M = 6, X(t, Θ) = (TU (t), TI(t), V (t))T,

PX =

 −ρ− ηV (t) 0 −ηTU (t)

ηV (t) −δ ηTU (t)

0 N δ −c

 ,

PΘ =

 1 −TU (t) −TU (t)V (t) 0 0 0

0 0 TU (t)V (t) −TI(t) 0 0

0 0 0 NTI(t) δTI(t) −V (t)

 .

(3.20)

Òîãäà âûðàæåíèå (3.4) äëÿ çàäà÷è (3.18)-(3.19) ïåðåïèñûâàåòñÿ ñëåäóþùèì
îáðàçîì:

J ′1(Θ) = −
T∫
0

Ψ1(t) dt, J ′2(Θ) =
T∫
0

TU (t)Ψ1(t) dt,

J ′3(Θ) = −
T∫
0

c1(t)(Ψ2(t)−Ψ1(t)) dt, J ′5(Θ) = −
T∫
0

δTI(t)Ψ3(t) dt,

J ′4(Θ) = −
T∫
0

TI(t)(NΨ3(t)−Ψ2(t)) dt, J ′6(Θ) =
T∫
0

V (t)Ψ3(t) dt.

(3.21)

Çäåñü c1(t) = TU (t)V (t), Ψ(t) := (Ψ1(t),Ψ2(t),Ψ3(t))T � ðåøåíèå ñîïðÿæåííîé
çàäà÷è (3.9) ïðè çàäàííûõ (3.20).
4. ¾Óïðîùåííàÿ ìîäåëü¿ ðàçâèòèÿ ýïèäåìèè òóáåðêóëåçà, íå èñïûòûâàþ-

ùåé âîçäåéñòâèÿ êàêîé-ëèáî ëå÷åáíîé ïðîãðàììû, ïðèâåäåííàÿ â ðàçäåëå 1,
îïèñûâàåòñÿ ñëåäóþùåé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé:


dS(t)
dt = Π− βT (t)S(t)− µS(t),

dL(t)
dt = (1− p)βT (t)S(t)− δL(t)− µL(t),

dT (t)
dt = δL(t) + pβT (t)S(t)− (µ+ µT )T (t).

(3.22)

Ïðåäïîëîæèì, ÷òî â ìîìåíòû âðåìåíè tk î ôóíêöèÿõ S(t), L(t) è T (t) ïî-
ëó÷åíà äîïîëíèòåëüíàÿ èíôîðìàöèÿ âèäà

S(tk) = Sk, k = 1, . . . ,K1, L(tk) = Lk, k = 1, . . . ,K2,

T (tk) = Tk, k = 1, . . . ,K3.
(3.23)

Â îáðàòíîé çàäà÷å (3.22)-(3.23) òðåáóåòñÿ îïðåäåëèòü âåêòîð èç øåñòè ïàðà-
ìåòðîâ Θ := (Π, β, µ, p, δ, µT )T ∈ R6 ïî äîïîëíèòåëüíîé èíôîðìàöèè î ðåøåíèè
ïðÿìîé çàäà÷è

Φ :=
(
{Sk}K1

k=0, {Lk}
K2

k=0, {Tk}
K3

k=0

)T

∈ RK , K := K1 +K2 +K3.
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Èñïîëüçóÿ Òåîðåìó 1, âûïèøåì ÿâíûé âèä ãðàäèåíòà öåëåâîãî ôóíêöèîíàëà
J(Θ) äëÿ îáðàòíîé çàäà÷è (3.22)-(3.23). Â îáîçíà÷åíèÿõ ðàçäåëà 3 èìååì:

N = 3, M = 6, X(t, Θ) = (S(t), L(t), T (t))T,

PX =

 −βT (t)− µ 0 −βS(t)

(1− p)βT (t) −δ − µ (1− p)βS(t)

pβT (t) δ pβS(t)− (µ− µT )

 ,

PΘ =

 1 −T (t)S(t) −S(t) 0 0 0

0 (1− p)T (t)S(t) L(t) −βT (t)S(t) −L(t) 0

0 pT (t)S(t) −T (t) βT (t)S(t) L(t) T (t)

 .

(3.24)

Òîãäà âûðàæåíèå (3.4) äëÿ çàäà÷è (3.22)-(3.23) ïåðåïèñûâàåòñÿ ñëåäóþùèì
îáðàçîì:

J ′1(Θ) = −
T∫
0

Ψ1(t) dt, J ′4(Θ) =
T∫
0

d2(t)(Ψ2(t)−Ψ3(t)) dt,

J ′2(Θ) =
T∫
0

d1(t)(Ψ1(t)− (1− p)Ψ2(t)− pΨ3(t)) dt,

J ′3(Θ) =
T∫
0

(S(t)Ψ1(t)− L(t)Ψ2(t) + T (t)Ψ3(t)) dt,

J ′5(Θ) =
T∫
0

L(t)(Ψ2(t)−Ψ3(t)) dt, J ′6(Θ) = −
T∫
0

T (t)Ψ3(t) dt,

d1(t) = T (t)S(t), d2(t) = βd1(t).

(3.25)

Çäåñü Ψ(t) := (Ψ1(t),Ψ2(t),Ψ3(t))T � ðåøåíèå ñîïðÿæåííîé çàäà÷è (3.9) ïðè
çàäàííûõ (3.24).

4. Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ îáðàòíîé çàäà÷è

Â êà÷åñòâå ðàçíîñòíîãî ìåòîäà ðåøåíèÿ ïðÿìîé è ñîïðÿæåííîé çàäà÷ èñ-
ïîëüçóåì ìåòîä Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà àïïðîêñèìàöèè. Îïèøåì ñõå-
ìó ìåòîäà äëÿ ïðîèçâîëüíîé ñèñòåìû ÎÄÓ íà ïðîìåæóòêå (t(1), t(2)). Ðàññìîò-
ðèì çàäà÷ó Êîøè äëÿ ñèñòåìû ÎÄÓ{

dY
dt = F (t, Y (t)), t ∈ (t(1), t(2));

Y (0) = Y0.
(4.1)

Çäåñü Y = (Y (1), Y (2), . . . , Y (M))T ∈ RM � âåêòîð íåèçâåñòíûõ, Y0 = (Y
(1)
0 , . . . , Y

(M)
0 )T ∈

RM � âåêòîð íà÷àëüíûõ äàííûõ, F = (F1, . . . , FM )T � âåêòîð-ôóíêöèÿ.
Ïîñòðîèì ðàçáèåíèå îáëàñòè (t(1), t(2)): tn = t(1) + nht, n = 0, 1, . . . , Nt, ht =

t(2)−t(1)
Nt

� øàã ñåòêè ïî ïåðåìåííîé t. Ââåäåì îáîçíà÷åíèå âåêòîðà Yn := Y (tn).
Èñïîëüçóåì ìåòîä Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà àïïðîêñèìàöèè äëÿ ñè-

ñòåìû (4.1), êîòîðûé ñîñòîèò â îïðåäåëåíèè ïðèáëèæåííîãî ðåøåíèÿ ñèñòåìû
èç ñîîòíîøåíèé

Y
(i)
n+1 = Y

(i)
n + 1

6

(
k

(i)
1 + 2k

(i)
2 + 2k

(i)
3 + k

(i)
4

)
, i = 1, . . . ,M ;

k
(i)
1 = ht · F (tn, Yn), k

(i)
2 = ht · Y (tn + ht

2 , Yn + 1
2k1),

k
(i)
3 = ht · Y (tn + ht

2 , Yn + 1
2k2), k

(i)
4 = ht · Y (tn + ht, Yn + k3).
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Îïòèìèçàöèîííûé àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è (1.1)-(2.1) ñîñòîèò â
ñëåäóþùåì:
1. Çàäàåì íà÷àëüíîå ïðèáëèæåíèå Θ0 ∈ P.
2. Ðåøàåì ïðÿìóþ çàäà÷ó (1.1) äëÿ çàäàííîãî íàáîðà ïàðàìåòðîâ ìåòîäîì
Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà àïïðîêñèìàöèè, îïèñàííûì âûøå. Îïðåäå-
ëÿåì X(tk;Θj) = Φ(k), k = 1, . . . , N .
3. Ðåøàåì ñîïðÿæåííóþ çàäà÷ó (3.9) íà ïðîìåæóòêàõ (tk, tk+1), k = 0, 1, . . . ,K,
t0 = 0, tK+1 = T , îïèñàííûì âûøå ìåòîäîì Ðóíãå-Êóòòû, ó÷èòûâàÿ â òî÷êàõ
tk ðàçðûâû ðåøåíèÿ çàäà÷è Êîøè (3.9).
4. Îïðåäåëÿåì ïî ôîðìóëå (3.4) ãðàäèåíò öåëåâîãî ôóíêöèîíàëà J(Θj).
5. Ðóêîâîäñòâóÿñü òèïîì ãðàäèåíòíîãî ìåòîäà, îïðåäåëÿåì ïàðàìåòð îïòèìè-
çàöèè αj > 0 è ñëåäóþùóþ èòåðàöèþ, ñîãëàñíî ñîîòíîøåíèþ

Θj+1 = Θj − αjJ ′(Θj).

Çàòåì ñíîâà ïåðåõîäèì ê ïóíêòó 2.
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3D MODELING OF INTEGRATED NATURAL AND MAN-MADE

HAZARDS AND SOURCE DETERMINATION PROBLEM

S.I. KABANIKHIN, I.V. MARININ, O.I. KRIVOROTKO

Abstract. The World Agency of Planetary Monitoring and Earthquake
Risk Reduction (WAPMERR) in cooperation with Informap software
development department and the Institute of computational mathematics
and mathematical geophysics SB RAS developed the Integrated Tsunami
Research and Information System (ITRIS) for the purposes of reducing
risk due to natural and man-maid hazards and for rescue planning after
disasters.

These goals are achieved by advancing methods of real-time modeling
and loss assessment, by estimating the extent of future disasters in scenario
mode, by calculating of risks, by characterizing the nature of the building
stock in cities at risk, and through monitoring by satellite images.

Basic functions of ITRIS:
• The global-area coverage;
• The full three-dimensionality and manipulation with 3D models of
buildings;

• The possibility for the Earth surface zooming at any point;
• The digital cartographic base design with the use of satellite images,
digital; elevation and bathymetry models;

• The possibility for manipulation with the point, raster and vector
data layers;

• The availability of data analyzing and processing plug-ins;
• The software for numerical modeling of geophysical processes and
phenomena;

• The software for loss assessment from natural and man-made hazards;

c© 2014 S.I. Kabanikhin, I.V. Marinin, O.I. Krivorotko.
This work is partially supported by the Ministry of Education and Science of the Russian

Federation.
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• The database management system intended for visualization and
handling of historical data for hazards.

Keywords:Natural hazards, 3D GIS, numerical modeling, loss assessment,
historical data collection, source determination.

1. Introduction

The Integrated Tsunami Research and Information System (ITRIS) was developed
and is being maintained by WAPMERR in collaboration with Informap software
development department, laboratory of Mathematical Modeling of Tsunami Waves
and laboratory of Mathematical Problems of Geophysics of the Institute of Com-
putational Mathematics and Mathematical Geophysics of the Siberian Branch of
Russian Academy of Sciences. The special scienti�c plug-in components are embedded
in a specially developed GIS-type graphic shell for easy data retrieval, visualization
and processing. The shell operates on Windows platforms with no additional co-
located software required. The open source models can be easily integrated with the
current system. A 3D GIS Real Time Monitoring System was created using high
resolution QBIRD satellite imagery and spatial multi-media mapping on a scale of
1:5000. In Fig. 1.1 a graphic-shell window presenting a district of the east coast
of India is shown. Fig. 1.2 presents an example of the urban district map (Dubai,
UAE) visualization with deep zooming ability.

Ðèñ. 1.1. A graphic-shell window presenting a district of the east
coast of India.

We use numerical simulation for modeling long waves propagation in soil and
water, tsunami run-up, solving inverse problems that consist in source vibrating
determination, estimation of risk and losses. New mathematical approaches and
software allowed to arrange database management and the entire destruction scenario
visualization. New approaches and strategies as well as mathematical tools and
software are to be shown.
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Ðèñ. 1.2. The urban district map (Dubai, UAE) visualization
with deep zooming ability.

2. Historical Data in ITRIS

The presented software can be used for analysis and research of various natural
and man-made hazards. There are built-in catalogues with set of interfaces for data
managing. Fig. 2.1 presents visualization of earthquake epicenters around Japan.
In the simplest case it is enough to know the coordinates of the epicenter and the
magnitude of the earthquake. More accurate calculations require speci�c parameters
of the tectonic shift such as size of the fault plane and its angles, but this data do
not appear immediately. We can consider the most pessimistic variant knowing
only the magnitude, latitude and longitude of the epicenter, when the fault occurs
at right angles. It entails the greatest deviation of the water level. It is also very
important to have accurate values of the bathymetry, the more precise is the better.
Simulation of the �ooding event with rough data, of course, will not give precise
results. Various map projections can be used for visualization of geography and
geophysical data (Fig. 2.2).

Ðèñ. 2.1. Visualization of the available seismic data.
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Ðèñ. 2.2. Using geographical projection for visualization of the
historical tsunami source locations.

3. Tsunami Propagation Module and Run-Up

The concept of ITRIS is based on the integration of historical data, numerical
models, processing and analysing tools along with mapping software. Any mathema-
tical tool for tsunami modelling can be easily incorporated in build-in models. The
approach to the long-term tsunami hazard assessment, which implemented in the
ITRIS software, is based on the statistical analysis of historical run-up observations.

While interacting with bottom surface, the initial wave is deformed and to get
more or less reliable data it is necessary to simulate the �uid motion. Calculations
on a small-celled mesh will last relatively long, and to reduce the calculation time
some paralleling techniques must be utilized.

Sequence of actions for calculation of tsunami caused by a tectonic shift in the
�rst approximation is as follows:

3.1. Getting data about the earthquake. Basically there was published some
data about the earthquakes:

• http : //earthquake.usgs.gov/earthquakes/eqarchives/epic/epic global.php;
• http : //www.globalcmt.org/CMTsearch.html.

3.2. Calculation of tsunami propagation. Being generated by an event as large
as an earthquake, the wavelength of the tsunami is huge 200 kilometers is typical (in
contrast with wind waves, whose wavelengths are typically closer to 100 meters). In
particular, the wavelength of the tsunami is far greater than the depth of the ocean
(which is typically 2-3 kilometers). As such, even in the deep ocean, the dynamics of
tsunamis are essentially governed by the shallow water equations which are written
in conservative form:

(3.1)
∂Q

∂t
+

∂F

∂x
+

∂G

∂y
= S,

where Q =

 h

hu

hv

, F =

 hu

hu2 + 1
2gh

2

huv

,
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G =

 hv

huv

hv2 + 1
2gh

2

, S =

 0

gh(s0x − sfx)

gh(s0y − sfy )

.

Here Q�the vector of conservative variables, F and G�vectors of �ow in x and y
directions, respectively, h�height of liquid column, u and v�the average horizontal
component of velocity in x and y directions, respectively, S�right-hand vector
contains the terms responsible for the the hydraulic friction and roughness of the
bottom, g�the acceleration of gravity.

Numerical method that is currently developed will be able to calculate run-up
and accurately handle the topography thanks to triangular and nested meshes.

One of the main tool the numerical modeling is the Finite Volume Method
(FVM). Advantages of FVM over �nite di�erence method in application to tsunami
modeling are the stability, high calculation speed and easy using of triangular
meshes [1]. First of all FVM by default satis�es the property of mass conservation.
Besides that, it is very simple to incorporate any kind of TVD (Total Variation
Diminishing) technique into a �nite volume code for tsunami propagation (when
the waves enter shallow water regions, numerical oscillations may occur and a�ect
modeling results) [2]. Also in FVM the cells of calculation domain are usually
numbered with one-dimensional indexes, this fact makes the process of parallelization
clear and obvious. One more advantage of FVM is no restriction on mesh topology
(triangular, rectangular and other meshes). Even if the bathymetry data is rough,
triangular meshes are much more e�cient from the point of accurate topology
mapping. When the problem size is relatively big (tsunami movement across the
ocean for example), there is no noticeable di�erences between the usage of rectangular
and triangular meshes, but when the run up heights near the city are calculated,
this property of FVM comes to play.

The o�ered scheme has the second order of approximation on time and on
space and can be used for calculations of the liquid movement in areas with any
topography.

Ðèñ. 3.1. Numerical modeling of the Simushir tsunami 13.01.2007
using the built-in software.
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The use of non-structured grids allows to condense splitting of the computation
domain in the regions which have the large di�erences in elevation of the bottom
surface and adequately to describe nuances of the bathymetry. Fig. 3.1 shows the
results of numerical tsunami modeling of 13.01.2007 propagation.

After performing all the needed calculations it will be possible to estimate
maximum wave heights, to create �ood and run-up maps, to combine them with
coordinates of cities and towns and issue the wave travel times.

3.3. Evaluation of results [3]. We compare the numerical results with the data
from the website of NOAA (National Oceanic and Atmospheric Administration).
Large-scale laboratory experiments were performed at Coastal Engineering Research
Center, Vicksburg, Mississippi, in a 30 m-wide, 25 m-long, and 60 cm-deep wave
basin. The detailed experiments are described elsewhere in greater detail [4].

In the physical model, a 62.5 cm-high, 7.2 m toe-diameter, and 2.2 m crest-
diameter circular island with a 1:4 slope was located in the basin.

Experiments were conducted at two di�erent water depths, 32 cm and 42 cm,
but presented here with dimensionless solitary wave heights equal to 0.045, 0.091,
and 0.181 at 32 cm. For this calculation the area of 26 by 27.6 meters (x and y
directions, respectively) was covered with a triangular mesh linearly condensing as
we approach to the island center. The maximum cell size was 0.2 m, the minimum
was 0.05 m. Fig. 3.2 shows the solitary wave at the moment of interaction with the
island.

Ðèñ. 3.2. There is a run-up on the island from the NOAA experiment.

The deviation of the �uid from rest is �xed at three points, which are located
close to the dividing line. The �rst point is located in front of the incident wave to
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Ðèñ. 3.3. Comparison of the calculated values of the deviations
the liquid level from the rest with the experimental data in the
above three points. Y -axis corresponds to the de�ection of the
liquid from the unperturbed state, the x-axis - time.

the side of the island of 2.6 meters in front of the center, the second - 2.6 meters
from the side, the third - a 2.6 meters behind the center (Fig. 3.3).

3.4. Tsunami source determination problem. The tsunami source determina-
tion problem is a state-of-art problem to reducing risk due to natural hazards. At
the present time people do not have such systems that are able to predict with high
accuracy the source characteristics (size, velocity of the wave, arrival time of waves
on the shore, the degree of risk), using data from the initial earthquake, or heights
of the waves going in the deep ocean.

Using an explicit �nite-di�erence scheme of the second order of approximation
and various optimization methods (Landweber iteration, conjugate gradient method,
etc.) we solved the model inverse problem of determining the water surface oscillations
in a reservoir after perturbations of the bottom of the reservoir in the simplest
case [5]. In the near future, we want to use the methods described in article for
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solving the inverse problem with real data. We also plan to add the inverse problem
solution module to the software (ITRIS) based on simulation natural and man-made
hazards such as tsunamis, earthquakes etc.

4. Tsunami Risk-Related Products: Inundation Maps and Risk

Assessment

All items that are related to tsunami risks and risk reduction strategies are the
ultimate goal of the project [6]. GIS methods will be used to create and combine the
di�erent inundation and �ooding map components, which will be practically GIS-
layers containing bathymetric, topographic, land use and inundation projections [7,
8] (Fig. 4.1). Contour lines will be digitized to produce a GIS-layer containing
bathymetric data around the application area.

Ðèñ. 4.1. Flooding map of Nagapattinam, India.

A�ected areas can be de�ned if the variation in topography is known with
su�cient accuracy. This analysis requires the development of a Digital Elevation
Model (DEM). DEM will be derived from satellite data (Fig. 4.2).
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Ðèñ. 4.2. Detailed representation of buildings for a risk
estimation of destruction.
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Abstrat. Â ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è ïðîäîëæåíèÿ ðåøå-

íèé ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ ÷àñòè ãðàíèöû îáëàñòè. Ê ýòèì

çàäà÷àì îòíîñÿòñÿ çàäà÷à Êîøè äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ

äàííûìè íà âðåìåíèïîäîáíîé ïîâåðõíîñòè. Âî ìíîãèõ îáðàòíûõ çà-

äà÷àõ èñêîìûå íåîäíîðîäíîñòè ðàñïîëîæåíû íà íåêîòîðîé ãëóáèíå,

ïàðàìåòðû ñðåäû êîòîðîé èçâåñòíû (â ãåî�èçèêå ýòî, êàê ïðàâèëî,

îäíîðîäíûå èëè ñëîèñòûå ñðåäû). Â ýòîì ñëó÷àå âàæíûì èíñòðóìåí-

òîì äëÿ ïðàêòèêîâ ÿâëÿþòñÿ çàäà÷è ïðîäîëæåíèÿ ãåî�èçè÷åñêèõ

ïîëåé ñ çåìíîé ïîâåðõíîñòè â ñòîðîíó çàëåãàíèÿ íåîäíîðîäíîñòåé.

Çàäà÷à ïðîäîëæåíèÿ ñâîäèòñÿ ê îáðàòíîé çàäà÷å, êîòîðàÿ �îðìóëè-

ðóåòñÿ â âèäå îïåðàòîðíîãî óðàâíåíèÿ Aq = f . �àññìîòðåíû âîïðîñû

ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è óñòîé÷èâîñòè ðåøåíèÿ ïðÿìîé çà-

äà÷è. Çàäà÷è ïðîäîëæåíèÿ ðåøåíèé óðàâíåíèé ìàòåìàòè÷åñêîé �è-

çèêè ñ ÷àñòè ãðàíèöû ÿâëÿþòñÿ íåêîððåêòíûìè çàäà÷àìè â êëàñ-

ñàõ �óíêöèé êîíå÷íîé ãëàäêîñòè. Äëÿ ðåøåíèÿ çàäà÷è ïðîäîëæåíèÿ

ïðèìåíÿþòñÿ ãðàäèåíòíûå ìåòîäû ìèíèìèçàöèè öåëåâîãî �óíêöèî-

íàëà J(q) =< Aq − f, Aq − f >. Öåëåâîé �óíêöèîíàë ìèíèìèçèðî-

âàí ìåòîäîì Ëàíäâåáåðà. Âû÷èñëåí ãðàäèåíò �óíêöèîíàëà è ïðèâå-

äåí àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è. Íà îñíîâå îöåíîê óñëîâíîé

óñòîé÷èâîñòè èññëåäîâàíà ñêîðîñòü ñõîäèìîñòè ãðàäèåíòíûõ ìåòî-

äîâ. Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ïðèâåäåí êîíå÷íî-ðàçíîñòíûé

àëãîðèòì ðåøåíèÿ çàäà÷è. �àñ÷åòû ïðîâåäåíû äëÿ òðåõ ðàçëè÷íûõ

ñðåä: ñ îäíîé íåîäíîðîäíîñòüþ, ñ äâóìÿ íåîäíîðîäíîñòÿìè è òðåìÿ

Kabanikhin S.I., Nurseitov D.B., Sholpanbaev B.B., The problem of

eletromagneti field ontinuation in the diretion to inhomogeneities.
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íåîäíîðîäíîñòÿìè, ðàñïîëîæåííûìè íà ãëóáèíå 6 ì. Ïðåäñòàâëåíû

ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ.

Keywords: îáðàòíàÿ çàäà÷à, óðàâíåíèå ýëåêòðîäèíàìèêè, çàäà÷à

ïðîäîëæåíèÿ, îïòèìèçàöèîííûé ìåòîä, ñîïðÿæ¼ííàÿ çàäà÷à, �óíê-

öèîíàë íåâÿçêè.

1. Ââåäåíèå

Â ðàáîòå ïðåäëîæåí ìåòîä ðåãóëÿðèçàöèè çàäà÷è ïðîäîëæåíèÿ ýëåêòðîìàã-

íèòíîãî ïîëÿ. Âïåðâûå èòåðàöèîííûé ìåòîä áûë ïðåäëîæåí â ðàáîòå Â.À. Êîç-

ëîâà, Â.�. Ìàçüÿ, À.Â. Ôîìèíà â 1991 ãîäó äëÿ óðàâíåíèÿ Ëàïëàñà [6℄. Â íàøåé

ðàáîòå ìû ïðèâîäèì ñòðîãîå ìàòåìàòè÷åñêîå îáîñíîâàíèå îöåíîê ñêîðîñòè ñõî-

äèìîñòè ïî �óíêöèîíàëó ãðàäèåíòíûõ ìåòîäîâ è ñèëüíîé ñõîäèìîñòè, èñïîëü-

çóÿ îöåíêè óñëîâíîé óñòîé÷èâîñòè. �àçðàáîòàííûå àëãîðèòìû áûëè ïðèìåíåíû

äëÿ ðåøåíèÿ çàäà÷è ïðîäîëæåíèÿ ýëåêòðîìàãíèòíèòíîãî ïîëÿ.

Çàäà÷è îïðåäåëåíèÿ ïàðàìåòðîâ ìàòåìàòè÷åñêèõ ìîäåëåé ýëåêòðîäèíàìèêè

âîçíèêàþò â ãåî�èçèêå, ìåäèöèíå è äðóãèõ îáëàñòÿõ ïðèëîæåíèÿ ìàòåìàòèêè.

Ê îñíîâíûì ïàðàìåòðàì ìîäåëåé ýëåêòðîäèíàìèêè îòíîñÿòñÿ äèýëåêòðè÷åñêàÿ

è ìàãíèòíàÿ ïðîíèöàåìîñòü è ïðîâîäèìîñòü. Äëÿ íàõîæäåíèÿ èëè óòî÷íåíèÿ

óêàçàííûõ ïàðàìåòðîâ ìîäåëåé èñïîëüçóþò äîïîëíèòåëüíóþ èí�îðìàöèþ îá

ýëåêòðîìàãíèòíûõ ïðîöåññàõ. Òàêèå çàäà÷è îòíîñÿòñÿ ê îáðàòíûì çàäà÷àì ìà-

òåìàòè÷åñêîé �èçèêè, îñíîâû òåîðèè êîòîðîé áûëè çàëîæåíû â ðàáîòàõ À.Í.

Òèõîíîâà, Ì.Ì. Ëàâðåíüòåâà, Â.Ê. Èâàíîâà, à òàêæå èõ ó÷åíèêîâ è ïîñëåäî-

âàòåëåé. Âî ìíîãèõ îáðàòíûõ çàäà÷àõ èñêîìûå íåîäíîðîäíîñòè ðàñïîëîæåíû

íà íåêîòîðîé ãëóáèíå ïîä ñëîåì ñðåäû, ïàðàìåòðû êîòîðîé èçâåñòíû (â ãåî-

�èçèêå ýòî, êàê ïðàâèëî, îäíîðîäíûå èëè ñëîèñòûå ñðåäû). Â ýòîì ñëó÷àå

âàæíûì èíñòðóìåíòîì äëÿ ïðàêòèêîâ ÿâëÿþòñÿ çàäà÷è ïðîäîëæåíèÿ ãåî�è-

çè÷åñêèõ ïîëåé ñ çåìíîé ïîâåðõíîñòè â ñòîðîíó çàëåãàíèÿ íåîäíîðîäíîñòåé.

Çàäà÷è ïðîäîëæåíèÿ ðåøåíèé óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêè ñ ÷àñòè ãðà-

íèöû âî ìíîãèõ ñëó÷àÿõ ÿâëÿþòñÿ ñèëüíî íåêîððåêòíûìè çàäà÷àìè â êëàññàõ

�óíêöèé êîíå÷íîé ãëàäêîñòè. Ê ýòèì çàäà÷àì îòíîñÿòñÿ çàäà÷è Êîøè äëÿ ãè-

ïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äàííûìè Êîøè íà âðåìåíèïîäîáíîé ïîâåðõíîñòè,

äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ äàííûìè Êîøè íà ÷àñòè ãðàíèöû è äëÿ

óðàâíåíèÿ Ëàïëàñà. Â äàííîé ðàáîòå ìû ðàññìîòðèì ìåòîäû ðåãóëÿðèçàöèè

çàäà÷è ïðîäîëæåíèÿ îñíîâàííûå íà ãðàäèåíòíûõ ìåòîäàõ è ìåòîäå ñèíãóëÿð-

íîãî ðàçëîæåíèÿ.

2. Ôèçè÷åñêàÿ ïîñòàíîâêà çàäà÷è ïðîäîëæåíèÿ.

Îñíîâíûì �èçè÷åñêèì ïðèìåðîì áóäåò äâóìåðíàÿ çàäà÷à ýëåêòðîäèíàìèêè.

�àññìîòðèì ñèñòåìó óðàâíåíèé Ìàêñâåëëà

rotH = ε
∂E

∂t
+ σE + j,

rotE = −µ
∂H

∂t
.

Çäåñü ïîëîæèòåëüíûå �óíêöèè ε(x, y, z), σ(x, y, z) è µ(x, y, z) äèýëåêòðè÷åñêàÿ
ïðîíèöàåìîñòü, ïðîâîäèìîñòü è ìàãíèòíàÿ ïðîíèöàåìîñòü ñðåäû ñîîòâåòñòâåí-

íî.
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Ñ÷èòàåì, ÷òî ýëåêòðîìàãíèòíûå êîëåáàíèÿ äî ìîìåíòà âðåìåíè t = 0 îòñóò-
ñòâóþò:

(E,H)|t<0 ≡ 0, j|t<0 ≡ 0,

à çàòåì èíäóöèðóþòñÿ âíåøíèì òîêîì j(x, y, z, t).
�àññìîòðèì îäèí èç ïðîñòåéøèõ âàðèàíòîâ çàäà÷è, êîãäà ε, σ è µ çàâèñÿò

òîëüêî îò ãëóáèíû x è îäíîé ãîðèçîíòàëüíîé ïåðåìåííîé y, à èñòî÷íèêîì ñòî-

ðîííåãî òîêà ÿâëÿåòñÿ äîñòàòî÷íî äëèííûé êàáåëü, ðàñïîëîæåííûé ïî öåíòðó

è ïðîòÿíóòûé âäîëü îñè z:

j(x, y, z, t) = (0, 0, 1)Tgv(x)gh(y)r(t).

Çäåñü �óíêöèè gv è gh îïèñûâàþò ïîïåðå÷íûå ðàçìåðû èñòî÷íèêà.

Â ýòîì ñëó÷àå, ïðåíåáðåãàÿ âëèÿíèåì êîíöîâ êàáåëÿ, â ñèñòåìå óðàâíåíèé

Ìàêñâåëëà íåíóëåâûìè îñòàíóòñÿ òîëüêî òðè êîìïîíåíòû Ez ,Hx,Hy è ñèñòåìà

áóäåò èìåòü âèä:

ε
∂Ez

∂t
+
∂Hx

∂y
−
∂Hy

∂x
+ σEz + gv(x)gh(y)r(t) = 0,

µ
∂Hx

∂t
+
∂Ez

∂y
= 0,

µ
∂Hy

∂t
−
∂Ez

∂x
= 0.

Ïîñëå èñêëþ÷åíèÿ èç ïåðâîãî óðàâíåíèÿ ÷àñòíûõ ïðîèçâîäíûõ êîìïîíåíò

Hx è Hy, ïîëó÷èì îòíîñèòåëüíî Ez óðàâíåíèå âòîðîãî ïîðÿäêà

ε
∂2Ez

∂t2
+ σ

∂Ez

∂t
=

∂

∂x

(

1

µ

∂Ez

∂x

)

+
∂

∂y

(

1

µ

∂Ez

∂y

)

− gv(x)gh(y)r
′(t),

ê êîòîðîìó äîáàâèì íà÷àëüíîå óñëîâèå

Ez|t<0 ≡ 0.

Îáîçíà÷èì v = Ez(x, y, t), ε = const, µ = const è ïîëó÷èì ñëåäóþùåå

óðàâíåíèå:

εvττ + σvτ =
∂

∂x

(

1

µ

∂v

∂x

)

+
∂

∂y

(

1

µ

∂v

∂y

)

Ââåäåì íîâóþ ïåðåìåííóþ t = τ√
εµ . Äëÿ �óíêöèè u(x, y, t) = v(x, y, τ) ïîëó-

÷èì,

utt +
σ
√
µ

√
ε
ut = ∆u

3. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è ïðîäîëæåíèÿ

�àññìîòðèì çàäà÷ó ïðîäîëæåíèÿ â îáëàñòè Ω = ∆(Lx)×(0, Ly), ãäå ∆(Lx) =
{(x, t) : x ∈ (0, Lx), t ∈ (x, 2Lx − x)} (ñì. ðèñ.1):

utt +
(σ

√
µ

√
ε

)

ut = uxx + uyy(1)

ux(0, y, t) = g(y, t),(2)

u(0, y, t) = f(y, t),(3)
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�èñ. 1. Îáëàñòü Ω.

Ôèçè÷åñêàÿ ïîñòàíîâêà çàäà÷è (1)-(3). Ïóñòü íà ãðàíèöå ñðåäû x = 0 èññëå-
äóåìîé îáëàñòè Ω âêëþ÷àåòñÿ èñòî÷íèê ıëåêòðîìàãíèòíûõ âîëí (2) â ìîìåíò

âðåìåíè t = 0. Îòêëèê ñðåäû (3) èçìåðÿåòñÿ íà ïîâåðõíîñòè x = 0 â òå÷åíèè

âðåìåíè t ∈ (0, 2Lx).
Ïðåäïîëàãàåì, ÷òî �óíêöèÿ èñòî÷íèêà g(y, t) �èíèòíà è åå íîñèòåëü ëåæèò

âíóòðè (0, Ly) è Ly äîñòàòî÷íî áîëüøîå, ÷òîáû:

(4) u(x, 0, t) = u(x, Ly, t) = 0.

3.1. Ïðèìåð Àäàìàðà íåêîððåêòíîñòè çàäà÷è ïðîäîëæåíèÿ. Çàäà÷à

ïðîäîëæåíèÿ (1)�(3) íåêîððåêòíà ïî Àäàìàðó. Ïóñòü σ ≡ 0. Òîãäà ðåøåíèå

çàäà÷è

{

utt = uxx + uyy,

u(0, y, t) = 1
k cos(k

√
2y) cos(kt), ux(0, y, t) = 0.

åäèíñòâåííî, íî íå ÿâëÿåòñÿ óñòîé÷èâûì ê âîçìóùåíèÿì äàííûõ Êîøè [1℄.

Â ñàìîì äåëå, ïðè k → ∞ äàííûå uk(0, y, t) =
1
k cos(k

√
2y) cos(kt) ñòðåìÿòñÿ ê

íóëþ, â òî âðåìÿ êàê ðåøåíèå

uk(x, y, t) =
1

k

ekx + e−kx

2
cos(k

√
2y) cos(kt)

áåñêîíå÷íî âîçðàñòàåò â ëþáîé îêðåñòíîñòè ïëîñêîñòè x = 0.

3.2. Ñâåäåíèå çàäà÷è ïðîäîëæåíèÿ ê îáðàòíîé çàäà÷å. �àññìîòðèì íåêîð-

ðåêòíóþ çàäà÷ó (1) � (4) êàê îáðàòíóþ ê ñëåäóþùåé ïðÿìîé(êîððåêòíîé) çà-

äà÷å. Â îáëàñòè Ω = ∆(Lx)×(0, Ly) òðåáóåòñÿ îïðåäåëèòü u(x, y, t) ïî çàäàííûì
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q(x, y) è g(y, t) èç ñîîòíîøåíèé:

utt +
σ
√
µ

√
ε
ut = uxx + uyy, (x, t) ∈ ∆(Lx)(5)

ux(0, y, t) = g(y, t), y ∈ (0, Ly), t ∈ (0, 2Lx);(6)

u(x, y, x) = q(x, y), x ∈ (0, Lx), y ∈ (0, Ly);(7)

u(x, 0, t) = u(x, Ly, t) = 0, (x, t) ∈ ∆(Lx).(8)

Â ïðÿìîé çàäà÷å (5) � (8) òðåáóåòñÿ îïðåäåëèòü u(x, y, t) ïî çàäàííûì q(x, y)
è g(y, t).

Ïðÿìàÿ çàäà÷à (5)�(8) ÿâëÿåòñÿ êîððåêòíîé çàäà÷åé [1℄. Îòìåòèì, ÷òî ðåøèâ

ïðÿìóþ çàäà÷ó (5)�(8) ìû òåì ñàìûì íàéäåì ðåøåíèå çàäà÷è ïðîäîëæåíèÿ

(1)�(4).

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè �óíêöèè q(x, y) èç ñîîòíî-
øåíèè (5)�(8) ïî äîïîëíèòåëüíîé èí�îðìàöèè:

(9) u(0, y, t) = f(y, t).

Îáîçíà÷èì Ω = (0, Lx)× (0, Ly)× (0, T ).
Ôóíêöèÿ u(x, y, t) ∈ C2 (Ω)

⋂

C1((0, Lx)×(0, Ly)×[0, T ))
⋂

C([0, Lx]×[0, Ly]×
(0, T )) è óäîâëåòâîðÿþùÿÿ ñîîòíîøåíèÿì (5) � (8) âíóòðè îáëàñòè Ω íàçûâà-

åòñÿ êëàññè÷åñêèì ðåøåíèåì ïðÿìîé çàäà÷è (5) � (8).

Îïðåäåëåíèå 1. Ïóñòü q(x, y) ∈ H1
(

(0, Lx)× (0, Ly)
)

, g(y, t) ∈ H1
(

(0, Ly)×

(0, 2Lx)
)

. Ôóíêöèþ u ∈ H1(Ω) áóäåì íàçûâàòü îáîáùåííûì ðåøåíèåì ïðÿìîé

çàäà÷è (5) � (8), åñëè äëÿ ëþáûõ v ∈ H1(Ω) òàêèõ, ÷òî

v(x, y, 2Lx − x) = 0, y ∈ (0, Ly), x ∈ (0, Lx)(10)

v(x, 0, t) = v(x, Ly, t) = 0. (x, t) ∈ ∆(Lx),(11)

èìååò ìåñòî ðàâåíñòâî

∫∫∫

Ω

(

vtut −
σ
√
µ

√
ε
vtu− vxux − vxux − vyuy)dxdydt

=

Ly
∫

0

Lx
∫

0

(

v(x, y, x)qx(x, y) +
σ
√
µ

√
ε
v(x, y, x)q(x, y)

)

dxdy −

Ly
∫

0

2Lx
∫

0

v(0, y, t)g(y, t)dtdy.

(12)

3.3. Êîððåêòíîñòü ïðÿìîé çàäà÷è. Äëÿ äîêàçàòåëüñòâà êîððåêòíîñòè ïðÿ-

ìîé çàäà÷è ñíà÷àëà äîêàæåì íåñêîëüêî ëåìì. Ïîòîì äîêàæåì òåîðåìó ñóùå-

ñòâîâàíèÿ, åäèíñòâåííîñòè è óñòîé÷èâîñòè ðåøåíèÿ ïðÿìîé çàäà÷è.

�àññìîòðèì ïðÿìóþ çàäà÷ó â íèæíåì òðåóãîëüíèêå t ∈ (0, Lx)(ñì. ðèñ.2).
Ïóñòü ∆(t) = {(ξ, y, τ) : ξ = (0, t), y ∈ (0, Ly), τ ∈ (ξ, t)}.
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�èñ. 2. �àññìîòðåíèå îáëàñòè Ω â íèæíåì òðåóãîëüíèêå.

Ëåììà 1. Ïóñòü u ∈ H1(Ω) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì ïðÿìîé çàäà÷è

(5) � (8), òîãäà âûïîëíÿåòñÿ ñëåäóþùåå ðàâåíñòâî

Ly
∫

0

t
∫

0

(u2t + u2ξ + u2y)(ξ, y, t)dξdy =

Ly
∫

0

t
∫

0

(q2ξ (ξ, y) + q2y(ξ, y))dξdy

−2

Ly
∫

0

t
∫

0

uτ (0, y, τ)g(y, τ)dτdy −

Ly
∫

0

t
∫

0

τ
∫

0

σ
√
µ

√
ε
u2τdτdξdy.(13)

Äîêàçàòåëüñòâî.

�àññìîòðèì ñëåäóþùåå òîæäåñòâî â îáëàñòè ∆(t) = {(ξ, y, τ) : ξ = (0, t), y ∈
(0, Ly), τ ∈ (ξ, t)}:

∫∫∫

∆(t)

uτ

(

uττ +
σ
√
µ

√
ε
uτ − uξξ − uyy

)

dτdξdy = 0.

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷èì ñëåäóþùåå ðàâåíñòâî

1

2

Ly
∫

0

t
∫

0

(u2t + u2ξ + u2y)(ξ, y, t)dξdy =
1

2

Ly
∫

0

t
∫

0

(u2t + 2utuξ + u2ξ)(ξ, y, ξ)dξdy

+
1

2

Ly
∫

0

t
∫

0

u2y(ξ, y, ξ)dξdy −

Ly
∫

0

t
∫

0

(uτuξ)(0, y, τ)dτdy −

Ly
∫

0

t
∫

0

τ
∫

0

σ
√
µ

√
ε
u2τdτdξdy

Îòêóäà, ó÷èòûâàÿ óñëîâèå (6), ïîëó÷èì

(u2t + 2utuξ + u2ξ)(ξ, y, ξ) = (ut + uξ)
2 =

(

du

dξ

∣

∣

∣

du
dξ =1

)2

= q2ξ .

Òàêèì îáðàçîì, ïîëó÷àåì ðàâåíñòâî (13).
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�èñ. 3. �àññìîòðåíèå îáëàñòè Ω â âåðõíåì òðåóãîëüíèêå.

Ïóñòü ïðè t ∈ (0, Lx)

‖u‖2(t) =

Ly
∫

0

t
∫

0

(u2t + u2ξ + u2y)(ξ, y, t)dξdy

è ñîîòâåòñòâåííî

‖q‖2(t) =

Ly
∫

0

t
∫

0

(q2ξ (ξ, y) + q2y(ξ, y))dξdy

‖g‖2(t) =

Ly
∫

0

t
∫

0

(g2(y, τ) + q2τ (y, τ))dτdy

Òåïåðü ðàññìîòðèì ïðÿìóþ çàäà÷ó â âåðõíåì òðåóãîëüíèêå t ∈ (Lx, 2Lx)(ñì.
ðèñ.3).

Ëåììà 2. Ïóñòü u ∈ H1(Ω) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì ïðÿìîé çàäà÷è

(5) � (8). Òîãäà âûïîëíÿåòñÿ ñëåäóþùåå ðàâåíñòâî

Ly
∫

0

2Lx−t
∫

0

(u2t + u2ξ + u2y)(ξ, y, t)dξdy +

Ly
∫

0

Lx
∫

2Lx−t

(ut − uξ)
2(ξ, y, 2Lx − ξ)dξdy

=

Ly
∫

0

Lx
∫

0

(q2ξ (ξ, y) + q2y(ξ, y))dξdy − 2

Ly
∫

0

t
∫

0

uτ (0, y, τ)g(y, τ)dτdy −

Ly
∫

0

t
∫

0

τ
∫

0

σ
√
µ

√
ε
u2τdτdξdy.

(14)

Äîêàçàòåëüñòâî.

�àññìîòðèì ñëåäóþùåå òîæäåñòâî â îáëàñòè ∆(Lx, t) = ∆(Lx) ∩ {τ < t} ãäå
∆(Lx) = {(x, y, t) : x = (0, Lx), y ∈ R, t ∈ (x, 2Lx − x)}

∫∫∫

∆(Lx,t)

uτ

(

uττ +
σ
√
µ

√
ε
uτ − uξξ − uyy

)

dτdξdy = 0.
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Èíòåãðèðóåì ïî ÷àñòÿì ïîëó÷èì ñëåäóþùåå ðàâåíñòâî

1

2

Ly
∫

0

2Lx−t
∫

0

(u2t + u2ξ + u2y)(ξ, y, t)dξdy +
1

2

Ly
∫

0

Lx
∫

2Lx−t

(u2t − 2utuξ + u2ξ)(ξ, y, 2Lx − ξ)dξdy

+

∫∫∫

∆(Lx,t)

σ
√
µ

√
ε
u2τdτdξdy =

1

2

Ly
∫

0

t
∫

0

(u2t + 2utuξ + u2ξ)(ξ, y, ξ)dξdy

+
1

2

Ly
∫

0

t
∫

0

u2y(ξ, y, ξ)dξdy −

Ly
∫

0

t
∫

0

(uτuξ)(0, y, τ)dτdy

Îòêóäà (u2t + 2utuξ + u2ξ)(ξ, y, ξ) = (ut + uξ)
2 =

(

du

dξ

∣

∣

∣

du
dξ =1

)2

= q2ξ è ó÷èòûâàåì

óñëîâèþ (6). Ïîëó÷àåì ðàâåíñòâî (14). Ïóñòü ïðè t ∈ (Lx, 2Lx)

‖u‖2(t) =

Ly
∫

0

2Lx−t
∫

0

(u2t + u2ξ + u2y)(ξ, y, t)dξdy

è ñîîòâåòñòâåííî

‖q‖2(Lx) =

Ly
∫

0

Lx
∫

0

(q2ξ (ξ, y) + q2y(ξ, y))dξdy

‖g‖2(t) =

Ly
∫

0

t
∫

0

(g2(y, τ) + q2τ (y, τ))dτdy

Òåîðåìà 1. (ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ ïðÿìîé çàäà÷è) Åñëè q, g ∈
H1(Ω), òî ïðÿìàÿ çàäà÷à (5) � (8) èìååò åäèíñòâåííîå îáîáùåííîå ðåøåíèå

u ∈ H1(Ω) è âåðíà îöåíêà

‖u‖2(t) ≤ eMt ·
(

‖q‖2(Lx) + ‖g‖2(2Lx)
)

(15)

çäåñü t ∈ (0, Lx). Äîêàçàòåëüñòâî.

Èç òåîðåìû âëîæåíèÿ C(0, t) ⊂ H1(0, t) ïîëó÷àåì îöåíêó

|u(x, y, t)| ≤ C1

√

∫ t

0

(u2 + u2ξ)(ξ, y, t)dξ ∀x ∈ (0, t), ∀y, t.(16)

Èíòåãðèðóåì ïî ÷àñòÿì ñëåäóþùèé èíòåãðàë

Ly
∫

0

t
∫

0

uτ (0, y, τ)g(y, τ)dτdy =

Ly
∫

0

[

u(0, y, t)g(y, t)− u(0, y, 0)g(y, 0)
]

dy−

−

Ly
∫

0

t
∫

0

u(0, y, τ)gτ (y, τ)dτdy
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Îòêóäà ïîëó÷àåì íåðàâåíñòâî:

∣

∣

∣

∣

∣

Ly
∫

0

t
∫

0

uτ (0, y, τ)g(y, τ)dτdy

∣

∣

∣

∣

∣

≤

Ly
∫

0

[

∣

∣u(0, y, t)g(y, t)
∣

∣+
∣

∣u(0, y, 0)g(y, 0)
∣

∣

]

dy

+

Ly
∫

0

t
∫

0

∣

∣

∣
u(0, y, τ)gτ (y, τ)

∣

∣

∣
dτdy

Òîãäà èç îöåíêè (16) âûòåêàåò

∫

R

t
∫

0

|uτ (0, y, τ)g(y, τ)|dτdy ≤ C2‖u‖(t) · ‖g‖(t).

Îöåíèì ðàâåíñòî (13) è ïîëó÷èì:

Ly
∫

0

t
∫

0

(u2t + u2ξ + u2y)(ξ, y, t)dξdy ≤

Ly
∫

0

t
∫

0

(q2ξ (ξ, y) + q2y(ξ, y))dξdy + 2

Ly
∫

0

t
∫

0

∣

∣uτ (0, y, τ)g(y, τ)
∣

∣dτdy.

Îòñþäà âûòåêàåò ñëåäóþùåå íåðàâåíñòâî

‖u‖2(t) ≤ ‖q‖2(t) + C3‖u‖(t) · ‖g‖(t).

Èç êóðñà ýëåìåíòàðíîé ìàòåìàòèêè ìîæíî ïîêàçàòü

a2 ≤ b2 + C0ad =⇒ a2 ≤ C∗(b
2 + d2).

Òîãäà ïîëó÷àåì ñëåäóþùóþ îöåíêó

‖u‖2(t) ≤ C4

(

‖q‖2(t) + ‖g‖2(t)
)

.(17)

Ïóñòü �óíêöèÿ

∣

∣

σ
√
µ

√
ε

∣

∣

C1((0,Lx)×(0,Ly))
≤M .

Èñïîëüçóÿ íåðàâåíñòâî �åëüäåðà è îöåíèì ñëåäóþùèé èíòåãðàë

Ly
∫

0

t
∫

0

τ
∫

0

∣

∣u2τ
∣

∣

∣

∣

σ
√
µ

√
ε

∣

∣dξdτdy ≤M

t
∫

0

Ly
∫

0

τ
∫

0

∣

∣u2τ
∣

∣dξdydτ

Îòñþäà

√

√

√

√

√

Ly
∫

0

τ
∫

0

∣

∣uτ
∣

∣

2
dξdy ≤ ‖u‖(τ),

Òîãäà ïîëó÷èì

Ly
∫

0

t
∫

0

τ
∫

0

∣

∣u2τ
∣

∣

∣

∣

σ
√
µ

√
ε

∣

∣dξdτdy ≤M

t
∫

0

‖u‖2(τ)dτ.
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Ñëåäîâàòåëüíî èç (13)

‖u‖2(t) ≤ C4

(

‖q‖2(t) + ‖g‖2(t)
)

+M

t
∫

0

‖u‖2(τ)dτ.(18)

Ïóñòü a(t) = ‖u‖2(t), b(t) = C4

(

‖q‖2(t)+‖g‖2(t)
)

, òîãäà b(t) ìîíîòîííî ðàñò¼ò
è b(t) ≤ B = b(Lx) îòñþäà ïîëó÷àåì

a(t) ≤ B +M

t
∫

0

a(τ)dτ.

Ïðèìåíÿÿ ê íåðàâåíñòâó ëåììó �ðîíóîëëà�Áåëëìàíà, ïîëó÷èì

a(t) ≤ BeMt

Â èòîãå äîêàçûâàåì íåðàâåíñòâî (15).

4. �åøåíèå çàäà÷è ïðîäîëæåíèÿ äëÿ óðàâíåíèÿ ãåîýëåêòðèêè

ìåòîäîì Ëàíäâåáåðà

Ââîäèì îïåðàòîð A ñëåäóþùèì îáðàçîì

A : q(x, y) 7→ f(y, t)

A : H1(0, Lx) 7→ H1(0, 2Lx)

Òîãäà îáðàòíàÿ çàäà÷à (5) � (9) çàïèñûâàåòñÿ â îïåðàòîðíîé �îðìå

Aq = f.(19)

Ââåäåì öåëåâîé �óíêöèîíàë

J(qn) = ‖Aqn − f‖2W 0
2
=

Ly
∫

0

2Lx
∫

0

[u(0, y, t; qn)− f(y, t)]2dydt.(20)

Öåëåâîãî �óíêöèîíàëà (20) ìèíèìèçèðóåì ìåòîäîì Ëàíäâåáåðà.

qn+1 = qn − αJ ′qn,(21)

ãäå α ∈

(

0,
1

‖A‖2

)

4.1. Âû÷èñëåíèå ãðàäèåíòà öåëåâîãî �óíêöèîíàëà. Çàäàäèì ïðèðàùå-

íèå qn + δqn, òîãäà

δu = ũ− u = u(x, y, t; qn + δqn)− u(x, y, t; qn).(22)
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Èñïîëüçóÿ îáîçíà÷åíèå (22), âû÷èñëÿåì ïðèðàùåíèå öåëåâîãî �óíêöèîíàëà

J(q).

J(qn + δqn)− J(qn) =

Ly
∫

0

2Lx
∫

0

[

u(0, y, t; qn + δqn)− f(y, t)
]2
dydt

−

Ly
∫

0

2Lx
∫

0

[

u(0, y, t; qn)− f(y, t)
]2
dydt =

Ly
∫

0

2Lx
∫

0

[

u(0, y, t; qn + δqn)− u(0, y, t; qn)
]

×
[

u(0, y, t; qn + δqn)− f(y, t) + u(0, y, t; qn)− f(y, t)
]

dy

=

Ly
∫

0

2Lx
∫

0

δu(0, y, t; qn)2
[

u(0, y, t; qn)− f(y, t)
]

dy + o(‖δu‖).

(23)

Äëÿ ïîëó÷åíèÿ âûðàæåíèÿ íà δu(0, y, t; qn) ðàññìîòðèì ïîñòàíîâêó âîçìó-

ùåííîé çàäà÷è äëÿ óðàâíåíèé (5) � (8).

ũtt +
σ
√
µ

√
ε
ũt = ũxx + ũyy(24)

ũx(0, y, t) = g(y, t),(25)

ũ(x, y, x) = qn + δqn,(26)

ũ(x, 0, t) = u(x, Ly, t) = 0.(27)

Èç ñîîòíîøåíèé (24)�(27) âû÷òåì ñîîòíîøåíèÿ (5) � (8) è, ó÷èòûâàÿ (22),

ïîëó÷èì äëÿ ïðèðàùåíèÿ δu çàäà÷ó

δutt +
σ
√
µ

√
ε
δut = δuxx + δuyy(28)

δux(0, y, t) = 0,(29)

δu(x, y, x) = δqn,(30)

δu(x, 0, t) = u(x, Ly, t) = 0.(31)

Óìíîæàÿ (28) íà ïðîèçâîëüíóþ �óíêöèþ ψ(x, y, t), ïðîèíòåãðèðóåì ïî Ω.

0 =

∫∫∫

Ω

(

δutt +
σ
√
µ

√
ε
δut − δuxx − δuyy

)

ψdxdydt =

Ly
∫

0

Lx
∫

0

2Lx−x
∫

x

ψδuttdtdxdy

−

Ly
∫

0

Lx
∫

0

t
∫

0

ψδuxxdxdtdy −

Ly
∫

0

2Lx
∫

Lx

2Lx−t
∫

0

ψδuxxdxdtdy −

Lx
∫

0

2Lx−x
∫

x

Ly
∫

0

ψδuyydydtdx

+

Ly
∫

0

Lx
∫

0

2Lx−x
∫

x

σ
√
µ

√
ε
ψδutdtdxdy
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Ïðîèíòåãðèðóåì ïî ÷àñòÿì è ïîëó÷èì:

Ly
∫

0

Lx
∫

0

[

(ψδut)(x, y, 2Lx − x) − (ψδut)(x, y, x) − (ψtδu)(x, y, 2Lx − x) + (ψtδu)(x, y, x)

+

2Lx−x
∫

x

ψttδudt

]

dxdy +

Ly
∫

0

Lx
∫

0

σ
√
µ

√
ε

[

(ψδu)(x, y, 2Lx − x)− (ψδut)(x, y, x) −

2Lx−x
∫

x

ψtδudt

]

dxdy

−

Ly
∫

0

Lx
∫

0

[

(ψδux)(t, y, t)− (ψ

0
q

δux)(0, y, t)− (ψxδu)(t, y, t) + (ψxδu)(0, y, t) +

t
∫

0

ψxxδudx

]

dtdy

−

Ly
∫

0

2Lx
∫

Lx

[

(ψδux)(2Lx − t, y, t)− (ψ

0
q

δux)(0, y, t)− (ψxδu)(2Lx − t, y, t) + (ψxδu)(0, y, t)

+

2Lx−t
∫

0

ψxxδudx

]

dtdy −

Lx
∫

0

2Lx−x
∫

x

[

(ψδuy)(x, Ly, t)− (ψδuy)(x, 0, t)− (ψy

0
q

δu)(x, Ly, t)+

+(ψy

0
q

δu)(x, 0, t) +

Ly
∫

0

ψyyδudy

]

dtdx

Ó÷èòûâàÿ (29) è (31) è â ñèëó òîãî, ÷òî δux(t, y, t) + δut(x, y, x) =
dδu

dx

∣

∣

∣

dt
dx=1

=

(δq)x ïîëó÷àåì

∫∫∫

Ω

(

ψtt −
σ
√
µ

√
εψt

− ψxx − ψyy

)

δudxdydt

+

Ly
∫

0

Lx
∫

0

[

(ψδut)(x, y, 2Lx − x) − (ψtδu)(x, y, 2Lx − x) + (ψtδu)(x, y, x)

]

dxdy

+

Ly
∫

0

Lx
∫

0

(ψxδu)(t, y, t)dtdy −

Ly
∫

0

2Lx
∫

Lx

[

(ψδux)(2Lx − t, y, t)− (ψxδu)(2Lx − t, y, t)
]

dtdy

−

Ly
∫

0

(ψδu)
∣

∣

∣

Lx

0
dy +

Ly
∫

0

Lx
∫

0

(ψxδu)(t, y, t)dxdy −

Lx
∫

0

2Lx−x
∫

x

[

(ψδuy)(x, Ly , t)− (ψδuy)(x, 0, t)

]

dtdx

+

Ly
∫

0

Lx
∫

0

σ
√
µ

√
ε

[

(ψδu)(x, y, 2Lx − x)− (ψδu)(x, y, x)

]

dxdy +

Ly
∫

0

2Lx
∫

0

(ψxδu)(0, y, t)dtdy
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Îòêóäà, âûòåêàåò ïîñòàíîâêà ñîïðÿæåííîé çàäà÷è

ψtt −
σ
√
µ

√
εψt

= ψxx + ψyy,(32)

ψ(x, y, 2Lx − x) = 0,(33)

ψx(0, y, t) = 2(u(0, y, t)− f(y, t)),(34)

ψy(x, Ly, t) = ψy(x, 0, t) = 0.(35)

Òîãäà, ó÷èòûâàÿ (23), ïîëó÷èì

〈δqn, J
′qn〉 =

Ly
∫

0

Lx
∫

0

(

ψt(x, y, x) +
σ
√
µ

√
ε
ψ(x, y, x)

)

δqdxdy.

Ïî îïðåäåëåíèþ [3, ñòð.260℄ ãëàâíàÿ ÷àñòü ïðèðàùåíèÿ �óíêöèîíàëà åñòü ãðà-

äèåíò, ò.å.

J ′qn = ψt(x, y, x) +
σ
√
µ

√
ε
ψ(x, y, x).(36)

Çäåñü ψ(x, y, t) åñòü ðåøåíèå ñîïðÿæåííîé çàäà÷è (32) � (35).

4.2. Àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è.

(1) Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå q0.
(2) Ïðåäïîëîæèì, ÷òî qn óæå èçâåñòíî.

(3) �åøàåì ïðÿìóþ çàäà÷ó (5) � (8) ñ çàäàííûì qn.
(4) Âû÷èñëÿåì çíà÷åíèå �óíêöèîíàëà J(qn) ïî �îðìóëå (20).
(5) Åñëè çíà÷åíèå öåëåâîãî �óíêöèîíàëà íå äîñòàòî÷íî ìàëî (íàïðèìåð,

J(qn) > δ), òîãäà ðåøàåì ñîïðÿæåííóþ çàäà÷ó (32)�(35) ñ äàííûìè

ψn(0, y, t) = 2(un(0, y, t)− f(y, t)).

(6) Âû÷èñëÿåì ãðàäèåíò �óíêöèîíàëà J ′(qn) ïî �îðìóëå (36).
(7) Âû÷èñëÿåì ñëåäóþùåå ïðèáëèæåíèå qn+1 = qn − αJ ′qn è ïåðåõîäèì

ïóíêòó 2.

5. ×èñëåííûå ðàñ÷åòû.

Îáîçíà÷èì σ1 =
σ
√
µ

√
ε
. Áóäåì èñêàòü ðåøåíèå ïðÿìîé çàäà÷è (5) � (8) â âèäå

ðÿäà Ôóðüå ïî ïåðåìåííîé y:

u(x, y, t) =
∑

uk(x, t)eiky

σ1(x, y) =
∑

σk
1 (x)e

iky

Òîãäà ïîëó÷èì:

∑

uktte
iky +

∑

n,k

σn
1 e

inyukt e
iky =

∑

ukxxe
iky −

∑

k

k2uk(x, t)eiky

Ââåäåì îáîçíà÷åíèå:

n+ k = k′, n = k′ − k,

uktt +
∑

k′

σk′−ku
k′

t = ukxx − k2uk,
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U =









u0
u1
...
uN









.

(37) Utt − Σ(x)Ut = Uxx + ENU,

(38) Ux|x=0 = G(t),

(39) U |t=x = Q(x),

Çäåñü,

EN =













0 0 0 0 0
0 12 0 0 0
0 0 22 0 0
0 0 0 ... 0
0 0 0 0 N2













,Σ(x) =













σN σN−1 σN−2 ... σ0

σN−1 σN−2 σN−3 ... σ1

σN−2 σN−3 σN−4 ... σ2

... ... ... ... ...
σ0 σ1 σ2 ... σN













,

Ïðÿìàÿ çàäà÷à (37)-(39) - òðåáóåòñÿ îïðåäåëèòü U(x, t) ïî çàäàííûì �óíê-

öèÿì G(t) è Q(x).
Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè �óíêöèè Q(x) èç ñîîòíîøå-

íèé (37)-(39) ïî äîïîëíèòåëüíîé èí�îðìàöèè:

(40) U |x=0 = F (t).

5.1. Êîíå÷íî-ðàçíîñòíûé àëãîðèòì ðåøåíèÿ ïðÿìîé çàäà÷è. .

Çàìåíèì êîíå÷íî-ðàçíîñòíûìè àíàëîãàìè ïðîèçâîäíûå [8, 9, 10, 7℄ â óðàâ-

íåíèè (37) è ïîëó÷èì:

Uk+1
i − 2Uk

i + Uk−1
i

h2
+Σi

Uk+1
i − Uk−1

i

2h
=
Uk
i+1 − 2Uk

i + Uk
i−1

h2
− ENU

k
i ,

Uk+1
i + Uk−1

i +
h

2
Σi(U

k+1
i − Uk−1

i ) = Uk
i+1 + Uk

i−1 − h2ENU
k
i

Uk
i =

Uk+1
i + Uk−1

i

2

Uk+1
i + Uk−1

i +
h

2
Σi(U

k+1
i − Uk−1

i ) = Uk
i+1 + Uk

i−1 − h2EN (Uk+1
i − Uk−1

i )

(

I +
h

2
Σi +

h

2
EN

)

Uk+1
i = Uk

i+1 + Uk
i−1 −

(

I −
h

2
Σi +

h

2
EN

)

Uk−1
i

Ââåäåì îáîçíà÷åíèå

(41) Mi = I +
h

2
Σi +

h

2
EN

(42) Pi = I −
h

2
Σi +

h

2
EN
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ïîëó÷èì

MiU
k+1
i = Uk

i+1 + Uk
i−1 − PiU

k−1
i

Uk+1
i =M−1

i

(

Uk
i+1 + Uk

i−1 − PiU
k−1
i

)

.

Çàïèøåì òàê æå ãðàíè÷íîå óñëîâèå (38)

Ux|x=0 = G(t),

U(h, kh) = Uk
1 = Uk

0 + h Ux|x=0 +
h2

2 Uxx = Uk
0 + hGk + h2

2 (Utt +Σ(0)Ut + EN U |x=0) =

= Uk
0 + hGk + h2

2

(

Uk+1
0 −2Uk

0 +Uk−1
0

h2 +Σ0
Uk+1

0 −Uk−1
0

2h + ENU
k
0

)

=

hGk +
Uk+1

0 −Uk−1
0

2 + h
4Σ0

(

Uk+1
0 − Uk−1

0

)

+ h2

2 ENU
k
0

Uk
0 =

Uk+1
0 + Uk−1

0

2

Uk
1 = hGk +

Uk+1
0 − Uk−1

0

2
+
h

4
Σ0

(

Uk+1
0 − Uk−1

0

)

+
h2

2
EN

(

Uk+1
0 + Uk−1

0

2

)

Uk
1 = hGk +

1

2

(

I +
h

2
Σ0 +

h2

2
EN

)

Uk+1
0 +

1

2

(

I −
h

2
Σ0 +

h2

2
EN

)

Uk−1
0

Ó÷èòûâàÿ îáîçíà÷åíèÿ (41) è (42)

Uk
1 = hGk +

1

2
M0U

k+1
0 +

1

2
P0U

k−1
0

M0U
k+1
0 = 2Uk

1 − 2hGk − P0U
k−1
0

Uk+1
0 =M−1

0

(

2Uk
1 − 2hGk − P0U

k−1
0

)

Óñëîâèå íà õàðàêòåðèñòèêå

U i
i = Qi.

5.2. �åçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ. �àñ÷åòû ïðîâîäèëèñü â îáëàñòè (z, y) =
(0, 10) × (0, 12) ì., âðåìÿ íàáëþäåíèÿ 50 íñ. Øàã ïî ïðîñòðàíñòâåííûì ïåðå-

ìåííûì hx = hy = 0.01 ì. Øàã ïî âðåìåíè ðàâåí ht = 0.0047 íñ.
�àñ÷åòû ïðîâåäåíû äëÿ òðåõ ðàçëè÷íûõ ñðåä: ñ îäíîé íåîäíîðîäíîñòüþ,

ñ äâóìÿ íåîäíîðîäíîñòÿìè è òðåìÿ íåîäíîðîäíîñòÿìè, ðàñïîëîæåííûìè íà

ãëóáèíå 6 ì.

Ïàðàìåòðû ñðåäû ε = 1, σ = 0.01, çíà÷åíèÿ ïàðàìåòðîâ âíóòðè íåîäíîðîä-

íîñòåé ε = 20, σ = 0.001.
Íà ðèñóíêàõ 4�6 ïðèâåäåíî àíîìàëüíîå ïîëå � ïîëå, ïîëó÷åííîå ïóòåì âû-

÷èòàíèÿ èç íàáëþäàåìîãî ïîëÿ îò íåîäíîðîäíîé ñðåäû ïîëÿ îò èñòî÷íèêà.

�àñ÷åòû ïîêàçûâàþò, ÷òî ðåøåíèå çàäà÷è ïðîäîëæåíèÿ ýëåêòðîìàãíèòíîãî

ïîëÿ íà ãëóáèíó z = 3 ì. ïîçâîëÿåò ðàçëè÷àòü íåîäíîðîäíîñòè ðàñïîëîæåííûå
íà ãëóáèíå 6 ì.
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Ñ.È. Êàáàíèõèí, Î.È. Êðèâîðîòüêî, Ê.Ñ. Áîáîåâ, Í.Þ. Çÿòüêîâ

Àííîòàöèÿ. Îïðåäåëåíèå óïðóãèõ ïàðàìåòðîâ âíóòðåííåãî ñòðîå-

íèÿ Çåìëè ÿâëÿåòñÿ îäíîé èç ôóíäàìåíòàëüíûõ çàäà÷. Õîðîøî èç-

âåñòíî, ÷òî äëÿ óñòîé÷èâîãî îïðåäåëåíèÿ êîýôôèöèåíòîâ ãèïåðáîëè-

÷åñêèõ óðàâíåíèé è ñèñòåì íåîáõîäèìî èçó÷àòü èìïóëüñíóþ õàðàêòå-

ðèñòèêó ñðåäû. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ íåêîòîðûå ÷èñëåí-

íûå àëãîðèòìû ïîñòðîåíèÿ èìïóëüñíîé õàðàêòåðèñòèêè ñðåäû. Îíè

îñíîâàíû íà èçó÷åíèè ôóíäàìåíòàëüíîé ñòðóêòóðû ðåøåíèÿ. Äëÿ

ýòîãî ââîäÿòñÿ èíâàðèàíòû Ðèìàíà, ïîëó÷åííûå èç ñèñòåìû óðàâíå-

íèé òåîðèè óïðóãîñòè, çàïèñàííûå â ñêîðîñòÿõ è íàïðÿæåíèÿõ, â èçî-

òðîïíîì óïðóãîì ïîëóïðîñòðàíñòâå. Ïîñòðîåí ÷èñëåííûé àëãîðèòì

ðåøåíèÿ ïðÿìîé çàäà÷è ñ èñïîëüçîâàíèåì ìåòîäà õàðàêòåðèñòèê â

ñî÷åòàíèè ñ èíòåðïîëÿöèåé íà êàæäîì âðåìåííîì øàãå.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ òåîðèè óïðóãîñòè, ìåòîä õàðàêòåðè-

ñòèê, ôóíäàìåíòàëüíîå ðåøåíèå, ÷èñëåííûé ìåòîä èíòåðïîëÿöèè.

Ââåäåíèå

Ïðÿìûå è îáðàòíûå çàäà÷è òåîðèè óïðóãîñòè áûëè âïåðâûå ïîñòàâëåíû è
èññëåäîâàíû â ñïåêòðàëüíîé è äèíàìè÷åñêîé ïîñòàíîâêàõ À.Ñ. Àëåêñååâûì [1,
2], À.Ñ. Áëàãîâåùåíñêèì [3]. Â äàííîé ñòàòüå ìû ðàññìîòðèì ïðÿìóþ çàäà÷ó
Ëýìáà â ïîñòàíîâêå, èçó÷åííîé ðàíåå Á.Ã. Ìèõàéëåíêî [4, 5]. Ïðÿìàÿ çàäà÷à
ðàññìàòðèâàåòñÿ â ïðåäïîëîæåíèè ëèíåéíîé çàâèñèìîñòè ñêîðîñòåé.

Îñíîâíàÿ èäåÿ ðàáîòû çàêëþ÷àåòñÿ â ïîñòðîåíèè ðåøåíèÿ ïðÿìîé çàäà÷è
ñ èìïóëüñíûì èñòî÷íèêîì, ñîñðåäîòî÷åííûì íà ïîâåðõíîñòè Çåìëè. Èçâåñòíî,
÷òî ðåøåíèå òàêîé çàäà÷è èìååò ðàçðûâû ïåðâîãî ðîäà íà õàðàêòåðèñòèêàõ.

c© 2014 Êàáàíèõèí Ñ.È., Êðèâîðîòüêî Î.È., Áîáîåâ Ê.Ñ., Çÿòüêîâ Í.Þ..
Ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 12-01-00773) è Ìèíèñòåðñòâîì îáðàçîâàíèÿ è íàóêè

Ðîññèéñêîé Ôåäåðàöèè.
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Ýòî îáñòîÿòåëüñòâî ñóùåñòâåííî îñëîæíÿåò ïîñòðîåíèå ÷èñëåííûõ àëãîðèòìîâ
â ñèëó ïîòåðè ãëàäêîñòè ðåøåíèÿ íà ëèíèÿõ ðàçðûâà. Â äàííîé ðàáîòå ìû èñ-
ïîëüçóåì ðàçëîæåíèå ðåøåíèÿ ïðÿìîé çàäà÷è íà ñóììó ãëàäêèõ è ðàçðûâíûõ
êîìïîíåíò. Ýòîò ïîäõîä ïîçâîëÿåò, ñ îäíîé ñòîðîíû, âû÷èñëèòü àìïëèòóäû
ðàñïðîñòðàíÿþùèõñÿ ðàçðûâîâ, à ñ äðóãîé ñòîðîíû, ïîñòðîèòü íîâóþ ñèñòåìó
óðàâíåíèé äëÿ ãëàäêèõ ÷àñòåé, ÷òî ïîçâîëÿåò ïðèìåíèòü ñõåìû áîëåå âûñîêîãî
ïîðÿäêà òî÷íîñòè.

Â ðàçäåëå 1 ïðèâåäåíà ïîñòàíîâêà ïðÿìîé çàäà÷è òåîðèè óïðóãîñòè. Â ðàçäå-
ëå 2 îïèñàíî ïîñòðîåíèå ôóíäàìåíòàëüíîãî ðåøåíèÿ ïðÿìîé çàäà÷è â ïðåäïî-
ëîæåíèè ëèíåéíîé çàâèñèìîñòè ñêîðîñòåé. Â ðàçäåëå 3 ïðèâåäåíà ïîñòàíîâêà
îáðàòíîé çàäà÷è òåîðèè óïðóãîñòè. Â ðàçäåëå 4 ñ ïîìîùüþ ìåòîäà õàðàêòåðè-
ñòèê ïðÿìàÿ çàäà÷à ñâåäåíà ê çàäà÷å ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ïåðåä
÷àñòíûìè ïðîèçâîäíûìè. È â ðàçäåëå 5 ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííûõ
ðàñ÷åòîâ ïðÿìîé çàäà÷è òåîðèè óïðóãîñòè.

1. Ïîñòàíîâêà ïðÿìîé çàäà÷è

Ðàññìîòðèì íåîäíîðîäíîå ïîëóïðîñòðàíñòâî x3 ≥ 0, õàðàêòåðèñòèêè êî-
òîðîãî ÿâëÿþòñÿ ôóíêöèÿìè ãëóáèíû (ρ = ρ(x3) > 0, λ = λ(x3) > 0, µ =
µ(x3) > 0). Ïðåäïîëîæèì, ÷òî íà ãðàíèöå x3 = 0 ïðèëîæåíî âîçäåéñòâèå âè-

äà F (
√
x21 + x22)δ(t), F (

√
x21 + x22) � äîñòàòî÷íî ãëàäêàÿ ôèíèòíàÿ ôóíêöèÿ. Â

ýòîì ñëó÷àå ãðàíè÷íîå óñëîâèå íà ñâîáîäíîé ïîâåðõíîñòè èìååò âèä

σ33|x3=0 = −F (
√
x21 + x22)δ(t), σ13|x3=0 = σ23|x3=0 = 0. (1.1)

Ðèñ. 1.1. Ñõåìàòè÷åñêàÿ èëëþñòðàöèÿ óïðóãîãî ïîëóïðî-
ñòðàíñòâà x3 > 0.

Èçâåñòíî [7], ÷òî êîëåáàíèÿ ïîëóïðîñòðàíñòâà áåç âíåøíèõ ñèë ìîãóò áûòü
îïèñàíû ñèñòåìîé óðàâíåíèé

ρ
∂vi
∂t

=
3∑
j=1

∂

∂xj
σji, i = 1, 2, 3,

∂σ

∂t
= C

∂ε

∂t
, x3 > 0, (x1, x2) ∈ R2,

(1.2)

ñ íà÷àëüíûìè óñëîâèÿìè

(v, σ)|t<0 = 0. (1.3)
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Çäåñü v = (v1, v2, v3)T , vi = ∂ui
∂t , i = 1, 2, 3, (u1, u2, u3)T � âåêòîð ñìåùå-

íèé â òî÷êå x ∈ R3, σij = σji � òåíçîð íàïðÿæåíèé, i, j = 1, 2, 3. Ñèñòå-
ìà (1.2) ñîñòîèò èç äåâÿòè óðàâíåíèé, ïîñëåäíèå øåñòü èç êîòîðûõ ïîëó÷å-
íû ñ ïîìîùüþ äèôôåðåíöèðîâàíèÿ çàêîíà Ãóêà σ = Cε ïî âðåìåíè. Çäåñü
σ = (σ1, σ2, . . . , σ6)T = (σ11, σ22, σ33, σ23, σ13, σ12)T , ε = (ε1, ε2, . . . , ε6)T ,

εi = ∂ui
∂xi

, i = 1, 2, 3, ε4 = 1
2

(
∂u2

∂x3
+ ∂u3

∂x2

)
, ε5 = 1

2

(
∂u1

∂x3
+ ∂u3

∂x1

)
, ε6 = 1

2

(
∂u2

∂x1
+ ∂u1

∂x2

)
,

C =

(
C11 C12

C21 C22

)
, C11ij =

 λ+ 2µ, i = j;

λ, èíà÷å,

C12 = C21 = O3, C22 = diag(µ, µ, µ).

Â ðàáîòå ïîñòðîåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1.2)-(1.3) ñ íà-
÷àëüíûìè óñëîâèÿìè (1.1). Ïîëó÷åííîå ÷èñëåííîå ðåøåíèå ÿâëÿåòñÿ ôóíäà-
ìåíòàëüíûì ðåøåíèåì çàäà÷è (1.2) â ñëåäóþùåì ñìûñëå: ðåøåíèå çàäà÷è (1.1)-
(1.3) ñ ïðîèçâîëüíûì èñòî÷íèêîì g(t) (ýòî ðåøåíèå ìû áóäåì îáîçíà÷àòü vg è
σg)

σ33|x3=0 = −F (
√
x21 + x22)g(t) (1.4)

ìîæåò áûòü ïîëó÷åíî ïî ôîðìóëå (∗ � ñâ¼ðòêà)

vg = v ∗ g, σg = σ ∗ g. (1.5)

2. Ïîñòðîåíèå ôóíäàìåíòàëüíîãî ðåøåíèÿ

Ïåðåïèøåì ñèñòåìó (1.1)-(1.3) â öèëèíäðè÷åñêèõ êîîðäèíàòàõ (r, θ, x3), r =√
x21 + x22 ∈ (0, a), ó÷èòûâàÿ, ÷òî âîçäåéñòâèå F (

√
x21 + x22) îáëàäàåò îñåâîé

ñèììåòðèåé. Ïàðàìåòð a âûáèðàåòñÿ èç óñëîâèÿ, ÷òî âîëíîâîå ïîëå ïðè t ∈
[0, T ] íå äîñòèãàåò áîêîâîé ãðàíèöû öèëèíäðà (r, x3), ò.å. åñëè x3 ∈ (0, L),
òî a > L, L = c1T , c1 � ïðîäîëüíàÿ (ïåðâè÷íàÿ) âîëíà. Êîìïîíåíòû òåíçîðà
íàïðÿæåíèé σrr, σθθ, σ33, τr3, à òàêæå âåðòèêàëüíàÿ è òàíãåíöèàëüíàÿ êîìïî-
íåíòû ñêîðîñòè ñìåùåíèé u ïî îñè r è w ïî îñè x3 îïðåäåëÿþòñÿ êàê ðåøåíèå
ñèñòåìû óðàâíåíèé

ρ
∂u

∂t
=
∂σrr
∂r

+
σrr − σθθ

r
+
∂τr3
∂x3

, ρ
∂w

∂t
=
∂τr3
∂x3

+
τr3
r

+
∂σ33
∂x3

,

∂σ33
∂t

= λ

[
∂u

∂r
+
u

r
+
∂w

∂x3

]
+ 2µ

∂w

∂x3
,
∂σθθ
∂t

= λ

[
∂u

∂r
+
u

r
+
∂w

∂x3

]
+ 2µ

u

r
,

∂σrr
∂t

= λ

[
∂u

∂r
+
u

r
+
∂w

∂x3

]
+ 2µ

∂u

∂r
,

∂τr3
∂t

= µ

[
∂u

∂x3
+
∂w

∂r

]
,

(2.1)

ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè

u33|t<0 = 0, w|t<0 = 0, σ33|t<0 = 0,

σrr|t<0 = 0, σθθ|t<0 = 0, τr3|t<0 = 0,
(2.2)

è ãðàíè÷íûìè óñëîâèÿìè (1.1).



C.106 Ñ.È. Êàáàíèõèí, Î.È. Êðèâîðîòüêî, Ê.Ñ. Áîáîåâ, Í.Þ. Çÿòüêîâ

Ðåøåíèÿ ïðÿìîé çàäà÷è (2.1)-(2.2) ìîæíî íàéòè, ñëåäóÿ ìåòîäó À.Ñ. Àëåêñå-
åâà è Á.Ã. Ìèõàéëåíêî [4], â âèäå ñëåäóþùèõ êîìáèíàöèè ðÿäîâ Äèíè è Ôóðüå-
Áåññåëÿ:

u =
∞∑
m=1

ω(m, a)S(x3, t, k̄m)J1(k̄m, r), w =
∞∑
m=1

ω(m, a)R(x3, t, k̄m)J0(k̄m, r),

σ33 =
∞∑
m=1

ω(m, a)Q1(x3, t, k̄m)J0(k̄m, r), τr3 =
∞∑
m=1

ω(m, a)Q2(x3, t, k̄m)J1(k̄m, r),

σrr =
∞∑
m=1

ω(m, a)
[
Q4(x3, t, k̄m) + k̄mQ3(x3, t, k̄m)

]
J0(k̄m, r),

σθθ =
∞∑
m=1

ω(m, a)
[
Q4(x3, t, k̄m)J0(k̄m, r) + r−1Q3(x3, t, k̄m)

]
J1(k̄m, r),

ãäå ω(m, a) = [aJ0(k̄m, a)]−2, r ∈ (0, a), k̄m � êîðíè óðàâíåíèÿ Áåññåëÿ J1(k̄m, a) =
0, ïàðàìåòð a ∈ R+ âûáðàí íàñòîëüêî áîëüøèì, ÷òî ðàññìàòðèâàåìîå âîëíîâîå
ïîëå ïðè t ∈ [0, T ] óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì

u|r=a =
∂w

∂r

∣∣∣∣
r=a

=
∂σ33
∂r

∣∣∣∣
r=a

= τr3|r=a = 0,(
∂σrr
∂r

+
∂σθθ
∂r

)∣∣∣∣
r=a

= 0,

{
σrr − σθθ

r
−
[
∂σrr
∂r
− ∂σθθ

∂r

]}∣∣∣∣
r=a

= 0.

(2.3)

Â ñèëó ôèíèòíîñòè F (r) è ãèïåðáîëè÷íîñòè ñèñòåìû (2.1) òàêîå a ñóùåñòâó-
åò è çàâèñèò îò ðàçìåðà íîñèòåëÿ ôóíêöèè F è ðàññìàòðèâàåìîãî èíòåðâàëà
âðåìåíè T .

Ïîäñòàâëÿÿ ïîëó÷åííûå ðÿäû â (2.1), ïîëó÷èì äëÿ êàæäîãî ôèêñèðîâàííîãî
m ñèñòåìó

ρ
∂R

∂t
=
∂Q1

∂x3
+ k̄mQ2, ρ

∂S

∂t
=
∂Q2

∂x3
− k̄mQ4 − k̄2mQ3,

∂Q1

∂t
= (λ+ 2µ)

∂R

∂x3
+ λk̄mS,

∂Q2

∂t
= µ

∂S

∂x3
+ µk̄mR,

∂Q3

∂x3
= 2µS,

∂Q4

∂x3
= λ

∂R

∂x3
+ λk̄mS,

(2.4)

ñ íà÷àëüíûìè äàííûìè è ãðàíè÷íûìè óñëîâèÿìè

S|t<0 = 0, R|t<0 = 0, Qj |t<0 = 0, j = 1, 4,

Q1|z=0 = Fmδ(t), Q2|z=0 = 0.
(2.5)

Çäåñü â îáîçíà÷åíèÿõ R, S, Qj , 1, 4 íå óêàçàíà äëÿ êðàòêîñòè çàâèñèìîñòü
îò k̄m, Fm � ñîîòâåòñòâóþùèå êîýôôèöèåíòû Ôóðüå ôóíêöèè F (r).

Äëÿ ïðèâåäåíèÿ ñèñòåìû (2.4) ê êàíîíè÷åñêîìó âèäó îïðåäåëèì íîâûå ôóíê-
öèè

(2.6) c1 =

√
λ+ 2µ

ρ
, c2 =

√
µ

ρ
, α =

c2
c1

è âûáåðåì ñëåäóþùèå ðèìàíîâû èíâàðèàíòû

Φ(j) = R+ (−1)j+1Q1(ρc1)−1, j = 1, 2,

Φ(j) = S + (−1)j+1Q2(ρc2)−1, j = 3, 4,

Φ(5) = Q3, Φ(6) = Q4 − (1− 2a2)Q1.
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Òîãäà ñèñòåìó (2.4) ìîæíî ïåðåïèñàòü â âèäå(
I6
∂

∂t
+ K̃

∂

∂z
+ Ã

)
Φ = 0, (2.7)

ãäå Φ = (Φ(1),Φ(2), . . . ,Φ(6)), K̃ = diag(−c1, c1,−c2, c2, 0, 0) ìàòðèöà Ã îïðåäå-
ëÿåòñÿ ðàâåíñòâàìè

(AΦ)(j) = 1
2

∂
∂x3

[(ρc1)−1]ρc21(Φ(1) − Φ(2))− 1
2 k̄mc2(Φ(3) − Φ(4))+

+(−1)j k̄mc
−2
1 (c21 − 2c22)(Φ(3) + Φ(4)), j = 1, 2,

(AΦ)(j) = 1
2

∂
∂x3

[(ρc2)−1]ρc22(Φ(3) − Φ(4)) + ρ−1k̄2m(Φ(5) + Φ(6))+

+(−1)j+1 1
2 k̄mc2(Φ(1) + Φ(2)) + 1

2 k̄mρc1(1 + 2α2)(Φ(1) − Φ(2)), j = 3, 4,

(AΦ)(5) = −ρc22(Φ(3) + Φ(4)), (AΦ)(6) = −ρc22(1− 2α2)k̄m(Φ(3) + Φ(4)).

Â ïðÿìîé çàäà÷å ïðè êàæäîì íàòóðàëüíîì m è çàäàííûõ ôóíêöèÿõ ρ, c1, c2
òðåáóåòñÿ îïðåäåëèòü Φ � ðåøåíèå ñèñòåìû (2.7), óäîâëåòâîðÿþùåå íà÷àëüíûì

Φ(j) |t<0= 0, j = 1, 6 (2.8)

è ãðàíè÷íûì óñëîâèÿì

1

2
ρc1 (Φ(1) − Φ(2))

∣∣
x3=0

= Fmδ(t), (Φ(3) − Φ(4))
∣∣
x3=0

= 0. (2.9)

3. Ïîñòàíîâêà îáðàòíîé çàäà÷è

Îáðàòíóþ çàäà÷ó áóäåì èññëåäîâàòü â ïðåäïîëîæåíèè, ÷òî ñêîðîñòè c1 è c2
ëèíåéíî çàâèñèìû, ò.å.

c1 = c(z), c2 = αc(z), (3.1)

ïðè÷åì ïîñòîÿííàÿ α óäîâëåòâîðÿåò óñëîâèþ

α ∈
(

0,
1

2

)⋃(
1

2
, 1

)
. (3.2)

Ñôîðìóëèðóåì îáðàòíóþ çàäà÷ó. Ïóñòü m � ôèêñèðîâàííîå íàòóðàëüíîå
÷èñëî è îòíîñèòåëüíî ðåøåíèÿ ïðÿìîé çàäà÷è (2.7)-(2.9) èçâåñòíà äîïîëíè-
òåëüíàÿ èíôîðìàöèÿ

(Φ(1) − Φ(2))
∣∣
x3=0

= f(1)(t),

(Φ(3) − Φ(4))
∣∣
x3=0

= f(2)(t), t ∈ (0, T ).
(3.3)

Òðåáóåòñÿ îïðåäåëèòü èç ñîîòíîøåíèé (2.7)-(2.9), (3.3) ïî çàäàííûì Fm,
f(1)(t), f(2)(t) ïîëîæèòåëüíûå ôóíêöèè ρ(x3), c1(x3), c2(x3), äîïîëíèòåëüíî óäî-
âëåòâîðÿþùèå óñëîâèÿì (3.1), (3.2).

4. Ìåòîä õàðàêòåðèñòèê

Ââåäåì íîâóþ ïåðåìåííóþ

x =

x3∫
0

dξ

c(ξ)
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è, ÷òîáû íå ââîäèòü íîâûõ îáîçíà÷åíèé, îñòàâèì èõ ïðåæíèìè äëÿ âñåõ ðàñ-
ñìàòðèâàåìûõ ôóíêöèé. Òîãäà ïðÿìóþ çàäà÷ó (2.4)-(2.5) ìîæíî ïåðåïèñàòü
ñëåäóþùèì îáðàçîì:

(
I6
∂

∂t
+K

∂

∂x
+A

)
Φ = 0, x ∈ R+, t ∈ (0, T ),

Φ(j)

∣∣
t<0

= 0, j = 1, 6,

(Φ(1) − Φ(2))
∣∣
x=0

= −βδ(t), (Φ(3) − Φ(4))
∣∣
x=0

= 0.

(4.1)

Çäåñü β = −Fm[ρ(+0)c(+0)]−1, K = diag(k1, k2, . . . , k6, ), k1 = −k2 = −1,
k3 = −k4 = −α, k5 = k6 = 0,

A =

 σ′A1 A2 O2

−A∗2 ασ′A1 A3

O2 A4 O2

 ,

A1 =

(
1 −1

1 −1

)
, A2 = −k̄mc

(
B1 B2

B2 B1

)
, A3 = 2k̄mce

−σ

(
k̄m 1

k̄m 1

)
,

Bj = α− (−1)j(1− 2α2), j = 1, 2; σ(x) = ln[ρ(x)c(x)],

A4 = −2α2ceσ

(
1 1

k̄m(1− 2α2) k̄m(1− 2α2)

)
,

Ðåøåíèå ïðÿìîé çàäà÷è (4.1) ðàññìîòðèì â îáëàñòè

∆4(T ) = {(x, t) : x ∈ (0, T ), x < t < 2T − x}, T ∈ R+.

Èíòåãðèðóåì êàæäîå èç óðàâíåíèé ñèñòåìû èç (4.1) âäîëü ñîîòâåòñòâóþùåé
õàðàêòåðèñòèêè dx

dt = kj , j = 1, 6,

Φ(j)(x, t) = Φ(j)(xj , tj)−
t∫

tj

(AΦ)(j)(x− kj(t− τ), τ) dτ, j = 1, 6, (x, t) ∈ ∆4(T ).

Çäåñü (xj , tj) � òî÷êà ïåðåñå÷åíèÿ õàðàêòåðèñòèêè dx
dt = kj , âûïóùåííîé

¾âíèç¿ èç òî÷êè (x, t) ∈ ∆4(T ) ñ ãðàíèöåé îáëàñòè ∆4(T ).
Ëåììà. Ïóñòü ýëåìåíòû ìàòðèöû A ïðèíàäëåæàò êëàññó C1[0, T ]. Òîãäà

êîìïîíåíòà Φ(2) ðåøåíèÿ çàäà÷è (4.1) èìååò âèä

Φ(2)(x, t) = S(t)δ(t− x) + Φ̃(2)(x, t), (x, t) ∈ ∆4(T ),

ãäå ôóíêöèÿ Φ̃(2) íåïðåðûâíà â ∆4(T ), à S(t) åñòü ðåøåíèå èíòåãðàëüíîãî óðàâ-
íåíèÿ

S(t) = β +
1

2

t∫
0

ψ(ξ)S(ξ)dξ, t ∈ (0, T ).

Çäåñü ψ(x) = σ′(x).
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Òåîðåìà [6]. Â ïðåäïîëîæåíèè A(x) ∈ C1[0, T ] çàäà÷à (4.1) ñâîäèòñÿ ê(
I6
∂

∂t
+K

∂

∂x
+A

)
Φ = 0, (x, t) ∈ ∆4(T ), x 6= αt, (4.2)

(
Φ(j) − Φ(j+1)

)∣∣
x=0

= 0, j = 1, 3, x ∈ (0, T );

Φ(1)

∣∣
x=t

= γ1ψ(t)S(t), Φ(3)

∣∣
x=t

= γ3c(t)S(t),

Φ(4)

∣∣
x=t

= γ4c(t)S(t), Φ(j)

∣∣
x=t

= 0, j = 5, 6; x ∈ (0, T );[
Φ(4)

]
x=αt

= S1(t), t ∈
(
0, 1+α2 T

)
.

(4.3)

Çäåñü ïîñëåäíåå óñëîâèå îçíà÷àåò, ÷òî Φ(4) ïðè ïåðåõîäå ÷åðåç ïðÿìóþ x =
αt èìååò ñêà÷îê ïåðâîãî ðîäà:

γ1 =
1

2
, γ3 =

k̄mB2

1 + α
, γ4 =

k̄mB1

1− α
, γ5 = γ3 − γ4, S(1)(t) = γ5e

α
2

t∫
0

ψ(ξ)dξ
.

5. ×èñëåííûé ýêñïåðèìåíò

Â äàííîì ðàçäåëå îïèñàíû ðåçóëüòàòû íåêîòîðûõ ÷èñëåííûõ ýêñïåðèìåíòîâ
ôóíäàìåíòàëüíîãî ðåøåíèÿ ñèñòåìû (4.2)-(4.3) äëÿ êîíñòàíò α = 1

3 è m = 2.

Îïðåäåëèì äâå ðàâíîìåðíûå ñåòêè ωh = {(xi, tk) : xi = ih, tk = kh}, i, k =
0, N , h = L/N è ωh,α = {(xj , tk) : xj = jαh, tk = kh}, j = 0, Nα, Nα = N/α â
îáëàñòè ∆4(T ). Ñèñòåìà óðàâíåíèé (4.2) äèñêðåòèçóåòñÿ ñëåäóþùèì îáðàçîì:

Φk+1
(1)i

= Φk(1)i+1
− h(AΦ)k(1)i

, Φk+1
(2)i

= Φk(2)i−1
+ h(AΦ)k(2)i

, (xi, t
k) ∈ ωh,

Φk+1
(3)i

= Φk(3)i+1
+ h(AΦ)k(3)i

, Φk+1
(4)i

= Φk(4)i−1
+ h(AΦ)k(4)i

, (xi, t
k) ∈ ωh,α,

Φk+1
(5)i

= Φk(5)i
+ h(AΦ)k(5)i

, Φk+1
(6)i

= Φk(6)i
+ h(AΦ)k(6)i

, (xi, t
k) ∈ ωh,

(5.1)

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè (4.3)

Φk(1)0
= Φk(2)0

, Φk(3)0
= Φk(4)0

, Φ0
(4)0

= S0
(1),

Φk(1)k
= γ1(σ′)kSk, Φk(3)k

= γ3c
kSk, Φk(4)k

= γ4c
kSk, Φk(5)k

= Φk(6)k
= 0.
(5.2)

Íà Ðèñóíêå 5.1 a) ïîêàçàíà ñõåìà ðàñ÷¼òà k + 1-ãî ïî âðåìåíè óðîâíÿ äèñ-
êðåòíîé ñåòêè, çíàÿ k-ûé, âñåõ êîìïîíåíò ôóíäàìåíòàëüíîãî ðåøåíèÿ Φ. Íà
Ðèñóíêå 5.1 á) ïîêàçàíî ôóíäàìåíòàëüíîå ðåøåíèå Φ çàäà÷è (4.2)-(4.3) ñ ïî-
ñòîÿííûìè ïàðàìåòðàìè óïðóãîñòè ñðåäû λ, µ è ïëîòíîñòè ρ.

Â ÷èñëåííûõ ðàñ÷åòàõ äëÿ T = 11 è m = 2 íà÷àëüíî-êðàåâàÿ çàäà÷à (4.2)-
(4.3) áûëà ðåøåíà äëÿ ðàçëè÷íûõ ïàðàìåòðîâ ñðåäû λ(x3), µ(x3) è ρ(x3). Íà Ðè-
ñóíêå 5.2 (ñâåðõó-ñëåâà) ïðèâåäåíû ãðàôèêè ïàðàìåòðîâ óïðóãîñòè äëÿ òðåõ-
ñëîéíîé ñðåäû. Â êà÷åñòâå èñòî÷íèêà áûëà ðàññìîòðåíà ôóíêöèÿ g(t), èçîáðà-
æåííàÿ íà Ðèñóíêå 5.2 (ñâåðõó-ñïðàâà). Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷¼òîâ ñêî-
ðîñòåé ṽ3, ṽr ïîëó÷åííûå ïîñðåäñòâîì (5.1)-(5.2) è vg3 , vgr èç (1.5), ïîêàçàíû
íà Ðèñóíêå 5.2 âíèçó.

Â ñèëó òîãî, ÷òî ïðîäîëüíûå è ïîïåðå÷íûå âîëíû îòðàæàþòñÿ îò äâóõ ãðà-
íèö (ðàçäåëîâ òðåõ ñðåä), íà ãðàôèêå 5.2 (ñïðàâà ñíèçó) ñëîæíî îïðåäåëèòü
âðåìÿ ïðèõîäà òîé èëè èíîé ñåéñìè÷åñêîé âîëíû. Äëÿ îïðåäåëåíèÿ îòêëèêîâ
ôóíêöèé vg3 è vgr îò òðåòüåãî ñëîÿ çàäàííîé ñðåäû, ðåøèì çàäà÷ó (5.1)-(5.2)
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à)
á)

Ðèñ. 5.1. a) Ñõåìàòè÷åñêîå èçîáðàæåíèå äèñêðåòíîé ñõå-
ìû (5.1). á) Ñõåìàòè÷åñêîå ïðåäñòàâëåíèå ñòðóêòóðû ôóíäà-
ìåíòàëüíîãî ðåøåíèÿ Φ.

Ðèñ. 5.2. Ôóíêöèè ïàðàìåòðîâ óïðóãîñòè λ(x3), µ(x3) è ïëîò-
íîñòè ρ(x3) (ñâåðõó-ñëåâà); ôóíêöèÿ èñòî÷íèêà g(t) (ñâåðõó-
ñïðàâà); ôóíäàìåíòàëüíûå ñêîðîñòè Ôóðüå ṽ3 è ṽr äëÿ m = 2
(ñíèçó-ñëåâà); ñêîðîñòè Ôóðüå vg3 è vgr èç (1.5) (ñíèçó-ñïðàâà).

äëÿ äâóõñëîéíîé ñðåäû. Âû÷èñëèâ ðàçíîñòü ïîëó÷åííûõ ñêîðîñòåé vg3 è vgr
äëÿ òðåõñëîéíîé è äâóõñëîéíîé ñðåä, ïîëó÷èì ðàñïðåäåëåíèå ñêîðîñòåé, îòðà-
æåííûõ îò òðåòüåãî ñëîÿ.

Íà Ðèñóíêå 5.3 (ñâåðõó-ñëåâà) ïðèâåäåíû ãðàôèêè ïàðàìåòðîâ óïðóãîñòè
äëÿ äâóõñëîéíîé ñðåäû. Â êà÷åñòâå èñòî÷íèêà áûëà ðàññìîòðåíà ôóíêöèÿ g(t),
èçîáðàæåííàÿ íà Ðèñóíêå 5.3 (ñâåðõó-ñïðàâà). Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷¼òîâ
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ñêîðîñòåé ṽ3, ṽr ïîëó÷åííûå ïîñðåäñòâîì (5.1)-(5.2) è vg3 , vgr èç (1.5), ïîêàçàíû
íà Ðèñóíêå 5.3 âíèçó.

Ðèñ. 5.3. Ôóíêöèè ïàðàìåòðîâ óïðóãîñòè λ(x3), µ(x3) è ïëîò-
íîñòè ρ(x3) (ñâåðõó-ñëåâà); ôóíêöèÿ èñòî÷íèêà g(t) (ñâåðõó-
ñïðàâà); ôóíäàìåíòàëüíûå ñêîðîñòè Ôóðüå ṽ3 è ṽr äëÿ m = 2
(ñíèçó-ñëåâà); ñêîðîñòè Ôóðüå vg3 è vgr èç (1.5) (ñíèçó-ñïðàâà).

Íà Ðèñóíêå 5.4 èçîáðàæåí ðåçóëüòàò ðàçíîñòè äâóõ ñêîðîñòåé vg3 è vgr , âû-
÷èñëåííûõ äëÿ òðåõñëîéíîé (ñì. Ðèñóíîê 5.2) è äâóõñëîéíîé (ñì. Ðèñóíîê 5.3)
ñðåä, õàðàêòåðèçóþùèé îòêëèê ôóíêöèé vg3 è vgr îò òðåòüåãî ñëîÿ. Ïðè çà-
äàííûõ ïàðàìåòðàõ ñðåäû íåòðóäíî âû÷èñëèòü ôàêòè÷åñêîå âðåìÿ ïðèõîäà
îòðàæåííîé îò òðåòüåãî ñëîÿ âîëíû:

t
(3)
1 = 2

(
x
(1)
3

c
(1)
1

+
x
(2)
3 − x

(1)
3

c
(2)
1

)
≈ 9, 75.

Çäåñü x
(i)
3 � ãëóáèíà i-ãî ñëîÿ, c

(i)
1 � ïðîäîëüíàÿ ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëí

â i-ì ñëîå, îïðåäåëåííàÿ ïî ôîðìóëå (2.6), i = 1, 2.
Äëÿ îïðåäåëåíèÿ îòêëèêîâ ôóíêöèé vg3 è vgr òåïåðü îò âòîðîãî ñëîÿ çàäàí-

íîé ñðåäû, ðåøèì çàäà÷ó (5.1)-(5.2) äëÿ îäíîñëîéíîé ñðåäû. Íà Ðèñóíêå 5.5
(ñâåðõó-ñëåâà) ïðèâåäåíû ãðàôèêè ïàðàìåòðîâ óïðóãîñòè äëÿ îäíîñëîéíîé ñðå-
äû. Â êà÷åñòâå èñòî÷íèêà áûëà ðàññìîòðåíà ôóíêöèÿ g(t), èçîáðàæåííàÿ íà
Ðèñóíêå 5.5 (ñâåðõó-ñïðàâà). Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷¼òîâ ñêîðîñòåé ṽ3, ṽr
ïîëó÷åííûå ïîñðåäñòâîì (5.1)-(5.2) è vg3 , vgr èç (1.5), ïîêàçàíû íà Ðèñóíêå 5.5
âíèçó.

Íà Ðèñóíêå 5.6 èçîáðàæåí ðåçóëüòàò ðàçíîñòè äâóõ ñêîðîñòåé vg3 è vgr , âû-
÷èñëåííûõ äëÿ äâóõñëîéíîé (ñì. Ðèñóíîê 5.3) è îäíîñëîéíîé (ñì. Ðèñóíîê 5.5)
ñðåä, õàðàêòåðèçóþùèé îòêëèê ôóíêöèé vg3 è vgr îò âòîðîãî ñëîÿ.
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Ðèñ. 5.4. Ãðàôèê ôóíêöèé vg3 è vgr , ÿâëÿþùèõñÿ ðàçíîñòÿìè
ñîîòâåòñòâóþùèõ ôóíêöèé ñêîðîñòè, âû÷èñëåííûõ äëÿ òðåõ-
ñëîéíîé è äâóõñëîéíîé ñðåä.

Ðèñ. 5.5. Ôóíêöèè ïàðàìåòðîâ óïðóãîñòè λ(x3), µ(x3) è ïëîò-
íîñòè ρ(x3) (ñâåðõó-ñëåâà); ôóíêöèÿ èñòî÷íèêà g(t) (ñâåðõó-
ñïðàâà); ôóíäàìåíòàëüíûå ñêîðîñòè Ôóðüå ṽ3 è ṽr äëÿ m = 2
(ñíèçó-ñëåâà); ñêîðîñòè Ôóðüå vg3 è vgr èç (1.5) (ñíèçó-ñïðàâà).

Îòìåòèì, ÷òî ôàêòè÷åñêîå âðåìÿ ïðèõîäà îòðàæåííîé îò âòîðîãî ñëîÿ âîë-
íû ìîæíî âû÷èñëèòü àíàëîãè÷íûì âûøåîïèñàííîìó ñïîñîáîì:

t
(2)
1 = 2

x
(1)
3

c
(1)
1

, t
(2)
2 = 2

x
(1)
3

c
(1)
2

.

Çäåñü c
(1)
2 � ïîïåðå÷íàÿ ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëí â ïåðâîì ñëîå. Äëÿ çà-

äàííûõ ïàðàìåòðîâ ñðåäû âðåìåíà ïðèõîäà îòðàæåííûõ îò âòîðîãî ñëîÿ âîëí
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Ðèñ. 5.6. Ãðàôèê ôóíêöèé vg3 è vgr , ÿâëÿþùèõñÿ ðàçíîñòÿìè
ñîîòâåòñòâóþùèõ ôóíêöèé ñêîðîñòè, âû÷èñëåííûõ äëÿ äâóõ-
ñëîéíîé è îäíîñëîéíîé ñðåä.

t
(2)
1 = 3.38, t

(2)
1 = 8.76 è t

(2)
2 = 9.8 ñîâïàäàþò ñ ðåçóëüòàòàìè ÷èñëåííûõ ðàñ÷å-

òîâ (ñì. Ðèñóíîê 5.6). Îòìåòèì, ÷òî íàèáîëåå ñèëüíûé îòêëèê ïðèõîäèòñÿ íà
ïåðâóþ îòðàæåííóþ ïðîäîëüíóþ âîëíó, áîëåå ñëàáûå � íà âòîðóþ ïðîäîëüíóþ
è ïåðâóþ ïîïåðå÷íóþ îòðàæåííûå îò âòîðîãî ñëîÿ âîëíû.
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FAST ALGORITHM FOR CALCULATION OF THE MOVING

TSUNAMI WAVE HEIGHT

O.I. KRIVOROTKO

Abstract. One of the most urgent problems of mathematical tsunami
modeling is estimation of a tsunami wave height while a wave approaches
to the coastal zone. There are two methods for solving this problem,
namely, Airy-Green formula in one-dimensional case

S(l)(x) = S(l)(0) · 4
√

H(0)/H(x),

and numerical solution of an initial-boundary value problem for linear
shallow water equations (LSWE) that depends on three variables. The
main di�culty problem of tsunami modeling is a very big size of the
computational domain. The calculation of the solution of LSWE (the
function of three variables) in this domain requires large computing
resources. We construct a new algorithm to solve numerically the problem
of determining the moving tsunami wave height for linear source which
is based on kinematic-type approach and analytical representation of
fundamental solution of LSWE. We get the expression of the moving
tsunami wave height for the point source and demonstrate connections
between tsunami amplitude for point, linear and arbitrary sources.

Keywords: shallow water equations, eikonal equation, tsunami wave
height, �nite-di�erence scheme.

1. Problem statement

The recent severe tsunamis in Japan (2011), Sumatra (2004), and at the Indian
coast (2004) showed that a system producing exact and immediate information
about tsunamis is of vital importance. Mathematical modeling and numerical simu-
lations are most used instruments for providing such an information. Most suitable
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physical models related to simulation of tsunamis are based on linear shallow water
equations: {

Lη := ηtt − div(gH(x, y)grad η) = 0, t > 0;

η|t=0 = q(x, y), ηt|t=0 = 0, (x, y) ∈ Ω.
(1.1)

Here Ω := (0, Lx) × (0, Ly) is a rectangle domain, η(x, y, t) is the free surface,
H(x, y) > 0 is a known function describing the bottom relief (bathymetry), q(x, y)
is an initial tsunami perturbation in Ω, g = 9.8 [m/s2] is the acceleration of gravity.

Ðèñ. 1.1. Illustration of the calculation domain Ω.

Simulation of tsunami wave propagation on such scales (see Figure 1.1) is not
an easy calculation task [1].

Proposed numerical algorithm makes it possible to calculate the front amplitude
of a wave coming to a given point and the wave arrival time by solving this problem
not in the entire domain Ω, but only on a selected characteristic surface.

The paper is organized as follows. In Section 2 the Cauchy problem for determi-
ning of moving tsunami wave height is derived in case of linear tsunami source.
Numerical experiments for linear source are described in Section 3. Obtained results
correlate with well-known Airy-Green formula (see Section 4). In Section 5 using
characteristics of hyperbolic equation we demonstrate the formula for tsunami wave
height for point source. In the last Section 6 we show connections between moving
tsunami wave height for point, linear and arbitrary sources.

2. Linear source

We consider the linear source q(x, y) = h(y) · δ(x). Here δ(x) is a Dirac function
and h(y) is a su�ciently smooth function. Then problem (1.1) can be reduced to
the following problem in a half-plane{

Lη = 0, x > 0, y ∈ R, t ∈ R,
η|t<0 = 0, ηx|x=0 = h(y) · δ(t), y ∈ R, t ∈ R.

(2.1)

Here R is a set of real numbers.
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The main idea of calculation the moving tsunami wave height for problem (2.1)
consists of the change of variables z = τ(x, y) [2]. Here τ(x, y) is a solution of
Cauchy problem for eikonal equation{

τ2x + τ2y = (gH(x, y))
−1
, x > 0, y ∈ R;

τ(0, y) = 0, τx(0, y) = (gH(0, y))
−1/2

.
(2.2)

Remark.We assume that maps z = τ(x, y) and x = x(z, y) are mutually inverse
and one-to-one, i.e. we exclude the appearance of caustics.

Then, with the change of variables v(z, y, t) = η(x, y, t) and b(z, y) =
√
gH(x, y)

problem (2.1) can be rewritten as follows (z, y > 0):{
vtt = vzz + b2vyy +A1vzy +A2vz +A3vy, z > 0, y ∈ R, t ∈ R,
v|t<0 = 0, vz|z=0 = g(y)δ(t), y ∈ R, t ∈ R.

(2.3)

A1 = 2b2τy, A2 = b2(τxx + τyy) + 2( bzb + bbyτy), A3 = 2b(bzτy + by), g(y) =

h(y)
(
b−2(0, y)− τ2y (0, y)

)−1/2
.

The coe�cients of derivatives vtt and vzz in problem (2.3) are equal to unity
that allows us to represent the solution of problem (2.3) as follows [3]:

v(z, y, t) = S(l)(z, y) · θ(t− z) + ṽ(z, y, t). (2.4)

Here ṽ(z, y, t) is a smooth function, θ(t− z) is a Heaviside step function.
Substituting representation (2.4) in system (2.3) and equating the coe�cients at

δ(t− z), we obtain a Cauchy problem for wave amplitude S(l)(z, y):{
S
(l)
z + A1

2 S
(l)
y + A2

2 S
(l) = 0, z > 0, y ∈ R;

S(l)(0, y) = g(y), y ∈ R.
(2.5)

The main bene�t of above algorithm consists of reducing of the problem (1.1)
to the problem (2.5) of determining the function S(l)(z, y) of two variables.

3. Numerical experiments

In numerical calculations we use 1:10000 m scale. We put Lx = 50 km and Ly =
100 km. The initial wave amplitude is equal to 1 m. The grid size is equal to 500×300
points. We solve the Cauchy problem (2.2) for arti�cial bathymetry (Fig. 3.1a) using
a method of characteristics [4, 5, 11, 12, 13, 14] and the Cauchy problem (2.5)
using an explicit �nite-di�erence scheme of the second order approximation [6, 7]
(Fig. 3.1b).

Our algorithm allows one to compute an initial wave amplitude using measured
data at moment T .

Our algorithm is 30 times faster than solving complete shallow water equations.
We plan to apply above algorithm for real bathymetry using databases collected

by non-pro�t organization WAPMERR (World Agency of Planetary Monitoring
and Earthquake Risk Reduction) in modern GIS technology ITRIS (Integrated
Tsunami Research and Information System) [9, 10, 6]. WAPMERR has a historical
database of alleged tsunami sources around the world which is based on the informa-
tion about seaquakes, a database of observations of the tsunami waves in coastal
areas and bathymetry data.
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a) b)

Ðèñ. 3.1. a) The bathymetry H(x, y). All dimensions are in
kilometers. b) The wave amplitude S(l)(x, y) (values are in meters).

4. Airy-Green formula

If all functions in Cauchy problem (2.5) does not depend on the variable y (one-
dimensional case), then the problem (2.5) has a following solution [8]:

S(l)(z) = S(l)(0) · 4
√
H(0)/H(z). (4.1)

The expression (4.1) for the moving tsunami wave height is consistent with the well-
known Airy-Green formula: the wave amplitude S(l) increases as a depth of

the bottom H decreases.

5. Point source

Consider the Cauchy problem with a point source in (x0, y0){
Lw = δ(x− x0, y − y0)δ(t), t ∈ R;

w|t<0 = 0, (x, y) ∈ R2.
(5.1)

Remark. Solutions of problems (1.1) and (5.1) are connected as follows (ξ01 =
ξ1 + x0, ξ

0
2 = ξ2 + y0):

η(x, y, t) =

∫∫
R2

wt(x− ξ1, y − ξ2, t)q(ξ01 , ξ02) dξ1dξ2.

It is known [4], that solution w of problem (5.1) can be represented as follows:

w(x, y, t) =
S(p)(x, y)√
t2 − τ2(x, y)

θ(t)θ(t2 − τ2(x, y)) + w̃(x, y, t).

Here τ(x, y) is a solution of eikonal equation (2.2) with condition τ(x, y) = O(|x− x0|),
x→ x0 (here x = (x, y), x0 = (x0, y0)), and the wave amplitude S(p)(x, y) has the
form:

S(p)(x, y) =
1

πgH(x0, y0)

√
τ(x, y)

exp{0.5gI(τ(x, y))}
, (5.2)

where I(τ(x, y)) =
τ∫
0

((Hξx)x + (Hξy)y) dξ.
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We obtain the expression (5.2) for the moving tsunami wave height S(p)(x, y) for
a point source using the Theorem from [4].

6. Connections

Denote by S(x, y) the moving tsunami wave height generated by an arbitrary
source q(x, y). Then the amplitudes S(x, y), S(l)(x, y) and S(p)(x, y) for the arbitrary,
linear and point sources, respectively, are connected as follows:

S(x, y) =
∫∫
R2

q(ξ, ζ)S(p)(ξ, ζ) dξdζ,

S(l)(x, y) =
∫
R
h(ζ)S(p)(x, ζ) dζ,

S(x, y) =
∫
R
p(ξ)S(l)(ξ, y) dξ, q(x, y) = p(x)h(y).
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OPTIMIZATION APPROACH TO COMBINED INVERSE

TSUNAMI PROBLEM

O.I. KRIVOROTKO

Abstract. It is known that some of the parameters required for direct
simulation of tsunamis are bottom relief characteristics and initial pertur-
bation data (tsunami source). The most suitable physical models related
to simulation of tsunamis are based on shallow water equations. We
investigate two di�erent inverse problems of determining the tsunami
source using three di�erent additional data: underwater measurements
and satellite wave-form images. We investigate gradient-type inverse prob-
lem solution and show that using the combination of two di�erent types of
data allows one to increase stability and convergence of numerical inverse
problem solution. Results of numerical experiments of the tsunami source
reconstruction are presented and discuss.

Keywords: shallow water equations, Dirichlet problem, satellite data,
DART data, conjugate gradient method, combined data.

1. Introduction

Tsunamis are gravitational i.e. gravity-controlled waves resulting from abrupt
large-scale perturbations arising during seaquakes, underwater volcano eruptions,
underwater landslides, rock fragment falls, underwater explosions, etc. More than
250 tsunamis were observed in the 20th century, and about 90 percent of all
tsunamis are caused by seaquakes. Most suitable physical models related to simulation
of these tsunamis are based on shallow water equations (see, [1, 2] and references
therein). The bottom relief characteristics and initial perturbation data (tsunami
source) are required for direct simulation of tsunamis. It is known that seismic
data of the earthquake are connected with initial tsunami source [3]. Constructed
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tsunami source by seismic data is a quite rough against its real analogue. To
get more precise characteristics of tsunami wave near the shore we need to have
su�cient good initial data about this event (tsunami source data, bottom topography),
numerical method of high accuracy for solving the system of shallow water equations
during the acceptable computational time. In the 20th century there exist to many
numerical approach to solving the hyperbolic partial di�erential equations that
describe the �ow below a pressure surface in a �uid (shallow water equations)
such as �nite-di�erence approach, �nite volume method, �nite element method, etc.
Hence we emphasize on re�ning of tsunami source obtained by seismic data. An
overview of methodologies and techniques related to estimation of tsunami source
characteristics is given in [4]. The most of them consists of determining the tsunami
source by additional measurements of a passing wave (this problem are often called
inverse tsunami problem) such as DART (Deep-ocean Assessment and Reporting of
Tsunamis) buoys positioned on the ocean �oor, tide gauges measurements, satellite
wave-form images, etc. The main idea of this paper is an identi�cation of tsunami
source using a combination of two types of data about the passing wave: DART
buoys and satellite wave-form image. We show that using a combination of di�erent
types of data allows one to increase the stability and e�ciency of tsunami source
reconstruction.

The paper is organized as follows. In Section 2 we describe a mathematical
problem statement and discuss about its ill-posedness. In Section 3 we consider a
variational formulation of the inverse tsunami problem for two measured data of
passing wave: DART data (inverse problem 1) and satellite image data on the part
of computational domain (inverse problem 2), and for combination of these data
(combined inverse problem). In the �nal Section 4 we compare two inverse problem
and their combination and show the bene�ts of combined data.

2. Problem statement

The available observations show that tsunami waves are long ones (in comparison
to the ocean depth). Therefore, shallow water theory, which describes su�ciently
well a wide class of problems associated with long-wave processes is often used for
hydrodynamic description of the waves [1, 2]. In this paper we consider the linear
shallow water equations that describe the propagation of tsunami waves in the deep
ocean (when nonlinear terms can be neglected).

The ocean domain being considered is bounded from above by the free surface
η(x, y, t), and from below, by the bottom relief H(x, y) > 0. We assume that the
computational time period T is not long enough for the wave to reach the edges
of the domain, and therefore we can set homogeneous boundary conditions at the
boundary of the domain. In the Cartesian coordinate system, we formulate the
initial boundary-value problem:

ηtt = div(gH(x, y)grad η), t > 0;

η|t=0 = q(x, y), ηt|t=0 = 0, (x, y) ∈ Ω;

η|∂Ω = 0

(2.1)

for the linear equations of shallow water theory in terms of the free surface without
external forces,e.g. the Coriolis force and bottom friction. Here Ω := (0, Lx)×(0, Ly)
is a rectangle domain (see Figure 2.1), η(x, y, t) de�nes the free water surface
vertical displacement, H ∈ H1(Ω) is a known function describing the bottom
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relief (bathymetry), q ∈ H2(Ω) is an initial tsunami perturbation in Ω with the

compact support. Further, we will use c(x, y) =
√
gH(x, y) that describes the

tsunami propagation velocity according to the long-wave theory, g = 9.8 [m/s2] is
the acceleration of gravity.

Ðèñ. 2.1. Illustration of the calculation domain Ω.

The direct tsunami problem (2.1) consists of determination of a function
η ∈ C(0, T ;H2(Ω)) in the domain Ω by known functions H(x, y) and q(x, y).

Consider combined underwater systems (DART buoys, tide gauges)

η(xm, ym, t) = fm(t), (xm, ym) ∈ Ω, t ∈ (Tm1 , Tm2), m = 1, 2, . . . ,M, (2.2)

and satellite altimeters data

η(x, y, T ) = f(x, y), (x, y) ∈ ω ⊂ Ω, T > 0. (2.3)

Here ω := (l
(1)
x , l

(2)
x ) × (l

(1)
y , l

(2)
y ), 0 ≤ l

(1)
x ≤ l

(2)
x ≤ Lx, 0 ≤ l

(1)
y ≤ l

(2)
y ≤ Ly, is a

subset of Ω, M ∈ N.
The combined inverse tsunami problem consists of determination of a

tsunami source q(x, y) from (2.1)-(2.3) by known function H(x, y) and measured
data f(m)(t), m = 1, . . . ,M , and f(x, y).

Consider the operator form of inverse problem 1 (2.1)-(2.2)

A1q = F, A1 : H2(Ω) 7→ C(0, T ;EM )

and of inverse problem 2 (2.1), (2.3)

A2q = f, A2 : H2(Ω) 7→ L2(Ω).

Here F (t) := (f1(t), f2(t), . . . , fM (t)) ∈ EM is the vector of discrete measured
output data, EM is the Euclidean space of time dependent observations.

The inverse problem (2.1)-(2.3) with a compact operator A := (A1, A2)T is
ill-posed [5]. The compactness of operators A1 and A2 are proved in papers [4]
and [6, 7, 8], respectively.

Hence, we consider the solution q(x, y) of inverse problem (2.1)-(2.3) in the class
of functions:

q(x, y) =

K∑
k=1

qk(x) sin
2πk

Ly
y. (2.4)
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3. Variational formulation of inverse problems and numerical

experiments

Although, the functional equation Aq = F̃ is often useful for ill-posedness
analysis of inverse problems, in practice the exact ful�llment of conditions (2.2)
and (2.3) is almost impossible, due to measurement errors in water level records.

Hence, the problem Aq = F̃ equivalent the minimization problem [5]

min
q∈H2(Ω)

J(q), J(q) = ‖Aq − F̃‖2.

Here J(q) is the cost function.
Firstly, we �nd gradients of cost functions of inverse problem 1 and 2, and then we

construct the gradient of the cost function J(q). Secondly, we apply the conjugate
gradient method [9, 5] for solving inverse problems numerically (see Fig. 3.1).

Step 1. Upon setting n = 0
and the initial approximation
q0 we calculate p0 = J ′q0

Step 2. Find the descent

parameter αn = (J′qn,pn)
2‖Apn‖2 , αn > 0

Step 3. Calculate
qn+1 = qn − αnpn and J(qn)

Step 4. If J(qn) < εJ then
go to Step 5; otherwise,
set n := n + 1, calculate

pn = J ′qn + ‖J′qn‖2

‖J′qn−1‖2
pn−1

and return to Step 2

Step 5. Stop the iterative
process ant get qn

Ðèñ. 3.1. The scheme of the conjugate gradient algorithm.

Note, that conjugate gradient method has an important convergence properties:

Lemma 1. If the exact solution qe of problem Aq = F̃ then the following estimate
holds

J(qn) ≤ ‖q0 − qe‖2

nαn(1− αn‖A‖2)
.

Lemma 2. The sequence qn converges to the normal solution to the equation Aq =
F̃ with respect to q0.

3.1. Inverse problem 1. Consider inverse problem 1 (IP 1) that consists of determination
of function q(x, y) from

ηtt = div(gH(x, y)grad η), t > 0;

η|t=0 = q(x, y), ηt|t=0 = 0, (x, y) ∈ Ω;

η|∂Ω = 0

(3.1)

by known H(x, y) and measured data:

η(xm, ym, t) = fm(t), (xm, ym) ∈ Ω, t ∈ (Tm1
, Tm2

), m = 1, 2, . . . ,M. (3.2)
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The correctness of IP 1 in one-dimensional case was proved in [10]. The algorithm
of constructing function q(x, y) in two-dimensional case based on truncated singular
value decomposition was proposed in [11].

We consider q(x, y) from class of functions (2.4). Note, that if K = M then IP 1
is well-posed, i.e. its solution exists, is unique and depends continuously on the
data of the problem.

Assume that measured data fm(t) are known in ε-neighborhood of each point
(xm, ym), i.e. ηε(x, y, t) = fm(t), x ∈ (xm − ε, xm + ε), y ∈ (ym − ε, ym + ε). Then
the problem A1q = F reduces to minimization problem of a cost function:

J1(q) = ‖A1q − F‖2L2(0,T ) :=

M∑
m=1

Tm2∫
Tm1

xm+ε∫
xm−ε

ym+ε∫
ym−ε

[η(x, y, t; q)− ηε(x, y, t)]2dt.

We need to get a gradient of cost function J1(q) to solve an IP 1 by the conjugate
gradient algorithm (Fig. 3.1). This gradient was obtained in the following Theorem
of paper [4]:

Theorem 1. The following gradient formula holds for the cost function J1(q):

J ′1q = ψ1t
(x, y, 0). (3.3)

Here ψ1 ∈ C(0, T ;H2(Ω)) is the weak solution of the following �nal data hyperbolic
problem:

ψ1tt
− div(c2(x, y)gradψ1) = R1(x, y, t), (x, y) ∈ Ω, t > 0,

ψ1(x, y, T ) = 0, ψ1t
(x, y, T ) = 0, (x, y) ∈ Ω,

ψ1|∂ΩT
= 0, t > 0,

(3.4)

where R1(x, y, t) satis�es the relation:

R1(x, y, t) = −2
M∑
m=1
{[η(x, y, t)− ηε(x, y, t)]θ(x− xm + ε)θ(xm + ε− x)·

·θ(y − ym + ε)θ(ym + ε− y)θ(t− Tm1)θ(Tm2 − t)}.

In our numerical experiments we consider a rectangle region with 50 km in x
(x ∈ (0, Lx), Lx = 50000 m) and 100 km in y (y ∈ (0, Ly), Ly = 100000 m). The
bottom was assumed to be one-dimensional (see Fig. 3.2), i.e.

H(x, y) = H(x) = 1500 · sin
(

2πx

Lx

)
+
Hmax −Hmin

Lx
x+Hmin.

Here Hmax = 6000 m, Hmin = 5 m are the highest and lowest average depth of the
ocean, respectively.

Consider a tsunami source of form qe(x, y) = 6000 + q1(x) · q2(y), where

q1(x) =

 0.5 ·A ·
(

cos π(2x−Lx+A1)
A1

+ 1
)
, x ∈ (Lx

2 −A1,
Lx

2 );

−0.5 ·
(

cos π(2x−Lx−A2)
A2

+ 1
)
, x ∈ (Lx

2 ,
Lx

2 +A2),

q2(y) =


0.5 ·

(
1 + sin

π(y− ε+Ly
2 +A3)

ε

)
, y ∈ (

Ly

2 −A3,
Ly

2 −A3 + ε);

1, y ∈ (
Ly

2 −A3 + ε,
Ly

2 +A4 − ε);

0.5 ·
(

1− sin
π(y+

ε−Ly
2 −A4)

ε

)
, y ∈ (

Ly

2 +A4 − ε, Ly

2 +A4).
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Ðèñ. 3.2. The bottom relief H(x, y).

Here A1 = 1500 m, A2 = 500 m, A3 = A4 = 30 km, ε = 5 km and tsunami wave
height A = 8 m. Note, that tsunami wavelength is much greater than its amplitude
A.

In numerical calculation for direct problem (3.1) we used the following explicit
�nite-di�erence scheme of the second order approximation [12]:

ηk+1
i,j −2ηki,j+ηk−1

i,j

h2
t

= (Λxxη)(t) + (Λyyη)(t), i = 1, Nx − 1,

j = 1, Ny − 1,

k = 1, Nt − 1;

η0
i,j = qi,j , η1

i,j = η0
i,j +

h2
t

2 ((Λxxη)(0) + (Λyyη)(0)) , i = 1, Nx − 1,

j = 1, Ny − 1;

ηki,0 = ηki,Ny
= 0, k = 0, Nt;

ηk0,j = ηkNx,j
= 0, k = 0, Nt,

(3.5)

with following Courant�Friedrichs�Lewy (CFL) condition:

ht = 0, 8 · hxhy

‖c‖C ·
√
h2
x + h2

y

.

Here ht is the time step, ηki,j is the approximate value of η(xi, yj , tk) at a mesh

points (xi, yj , tk) of an uniform mesh ωh =
{

(xi, yj , tk) ∈ ΩT : xi = ihx, i = 0, Nx,

yj = jhy, j = 0, Ny, tk = kht, k = 0, Nt
}
. Here hx = Lx/Nx and hy = Ly/Ny are

the steps along x and y axes, respectively. We set T = 60 minutes, and Nt = T/ht
is number of points along the time-axis. The operators (Λxxη)(t) and (Λyyη)(t) are
de�ned as follows:

(Λxxη)(t) =
(
c2ηx

)
x

=
1

hx

(
c2i+1,j + c2i,j

2
·
ηki+1,j − ηki,j

hx
−
c2i,j + c2i−1,j

2
·
ηki,j − ηki−1,j

hx

)
,

(Λyyη)(t) =
(
c2ηy

)
y

=
1

hy

(
c2i,j+1 + c2i,j

2
·
ηki,j+1 − ηki,j

hy
−
c2i,j + c2i,j−1

2
·
ηki,j − ηki,j−1

hy

)
.
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The measured output data (3.2) has the form:

ηkm,m = fkm, (xm, ym) ∈ Ω, m = 1, 2, . . . ,M.

For solving the adjoint problem (3.4) we used the same �nite-di�erence scheme (3.5)
with ε = 125 meters.

We apply the conjugate gradient method for solving IP 1 (3.1)-(3.2). The grid
size is: Nx = 750, Ny = 500, Nt = 600 (we choose this grid size was shown in [4]).
We set the measured data fm(t), m = 1, 6, for IP 1 with ¾white¿ noise 1-7%,

i.e. f
(γ)
m (t) = fm(t) + γRandom(fm)‖fm‖, γ = 0.01-0.07, that generated from the

numerical solution ηh(xm, ym, t) of the direct problem (3.5) in six points in the line
y = 13x− 45.5 from x1 = 40000 to x6 = 47000 with a step ∆x = 1

6 . We choose an
initial approximation q0 = Hmax that de�nes an unperturbed sea surface.

The stopping parameter εJ > 0 in the stopping condition J(qn) < εJ of conjugate
gradient algorithm (Fig. 3.1) was chosen as follows. We analyze the dependence on
the iteration number n and data noise level γ of the convergence error e(n; ·; γ) and
the relative accuracy error E(n; ·; γ) de�ned as follows:

e1(n; q; γ) =

M∑
m=1

‖ηh(xm, ym, ·; q(1)
n )− fγm(·)‖L2

h(Tm1 ,Tm2 ),

E1(n; q; γ) =
‖qe − q(1)

n ‖L2
h(Ω)

‖qe‖L2
h(Ω)

.

Here ηh is the solution of direct problem (3.5) de�ned on the mesh ωh, q
(1)
n denotes

the dependence of solution ηh from the initial data.

Ðèñ. 3.3. The convergence error e1(n; q; γ) (left �gure) and
relative accuracy error E1(n; q; γ) (right �gure) corresponding to
conjugate gradient method when γ = 3%.

The behavior of convergence error e1(n; q; γ) as a function of the iteration number
n consists of three phases: the initial phase of rapid decrease but short duration, the
second phase of slow decrease, and the third phase of almost constant behavior, after
some iterations (see left curve of Fig. 3.3). As computational experiments show, the
minimum value of relative accuracy error E1(n; q; γ) is achieved between the second
and third phases of the curve e(n; q; γ) versus n. Any value of the convergence error
e1(n; q; γ) between the second and third phases is assumed to be an optimal value
εJ of the stopping parameter in the conjugate gradient method. The corresponding
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number of iterations is de�ned to be an optimal one. For γ = 3% the optimal

number of iteration is equal to �ve. The reconstructed tsunami source q
(1)
n for IP 1

from the random noisy output data γ = 3% demonstrated on Fig. 3.4b.

a) b)

Ðèñ. 3.4. a) The initial perturbation qe(x, y) (exact solution of

inverse problem 1). b) The reconstructed tsunami source q
(1)
5 (x, y)

from the random noisy output data γ = 3% for 5 iterations.

In paper [4] authors show di�erent numerical experiments and the above theory
works very well.

3.2. Inverse problem 2. Consider inverse problem 2 (IP 2) that consists of de-
termination of function q(x, y) from

ηtt = div(gH(x, y)grad η), t > 0;

η|t=0 = q(x, y), ηt|t=0 = 0, (x, y) ∈ Ω;

η|∂Ω = 0

(3.6)

by known H(x, y) and measured data:

η(x, y, T ) = f(x, y), (x, y) ∈ ω ⊂ Ω, T > 0. (3.7)

Here Here ω := (l
(1)
x , l

(2)
x )× (l

(1)
y , l

(2)
y ), 0 ≤ l

(1)
x ≤ l

(2)
x ≤ Lx, 0 ≤ l

(1)
y ≤ l

(2)
y ≤ Ly, is

a subset of Ω. We consider q(x, y) form class of functions (2.4).
The IP 2 A2q = f can be reduced to minimization problem of a cost function:

J2(q) = ‖A2q − F‖2L2(0,T ) :=

l(2)x∫
l
(1)
x

l(2)y∫
l
(1)
y

(η(x, y, T )− f(x, y))
2
dy dx.

The gradient of the cost function J2(q) was obtained in the Theorem of papers [13,
14]:

Theorem 2. The following gradient formula holds for the cost function J2(q):

J ′2q = ψ2t
(x, y, 0). (3.8)
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Here ψ2 ∈ C(0, T ;H2(Ω)) is the weak solution of the following �nal data hyperbolic
problem:

ψ2tt
= div(c2(x, y)gradψ2), (x, y) ∈ Ω, t ∈ (0, T );

ψ2(x, y, T ) = 0, ψ2t
(x, y, T ) = R2(x, y), (x, y) ∈ Ω;

ψ2|∂ΩT
= 0, t ∈ (0, T )

(3.9)

where R2(x, y, t) satis�es the relation:

R2(x, y) = 2 (η(x, y, T )− f(x, y)) θ(x− l(1)
x )θ(l

(2)
x − x) · θ(y − l(1)

y )θ(l
(2)
y − y).

We conduct the same numerical experiments as in case of IP 1. We set the same
domain, bottom relief, exact initial source, grid size and apply the �nite-di�erence
scheme (3.5) and conjugate gradient method (Fig. 3.1) with stopping parameter

εJ . We put l
(1)
x = l

(1)
y = 0, l

(2)
x = 25 km, l

(2)
y = 50 km, i.e. satellite data f(x, y) are

known in small rectangle ω. The reconstructed tsunami source q
(2)
n for IP 2 from

the random noisy output data γ = 3% demonstrated on Fig. 3.5b.

a) b)

Ðèñ. 3.5. a) The initial perturbation qe(x, y) (exact solution of

inverse problem 2). b) The reconstructed tsunami source q
(2)
15 (x, y)

from the random noisy output data γ = 3% for 15 iterations.

Note, that reconstructed part of function qe(x, y) (see Fig. 3.5b) corresponds to
the measured data domain ω.

3.3. Combined inverse problem. The combined inverse tsunami problem (2.1)-

(2.3) rewritten in operator form Aq = F̃ reduces to minimization problem of a cost
function:

J(q) = βJ1(q) + (1− β)J2(q), β ∈ [0, 1].

As our problem is linear, that the gradient of a cost function J(q) has the form:

J ′q = βJ ′1q + (1− β)J ′2q, β ∈ [0, 1],

where J ′1q and J
′
2q are obtained earlier in formulas (3.3) and (3.8), respectively.

Using the above setting in numerical experiments we apply the conjugate gradient
method to combined inverse tsunami problem (2.1)-(2.3). The reconstructed tsunami
source qn for combined inverse problem from the random noisy output data γ = 3%
and parameter β = 0.3 demonstrated on Fig. 3.6b.
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a) b)

Ðèñ. 3.6. a) The initial perturbation qe(x, y) (exact solution of
combined inverse problem). b) The reconstructed tsunami source
q10(x, y) from the random noisy output data γ = 3% for 10
iterations.

Note, that the location of initial source as well as its amplitude are reconstructed
better than in case of IP 1 (Fig. 3.4b) and IP 2 (Fig. 3.5b).

4. Benefits of combined data

We compare a relative accuracy error curves E1(n; q; γ) and E2(n; q; γ) for IP 1
and IP 2, respectively

Ei(n; q; γ) =
‖qe − q(i)

n ‖L2
h(Ω)

‖qe‖L2
h(Ω)

, i = 1, 2,

and Ec(n; q; γ) for combined inverse problem

Ec(n; q; γ) =
‖qe − qn‖L2

h(Ω)

‖qe‖L2
h(Ω)

.

Using of combined DART and satellite data allows one to increase the stability
and e�ciency of tsunami source reconstruction (see Fig. 4.1).
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1. Ââåäåíèå.

Â ðàáîòå ðàññìàòðèâàåòñÿ äâóìåðíûé àíàëîã óðàâíåíèÿ �åëü�àíäà-Ëåâèòàíà-

Êðåéíà. Ìåòîä È.Ì. �åëü�àíäà è Á.Ì. Ëåâèòàíà øèðîêî ðàñïðîñòðàí¼í â òåî-

ðèè îáðàòíûõ è íåêîððåêòíûõ çàäà÷. Ìåòîä çàêëþ÷àåòñÿ â ñâåäåíèè íåëèíåé-

íîé îáðàòíîé çàäà÷è ê ñèñòåìå ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé òèïà Ôðåä-

ãîëüìà.

Ïåðâûå ðàáîòû, ñâÿçÿííûå ñ ýòèì ìåòîäîì, îòíîñÿòñÿ ê ñåðåäèíå XX âåêà. Â

1951 È.Ì. �åëü�àíä è Á.Ì. Ëåâèòàí ðàçðàáîòàëè ìåòîä âîññòàíîâëåíèÿ îïå-

ðàòîðà Øòóðìà-Ëèóâèëëÿ è ïîëó÷èëè äîñòàòî÷íûå óñëîâèÿ äëÿ îïðåäåëåíèÿ,

ÿâëÿåòñÿ ëè çàäàííàÿ ìîíîòîííàÿ �óíêöèÿ ñïåêòðàëüíîé �óíêöèåé íåêîòîðî-

ãî îïåðàòîðà. Ïî÷òè â òî æå âðåìÿ Ì.�. Êðåéí (1951, 1954) ðàññìîòðåë çàäà÷ó

î ñòðóí è ñ�îðìóëèðîâàë òåîðåìû î ðàçðåøèìîñòè îáðàòíîé çàäà÷è. Â òå÷åíèå

ñëåäóþùåãî äåñÿòèëåòèÿ À.Ñ. Àëåêñååâ ïðåäëîæèë ðåøåíèå îáðàòíîé äèíàìè-

÷åñêîé çàäà÷è òåîðèè óïðóãîñòè íà îñíîâå àíàëîãè÷íîãî ïîäõîäà. Â íàñòîÿùåå

© 2014 Íîâèêîâ Í.Ñ.

�àáîòà âûïîëíåíà ïðè ïîääåðæêå �ÔÔÈ (ãðàíò 12-01-00773) è Ìèíèñòåðñòâà îáðàçîâàíèÿ

è íàóêè �îññèéñêîé Ôåäåðàöèè.

Ïîñòóïèëà 14 èþëÿ 2014 ã., îïóáëèêîâàíà 20 äåêàáðÿ 2014 ã.
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âðåìÿ ñóùåñòâóåò øèðîêèé êðóã çàäà÷, äëÿ ðåøåíèÿ êîòîðûõ ìîæåò áûòü èñ-

ïîëüçîâàí ìåòîä �åëü�àíäà-Ëåâèòàíà.

2. Âûâîä îäíîìåðíîãî óðàâíåíèÿ �åëü�àíäà-Ëåâèòàíà äëÿ

îáðàòíîé çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ

Â ýòîì ðàçäåëå ìû ðàññìîòðèì îáðàòíóþ çàäà÷ó äëÿ îäíîìåðíîãî âîëíîâîãî

óðàâíåíèÿ è ñâåä¼ì å¼ ê óðàâíåíèþ �åëü�àíäà-Ëåâèòàíà. �àññìîòðèì ñëåäó-

þùóþ ïîñòàíîâêó çàäà÷è(Â.�. �îìàíîâ):

Lqu ≡ (
∂

∂t2
−

∂

∂x2
+ q(x))u = 0

u|t=0 = 0, ut|t=0 = δ(x),

u|x=0 = f(t), ux|x=0 = 0.

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â âîññòàíîâëåíèè �óíêöèè q(x) ïî äàííûì îá-

ðàòíîé çàäà÷è f(t).
Ïðîäîëæèì �óíêöèþ u(x, t) äëÿ çíà÷åíèé t ≤ 0 íå÷¼òíûì îáðàçîì:

u(x, t) = −u(x,−t), t ≤ 0.

Òîãäà �óíêöèÿ f(t) = u(0, t) èìååò â t = 0 ðàçðûâ ïåðâîãî ðîäà:

f(+0) =
1

2
, f(−0) = −

1

2
.

Ïðè ýòîì �óíêöèÿ u(x, t) ïðè âñåõ x, t ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

Lqu = 0

È óäîâëåòâîðÿåò óñëîâèþ u(x, t) ≡ 0, t < |x|.

�àññìîòðèì òåïåðü âñïîìîãàòåëüíóþ çàäà÷ó:

Lqw = 0, x > 0, −∞ < t < ∞,

w|x=0 = δ(t− t0), wx|x=0 = 0.

Â ñèëó �îðìóëû Äàëàìáåðà ýòà çàäà÷à ýêâèâàëåíòíà ðåøåíèþ ñëåäóþùåãî

èíòåãðàëüíîãî óðàâíåíèÿ:

w(x, t) =
1

2
[δ(t− x) + δ(t+ x)] +

1

2

x
∫

0

t+x−ξ
∫

t−x+ξ

q(ξ)w(ξ, τ)dξdτ.

Ïðè ýòîì âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå: w(x, t) ≡ 0, 0 < x < |t|.
Îáîçíà÷èì w̃(x, t) = w(x, t) − 1

2 [δ(t− x) + δ(t+ x)].
Êóñî÷íî-íåïðåðûâíàÿÔóíêöèÿ w̃(x, t) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåãî óðàâ-

íåíèÿ:

w̃(x, t) =
1

4
θ(x − |t|)







(x+t)/2
∫

0

q(ξ)dξ +

(x−t)/2
∫

0

q(ξ)dξ






+

1

2

x
∫

0

t+x−ξ
∫

t−x+ξ

q(ξ)w̃(ξ, τ)dξdτ.
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Îòñþäà ìîæíî ïîëó÷èòü, ÷òî

w̃(x, x) =
1

4

x
∫

0

q(ξ)dξ.

Ïðè ýòîì �óíêöèÿ w(x, t) ñâÿçàíà ñ ðåøåíèåì îáðàòíîé çàäà÷è ñëåäóþùèì

ñîîòíîøåíèåì:

u(x, t) =

∞
∫

−∞

f(s)w(x, t− s)ds =

∞
∫

−∞

f(t− τ)w(x, τ)dτ.

Ïîñëåäíåå óðàâíåíèå ìîæåò áûòü ïåðåïèñàíî â âèäå:

u(x, t) =
1

2
[f(t− x) + f(t+ x)] +

x
∫

−x

f(t− τ)w̃(x, τ)dτ.

Îòñþäà ìîæíî ïîëó÷èòü:

1

2
[f(t− x) + f(t+ x)] +

x
∫

−x

f(t− τ)w̃(x, τ)dτ = 0, x > |t|.

Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì �åëü�àíäà-Ëåâèòàíà. Äè��åðåíöèðóÿ

åãî ïî t, ïîëó÷èì:

(1) w̃(x, t)+

x
∫

−x

f(t− τ)w̃(x, τ)dτ = −
1

2
[f ′(t−x)+f ′(t+x)], x > 0, t ∈ (−x, x).

Èñïîëüçóÿ ÷¼òíîñòü w̃(x, t) ïî ïåðåìåííîé t, ìîæíî óïðîñòèòü ïîëó÷åííîå

óðàâíåíèå:

(2)

w̃(x, t)+

x
∫

0

[f(t−τ)+f(t+τ)]w̃(x, τ)dτ = −
1

2
[f ′(t−x)+f ′(t+x)], x > 0, t ∈ [0, x).

�àçðåøèâ óðàâíåíèå �åëü�àíäà-Ëåâèòàíà, ìîæíî ïîëó÷èòü ðåøåíèå èñõîäíîé

îáðàòíîé çàäà÷è, ïîëüçóÿñü ñîîòíîøåíèåì:

q(x) = 4
d

dx
w̃(x, x), x > 0.

Òåîðåìà.Îáðàòíàÿ çàäà÷à îäíîçíà÷íî ðàçðåøèìà íà èíòåðâàëå [−T/2, T/2]
â êëàññå êóñî÷íî-íåïðåðûâíûõ �óíêöèé òîãäà è òîëüêî òîãäà, êîãäà �óíêöèÿ

f(t) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1. f(t) ∈ C2[0, T ], f ′(+0) = 1/2, f ′(0) = 0;
2. Óðàâíåíèå �åëü�àíäà-Ëåâèòàíà (1), ãäå f(−t) = f(t), t ∈ [0, T ], îäíîçíà÷-

íî ðàçðåøèìî äëÿ âñåõ x ∈ (0, T/2).
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3. Äâóìåðíûé àíàëîã óðàâíåíèÿ �åëü�àíäà-Ëåâèòàíà

Â ýòîì ðàçäåëå ìû ðàññìîòðèì ñëåäóþùåå ñåìåéñòâî ïðÿìûõ çàäà÷([?℄):

Lqu
k ≡ uk

tt −∆uk + q(x, y)uk = 0;(3)

x ∈ R, y ∈ R, t > 0, k ∈ Z;

uk|t=0 = 0, uk
t |t=0 = δ(x)eiky .(4)

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè �óíêöèè q(x, y)ïî äîïîëíèòåëü-
íîé èí�îðìàöèè:

(5) uk|x=0 = fk(y, t), uk
x|x=0 = 0.

Èñïîëüçóåì �îðìóëó Äàëàìáåðà äëÿ ðåøåíèÿ çàäà÷è (3), (4):

(6) uk(x, y, t) =
1

2
eikyθ(t− |x|)+

+
1

2

∫ t

0

∫ x+t−τ

x−t+τ

[uk
yy − q(x, y)uk](ξ, y, τ) dξ dτ.

Â ñèëó ýòîãî èìååò ìåñòî ðàâåíñòâî: uk(x, y, t) ≡ 0, 0 < t < |x|, y ∈ R.

Êðîìå òîãî, ìîæíî ïîëó÷èòü íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè îáðàòíîé

çàäà÷è:

(7) fk(y,+0) =
1

2
eiky .

�àññìîòðèì òåïåðü ñëåäóþùóþ âñïîìîãàòåëüíóþ çàäà÷ó:

Lqw
m = 0; x > 0, y ∈ R, t ∈ R, m ∈ Z;(8)

wm|x=0 = eimyδ(t), wm
x |x=0 = 0.(9)

Çàäà÷à Êîøè (8), (9) ñ äàííûìè íà âðåìåíèïîäîáíîé ïîâåðõíîñòè x = 0, íå
ÿâëÿåòñÿ, âîîáùå ãîâîðÿ, êîððåêòíî-ïîñòàâëåííîé â êëàññå �óíêöèé êîíå÷íîé

ãëàäêîñòè. Îäíàêî âîçìîæíî äîêàçàòü îäíîçíà÷íóþ ðàçðåøèìîñòü îáðàòíîé

çàäà÷è, èñïîëüçóÿ ïîäõîä Ë. Íèðåíáåðãà è Ë. Îâñÿííèêîâà([?℄).

Òåïåðü ïðèìåíèì �îðìóëó Äàëàìáåðà äëÿ çàäà÷è (8), (9):

(10) wm(x, y, t) =
1

2
eimy[δ(t− x) + δ(t+ x)]+

+
1

2

∫ t

0

∫ x+t−τ

x−t+τ

[−wm
yy + q(x, y)wm](ξ, y, τ) dξ dτ.

Èìååò ìåñòî ðàâåíñòâî: wm(x, y, t) ≡ 0, 0 < |x| < t, y ∈ R.

Îáîçíà÷èì

(11) w̃m(x, y, t) = wm(x, y, t)−
1

2
eimy[δ(t− x) + δ(t+ x)].

Èñïîëüçóÿ (11) â (10), ïîëó÷èì:

(12) w̃m(x, y, t) =
1

4
eimyθ(x − |t|)

[

xm2 +Q(x, y, t)
]

+

+
1

2

∫ t

0

∫ x+t−τ

x−t+τ

[−w̃m
yy + q(x, y)w̃m](ξ, y, τ) dξ dτ.
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Çäåñü

Q(x, y, t) =

∫
x+t

2

0

q(ξ, y) dξ +

∫
x−t

2

0

q(ξ, y) dξ.

Ñëåäîâàòåëüíî,

w̃m(x, y, x− 0) =
1

4
eimy

[

xm2 +

∫ x

0

q(ξ, y) dξ

]

.

Òåïåðü ïðîäîëæèì �óíêöèè uk(x, y, t) - ðåøåíèå çàäà÷è (3), (4) - äëÿ t < 0
ñ ïîìîùüþ íå÷¼òíîãî ïðîäîëæåíèÿ:

uk(x, y, t) = −uk(x, y,−t), t < 0.

Òîãäà fk(y, t) ìîãóò áûòü ïðåäñòàâëåíû ñëåäóþùèì îáðàçîì:

fk(y, t) =
1

2
eiky [θ(t) − θ(t)] + f̃k(y, t), y ∈ R, t ∈ R, k ∈ Z.

Ïîñëå íå÷¼òíîãî ïðîäîëæåíèÿ �óíêöèè uk(x, y, t) óäîâëåòâîðÿþò ñëåäóþ-

ùèì óñëîâèÿì:

Lqu
k = 0; x > 0, y ∈ R, t ∈ R, k ∈ Z;(13)

uk|x=0 = fk(y, t), uk
x|x=0 = 0.(14)

�åøåíèÿ çàäà÷ (8), (9) è (13), (14) ñâÿçàíû ñëåäóþùèì îáðàçîì:

(15) uk(x, y, t) =

∫

R

∑

m

wm(x, y, s)fm
k (t− s) ds, x > 0, y ∈ R, t ∈ R.

Îòñþäà, âîñïîëüçîâàâøèñü ñâîéñòâàìè �óíêöèé uk(x, y, t) è wm(x, y, t) è

äè��åðåíöèðóÿ óðàâíåíèå (15) ïî t, ìîæíî ïîëó÷èòü äâóìåðíûé àíàëîã óðàâ-
íåíèÿ �åëü�àíäà-Ëåâèòàíà-Êðåéíà:

(16) w̃k(x, y, t) +

x
∫

−x

∑

m

fm
k

′(t− s)w̃m(x, y, s) ds =

= −
1

2

[

fk′(y, t− x) + fk′(y, t+ x)
]

,

Ýòî ñåìåéñòâî èíòåãðàëüíûõ óðàâíåíèé ðàññìàòðèâàåòñÿ â îáëàñòè |t| < x,
y ∈ R, k ∈ Z.

�åøåíèå èñõîäíîé îáðàòíîé çàäà÷è ìîæåò áûòü ïîëó÷åíî ñëåäóþùèì îáðà-

çîì:

q(x, y) = 4
dw̃0(x, y, x− 0)

dx
.

4. ×èñëåííîå ðåøåíèå óðàâíåíèÿ �åëü�àíäà-Ëåâèòàíà

4.1. ×èñëåííîå ðåøåíèå ïðÿìîé çàäà÷è. Â õîäå ÷èñëåííûõ ýêñïåðèìåíòîâ

èñïîëüçîâàëèñü "ñèíòåòè÷åñêèå"äàííûå, ïîëó÷åííûå â õîäå ÷èñëåííîãî ðåøå-

íèÿ ñîîòâåòñòâóþùåé ïðÿìîé çàäà÷è. Îïèøåì ÷èñëåííûé àëãîðèòì ðåøåíèÿ

ñëåäóþùåãî ñåìåéñòâà ïðÿìûõ çàäà÷:

Lqu
k ≡ uk

tt −∆uk + q(x, y)uk = 0;

x ∈ R, y ∈ R, t > 0, k ∈ Z;

uk|t=0 = 0, uk
t |t=0 = δ(x)eiky .
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Äëÿ ðåøåíèÿ ýòîãî ñåìåéñòâà çàäà÷ èñïîëüçîâàëñÿ ïðîåêöèîííûé ìåòîä. Ìåòîä

îñíîâàí íà ïðåäñòàâëåíèè âñåõ âõîäÿùèõ â �îðìóëèðîâêó çàäà÷è �óíêöèé â

âèäå ñóìì Ôóðüå:

q(x, y) =
∑

m

qm(x)eimy ;

uk(x, y, t) =
∑

m

uk
m(x, t)eimy ;

Ïðåäïîëàãàÿ, ÷òî âñå êîý��èöåíòû, ñîîòâåòñòâóþùèå íîìåðàì |m| > N , ðàâíû

0, èñõîäíîå ñåìåéñòâî çàäà÷ ìîæåò áûòü àïïðîêñèìèðîâàííî ðåøåíèåì ñëåäó-

þùåé îäíîìåðíîé çàäà÷è:

Utt(x, t) = Uxx −KU −Q(x)U ;

x ∈ R, , t > 0,

U |t=0 = 0, Ut|t=0 = Iδ(x).

Çäåñü I - åäèíè÷íàÿ ìàòðèöà, U,K,Q - êâàäðàòíûå ìàòðèöû ðàçìåðà 2N + 1:

Ukm = uk
m;Kkm = k2δkm;

Qkm = θ(N − |k −m|)qk−m, k,m = −N...N.

Ïîëó÷åííàÿ ñèñòåìà íàçûâàåòñÿ N -ïðèáëèæåíèåì èñõîäíîé çàäà÷è. Îòìåòèì,

÷òî ìîæíî ðàññìàòðèâàòü N -ïðèáëèæåíèå êàê ðåãóëÿðèçèðóþùåå ñåìåéñòâî

äëÿ èñõîäíîé çàäà÷è.

Èñïîëüçóÿ ñâîéñòâà ðåøåíèÿ ïðÿìîé çàäà÷è, èçëîæåííûå â ïðåäûäóùåì ðàç-

äåëå, ïîëó÷èì, ÷òî

U |x=t = U |x=−t =
1

2
I;U ||x|>t ≡ 0.

Â ñîîòâåòñòâèè ñ ýòèì ðàâåíñòâîì ìîæíî ðåøèòü ïðÿìóþ çàäà÷ó ñëåäóþùèì

îáðàçîì. Âûáåðåì ðàâíîìåðíóþ ñåòêó xj = jh, tk = kh, è ïðèáëèçèì äè��å-

ðåíöèàëüíîå óðàâíåíèå êîíå÷íî-ðàçíîñòíûì:

Uk−1
i − 2Uk

i + Uk+1
i

h2
=

Uk
i−1 − 2Uk

i + Uk
i+1

h2
− (K +Qi)

Uk
i−1 + Uk

i+1

2
.

Çäåñü Uk
i = U(ih, kh), Qi = Q(ih) - çíà÷åíèÿ ñîîòâåòñòâóþùèõ ìàòðèö â óçëàõ

ñåòêè. Ïîñëåäíåå ñîîòíîøåíèå ìîæåò áûòü ïåðåïèñàíî â ñëåäóþùåì âèäå:

Uk+1
i = −Uk−1

i + (I −
h2

2
(K +Qi))(U

k
i−1 + Uk

i+1);

Uk
k = Uk

−k = 0.

Äàííûå îáðàòíîé çàäà÷è âû÷èñëÿþòñÿ êàê ñëåä ðåøåíèÿ ïðÿìîé çàäà÷è:

F k = Uk
0 .

Çäåñü

F (t) ≡ (Fkm)(t)k,m=−N..N , F k = F (kh).
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Èñïîëüçóÿ ïðåäñòàâëåíèå íà îñíîâå ñóìì Ôóðüå, ïåðåïèøåì óðàâíåíèå �åëü�àíäà-

Ëåâèòàíà (16):

W̃ (x, t) +

x
∫

−x

∑

m

F ′(t− s)W̃ (x, s) ds = −
1

2
[F ′(t− x) + F ′(t+ x)] ,(17)

Àíàëîãè÷íûì îáðàçîì ìîæåò áûòü ïîëó÷åíî ðåøåíèå ïðÿìîé çàäà÷è äëÿ äâó-

ìåðíîãî óðàâíåíèÿ àêóñòèêè [8, 9, 10, 11, 12℄.

4.2. �åøåíèå ëèíåéíîé ñèñòåìû. Óðàâíåíèå (17) ìîæåò áûòü ñâåäåíî ê ëè-

íåéíîé ñèñòåìå. Ôèêñèðóÿ x = mh è çàìåíÿÿ èíòåãðàë â ëåâîé ÷àñòè êîíå÷íîé

ñóììîé, ïîëó÷èì:

(18)

W̃k +
h

2
W̃−mF ′(tk − s−m) +

m−1
∑

i=−m+1

hF ′(tk − si)W̃k +
h

2
W̃−mF ′(tk − s−m) =

= −
1

2
[F ′(tk − sm) + F ′(tk + sm)] ,

Ïåðåïèøåì ýòî ðàâåíñòâî â âèäå ÑËÀÓ:

W (I + Ã) = G

Çäåñü Ã - êâàäðàòíàÿ ìàòðèöà ðàçìåðà (2m+1)∗(2N+1), ñîñòîÿùàÿ èç áëîêîâ
ðàçìåðà (2N + 1):

Ã = (Bik), i, k = 1...2m+ 1;Bik =

{

hF ′((k − i)h) if i 6= 1, 2m+ 1
h
2F

′((k − i)h) otherwise

Äëÿ ðåøåíèÿ ýòîé ñèñòåìû áûë èñïîëüçîâàí ìåòîä ñèíãóëÿðíîãî ðàçëîæåíèÿ.

Ïóñòü èìååòñÿ ÑËÀÓ

Amnqn = fm.

Çäåñü Amn ∈ R
m × R

n
� ïðÿìîóãîëüíàÿ ìàòðèöà, à qn ∈ R

n
, fm ∈ R

m
�

âåêòîðà.

Â ñîîòâåòñòâèè ñ òåîðåìîé î ñèíãóëÿðíîì ðàçëîæåíèè, ñóùåñòâóþò ìàòðèöû

Umm è Vnn è ïîëîæèòåëüíûå {σj}, òàêèå, ÷òî

Amn = UmnΣmnV
T
nn.

Çäåñü

Σ =











σ1 0 0 0
0 σ2 0 0
.

.

.

.

.

.

.

.

.

.

.

.

0 0 · · · σm











.

Çíà÷åíèÿ σn íàçûâàþòñÿ ñèíãóëÿðíûìè ÷èñëàìè ìàòðèöû A. Ïðè ýòîì σn+1 ≤
σn.

Òåïåðü ïåðåïèøåì ñèñòåìó Amnqn = fm â âèäå:

UmmΣmnV
T
nnqn = fm.

Îáîçíà÷èì zn = V
T
nnqn. Òîãäà qn = Vnnzn. Îòñþäà ïîëó÷èì:

ΣmnZn = U
T
mmfm = gm.



×ÈÑËÅÍÍÎÅ �ÅØÅÍÈÅ ÄÂÓÌÅ�ÍÎ�Î ÀÍÀËÎ�À Ó�ÀÂÍÅÍÈß �ËÊ C.139

Ñëåäîâàòåëüíî zj =
gj
σj
, äëÿ σj 6= 0 (j = 1, 2, . . . ,Mxy). Äëÿ σj = 0 ìû

ïðåäïîëàãàåì, ÷òî zj = 0.

4.3. ÌåòîäÌîíòå-Êàðëî. Òàê æå äëÿ ðåøåíèÿ óðàâíåíèÿ �åëü�àíäà-Ëåâèòàíà

áûë ïðèìåí¼í ìåòîäÌîíòå-Êàðëî. Èäåÿ ìåòîäà çàêëþ÷àåòñÿ â òîì, ÷òî ([5℄)èíòåãðàë

îò ïðîèçâîëüíîé �óíêöèè ìîæíî ïðåäñòàâèòü â âèäå ìàòåìàòè÷åñêîãî îæè-

äàíèÿ íåêîòîðîé ñëó÷àéíîé âåëè÷èíû, à ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ

ϕ = Kϕ+ f ìîæåò áûòü ïðåäñòàâëåíî ðÿäîì Íåéìàíà:

ϕ =

∞
∑

n=0

Knf

Îñíîâíûì ýëåìåíòîì, èñïîëüçóþùèìñÿ äëÿ âû÷èñëåíèÿ èñêîìîé ñëó÷àéíîé

âåëè÷èíû, ÿâëÿåòñÿ öåïü Ìàðêîâà. Îäíîðîäíàÿ öåïü Ìàðêîâà ïðåäñòàâëÿåò

ñîáîé ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí x0, . . . , xn, . . . òàêèõ, ÷òî ðàñïðå-
äåëåíèå âåëè÷èíû xn îïðåäåëÿåòñÿ òîëüêî çíà÷åíèåì xn−1, è óñëîâíàÿ ïëîò-

íîñòü ðàñïðåäåëåíèÿ xn ïðè óñëîâèè xn−1 = x′
äëÿ âñåõ n åñòü çàäàííàÿ �óíê-

öèÿ r(x′, x), íå çàâèñÿùàÿ îò n.
Ñëåäîâàòåëüíî, öåïü Ìàðêîâà îïðåäåëÿåòñÿ òðåìÿ �óíêöèÿìè:

1) π(x)�Ïëîòíîñòü íà÷àëüíîãî ïîëîæåíèÿ.

2) r(x′, x)�Ïëîòíîñòü ïåðåõîäà èç òî÷êè x′
.

3) p(x′)�âåðîÿòíîñòü îáðûâà öåïè â òî÷êå x′
.

Îïðåäåëèì òàêæå âñïîìîãàòåëüíóþ �óíêöèþ

p(x′, x) := r(x′, x)(1 − p(x′))

Ýòà �óíêöèÿ åäèíñòâåííûì îáðàçîì çàäà¼ò �óíêöèè r(x′, x) è p(x′), ïîñêîëüêó
∫

p(x′, x)dx = 1− p(x′).

Òåïåðü ðàññìîòðèì âû÷èñëåíèå �óíêöèîíàëà

Ih = (ϕ, h) =

∫

X

h(x)ϕ(x)dx, h ∈ L∞,(19)

ãäå φ(x) - ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ

ϕ(x) =

∫

X

kij(y, x)ϕ(y)dy + g(x), g ∈ L1.

Áóäåì ïðåäïîëàãàòü, ÷òî äëÿ �óíêöèé π(x) è p(x′, x) âûïîëíåíû ñëåäóþùèå

óñëîâèÿ:

π(x) 6= 0, if g(x) 6= 0 è p(x′, x) 6= 0, if k(x′, x) 6= 0
Â ýòîì ñëó÷àå èìååò ìåñòî ñëåäóþùàÿ òåîðåìà ([[5℄℄) :

Ïóñòü

ρ(K1) < 1, ãäå K1 � èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì |k(y, x)|
We de�ne by x0, . . . , xm, . . .� öåïü Ìàðêîâà, ñîîòâåòñòâóþùàÿ �óíêöèÿì π(x)
è p(x′, x).
Îïðåäåëèì ñëó÷àéíóþ âåëè÷èíó:

ξn =
m
∑

i=0

Qih(xi)(20)
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ãäå êîý��èöèåíòû Q0, . . . , Qm çàäàþòñÿ ñëåäóþùèì îáðàçîì:

Q0 =
g(x0)

π(x0)
, Qi = Qi−1 ·

k(xm−1, xm)

p(xm−1, xm)
= Qi−1 ·

k(xm, xm−1)

r(xm−1, xm)(1 − p(xm−1))
(21)

Òîãäà èìååò ìåñòî ðàâåíñòâî:

Ih = Eξ(22)

Îòìåòèì, ÷òî àëãîðèòì ëåãêî ðàñïðîñòðàíÿåòñÿ íà ñëó÷àé ñèñòåìû ëèíåéíûõ

èíòåãðàëüíûõ óðàâíåíèé.

Ïðàâàÿ ÷àñòü ðàâåíñòâà (22) ìîæåò áûòü àïïðîêñèìèðîâàííà â ñîîòâåòñòâèè ñ

çàêîíîì áîëüøèõ ÷èñåë:

Eξ =
ξ1 + ξ2 + . . .+ ξN

N
(23)

Äëÿ íàõîæäåíèÿ ðåøåíèÿ â êîíêðåòíîé òî÷êå ìû èñïîëüçóåì íåêîòîðóþ ìîäè-

�èêàöèþ àëãîðèòìà - "ìåòîä ñîïðÿæåííûõ áëóæäàíèé"([5℄). Ïîëîæèì π(s) =
δ(s− x). Òîãäà, èñïîëüçóÿ �îðìàëüíóþ ïîäñòàíîâêó g(s) = δ(s− x) and π(s) =
δ(s− x) â ðàâåíñòâå

Eξ = E[

m
∑

i=0

Qih(xi)] = (ϕ, h) = (g, ϕ∗)

Ïîëó÷èì, ÷òî:

ϕ∗(x) = h(x) + E[

m
∑

i=1

Qih(xi)]

Çäåñü ϕ∗
- ðåøåíèå ñîïðÿæ¼ííîãî óðàâíåíèÿ:

ϕ∗ = K∗ϕ∗ + h.

Îòñþäà, ðàññìàòðèâàÿ èñõîäíîå óðàâíåíèå êàê ñîïðÿæ¼ííîå ê óðàâíåíèþ ϕ∗ =
K∗ϕ∗ + h, ìîæíî ïîëó÷èòü:

ϕ(x) = Eξ∗(x) = E[g(x) +

m
∑

i=1

Q∗
i g(xi)](24)

Çäåñü

Q∗
0 =

h(x0)

π(x0)
= 1, Q∗

i = Q∗
i−1 ·

k(xm, xm−1)

p(xm−1, xm)
= Q∗

i−1 ·
k(xm, xm−1)

r(xm−1, xm)(1 − p(xm−1))

(25)

Îòìåòèì, ÷òî âèä íà÷àëüíîãî ðàñïðåäåëåíèÿ π(s) = δ(s − x) îçíà÷àåò, ÷òî íà-
÷àëüíàÿ òî÷êà öåïè Ìàðêîâà �èêñèðîâàííà è ðàâíà x. Ñëåäîâàòåëüíî, ìîæíî
ñ�îðìóëèðîâàòü ñëåäóþùèé àëãîðèòì äëÿ ðåøåíèÿ óðàâíåíèÿ (17) ìåòîäîì

Ìîíòå-Êàðëî:

I Âûáðàòü N - ÷èñëî ðåàëèçàöèé ñëó÷àéíîé âåëè÷èíû ξ.
II Âûáðàòü:

1) ïëîòíîñòü ïåðåõîäà r(y, x), ÿâëÿþùóþñÿ ïëîòíîñòüþ ðàñïðåäåëå-

íèÿ äëÿ âñåõ �èêñèðîâàííûõ y
2) âåðîÿòíîñòü îáðûâà öåïè p(y) - ÷èñëî (0, 1) äëÿ ëþáûõ y

III Äëÿ âñåõ n 6 N :
1) Ïîëó÷èòü öåïü Ìàðêîâà - ïîñëåäîâàòåëüíîñòü x0, . . . , xm :

a) Ïîëîæèòü x0 = x
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�èñ. 1. Results of numerial experiments for N = 3: a) Exat
Solution b) Solution by Monte-Carlo method, number of tests 500−
2000, ) Solution by Monte-Carlo method, number of tests 1000−
4000, d) SVD solution.

b) Îïðåäåëèòü, â ñîîòâåòñòâèè ñ âåðîÿòíîñòüþ p(x0), ïðîèçîø¼ë
ëè îáðûâ öåïè. Â ñëó÷àå îáðûâà ïîëîæèòü m = 0, è ïåðåéòè

ê 2). Èíà÷å ïîëîæèòü m = 1 è ïåðåéòè ê ).

) Ïîëó÷èòü íîâóþ ñëó÷àéíóþ òî÷êó x1, èñïîëüçóÿ x0 è ïëîò-

íîñòü ðàñïðåäåëåíèÿ r(x0, x).
d) Ïîâòîðÿòü b) è ), ïîêà íå ïðîèçîéä¼ò îáðûâ.

2) Âû÷èñëèòü Q∗
0, . . . Q

∗
m â ñîîòâåòñòâèè ñ (25):

3) Âû÷èñëèòü ξn â ñîîòâåòñòâèè ñ (24)

IV Âû÷èñëèòü Ih â ñîîòâåòñòâèè ñ (23).

5. ×èñëåííûå ðàñ÷¼òû
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C.142 Í.Ñ. Íîâèêîâ

X

N
or

m
of

th
e

op
er

at
or

0 0.1 0.2 0.3 0.4 0.5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Norm(not regul.)

a)

X

N
or

m
of

th
e

op
er

at
or

0 0.1 0.2 0.3 0.4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Norm(regul.)

b)

�èñ. 2. Results of numerial experiments for N = 8: a) Norm of

the integral operator b) Norm of the operator after regularization.

X

0

0.1

0.2

0.3

0.4

0.5
Y

-2

0

2

Q

0

0.5

1

1.5

a)

X

0

0.1

0.2

0.3

0.4

0.5Y

-2

0

2

Q

0

0.5

1

1.5

b)

X

0

0.1

0.2

0.3

0.4

0.5Y

-2

0

2

Q

0

0.5

1

1.5

)

X

0

0.1

0.2

0.3

0.4

0.5
Y

-2

0

2

Q

0

0.5

1

1.5

d)

�èñ. 3. Results of numerial experiments for N = 8: a) Exat
Solution b) Solution by Monte-Carlo method, number of tests 500−
2000, ) Solution by Monte-Carlo method, number of tests 1000−
4000, d) SVD solution.
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Abstract. Â ñòàòüå ðàññìàòðèâàåòñÿ äâóìåðíàÿ îáðàòíàÿ çàäà÷à
äëÿ óðàâíåíèÿ ãåîýëåêòðèêè â ëèíåàðèçîâàííîé ïîñòàíîâêå. Îáðàò-
íàÿ çàäà÷à ðåøåíà îïòèìèçàöèîííûì ìåòîäîì. Âûïèñàíû ãðàäèåí-
òû ôóíêöèîíàëîâ. Ïðèâåäåíû ÷èñëåííûå ðåçóëüòàòû ðåøåíèÿ îá-
ðàòíîé çàäà÷è ïî îïðåäåëåíèþ äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ñëî-
èñòîé ñðåäû è ëîêàëèçîâàííûõ îáúåêòîâ.

Keywords: îáðàòíàÿ çàäà÷à, ëèíåàðèçàöèÿ, îïòèìèçàöèîííûé ìå-
òîä.

1. Ïîñòàíîâêè çàäà÷

Ðàññìîòðèì ïîñòàíîâêè äâóìåðíîé îáðàòíîé çàäà÷è ãåîýëåêòðèêè [1, 6, 7, 8,
9, 10], îá îïðåäåëåíèè ε(x, y) èç ñîîòíîøåíèé:

(1)

ε(x, y)
∂2u

∂t2
+ σ(x, y)

∂

∂t
u =

1

µ
∆x,yu, (x, y) ∈ (0, Lx)× (0, Ly), t ∈ (0, 2Lx),

(2) u |t<0 = 0, ux |x=0 = r0δ(t) ,

(3) u |x=0 = f(y, t), y ∈ (0, Ly), t ∈ (0, 2Lx)

Nurseitov D.B., Shishlenin M.A., Sholpanbaev B.B., Two dimensional linearized

inverse problems.
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ïî çàäàííîé äîïîëíèòåëüíîé èíôîðìàöèè:

(4) u |x=0 = f(y, t), y ∈ (0, Ly), t ∈ (0, 2Lx)

Çäåñü: u(x, y, t) = E2(x, y, t) êîìïîíåíòà ýëåêòðîìàãíèòíîãî ïîëÿ, ε(x, y) äè-
ýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü, ñ÷èòàåì, ÷òî ïðîâîäèìîñòü σ(x, y), è ìàãíèòíàÿ
ïðîíèöàåìîñòü µ - èçâåñòíû.

Ïðåäïîëîæèì ÷òî ε(x, y), èìååò ñëåäóþùóþ ñòðóêòóðó:

(5) ε(x, y) = ε1(x) + ε2(x, y).

Ïîëàãàåì, ÷òî ôóíêöèè ε1(x), ε2(x, y) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì
A0 [5, 6]:

1. ε1 ∈ C2(R̄+), ε′1(+0) = 0;
2. Ñóùåñòâóþò êîíñòàíòû M1,M2 è M3 òàêèå ÷òî ïðè âñåõ x ∈ R+ èìååò

ìåñòî: 0 < M1 ≤ ε1(x) ≤M2, ‖ε1‖C2(R+) ≤M3;

3. Ôóíêöèÿ ε2(x, y) îòëè÷íà îò íóëÿ ïðè (x, y) ∈ (0, Lx)× (0, Ly)),,
ε2(x, y) ∈ C2((0, h)× (0, Ly)), α = ‖ε2‖C2((0,h)×(0,Ly)) , α�M1.

Ïðîâåäåì ëèíåàðèçàöèþ, ïðåäñòàâèì ðåøåíèå u(x, y, t) ãðàíè÷íîé çàäà÷è
(1)-(3) â âèäå:

(6) u(x, y, t) = u1(x, t) + u2(x, y, t)

Çäåñü: u1(x, t) åñòü ðåøåíèå ñëåäóþùåé ãðàíè÷íîé çàäà÷è:

(7) ε1(x)
∂2

∂t2
u1 + σ(x,

_
y )

∂

∂t
u1 =

1

µ

∂2

∂x2
u1, x ∈ (0, Lx), t ∈ (0, 2Lx)

(8) u1

∣∣∣∣t<0 = 0,
∂

∂x
u1 |x=0 = r0δ(t)

_
y - ôèêñèðîâàííîå çíà÷åíèå ïåðåìåííîé. Ïðåíåáðåãàÿ ÷ëåíîì ε2

∂2

∂t2u2 , ïî-
ëó÷àåì äëÿ îïðåäåëåíèÿ u2(x, y, t) çàäà÷ó:

(9)

ε1
∂2

∂t2
u2 + σ(x, y)

∂

∂t
u2 =

1

µ
∆x,yu2 − ε2

∂2

∂t2
u1 (x, y) ∈ (0, 2Lx)× (0, Ly), t < 2Lx

(10) u2|t<0 = 0 (u2)t|t<0 = 0,
∂

∂x
u2|x=0 = 0

(11) u|∂Kn(D) = 0 x ∈ (0, 2Lx), t < 2Lx

Äîïîëíèòåëüíàÿ èíôîðìàöèÿ äëÿ çàäà÷è (9)-(11) îá îïðåäåëåíèè u2(x, y, t)
è ôóíêöèè ε2(x, y) , ïðèìåì â âèäå:

(12) u2|x=0 = g(y, t), y ∈ (0, Ly), t ∈ (0, 2Lx)

ãäå: g(y, t) = f(y, t)− u1(0, t)
Â êà÷åñòâå äîïîëíèòåëüíîé èíôîðìàöèè äëÿ çàäà÷è (7)-(8), îá îïðåäåëåíèè

u1(x, t) è ôóíêöèè ε1(x), ïðèìåì
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(13) u1|x=0 = f(
_
y , t), t ∈ (0, 2Lx)

Òàêèì îáðàçîì, ðåøåíèå îáðàòíîé çàäà÷è (1)-(4), îá îïðåäåëåíèè ε(x, y) è
ôóíêöèè u(x, y, t) ñîñòîèò èç ñëåäóþùèõ ýòàïîâ:

1. Ðåøàåì îáðàòíóþ çàäà÷ó (îáðàòíàÿ çàäà÷à 1), îá îïðåäåëåíèè ε1(x) è
ôóíêöèè u1(x, t) íà ãëóáèíó h èç ñîîòíîøåíèé (7)-(8) ïî èçâåñòíîé äîïîëíè-
òåëüíîé èíôîðìàöèè (13).

2. Ðåøàåì ïðÿìóþ çàäà÷ó (7)-(8) íà ãëóáèíó h è îïðåäåëÿåì ∂2

∂t2u1 (âõîäèò
â ïðàâóþ ÷àñòü óðàâíåíèÿ (9)).

3. Ðåøàåì îáðàòíóþ çàäà÷ó (îáðàòíàÿ çàäà÷à 2), îá îïðåäåëåíèè ε2(x, y)

èç ñîîòíîøåíèé (9)-(11) ïî èçâåñòíûì óæå ôóíêöèÿì ε1(x), ∂2

∂t2u1 è äîïîëíè-
òåëüíîé èíôîðìàöèè g(y, t).

Ïðèâåäåì çàäà÷ó (7)�(8) ê áîëåå óäîáíîìó äëÿ èññëåäîâàíèÿ âèäó. Ñ ýòîé
öåëüþ ââåäåì íîâóþ ïåðåìåííóþ

(14) x = ψ(z), ψ(z) =

∫ z

0

dξ

ε1(ξ)
,

è íîâûå ôóíêöèè

(15)
S(x) =

√
ε1(z)/

√
ε1(+0), v(x, t) = u1(z, t)/S(x),

a(x) = S′′(x)/S(x)− 2[S′(x)]2/S2(x).

Â ñèëó óñëîâèÿ A0 ôóíêöèÿ ψ(z) èìååò îáðàòíóþ z = ψ−1(x), ïîýòîìó ôóíê-
öèè S, v, q îïðåäåëåíû êîððåêòíî.

Åñëè ïðîäîëæèòü âñå ðàññìàòðèâàåìûå ôóíêöèè ÷åòíûì îáðàçîì ïî x â R−,
òî v(x, t) áóäåò ðåøåíèåì çàäà÷è

∂2v

∂t2
=
∂2v

∂x2
+ a(x)v, x ∈ R, t ∈ R+;(16)

v
∣∣
t=0

= 0,
∂v

∂t

∣∣∣
t=0

= 2γδ(x).(17)

Çäåñü γ = −r0ε1(+0).
Ðåøåíèå çàäà÷è (16), (17) ìîæíî ïðåäñòàâèòü â âèäå

v(x, t) = γθ(t− |x|) + p(x, t).

Ïîäñòàâèâ äàííîå ïðåäñòàâëåíèå â (16), ïîëó÷èì, ÷òî p(x, t) ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è

∂2p

∂t2
=
∂2p

∂x2
+ a(x)p+ γθ(t− x)a(x), x ∈ R, t ∈ R+;(18)

p
∣∣
t=0

= 0,
∂p

∂t

∣∣∣
t=0

= 0.(19)

Äëÿ p(x, t) îïðåäåëèì

Ax,t[p(ξ, τ)] ≡ Ax,t[p] =
1

2

∫ t

0

∫ x+t−τ

x−t+τ
p(ξ, τ)dξdτ, t ∈ R+, x ∈ R.
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Òîãäà, èñïîëüçóÿ ôîðìóëó Äàëàìáåðà äëÿ ïðåäñòàâëåíèÿ ðåøåíèÿ çàäà÷è Êî-
øè (18), (19), ïðèõîäèì ê èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà
îòíîñèòåëüíî p(x, t):

(20) p(x, t) = I(x, t) +Ax,t[ap], t ∈ R+, x ∈ R.

Çäåñü

I(x, t) = (γ/2)Ax,t[a(ξ)θ(τ − |ξ|)].
Ó÷èòûâàÿ ÷åòíîñòü a(x), ñâîéñòâà ôóíêöèè Õåâèñàéäà è ñîâåðøàÿ î÷åâèä-

íûå ïðåîáðàçîâàíèÿ, ïîëó÷èì ïîëåçíûå â äàëüíåéøåì ðàâåíñòâà

(21)
∂

∂x
I(x, t) =

γ

2

∫ t

0

a(ξ)θ(t− |ξ|)
∣∣ξ=x+t−τ
ξ=x−t+τdτ ;

(22)
∂2

∂x2
I(x, t) =

γ

2
θ(t)[δ(t+ x) + δ(t− x)]

∫ t

0

a(ξ)dξ +

+
γ

4
θ(t− |x|)

[
a
( t+ x

2

)
+ a
( t− x

2

)
− 4a(x)

]
.

Ëåììà 1. Ïðåäïîëîæèì, ÷òî a ∈ C(R). Òîãäà ïðè ëþáûõ x0 ∈ R, t0 ∈ R+ ðå-
øåíèå èíòåãðàëüíîãî óðàâíåíèÿ (20) ñóùåñòâóåò è åäèíñòâåííî â C(∆(x0, t0)),

∆(x0, t0) = {(ξ, τ) | τ ∈ (0, t0), ξ ∈ (x0 − t0 + τ, x0 + t0 − τ)},

è èìååò ìåñòî îöåíêà

(23) ‖p‖C(∆(x0,t0)) ≤ (γ/2)t20M4e
t0
√
M4 ,

ãäå M4 = ‖a‖C(R).

Ëåììà 2. Ïóñòü a ∈ C̄(R), C̄(R× R+) � ìíîæåñòâî ôóíêöèé p(x, t) íåïðå-
ðûâíûõ â R × R+ âñþäó, êðîìå, âîçìîæíî ëèíèè, t = |x|. Òîãäà ðåøåíèå èí-
òåãðàëüíîãî óðàâíåíèÿ (20) èìååò ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà ïî t
è x, ïðèíàäëåæàùèå êëàññó C̄(R× R+) è óäîâëåòâîðÿþùèå íåðàâåíñòâàì

sup
(ξ,τ)∈∆(x,t)
|ξ|6=τ

|p′(m)(ξ, τ)| ≤ γtM4[1 + (γ/2)t2M4e
t
√
M4 ], t ∈ R+, m = 1, 2,

p′(1)(x, t) =
∂p

∂x
(x, t), p′(2)(x, t) =

∂p

∂t
(x, t).

Ëåììà 3. Åñëè a ∈ C(R), òî ðåøåíèå óðàâíåíèÿ (20) èìååò ÷àñòíóþ ïðîèç-
âîäíóþ ïî x âòîðîãî ïîðÿäêà, ïðèíàäëåæàùóþ êëàññó C(R+×R−), èìåþùóþ
âèä

(24)
∂2p

∂x2
(x, t) =

∂2

∂x2
I(x, t)− a(x)p(x, t) +

+
1

2

∫ t

0

[a(x+ t− τ)p′(2)(x+ t− τ, τ) + a(x− t+ τ)p′(2)(x− t+ τ, τ)]dτ,

ãäå t ∈ R+, è óäîâëåòâîðÿþùóþ íåðàâåíñòâó

sup
(ξ,τ)∈∆(x,t),|ξ|6=τ

∣∣∣∂2p

∂ξ2
(ξ, τ)

∣∣∣ ≤ γM5,

ãäå M5 = M4[3/2 + T 2
hM4 + (1/2)T 2

hM4(1 + T 2
hM4)eTh

√
M4 ].
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Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî ε1 óäîâëåòâîðÿåò óñëîâèþA0. Òîãäà ðåøåíèå
çàäà÷è (7)�(8) ñóùåñòâóåò, ïðèíàäëåæèò êëàññó C2 (t > ψ(z) > 0) è èìååò
ñòðóêòóðó

(25) u0(z, t) = γS(ψ(z))θ(t− ψ(z))p(ψ(z), t), t ∈ R+, z ∈ R+.

1.1. Òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ ïðÿìîé çàäà÷è. Ïåðåéäåì ê èñ-
ñëåäîâàíèþ ïðÿìîé çàäà÷è (9)-(11). Îïðåäåëèì

w(x, y, t) = u1(z, y, t)/S(x), q(x, y) = ε2(z, y), b(x) = ε1(z),

ãäå z = ψ−1(x) (ñì. (14)), è, èñïîëüçóÿ ÷åòíîå ïðîäîëæåíèå ïî x, ïîëó÷èì äëÿ
w íà÷àëüíî-êðàåâóþ çàäà÷ó

Lw = q(x, y)
∂2v

∂x2
, x ∈ (−h1, h1), y ∈ Kn(D), t ≤ Th1

;(26)

w
∣∣
t=0

= 0,
∂w

∂t

∣∣∣
t=0

= 0;(27)

w
∣∣
∂Kn(D)

= 0.(28)

Çäåñü

(29) Lw =
( ∂2

∂t2
− ∂2

∂x2
− b2(x)∆y − a(x)

)
w, h1 = ψ(h),

ôóíêöèè v(x, t) è a(x) îïðåäåëåíû â (15). Ó÷èòûâàÿ ïðåäñòàâëåíèå (25), íåòðóä-
íî âû÷èñëèòü ïðåäåë ôóíêöèè w(x, y, t) ïðè |x| → t− 0:

(30) lim
|x|→t−0

w(x, y, t) = γq(t, y)/4.

Ñëåäîâàòåëüíî, âìåñòî çàäà÷è (26)�(28) ìîæíî îãðàíè÷èòüñÿ èññëåäîâàíèåì
çàäà÷è

Lw = q(x, y)
∂2v

∂x2
, (x, t) ∈ ∆(T ), y ∈ Kn(D), t ∈ (0, Th1);(31)

w(x, y, |x|) = γq(x, y)/4, x ∈ (−T, T );(32)

w
∣∣
∂Kn(D)

= 0.(33)

Çäåñü T ∈ (0, Th1
/2); ∆(T ) = {(x, t) : x ∈ (−T, T ), t ∈ (|x|, 2T − |x|)}.

Ïðåäïîëîæèì, ÷òî êëàññè÷åñêîå ðåøåíèå çàäà÷è (31)�(33), ò. å. ôóíêöèÿ

w(x, y, t) ∈ C2(∆(T )×Kn(D)) ∩ C1(∆(T )×Kn(D)),

óäîâëåòâîðÿþùàÿ óðàâíåíèþ (31) è ãðàíè÷íûì óñëîâèÿì (32) è (33), ñóùåñòâó-
åò. Óìíîæèì îáå ÷àñòè (31) íà wt è ïðîèíòåãðèðóåì ïî îáëàñòè

Ω(T, t) = ∆t(T )×Kn(D), t ∈ (0, 2T ),

∆t(T ) = ∆(T ) ∩ {(x, t′) | t′ < t}.

Ïðèìåíÿÿ ïîñëå ñòàíäàðòíûõ ïðåîáðàçîâàíèé ôîðìóëó Îñòðîãðàäñêîãî, ïîëó-
÷èì òîæäåñòâî

(34)
1

2

[∥∥∥∂w
∂t

∥∥∥2

(t) +
∥∥∥∂w
∂x

∥∥∥2

(t) + ‖b|∇yw|2‖(t)
]

=

=

∫
St

(Φ, n̄)s. +

∫
Ω(T,t)

∂w

∂t

(
aw + q

∂2v

∂x2

)
x.y. t..
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Çäåñü St = ∂(∆(T ) × Kn(D)) ∩ {(x, y, t) : t′ < t}; n̄ � âåêòîð âíåøíåé íîðìàëè
ê St;

Φ =
(
− ∂w

∂t

∂w

∂x
,−b2 ∂w

∂t
∇yw,

1

2

[(∂w
∂t

)2

+
(∂w
∂x

)2

+ b2|∇yw|2
])
,

‖w‖2(t) =


∫ t
−t
∫
Kn(D)

w2(x, y, t)y.x. , t ∈ [0, T ],∫ T−t
t−T

∫
Kn(D)

w2(x, y, t)y.x. , t ∈ [T, 2T ].

Ëåììà 4. Ïðåäïîëîæèì, ÷òî ε1(z), ε2(z, y) óäîâëåòâîðÿþò óñëîâèþ A0, à
êîýôôèöèåíòû îïåðàòîðà L è íà÷àëüíî-êðàåâûå óñëîâèÿ çàäà÷è (31)�(33) ïî-
ñòðîåíû ïî ôóíêöèÿì ε1(z), ε2(z, y) óêàçàííûì âûøå ñïîñîáîì. Òîãäà êëàññè-
÷åñêîå ðåøåíèå çàäà÷è (31)�(33) åäèíñòâåííî è óäîâëåòâîðÿåò íåðàâåíñòâó

(35) ‖w‖1(t) ≤M6‖q‖W 1
2 ([−T,T ]×Kn(D)), t ∈ [0, 2T ],

ãäå ïîñòîÿííàÿ M6 çàâèñèò òîëüêî îò Mj, j = 1, 5 (çäåñü è äàëåå j = m,n
îçíà÷àåò, ÷òî j ïðîáåãàåò âñå öåëûå çíà÷åíèÿ îò m äî n);

‖w‖21(t) = ‖w‖2(t) + ‖|∇x,y,t w|‖2(t), t ∈ [0, 2T ].

Äëÿ îïðåäåëåíèÿ îáîáùåííîãî ðåøåíèÿ çàäà÷è (31)�(33) è äîêàçàòåëüñòâà
åãî ñóùåñòâîâàíèÿ âîñïîëüçóåìñÿ íåêîòîðîé ìîäèôèêàöèåé ìåòîäà Ôóðüå: ðàç-
äåëèì ïåðåìåííûå íå êàê îáû÷íî � íà ïðîñòðàíñòâåííûå è âðåìåííóþ, à áóäåì
èñêàòü ðåøåíèå â âèäå ñóììû ôóíêöèé òèïà X(x, t)Y (y).

Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ w(x, y, t) ïðèíàäëåæèò êëàññó P(T,D), åñëè

w(x, y, t) íåïðåðûâíà â L2(Kn(D)) ïî ïåðåìåííûì (x, t) ∈ ∆(T ), ò. å. åñëè äëÿ

ëþáîé ïàðû (x, t) ∈ ∆(T ) âûïîëíÿåòñÿ óñëîâèå

lim
(x′,t′)→(x,t)

‖w(x′, y, t′)− w(x, y, t)‖L2(Kn(D)) = 0.

Ïðè äîêàçàòåëüñòâå òåîðåìû ñóùåñòâîâàíèÿ îáîáùåííîãî ðåøåíèÿ çàäà÷è (31)�
(33) èñïîëüçóåì î÷åâèäíûå ìîäèôèêàöèè èçâåñòíûõ óòâåðæäåíèé.

Ëåììà 5. Ïóñòü ïîñëåäîâàòåëüíîñòü {um(x, y, t)}, um ∈ P(T,D), ñõîäèòñÿ ê

ôóíêöèè u(x, y, t) â L2(Kn(D)) ðàâíîìåðíî ïî (x, t) ∈ ∆(T ). Òîãäà u ∈ P(T,D).

Ëåììà 6. Ïóñòü ïîñëåäîâàòåëüíîñòü ôóíêöèé {um(x, y, t)}, um ∈ P(T,D)

ñõîäèòñÿ â ñåáå â L2(Kn(D)) ðàâíîìåðíî ïî (x, t) ∈ ∆(T ). Òîãäà ñóùåñòâóåò
u ∈ P(T,D), òàêàÿ, ÷òî ïîñëåäîâàòåëüíîñòü {um(x, y, t)} ñõîäèòñÿ ê u(x, y, t)

â L2(Kn(D)) ðàâíîìåðíî ïî (x, t) ∈ ∆(T ).

Ëåììà 7. Ïóñòü ε1(z) è ε2(z, y) óäîâëåòâîðÿþò óñëîâèþ A0. Ïðåäïîëîæèì,
÷òî ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü ôóíêöèé {q̄m(x, y)},
q̄m ∈ C1([−T, T ]×Kn(D)), m = 1, 2, . . . , ÷òî

1) limm→∞ ‖q − q̄m‖W 1
2 ([−T,T ]×Kn(D)) = 0;

2) ïðè êàæäîì m = 1, 2, . . . ñóùåñòâóåò êëàññè÷åñêîå ðåøåíèå w̄m(x, y, t)
çàäà÷è (31)�(33) äëÿ q = q̄m(x, y).

Òîãäà ñóùåñòâóåò ôóíêöèÿ w ∈ P(T,D), òàêàÿ, ÷òî

(36) lim
m→∞

‖w − w̄m‖ = 0.
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Ôóíêöèþ w(x, y, t) íàçîâåì îáîáùåííûì ðåøåíèåì çàäà÷è (31)�(33).
Èñïîëüçóÿ ëåììó 4 è ëåììó 5, ìîæíî ïîêàçàòü, ÷òî òàêèì îáðàçîì îïðåäå-

ëåííîå îáîáùåííîå ðåøåíèå óäîâëåòâîðÿåò óðàâíåíèþ (31) â îáîáùåííîì ñìûñ-
ëå.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî ε1(z) è ε2(z, y) óäîâëåòâîðÿþò óñëîâèþ A0.
Òîãäà äëÿ ëþáîãî T ∈ (0, Th) îáîáùåííîå ðåøåíèå çàäà÷è (31)�(33) ñóùåñòâóåò
è åäèíñòâåííî.

Ïðåäñòàâèì q(x, y) â âèäå

(37) q(x, y) =
∑
k

qk(x)Yk(y).

Çäåñü

Yk(y) = exp
( iπ
D
〈k, y〉

)
, k = (k1, . . . , kn) ∈ Zn, 〈k, y〉 =

n∑
j=1

kjyj ,

∑
k

îçíà÷àåò ñóììèðîâàíèå ïî âñåì k = (k1, . . . , kn), kj ∈ Z, j = 1, n.

Â ñèëó óñëîâèÿ A0 ðÿä â (37) ñõîäèòñÿ â L2(Kn(D)) ê q(x, y) ðàâíîìåðíî ïî
x ∈ [−T, T ].

Îáîáùåííîå ðåøåíèå çàäà÷è (31)�(33) áóäåì èñêàòü â âèäå ðÿäà

(38) w(x, y, t) =
∑
k

wk(x, t)Yk(y), (x, t) ∈ ∆(T ),

ãäå wk(x, t) � êëàññè÷åñêîå ðåøåíèå çàäà÷è

Lkwk = qk(x)
∂2v

∂x2
, (x, t) ∈ ∆(T );(39)

wk(x, |x|) = γqk(x)/4, x ∈ [−T, T ];(40)

Lk =
∂2

∂t2
− ∂2

∂x2
+ b2(x)|k|2 − a(x), |k|2 =

n∑
j=1

k2
j .(41)

Ëåììà 8. Ïðè âûïîëíåíèè óñëîâèÿ òåîðåìû 2 êëàññè÷åñêîå ðåøåíèå çàäà-
÷è (39), (40) ïðè ëþáîì k ∈ Zn ñóùåñòâóåò, åäèíñòâåííî è óäîâëåòâîðÿåò
íåðàâåíñòâó

‖wk‖C(∆(T ))
≤ 1

4
(1 + 4ThM5)‖qk‖C1[−T,T ]e

(1+M2
2 |k|

2)Th .

1.2. Åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è è ðåãóëÿðèçàöèÿ.

Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî ε1(z) óäîâëåòâîðÿåò óñëîâèþA0 (ïóíêòû 1, 2).
Òîãäà ðåøåíèå îáðàòíîé çàäà÷è (9)-(12) åäèíñòâåííî â êëàññå ôóíêöèé ε2(z, y),
óäîâëåòâîðÿþùèõ óñëîâèþ A0 (ïóíêòû 3, 4).

Òåîðåìà 4. Ïðåäïîëîæèì, ÷òî ε1(z) óäîâëåòâîðÿåò óñëîâèþ A0. Ïðåäïîëî-

æèì òàêæå, ÷òî äëÿ êàæäîé ôóíêöèè g(m)(y, t), m = 1, 2, âûïîëíåíû óñëî-
âèÿ:

1) g(m)(y, t) =
∑
k g

(m)
k (t)Yk(y), m = 1, 2;

2) g(m)(y, t) íåïðåðûâíû â L2(Kn(D)) ïî t íà îòðåçêå [0, Th];

3) äëÿ g(m)(y, t), m = 1, 2, ñóùåñòâóåò ðåøåíèå c
(m)
1 (z, y), m = 1, 2, îáðàò-

íîé çàäà÷è (9)�(12), óäîâëåòâîðÿþùåå óñëîâèþ A0.
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Òîãäà ïðè ëþáîì k ∈ zn èìååò ìåñòî íåðàâåíñòâî

(42) ‖q(1)
k − q

(2)
k ‖C[−T,T ] ≤ ω(k)‖g(1)

k − g
(2)
k ‖C[0,Th],

ãäå T ∈ (0, Th); q(m)(x, y) = ε
(m)
2 (ψ−1(x), y) =

∑
k q

(m)
k (x)Yk(y); ω(k) = M9e

Th

√
M8 ;

M8 = 4M5[1 + T 2
he
Th

√
|k|2M2

2 +M4 ]; M9 = M8/(γM5).

(43)
γ

4
q

(m)
k (t) = −Bt,t[q(m)

k v
′′

(1)] +
1

2

t∫
0

2t−ξ∫
ξ

Rk(t− 0, t, ξ, τ)Φ
(m)
k (ξ, τ)dτdξ +

+G
(m)
k (t− 0, t) +

1

2

∫ t

0

2t−ξ∫
ξ

Rk(t− 0, t, ξ, τ)G
(m)
k (ξ, τ)dτdξ,

t ∈ [0, T ], m = 1, 2.

Òåîðåìà 5. Ïðåäïîëîæèì, ÷òî ε1 óäîâëåòâîðÿåò óñëîâèþA0. Ïðåäïîëîæèì
òàêæå, ÷òî äëÿ g(y, t), íåïðåðûâíîé â L2(Kn(D)) ïî t íà îòðåçêå [0, Th], ñó-
ùåñòâóåò ðåøåíèå îáðàòíîé çàäà÷è (9)�(12), óäîâëåòâîðÿþùåå óñëîâèþ A0.
Ïóñòü gε(y, t) íåïðåðûâíà â L2(Kn(D)) ïî t íà [0, Th] è óäîâëåòâîðÿåò íåðà-
âåíñòâó

max
t∈[0,Th]

‖g − gε‖L2(Kn(D)) ≤ ε.

Îáîçíà÷èì
b
(ε)
N (x, y) =

∑
|k|≤N

q
(ε)
k (x)Yk(y),

ãäå q
(ε)
k (x) åñòü ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (43), â êîòîðîå âìåñòî

g
(m)
k (t) ïîäñòàâëåí êîýôôèöèåíò Ôóðüå g

(ε)
k (t) ôóíêöèè gε(y, t):

gε(y, t) =
∑
k

g
(ε)
k (t)Yk(y).

Òîãäà èìååò ìåñòî îöåíêà

(44) ‖q − b(ε)N ‖L2(Kn(D)) ≤ ω(N)ε+M/N, t ∈ [0, T ],

ãäå
M = max

x∈[0,Th]
‖q‖W 1

2 (Kn(D)).

2. Ðåøåíèå îáðàòíîé çàäà÷è 1.

Êîíêðåòèçèðóåì ïîñòàíîâêó îáðàòíîé çàäà÷è 1. Íàéòè ε1(x) è ôóíêöèþ
u1(x, t) èç ñîîòíîøåíèé:

(45) ε1(t)
∂2

∂t2
u1 + σ(x, y)

∂

∂t
u1 =

1

µ

∂2

∂t2
u1, x ∈ (0, Lx), t ∈ (0, 2Lx)

(46) u1|t=0 = 0, (u1)t|t=0 = 0,

(47)
∂

∂x
u1|x=0 = r0δ(t)
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ïî èçâåñòíîé äîïîëíèòåëüíîé èíôîðìàöèè:

(48) u1|x=0 = f(
_
y , t), t ∈ (0, 2Lx)

Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è 1 ïðèìåíÿåì îïòèìèçàöèîííûé ìåòîä [2].
Ïóñòü q(x) � ïðèáëèæåííîå ðåøåíèå îáðàòíîé çàäà÷è (45)-(48). Ðàññìîòðèì
êâàäðàòè÷íûé ôóíêöèîíàë:

(49) J1(q) =

∫ 2Lx

0

[u1(0,
_
y , t; q)− f(

_
y , t)]2dt

Ïðèáëèæåíèå q(n+1)(x), îïðåäåëèì ìåòîäîì íàèñêîðåéøåãî ñïóñêà [3]:

q(n+1)(x) = q(n)(x)− αn∇J1(q(n)),

Çäåñü: αn - êîýôôèöèåíò ñïóñêà, à ãðàäèåíò ôóíêöèîíàëà (49), îïðåäåëÿåòñÿ
èç ñîîòíîøåíèÿ:

∇J1(q(n)) =

∫ 2Lx

0

ψ(x,
_
y , t; q(n))(u1)ttdt,

ãäå: ψ(x,
_
y , t; q(n)) - åñòü ðåøåíèå ñîîòâåòñòâóþùåé ñîïðÿæåííîé çàäà÷è:

(50) q(x)
∂2

∂t2
ψ + σ

∂

∂t
ψ =

1

µ

∂2

∂t2
ψ, x ∈ (0, Lx), t ∈ (0, 2Lx)

(51) ψ|t=2Lx
= 0, ψt|t=2Lx

= 0,

(52) ψx|x=0 = 2[u1(0, t; q)− f(t)]

3. Ðåøåíèå îáðàòíîé çàäà÷è 2

Êîíêðåòèçèðóåì ïîñòàíîâêó îáðàòíîé çàäà÷è 2. Íàéòè ε2(x, y) è ôóíêöèþ
u2(x, y, t) èç ñîîòíîøåíèé:

(53)

ε1
∂2

∂t2
u2+σ

∂

∂t
u2 =

1

µ
∆x,yu2−ε2(x, y) Q(x, t), (x, y) ∈ (0, Lx)×(0, Ly), t < 2Lx

(54) u2|t=0 = 0, (u2)t|t=0 = 0,

(55) u|y=0 = 0, x ∈ (0, Lx), t < 2Lx

Ïî èçâåñòíîé äîïîëíèòåëüíîé èíôîðìàöèè

(56) u2|x=0 = g(y, t), y ∈ (0, Lx), t ∈ (0, 2Lx)

À òàêæå, ïî óæå èçâåñòíûì âû÷èñëåíèÿì îáðàòíîé çàäà÷è 1, èìååì ε1(x)
è

Q(x, t) =
∂2

∂t2
u1
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Ïóñòü p(x, y) � åñòü ïðèáëèæåííîå ðåøåíèå îáðàòíîé çàäà÷è (53)-(56), ðàñ-
ñìîòðèì ôóíêöèîíàë:

(57) J2(p(n)(x, y)) =

∫ 2Lx

0

∫ D

−D
[u2(0, y, t; p(n))− g(y, t)]dydt

Èñïîëüçóåì êàê è âûøå, èòåðàöèîííûé ìåòîä:

p(n+1)(x, y) = p(n)(x, y)− αn∇J2(p(n)),

Ãäå ãðàäèåíò ôóíêöèîíàëà (57), îïðåäåëÿåòñÿ ïî ôîðìóëå:

∇J2(q(n)) =

∫ 2Lx

0

ϕ(x, y, t; q(n))Q(x, t)dt,

Çäåñü ôóíêöèÿ Q(x, t) = ∂2

∂t2u1 ñ÷èòàåòñÿ óæå âû÷èñëåííîé íà ïðåäûäóùåì

ýòàïå, à ϕ(x, y, t; q(n)) åñòü ðåøåíèå ñëåäóþùåé ñîïðÿæåííîé çàäà÷è:

(58)

ε1(x)
∂2

∂t
ϕ−δ(x, y)

∂

∂t
ϕ+p(x, y)Q(x, t) =

1

µ
∆x,yϕ, (x, y) ∈ (0, Lx)×(0, Ly), t ∈ (2Lx, 0),

(59) ϕ |t=2Lx = 0, ϕt |t=2Lx = 0,

(60) ϕx |x=0 = 2[u1(0, y, t; p(n))− g(y, t)], y ∈ (0, Ly), t ∈ (0, 2Lx),

(61) ϕ |y=0 = 0, x ∈ (0, Lx), t ∈ (0, 2Lx) .

Äëÿ ÷èñëåííîãî ðåøåíèÿ ïðÿìîé çàäà÷è (53)-(55) è âñïîìîãàòåëüíîé çàäà÷è
(58)-(61) èñïîëüçóåì ñõåìó ðàñùåïëåíèÿ [4].
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ON SOLVABILITY OF INTERPOLATION PROBLEM FOR

RATIONAL FUNCTIONS

V.G. CHEREDNICHENKO

Abstract. Unlike the polynomial interpolation, where the solution
exists, is unique, and can be written explicitly, the problem of rational
interpolation may have no solution. The system of algebraic equations
which we obtain may by arbitrary �bad�. The author [1] has developed
the approach based on the algebra of rational functions which leads to
the explicit solution without use of systems. This method allows us to
describe the cases of solvability which have the spectral nature..

Keywords: polynomial interpolation, rational functions, stability.

Introduce the polynomial Qm, Pn of the degrees no more than m, n respectively
and the rational function

Rmn (z) =
Qm(z)

Pn(z)
.

Problem R. Let m, n be nonnegative integers, m + n = N , N ≥ 1. Suppose
that

(1) (zk, wk), k = 1, 2, . . . , N + 1,

are the pairs of complex numbers, where zk are distinct. To �nd rational functionsR
m
N−m,

m = N,N − 1, . . . , 0 which satisfy the conditions

(2) Rmm−n(zk) = wk, k = 1, 2, . . . , N + 1.

We may assume that wk 6= 0, otherwise, the dimension of the problem may be
decreased.

It is easy to proof the uniqueness of solution of this interpolation problem,
however, the solution exists not always. We shall consider this problem now.

Cherednichenko V.G. On solvability of interpolation problem for rational

functions.

c© 2014 Cherednichenko V.G.
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The coe�cients of the desired polynomials satisfy the following system of linear
equations:

(3) Qm(zk) = wkPn(zk), k = 1, 2, . . . , N + 1.

It is clear that if Qm, Pn solve the problem R, then γQm, γPn also solve the
problem for each constant γ.

Since the numbers wk are arbitrary, the rank of system (2) may vary. In monograph [1]
there is given the survey of this �multipointed approximation of Pade�.

The author have chosen another method [2�5] of this classical problem based on
the algebra of rational functions. We shall construct the solution explicitly and will
not use the system of linear equations. Using the data of problem (1) we introduce
the two polynomials: Qn(z) � the classical interpolant and the nodal polynomial

ΩN+1(z) = (z − z1)(z − z2) . . . (z − zN+1).

These polynomials contain all the information about the problem. Further, we
construct the polynomials:

Hm(z), m = N,N1, . . . , 0: HN = QN ,
ΩN+1

QN
= A

(1)
1 +

HN−1

QN
,

QN
HN−1

= A
(2)
1 +

HN−2

HN−1
, . . . ,

H2

H1
= A

(N)
1 +

H0

H1
.

Here A
(k)
1 , k = 1, 2, . . . , N are �rst degree polynomials. Such method is called the

Euclidean algorithm.

Òåîðåìà 1 ([2]). The numerator of the desired rational function is de�ned by the
formula

Qm = (−1)N−mHm, m = N − 1, N − 2, . . . , 0.

The problem is really solved, since further we take any (N −m+ 1) conditions
from (1) and �nd the interpolant

PN−n(zk) =
Qm(zk)

QN (zk)
, k = 1, 2, . . . , N −m+ 1,

where the right-hand side is already known.

Òåîðåìà 2. Let 0 ≤ m ≤ N be �xed. The problem R has the solution of the form
Qm/PN−m if

(4) PN−m(zk) 6= 0, k = 1, 2, . . . , N + 1.

Really, in this case the homogeneous system (3) has nontrivial solutions; therefore,
the initial system (2) is solvable.

Note the the polynomial PN−m is not known before we solve the problem and
the condition (4) is not constructive. However, with the use of theorem 1 we easily
�nd PN−m.

The data (1) for determination of RmN−m we shall call singular if for at least
one k, 1 ≤ k ≤ N + 1

(5) PN−m(zk) = 0.

Ñëåäñòâèå 1. There exist no more then N+1 singular cases for determining RmN−m.
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Suppose, for example, that we seek for the interpolant QN−1/P1, if

ΩN+1(z) = (z − z1) . . . (z − zN+1) = zN+1 + a1z
N + a2z

N−1 + · · ·+ aN+1

(−a1 = z1 + z2 + · · ·+ zN ),

QN = b0z
N + b1z

N−1 + · · ·+ bN , b0 6= 0,
ΩN+1

QN
= P1(z) +

HN−1

QN
, P1(z) =

1

b0

[
z +

(
a1 −

b1
b0

)]
.

The singular cases:

(6) P1(zk) = 0, b1 = b
(k)
1 = b0(zk + a1), k = 1, 2, . . . , N + 1.

Òåîðåìà 3. The singular cases for the interpolational problem for RN−1
1 are given

by formulas (6).

Example 1. Let

zk = k, k = 1, 2, 3, 4 (N = 3), Q3 = z3 + b1z
2,

Ωn+1(z) = z4 − 10z3 + 35z2 − 50z + 24 (a1 = −10).

The singular cases for the interpolant Q2/P1:

b
(1)
1 = −9, b

(2)
1 = −8, b

(3)
1 = −7, b

(4)
1 = −6.

In the three-dimensional space of coe�cients (b1, b2, b3) there are four singular
points on the b1-axis and b2, b3 are arbitrary. In this example the interpolation
problem for all these cases is unsolvable. For another b1-values we have

Q2

P1
=
−[35 + b1(b1 + 10)z2 − 507 + 24

z − (b1 + 10)
.

The problem of interpolation by the functions Q2/P1 for nodes mentioned above
is investigated. We see that the problem of solvability of interpolation by rational
functions has the spectral character.

We consider now another method of solution of this problem in explicit form.

Ëåììà 1. Let m ≥ n and

(7)
Qm(zk)

Pn(zk)
= Wk, k = 1, 2, . . . ,m− n+ 1.

Then, the following representation holds

Qm(z)

Pn(z)
= Tm−n(z) +

(z − z1)(z − z2) . . . (z − zm−n+1)Qn−1(z)

Pn(z)
,

(8) Tm−n(zk) = wk, k = 1, 2, m− n+ 1.

Really, in the right-hand side the function of the form Rmn is written. All the
conditions (8) evidently hold.

This formula generalizes the interpolation Newton polynomial and represents the
solution of the interpolational problem explicitly.

Really, the Newton formula is as follows:

Fn(z) = λ1 + λ2(z − z1) + · · ·+ λn+1(z − z1)(z − z2) . . . (z − zn).

Using this formula for n = 1 we obtain from (8)

Q1(z)

P1(z)
= λ1 +

(z − z1)

λ2 + λ3(z − z2)
, λk = const, k = 1, 2, 3.
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Substituting here z = z1, z2, z3 subsequently, we have

λ1 = w1, λ2 =
z2 − z1
w2 − w1

, λ3 =
1

z3 − z2

( z3 − z1
w3 − w1

− z2 − z1
w2 − w1

)
.

Acting analogously, we obtain

Q2

P1
= λ1 + λ2(z − z1) +

(z − z1)(z − z2)

λ3 + λ4(z − z3)
,

Q1

P2
=

1

λ1 + λ2(z − z1) + (z−z1)(z−z2)
λ3+λ4(z−z3)

,

Q2

P2
= λ1 +

z − z1
λ2 + λ3(z − z2) + (z−z2)(z−z3)

λ4+λ5(z−z4)

and so on.

Thus, we have constructed the second e�ective method of solution of the interpolational
problem for rational functions; and we do not use here the system of linear equations.

Example 2. Construct the interpolant Q1/P3, given (zk, wk), k = 1, 2, . . . , 5.

Using the lemma, we can write

Q1

P3
=

1
P3

Q1

=
1

T2(z) + (z−z1)(z−z2)(z−z3)
Q1(z)

.

Substituting here z1, z2, z3, we have

T2(z1) =
1

w1
, T2(z2) =

1

w2
, T2(z3) =

1

w3
,

thus, we have found T2(z). Further, we use the remained nodes z4, z5 to derive
Q1(z).

Let, concretely, zk = 0, 1, 2, 3, 4, Wk = −10,−9,−2, 17, 54 (Q3(z) = z3 − 10),
then

T2(z) = − 1

90
(17z2 − 16z + 9), T2(3) = −19

15
, T2(4) = −217

90
;

therefore,

Q1(3) =
765

169
, Q1(4) =

405

41
, Q1(z) =

15

169

[
51 +

2472

41
(z − 3)

]
.

Thus, the interpolant Q1(z)/P3(z) �¾ï Q3(z) is constructed.
At the same time we have found the approximate solution of the equation z3 −

10 = 0, namely z = 2.1541 (more explicitly z = 2.1543). Note, that on the base of
Theorem 1, for solving this problem we divide the polynomials twice

Ω5

Q3
= T2 +

H2

Q3
,

Q3

H2
= A1 +

H1

H2
, H1(z) = 0, z = 2.154.

This method is faster then the �rst one.
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Abstrat. Â ðàáîòå ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ

èñòî÷íèêà ñåéñìè÷åñêèõ èëè àêóñòè÷åñêèõ âîëí. Îáðàòíàÿ çàäà÷à

çàêëþ÷àåòñÿ â îïðåäåëåíèè íåèçâåñòíîãî íà÷àëüíîãî óñëîâèÿ q(x, y)
äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ïî èçìåðåíèÿì fn(t) ñäåëàííûì â

íåêîòîðûõ òî÷êàõ íà ïîâåðõíîñòè (xn, yn), n = 1, 2, . . . ,M . Ìåòîä

îñíîâàí íà äèñêðåòèçàöèè ðàññìàòðèâàåìîé çàäà÷è è ñâåäåíèè äèñ-

êðåòíîé çàäà÷è ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ïðè-

âåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ.

Keywords: inverse soure problem, singular value deomposition, degree

of ill-posedness.

1. Ââåäåíèå

Â ñòàòüå èññëåäóåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ èñòî÷íèêà âîçìóùåíèé

[1, 4, 6, 7℄. �àññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à ïîèñêà íà÷àëüíûõ äàííûõ íà

ïðèìåðå äâóìåðíîãî óðàâíåíèÿ àêóñòèêè â ñëó÷àå, êîãäà äîïîëíèòåëüíàÿ èí-

�îðìàöèÿ çàäàåòñÿ â íåêîòîðûõ òî÷êàõ íà ïîâåðõíîñòè êàê �óíêöèÿ âðåìåíè.

Ïîäîáíûå çàäà÷è âîçíèêàþò â ìîðñêîé àêóñòèêå (íàïðèìåð, çàäà÷è îïðåäåëå-

íèÿ èñòî÷íèêîâ öóíàìè) è ñåéñìèêå [1, 2, 3, 4, 11, 21℄.

Ïðîáëåìà âîññòàíîâëåíèÿ èñòî÷íèêîâ èìååò âàæíåéøåå çíà÷åíèå ïðè âîñ-

ñòàíîâëåíèè èñòî÷íèêîâ çåìëåòðÿñåíèé, îïðåäåëåíèè êîîðäèíàò è ïåðâîíà÷àëü-

íîé �îðìû âîëí öóíàìè, è âî ìíîãèõ äðóãèõ çàäà÷àõ, ñâÿçàííûõ ñ âîëíîâû-

ìè ïðîöåññàìè. Â äàííîé ðàáîòå ïðåäëîæåí ìåòîä âîññòàíîâëåíèÿ íà÷àëüíîãî

Shishlenin M.A. The matrix method in inverse soure problems.

© 2014 Øèøëåíèí Ì.À.
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ñîñòîÿíèÿ, îñíîâàííûé íà ðåøåíèè îáðàòíîé íåêîððåêòíîé çàäà÷è äëÿ ãèïåð-

áîëè÷åñêîãî óðàâíåíèÿ. Îáðàòíàÿ çàäà÷à �îðìóëèðóåòñÿ â îïåðàòîðíîé �îð-

ìå Aq = f . Ïîñëå äèñêðåòèçàöèè îáðàòíîé çàäà÷è ïîëó÷àåòñÿ ñèñòåìà ëèíåé-

íûõ àëãåáðàè÷åñêèõ óðàâíåíèé Aq = f . Ïðîâîäèòñÿ àíàëèç ñèíãóëÿðíûõ ÷èñåë
ìàòðèöû Amn, íà îñíîâå êîòîðîãî ðåàëèçóåòñÿ ìåòîä óñå÷åííîãî ñèíãóëÿðíîãî

ðàçëîæåíèÿ. ×èñëåííî èññëåäóåòñÿ ñòåïåíü íåêîððåêòíîñòè îáðàòíîé çàäà÷è.

Ñ ïîìîùüþ àíàëèçà ñèíãóëÿðíûõ ÷èñåë ïîëó÷åííîé ìàòðèöû ïîêàçàíî, ÷òî

ñ óâåëè÷åíèåì ÷èñëà ïðèåìíèêîâ óâåëè÷èâàåòñÿ ðàçðåøèìîñòü îáðàòíîé çà-

äà÷è, ïîâûøàåòñÿ óñòîé÷èâîñòü ðåøåíèÿ è êîððåêòíîñòü çàäà÷è. Ïðîâåäåíû

ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ äëÿ òî÷íûõ è çàøóìëåííûõ äàííûõ. �åçóëü-

òàòû ðàáîòû âïåðâûå áûëè ïðåäñòàâëåíû íà 6 ìåæäóíàðîäíîé êîí�åðåíöèè

�Inverse Problems: Modeling and Simulation�, 21�26 ìàÿ, 2012, Àíòàëèÿ, Òóðöèÿ

[15℄.

2. Ïîñòàíîâêà çàäà÷è

�àññìîòðèì ïðÿìóþ çàäà÷ó:

(1) utt = c2(x, y)∆u, (x, y) ∈ Ω, t ∈ (0, T );

(2) u|t=0 = q(x, y);

(3) ut|t=0 = 0;

(4) u|∂Ω = 0.

Â ïðÿìîé çàäà÷å (1)�(4) íåîáõîäèìî îïðåäåëèòü �óíêöèþ u(x, y, t) ïî çàäàí-
íûì q(x, y), c(x, y) è ãðàíè÷íûì óñëîâèÿì (4).

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè �óíêöèè q(x, y) èç ñîîòíîøå-
íèé (1)�(4), åñëè èçâåñòíà ñëåäóþùàÿ äîïîëíèòåëüíàÿ èí�îðìàöèÿ

(5) u(xm, ym, t) = fm(t), m = 1,M.

Ïîäîáíàÿ çàäà÷à ìîæåò áûòü óñòîé÷èâî ðåøåíà òîëüêî ïðè î÷åíü ñèëüíûõ

àïðèîðíûõ ïðåäïîëîæåíèÿõ î �óíêöèè q(x, y). Â ëþáîì ñëó÷àå ïî íàáëþäå-

íèÿì çà êîëåáàíèÿìè ïîâåðõíîñòè íà M òî÷êàõ âîçìîæíî îïðåäåëèòü ëèøü

êîíå÷íîå ÷èñëî (íå áîëåå ÷åì M) �óíêöèé îäíîé ïåðåìåííîé. �ÿä ðåçóëüòàòîâ

èññëåäîâàíèÿ ýòîé çàäà÷è ïðèâåäåí â [19, 22, 20, 2, 3, 4, 11, 21℄.

Íåêîððåêòíîñòü îáðàòíîé çàäà÷è (1)�(5) èññëåäîâàíà â [6℄.

Â ðàáîòå [11℄ äîêàçàíî, ÷òî îïåðàòîð îáðàòíîé çàäà÷è ÿâëÿåòñÿ êîìïàêòíûì

è íà îñíîâå ïðîåêöèîííîãî ìåòîäà, ñèíãóëÿðíîãî ðàçëîæåíèÿ è r-ðåøåíèÿ [10℄

ïîñòðîåí ÷èñëåííûé àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è. Â ñèëó êîìïàêòíî-

ñòè îïåðàòîðà, ëþáàÿ êîíå÷íî-ðàçíîñòíàÿ àïïðîêñèìàöèÿ îïåðàòîðà ìàòðè-

öåé ðàçìåðíîñòè K × L áóäåò ñõîäèòñÿ ê îïåðàòîðó ïðè K, L → ∞ è òàêæå

qKL(x, y) → q(x, y) (åñëè ðåøåíèå ñóùåñòâóåò). Ñõîäèìîñòü r-ðåøåíèÿ êîíå÷-

íîé ñèñòåìû ëèíåéíûõ àëãåáüðàè÷åñêèõ óðàâíåíèé ê r-ðåøåíèþ îïåðàòîðíîãî

óðàâíåíèÿ èññëåäîâàíà â [10℄.

Â [4℄ èññëåäîâàíà îäíîìåðíàÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ èñòî÷íèêà. Äî-

êàçàíà òåîðåìà î ðàçðåøèìîñòè îáðàòíîé çàäà÷è è ïîñòðîåí ÷èñëåííûé àëãî-

ðèòì îñíîâàííûé íà ðåøåíèè ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé.

Â äàííîé ñòàòüå ðåøåíà äèñêðåòíàÿ ëèíåéíàÿ îáðàòíàÿ çàäà÷à. Âî-ïåðâûõ,

ïðè ÷èñëåííîì ðåøåíèè çàäà÷è èñïîëüçóåòñÿ ïðîåêöèÿ íà íåêîòîðîå êîíå÷-

íîå ïîäïðîñòðàíñòâî (ìåòîä-êîíå÷íûõ ðàçíîñòåé, ìåòîä êîíå÷íûõ ýëåìåíòîâ
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è ò.ä.). Âî-âòîðûõ, â ïðèëîæåíèÿõ äàííûå î �óíêöèè c(x, y), êàê ïðàâèëî,

çàäàþòñÿ â âèäå òàáëè÷íîãî çíà÷åíèÿ. Óêàçûâàåòñÿ ñïîñîá ñâåäåíèÿ äèñêðåò-

íîé îáðàòíîé çàäà÷è ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Àíàëèç

ñèíãóëÿðíûõ ÷èñåë ìàòðèöû ïîëó÷åííîé ñèñòåìû, ïîçâîëÿåò îöåíèòü íåêîð-

ðåêòíîñòü çàäà÷è è ïîñòðîèòü ý��åêòèâíûé àëãîðèòì ëîêàëèçàöèè èñòî÷íèêà

âîëí íà îñíîâå r-ðåøåíèÿ. ×èñëåííî ïîêàçàíî, ÷òî ñ óâåëè÷åíèåì ÷èñëà ïðè-

åìíèêîâ óìåíüøàåòñÿ íåêîððåêòíîñòü çàäà÷è (÷èñëî îáóñëîâëåííîñòè ÑËÀÓ

óìåíüøàåòñÿ).

3. Ïîñòàíîâêà äèñêðåòíîé îáðàòíîé çàäà÷è. Ñâåäåíèå îáðàòíîé

çàäà÷è ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ñâåäåì îáðàòíóþ çàäà÷ó (1)�(5) ê äèñêðåòíîé îáðàòíîé çàäà÷å. Ïóñòü îá-

ëàñòü Ω = [0, Lx] × [0, Ly], hx = Lx/Nx, hy = Ly/Ny. Øàã ïî âðåìåíè ht

âûáèðàåòñÿ èç óñëîâèÿ Êóðàíòà, Nt = T/ht. Ââåäåì äèñêðåòíóþ �óíêöèþ

uk
i,j = u(ihx, jhy, nht). Çàìåíèì ïðîèçâîäíûå êîíå÷íî-ðàçíîñòíûìè àíàëîãàìè

è ïîëó÷èì ñëåäóþùóþ äèñêðåòíóþ îáðàòíóþ çàäà÷ó:

Çàìåíèì ïðîèçâîäíûå ñëåäóþùèìè êîíå÷íî-ðàçíîñòíûìè àíàëîãàìè è ïî-

ëó÷èì äèñêðåòíóþ çàäà÷ó

(6)

uk+1
i,j − 2uk

i,j + uk−1
i,j

h2
t

= c2ij

(

uk
i−1,j − 2uk

i,j + uk
i−1,j

h2
x

+
uk
i,j−1 − 2uk

i,j + uk
i,j−1

h2
y

)

,

ãäå i = 1, Nx − 1, j = 1, Ny − 1;

(7) u0
i,j = qi,j , i = 0, Nx, j = 0, Ny;

(8) u1
i,j = qi,j +

c2ijh
2
t

2

(

qi−1,j − 2qi,j + qi−1,j

h2
x

+
qi,j−1 − 2qi,j + qi,j−1

h2
y

)

,

ãäå i = 1, Nx − 1, j = 1, Ny − 1;

(9) uk
0,j = uk

Nx,j = 0, j = 0, Ny, k = 0, Nt;

(10) uk
i,0 = uk

i,Ny
= 0, i = 0, Nx, k = 0, Nt;

(11) uk
mi,mj

= fk, i = 0,M, j = 0,M k = 0, Nt.

Äèñêðåòíàÿ ïðÿìàÿ çàäà÷à (6)�(10) çàêëþ÷àåòñÿ â îïðåäåëåíèè �óíêöèè uk
i,j

ïî èçâåñòíûì �óíêöèÿì ci,j è qi,j .
Îáðàòíàÿ çàäà÷à (6)�(11) çàêëþ÷àåòñÿ â îïðåäåëåíèè �óíêöèè qi,j ïî èç-

âåñòíûì �óíêöèÿì ci,j è fi,j .
Ââåäåì âåêòîð

~V k = (vk0,0, . . . , v
k
0,Ny

, vk1,0, . . . v
k
1,Ny

, . . . , vkNx,0, . . . , v
k
Nx,Ny

).

Ïåðåïèøåì ïðÿìóþ çàäà÷ó (6)�(11) â ìàòðè÷íî-âåêòîðíîé �îðìå. Äëÿ ýòîãî

ïåðåïèøåì óðàâíåíèå (6) â ñëåäóþùåì âèäå:

(12)

~V k+1 = B~V k − ~V k−1.

Ìàòðèöà B ñîñòîèò èç ýëåìåíòîâ êîíå÷íî-ðàçíîñòíîé ñõåìû (6) è ãðàíè÷íûõ

óñëîâèé (9), (10) è èìååò ðàçìåðíîñòü (Nx + 1)(Ny + 1)2.
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Îáîçíà÷èì

aij =
h2
t

h2
x

c2(ihx, jhy);

bij = 2

[

1− c2(ihx, jhy)

(

h2
t

h2
x

+
h2
t

h2
y

)]

;

dij =
h2
t

h2
y

c2(ihx, jhy).

Òîãäà ìàòðèöó B ìîæíî çàïèñàòü â 5-òè äèàãîíàëüíîì âèäå

B =















0 0 0 . . . 0 0 0 0 0 0 . . . 0 0 . . . 0 0 0 0
0 a11 0 . . . 0 d11 b11 d11 0 0 . . . a11 0 . . . 0 0 0 0
0 0 a12 . . . 0 0 d12 b12 d12 . . . 0 0 a12 . . . 0 0 0 0

0 0 0 . . .
.

.

. 0 0
.

.

.

.

.

.

.

.

. 0 . . . . . .
.

.

. 0 0 0
0 0 0 . . . 0 0 0 0 0 . . . 0 0 . . . . . . 0 0 0















.

Ýëåìåíòû ìàòðèöû B ñòðîÿòñÿ ïî ñëåäóþùåìó àëãîðèòìó:

Bi(Ny+1)+j+1,(i+1)(Ny+1)+j+1 = aij ;

Bi(Ny+1)+j+1,i(Ny+1)+j+1 = bij ;

Bi(Ny+1)+j+1,(i−1)(Ny+1)+j+1 = aij ;

Bi(Ny+1)+j+1,i(Ny+1)+j+2 = dij ;

Bi(Ny+1)+j+1,i(Ny+1)+j = dij .

Çäåñü i = 1, Nx − 1, j = 1, Ny − 1.
Íà÷àëüíûå óñëîâèÿ ïåðåïèøóòñÿ â ñëåäóþùåì âèäå:

(13) U0 = Q.

Â ñèëó (12) è îïðåäåëåíèÿ ìàòðèöû B óñëîâèå (8) ìîæíî ïåðåïèñàòü â ñëå-

äóþùåì âèäå:

(14) U1 = 0.5BQ.

Ñíà÷àëà ñâåäåì ïðÿìóþ çàäà÷ó ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-

íåíèé.

Ëåììà 1. Äèñêðåòíóþ ïðÿìóþ çàäà÷ó â ìîìåíò âðåìåíèNt (12)�(14) ìîæíî

ïðåäñòàâèòü â âèäå

(15)

~V Nt = ANt
~Q.

Ìàòðèöà ANt
èìååò ðàçìåðíîñòü (Nx + 1)(Ny + 1)2.

Äîêàçàòåëüñòâî. �àññìîòðèì óðàâíåíèå (12) êàê ðåêêóðåíòíîå ñîîòíîøåíèå.

Î÷åâèäíî, ÷òî

[

~V k+1

~V k

]

=

[

B −I

I 0

] [

~V k

~V k−1

]

.

Çäåñü I � åäèíè÷íàÿ ìàòðèöà. Òîãäà

[

V k+1

V k

]

=

[

B −I

I 0

]k [ ~V 1

~V 0

]

=

[

B −I

I 0

]k (
0.5BQ
Q

)

.
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Îáîçíà÷èì

̂A(k) =

[

A11(k) A12(k)
A21(k) A22(k)

]

:=

[

B −I

I 0

]k

.

Òîãäà

(

V Nt

V Nt−1

)

= ̂A(Nt − 1)

(

0.5BQ
Q

)

.

Òàêèì îáðàçîì ïîëó÷àåì, ÷òî

(16) V Nt = 0.5A11(Nt − 1)BQ+ A12(Nt − 1)Q =

= [0.5A11(Nt − 1)B+ A12(Nt − 1)]Q.

Îáîçíà÷èì

A = 0.5A11(Nt − 1)B+ A12(Nt − 1).

Ïîëó÷àåì óòâåðæäåíèå ëåììû

V Nt = AQ.

�

4. Äèñêðåòíàÿ îáðàòíàÿ çàäà÷à. Îäíî èçìåðåíèå

�àññìîòðèì ñëó÷àé âîññòàíîâëåíèÿ íà÷àëüíîãî ñîñòîÿíèÿ â ñëó÷àå êîãäà

äîïîëíèòåëüíûå äàííûå èçìåðÿþòñÿ â îäíîé òî÷êå. Ñëó÷àé M ïðèåìíèêîâ

ðàññìîòðèì ïîçäíåå.

Äàííûå îáðàòíîé çàäà÷è (11) ìîæíî ñ�îðìóëèðîâàòü â ñëåäóþùåì âèäå

(17) (Si,j , U
k) = fk, k = 0, Nt.

Çäåñü âåêòîð Si,j îòâå÷àåò çà êîîðäèíàòû èñòî÷íèêà. Òàêèì îáðàçîì, ìû ïî-

ëó÷èëè ñëåäóþùóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

(Si,j , Q) = f0,

(Si,j , U
1) = f1,

(Si,j , U
2) = f2,

.

.

.

(Si,j , U
Nt) = fNt .

Ó÷èòûâàÿ ïîëó÷åííûå ðàííåå ïðåäñòàâëåíèÿ (15), ìîæíî ïåðåïèñàòü ñèñòåìó

â ñëåäóþùåì âèäå:

(Si,j , Q) = f0,

(Si,j , 0.5B, Q) = f1,

(Si,j ,A(1), Q) = f2,

.

.

.

(Si,j ,A(Nt − 1), Q) = fNt .
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Òàêèì îáðàçîì îáðàòíàÿ çàäà÷à ïî âîññòàíîâëåíèþ èñòî÷íèêà âîëí ñâîäèòñÿ

ê ñëåäóþùåé ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:











Sij

0.5B∗Sij

.

.

.

A
∗(Nt − 1)Si,j











Q =











f0

f1

.

.

.

fNt











.

Ïîëó÷åííàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ÿâëÿåòñÿ íåäîîïðå-

äåëåííîé è ñîñòîèò èç Nt + 1 óðàâíåíèé è (Nx + 1) (Ny + 1) íåèçâåñòíûõ.

5. Äèñêðåòíàÿ îáðàòíàÿ çàäà÷à. M èçìåðåíèé

Â ïðåäûäóùåì ïàðàãðà�å ìû ïîñòðîèëè ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ

óðàâíåíèé, ÿâëÿþùóþñÿ àíàëîãîì äèñêðåòíîé îáðàòíîé çàäà÷è îïðåäåëåíèÿ

èñòî÷íèêà âîëí â ñëó÷àå îäíîãî èçìåðåíèÿ

A1q = f1.

Ïóñòü èìååòñÿ M ïðèåìíèêîâ. Òîãäà äëÿ êàæäîãî èç íèõ ìîæíî ïîñòðîèòü

ÑËÀÓ âèäà

Ajq = fj , j = 1,M.

�àññìîòðèì ðàñøèðåííóþ ñèñòåìó

Aq = f,

ãäå

A =











A1

A2

.

.

.

AM











, f =











f1
f2
.

.

.

fM











.

�àñøèðåííàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé Aq = f ÿâëÿåòñÿ

äèñêðåòíûì àíàëîãîì îáðàòíîé çàäà÷è â ñëó÷àå M èçìåðåíèé è ñîñòîèò èç

M(Nt + 1) óðàâíåíèé è (Nx + 1) (Ny + 1) íåèçâåñòíûõ.

6. Ìåòîä ñèíãóëÿðíîãî ðàçëîæåíèÿ è r-ðåøåíèå

�àññìîòðèì àëãîðèòì ðåøåíèÿ ÑËÀÓ Amnqn = fm, ïðåäëîæåííûé â [8℄.

Çäåñü Amn ∈ R
m ×R

n
� ïðÿìîóãîëüíàÿ ìàòðèöà qn ∈ R

n
, fm ∈ R

m
� âåêòîðà.

Ïî òåîðåìå î ñèíãóëÿðíîì ðàçëîæåíèè ñóùåñòâóþò îðòîãîíàëüíûå ìàòðèöû

Umm è Vnn è íàáîð íåîòðèöàòåëüíûõ ÷èñåë {σj}, ÷òî

Amn = UmnΣmnV
T
nn.

Çäåñü

Σ =











σ1 0 0 0
0 σ2 0 0
.

.

.

.

.

.

.

.

.

.

.

.

0 0 · · · σm











.

σn íàçûâàþòñÿ ñèíãóëÿðíûìè ÷èñëàìè ìàòðèöû A è âûïîëíÿåòñÿ σn+1 ≤ σn.

Ïåðåïèøåì çàäà÷ó AQ = F â âèäå:

UmmΣmnV
T
nnqn = fm.
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Ïîëîæèì zn = V
T
nnqn. Òîãäà qn = Vnnzn. Îòêóäà ïîëó÷àåì, ÷òî

ΣmnZn = U
T
mmfm = gm.

Ñëåäîâàòåëüíî zj =
gj
σj
, åñëè σj 6= 0 (j = 1, 2, . . . ,Mxy). Ïðè σj = 0 ïîëàãàåì

zj = 0.
Ïîñòðîåíî íîðìàëüíîå ïñåâäîðåøåíèå q

np

= Vnnzn [5℄.

Â ñèëó íåêîððåêòíîñòè îáðàòíîé çàäà÷è (6)�(11), ñèíãóëÿðíûå ÷èñëà ìàòðè-

öû A ìîãóò áûòü ìàëûìè âåëè÷èíàìè. Â ýòîì ñëó÷àå ïðè íàõîæäåíèè zj =
gj
σj

áóäóò ïîëó÷àòüñÿ î÷åíü áîëüøèå ÷èñëà.

Ñòðîèòñÿ r-ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé [8, 5, ?℄:

íà÷èíàÿ ñ íåêîòîðîãî íîìåðà r σj ïîëàãàþòñÿ ðàâíûìè íóëþ. Âûáîð íîìåðà

r ñîãëàñîâàíî ñ óðîâíåì ïîãðåøíîñòè δ â äàííûõ îáðàòíîé çàäà÷è, èñïîëüçóÿ

ñëåäóþùèé êðèòåðèé

r = argmin
p

‖Aqp − fδ‖.

Çäåñü qp ðåøåíèå ñèñòåìû, ó êîòîðîé σj ðàâíû íóëþ íà÷èíàÿ ñ íîìåðà p.

7. ×èñëåííûå ðàñ÷åòû

Çà�èêñèðîâàíû ñëåäóþùèå ïàðàìåòðû: Lx = 8, Ly = 8 Nx = 50, Ny = 50,
T = 0.09, èç óñëîâèÿ Êóðàíòà Nt = 38. Òî÷íîå ðåøåíèå q(x, y) ïðèâåäåíî íà

ðèñ. 1. Íà ðèñ. 1 ñïðàâà ïðèâåäåí ãðà�èê �óíêöèè ñêîðîñòè ðàñïðîñòðàíåíèÿ

âîëí c(x, y).
Ïðèáëèæåííûå äàííûå áðàëèñü â ñëåäóþùåì âèäå:

fε(x, y) = f(x, y)
(

1 +
ε

100
β
)

.

Çäåñü ε � óðîâåíü øóìà â äàííûõ â %, β � ñëó÷àéíîå ÷èñëî ðàâíîìåðíî ðàñ-

ïðåäåëåííîå íà îòðåçêå [−1, 1] äëÿ �èêñèðîâàííîãî x è y.
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�èñ. 1. Ñëåâà � òî÷íîå ðåøåíèå q(x, y). Ñïðàâà � ñêîðîñòü ðàñ-
ïðîñòðàíåíèÿ âîëí c(x, y)

×èñëåííûå ðàñ÷åòû äëÿ îäíîãî ïðèåìíèêà ïðèâåäåíû íà ðèñ. 2, 3. Ïðèåìíèê

ðàñïîëîæåí â òî÷êå x1 = 5.28, y1 = 5.28.
×èñëåííûå ðàñ÷åòû äëÿ äâóõ ïðèåìíèêîâ ïðèâåäåíû íà ðèñ. 5, 5. Ïðèåìíèêè

ðàñïîëîæåíû â òî÷êàõ: x1 = 5.28, y1 = 5.28 è x2 = 2.64, y2 = 2.64.
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t
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�èñ. 2. Òî÷íûå äàííûå îáðàòíîé çàäà÷è f1(t) = u(x1, y1, t).
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�èñ. 3. Ñëåâà � òî÷íîå ðåøåíèå q(x, y). Ñïðàâà � ðåøåíèå ïî-
ëó÷åííîå ïî îäíîé äîïîëíèòåëüíîé èí�îðìàöèè
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�èñ. 4. Ñëåâà � òî÷íûå äàííûå îáðàòíîé çàäà÷è f1(t) =
u(x1, y1, t). Ñïðàâà � òî÷íûå äàííûå îáðàòíîé çàäà÷è f2(t) =
u(x2, y2, t)

Çàêëþ÷åíèå

Îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ èñòî÷íèêà âîëí ñâîäèòñÿ ê äèñêðåòíîìó àíà-

ëîãó. Äèñêðåòíûé àíàëîã îáðàòíîé çàäà÷è ïîçâîëÿåò çàïèñàòü çàäà÷ó â âèäå

ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.
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�èñ. 5. Ñëåâà � òî÷íîå ðåøåíèå q(x, y). Ñïðàâà � ðåøåíèå ïî-
ëó÷åííîå ïî äâóì äîïîëíèòåëüíûì èí�îðìàöèÿì

Íà îñíîâå ìåòîäà ñèíãóëÿðíîãî ðàçëîæåíèÿ ñòðîèòñÿ ðåãóëÿðèçèðóþùèé àë-

ãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è îïðåäåëåíèÿ èñòî÷íèêà àêóñòè÷åñêèõ âîëí,

êîòîðûé ó÷èòûâàåò àïðèîðíóþ èí�îðìàöèþ î ðåøåíèè çàäà÷è è óðîâåíü îøè-

áîê â äàííûõ.

Àíàëèç ñèíãóëÿðíûõ ÷èñåë ïîëó÷åííîé ìàòðèöû ïîêàçàë, ÷òî ñ óâåëè÷åíèåì

ïðèåìíèêîâ ïîâûøàåòñÿ ðàçðåøàþùàÿ ñïîñîáíîñòü çàäà÷è è óñòîé÷èâîñòü.

Ïîñòðîåííûé àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è íà îñíîâå ìåòîäà ñèíãó-

ëÿðíîãî ðàçëîæåíèÿ [8℄ ïîçâîëÿåò ó÷èòûâàòü àïðèîðíóþ èí�îðìàöèþ î ìåñòàõ

âîçìîæíîãî ðàñïîëîæåíèÿ èñòî÷íèêîâ [8, 5℄.

Ïðåäëîæåíííûé â äàííîé ðàáîòå ïîäõîä ìîæíî ïðèìåíèòü äëÿ ðåøåíèÿ

ëèíåéíûõ îáðàòíûõ è íåêîððåêòíûõ çàäà÷ äëÿ óðàâíåíèé âèäà Lu = utt, Lu =
ut è Lu = 0, ãäå L � ýëëèïòè÷åñêèé îïåðàòîð ñ ïðîèçâîëüíûìè ãðàíè÷íûìè

óñëîâèÿìè [23, 24, 25, 26℄.

Ïðîáëåìà áûñòðîãî ðîñòà òðåáóåìîé ïàìÿòè äëÿ õðàíåíèÿ èí�îðìàöèè ðå-

øàåìà ñîâðåìåííûìè ìåòîäàìè ñæàòèÿ èí�îðìàöèè (íàïðèìåð, èñïîëüçîâàíèå

áèáëèîòåê ñ ðàçðåæåííûìè ìàòðèöàìè) èëè ñ ïîìîùüþ ìåòîäîâ òåíçîðíîãî

àíàëèçà [12, 13℄.

Ñ ïîìîùüþ ïðåäëîæåííîãî àëãîðèòìà ïîëó÷åííîå ðåøåíèå î ëîêàëèçàöèè

èñòî÷íèêà àêóñòè÷åñêèõ è ñåéñìè÷åñêèõ âîëí ìîæíî èñïîëüçîâàòü êàê õîðî-

øåå íà÷àëüíîå ïðèáëèæåíèå äëÿ èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ íà áîëüøèõ

ñåòêàõ ñ ó÷åòîì àïðèîðíîé èí�îðìàöèè î ðåøåíèè îáðàòíîé çàäà÷è [27, 28℄.
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