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ON ASYMPTOTIC CURVES AND VALUES IN THE THEORY
OF MAPPINGS WITH WEIGHTED BOUNDED DISTORTION

M.V. TRYAMKIN

ABSTRACT. We show that a mapping with weighted bounded (p, q)-
distortion can be extended to the set whose family of asymptotic curves
has weighted modulus zero. We also state some results about asymptotic
values, in particular, the counterpart to Iversen’s theorem for mappings
with weighted bounded (n,n)-distortion.
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1. INTRODUCTION

In the 1960s and 1970s, Yu.G. Reshetnyak published a series of papers that
laid the foundations of the theory of mappings with bounded distortion (see the
monograph [1]). Let  be a domain in the Euclidean space R™, n > 2. A mapping
f= (1, fn): 2 = R™ of class W', (Q) is called a mapping with bounded

n,loc

distortion if there exists a constant K € [1, 00) such that the inequality | D f(z)|" <
KJ(x, f) holds almost everywhere in 2. The symbol |Df(z)| denotes the operator

norm of the Jacobi matrix D f(z) = (%(m))i,jzl,,,,7n, and J(z, f) = det Df(x).

A number of investigations in quasiconformal analysis deal with the problem of
removable singularities. Let F' C € be a closed set and f: Q\ F' — R™ a mapping
with bounded distortion. It is known [2, Theorem 4.1] that if cap(F; W} (R")) =
0 and cap(R™ \ f(Q\ F);W}(R")) > 0, then f admits a continuous extension
f: Q= R?, where R* = R"U {oo}. This result can be strengthened. Recall that a
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curve : [0,1) — R™ is said to be asymptotic for a point x € F' if there is a curve
a: [0,1) = Q\ F such that foa = 8 and , li{noa(t) = z. E. A. Poletskil proved
frg gl

the following

Proposition 1 ([3, Theorem 3]). Suppose f: Q\F — R" is a mapping with bounded
distortion, F' C ) is a closed set, dim F' < n — 2, and Tisa family of asymptotic
curves for the set F. If mod, T' = 0 and cap(R™ \ f(2\ F); WL(R")) > 0, then f
can be extended to a continuous mapping f: Q — Rn.

This assertion is stronger than [2, Theorem 4.1], since, as shown in [3, Example 1],
the following situation is possible: cap(F; WL (R™)) > 0 but mod, I' = 0.

Along with removal of singularities we are also interested in questions relating
to the notion of asymptotic value. A mapping f: Q@ — R™ has an asymptotic value
cat apoint be 9N ifc= t_lgriof(fy(t)) for some curve v: [0,1) — Q with v(¢) — b

as t — 1 — 0. We mention a couple of results concerning this notion.

Proposition 2 ([4, Theorem 2.4]). Let f: B(0,1) — R™ be a mapping with bounded
distortion and cap(R™\ f(B(0,1)); WX(R™)) > 0. If E C S(0,1) is the set of points
at which f has some asymptotic value, then cap(E N B(y,e); W(R™)) > 0 for all
y € 5(0,1) and e > 0.

Proposition 3 (the counterpart to Iversen’s theorem, [4, Theorem 2.6]). Let
f:Q — R™ be a mapping with bounded distortion and b € 02 an isolated boundary
point. If b is an essential singularity of f, then every point in R™ \ f(Q) is an
asymptotic value of f.

The aim of this paper is to establish the analogs of the above-stated propositions
for the class of mappings which have recently been introduced by S. K. Vodop’yanov.
This class serves as a natural generalization of the class of mappings in the Reshet-
nyak sense.

Definition 1 ([5]). Let #,0: R™ — [0, 00] be locally integrable functions (called
weighted) such that § > 0, o > 0 almost everywhere. A mapping f: Q — R™ is
called a mapping with (6, o)-weighted bounded (p, q)-distortion, n —1 < g < p < o0,
if
) f is continuous, open, and descrete;
) f belongs to the Sobolev class W ,,.(Q);
) J(z, f) > 0 for almost all z € Q;
) The mapping f has finite distortion, which means that for almost all z € Q
the equality J(z, f) = 0 implies D f(z) = 0;

5) The function of local (0, o)-weighted ¢-distortion

1
2
3
4

1
_0T@IDI@L i g, f) £ 0,

Q33— K2 (2,f) =S ov (f@)I(x.)
0’ if J(Z,f):(),

belongs to the class L, (€2), where s is determined from the condition i =

=

1
q
(3 = oo for g = p).

Denote by K2 (f;€) the quantity || K27 (-, f) | L,.(Q)].

In Section 3 we state and prove the theorems which generalize Propositions 1,
2, and 3 to the class of mappings satisfying Definition 1.
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2. PRELIMINARIES

2.1. Sobolev classes. Throughout the text the symbol 2 denotes a domain (i. e.,
an open connected set) in R™. For a domain U C R™, we use the notation U € Q
in order to indicate that U is bounded and U C €. Given zy € R™ and r > 0, let
B(zo,7) ={y € R™ | |y — zo| < r}, S(xo,r) = IB(x0,T).

Suppose u: @ — R is a function of class Lq 10c(€2). If there exists a function
v; € L110c(), © = 1,...,n, such that for every test function ¢ € C§°(2) the
equality

/u(x) g:i (z)dx = — /vi(x)go(x) dx

Q Q
holds, then v; is called the generalized partial derivative of u with respect to x; and
written as %. Denote by Vu the vector-function (g—;‘l, e 88; ).

Let p > 1. A mapping u: 2 — R that has in € the generalized partial derivatives
with respect to all variables belongs to the Sobolev space W, (€2) whenever u € L, (Q)
and §% € L,(Q) for alli =1,...,n.

We say that a mapping f = (f1,..., fn): @ — R" lies in the Sobolev class WZ} (Q)
(W 10c(Q)) if all f; € W(Q) (all f; € W, (U) for any domain U € Q).

2.2. Dimension. In this section we recall the notion of topological dimension and
some of its properties.

Definition 2 ([6, Definition III 1]). Let F' be a subset of R”. The empty set and
only the empty set has dimension —1. The set F' has dimension < k, 0 < k < n,
at a point x € F if x has arbitrarily small neighborhoods whose boundaries have
intersections with F' of dimension < n—1. The set F' has dimension < k, dim F < k,
if F' has dimension < k at each of its points. The set F' has dimension k at a point
xz € F if it is true that F has dimension < k at x and it is false that F has
dimension < k — 1 at x. Finally, the set F' has dimension k, dim F' = k, if it is true
that dim F' < k and it is false that dim F' < k — 1.

Proposition 4 ([6, Theorem IV 3]). Suppose U is a subset of R™. Then dimU =n
if and only if U contains a non-empty set which is open in R™.

Proposition 5 ([6, Ch. IV, Sec. 5, Corollary 1]). Let Q be a domain in R™ and let
FcCQ IfdimF <n—2, then the set Q\ F is connected.

Remark 1. In R™ the concept of Hausdorff dimension is widely used as well. It
follows from [6, Theorem VII 2] that the topological dimension of a set does not
exceed its Hausdorff dimension.

2.3. Capacity. Here we present several kinds of capacity. A more thorough exposition
can be found in [7, §].

In what follows we shall assume that a function w: R™ — [0, oo] (called weighted)
is different from zero almost everywhere and locally integrable.

Definition 3. By a condenser we understand a pair E = (U, K), where U C R"”
is open and K C U is compact. The number

cap, E = uev&&qu) / |Vu(z)Pw(z) dz,
U

where Wo(K,U) ={u e CFU) |0 <u <1, ulxg =1}, p € [1,00), is said to be the
w-weighted p-capacity of the condenser E. For w =1, we simply write cap,, .



ON ASYMPTOTIC CURVES AND VALUES 691

Definition 4. Let U be a domain in R™ and let K C U be compact. The w-weighted
p-capacity of the compact set K in the space W;(U,w) is the quantity

cap(K; W, (U,w)) = uGWi';l(g(,U) /up(a:)w(as) dx+/|Vu(w)|pw(x) dx
U

If w = 1, we write cap(K; W} (U)). The notion of capacity (for w = 1) can be
extended to arbitrary sets in the well-known way (see, e.g., [7, Sec. 7.2.1]).

We shall consider separately the case when K is a one-point set. Let € be a
domain in R™ and x¢ € €. The point zq is said to have w-weighted p-capacity zero
in Q if, for some open ball B(xg, R) C 2, we have cap({zo}; Wpl(B(xo,R),w)) =0.
The latter relation, in view of Definition 3, 4, and [8, Theorem 2.2 (iv)], implies the
equalities

cap, ({zo}, B(wo, R)) = Tlii%capz“j(B(a:o, R), B(xg,7)) = 0.
The following statements will be needed below.

Proposition 6 ([4, Lemma I11.2.6]). Let E be a compact set in R", cap(E; W,1(R™)) >
0, and C a continuum in R™\ E. Then, for every a > 0, there exists 6 > 0 such
that cap,,(R™ \ E,C) > ¢, provided that diam C > a.

Proposition 7 ([7, Sec. 9.1.2, Proposition 1]). Let C be a continuum in R™ and
p € (n—1,n). Then cap,(R",C) > A(diam C')"~P, where a constant X > 0 depends
only on p and n.

Next we state two assertions about the relationship between Hausdorff measures
and capacities. The symbol H?* stands for the usual s-dimensional Hausdorff measure
in R™. In the unweighted case we have the following

Proposition 8 ([8, Theorem 2.26]). Suppose that E is a subset of R™ such that
cap(E; W, (R™)) =0, where 1 < p <n. Then H*(E) =0 for all s > n —p.

In the weighted case we consider the Muckenhoupt class 4,, p € (1,00), which
consists of all locally integrable functions w: R™ — [0, o] such that

p—1

_1 1 1/(1-p)
sup 7 (B) /wdz H(B) /w dx < 00,
B B

where the supremum is taken over all balls B in R™.

Proposition 9 ([8, Corollary 2.33|). Let w € A, and define py = inf{q | w € Ay}.
Then po < p. If cap(E; W) (R™,w)) = 0, then H*(E) =0 for all s > n — p/po.

A more detailed discussion of classes A, can be found in, e. g., [8], [9, Ch. V].

2.4. Path lifting. Let I be an interval in R. This interval (possibly unbounded)
may be open, closed, or half-open. A curve in R™ is a continuous mapping a: I —
R™. Set |a| = a(I).

Definition 5 ([4, Ch. II, Sec. 3]). Suppose f:  — R™ is a continuous, discrete,
open, and sense-preserving mapping, 3: [a,b) — R" is a curve and = € f~1(5(a)).
A curve a: [a,c) — Q is called a mazimal f-lifting of B starting at x if (i) a(a) = x;
(ii) foa = Bfq,e; (iii) if ¢ < ¢’ < b, then there does not exist a curve o' : [a,c’) — Q
such that a = &/|[4,c) and foa' = B|4,c-
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Remark 2. Analogously, we may define a mazimal f-lifting of 5 terminating at x
in the case 8: (b,a] — R™ and z € f~1(B(a)).

Proposition 10 ([4, Corollary I1.3.3]). Let f: Q — R™ be continuous, discrete,
open, and sense-preserving, let 8: [a,b) — R™ (respectively, §: (b,a] — R™) be a
curve and let x € f~Y(B(a)). Then B has a mazimal f-lifting starting (respectively,
terminating) at x.

Remark 3. A mapping with (6, 0)-weighted bounded (p, ¢)-distortion is sense-
preserving, since its Jacobian is nonnegative.

2.5. Modulus. Let I" be a family of curves in R™, n > 2. A Borel function p: R™ —
[0, o¢] is called admissible for I if fv pds > 1 for every locally rectifiable curve v € T'.
The collection of all admissible functions is denoted by admT'. Let p € [1, c0).

Definition 6. The w-weighted p-modulus of the family I' is the number

pEadm

mod, I' = inf F/ppwdx.
RTL

For w =1, we write mod, I'.

A more detailed information about (unweighted) moduli can be found in [4,
Ch. II] or [10, Ch. 1].

It is useful to point out one simple property. We shall write I'y < I'y if each curve
~ € 'y has a subcurve which belongs to I'y. If I'y < I's, then mod;’ Iy > mod;’ Ts.
Notice that I'y D I's implies I'y < I's.

The following assertion is of great importance.

Proposition 11 ([4, Proposition 11.10.2]). Let E = (U, K) be a condenser and
let Tg be the family of all curves of the form v: [a,b) — U with v(a) € K and
V[N (UN\C) #D for every compact set C C U. Then cap, E = mod, I'g.

Next we formulate the analog of Poletskil’s inequality for the class of mappings
from Definition 1.

Proposition 12 (|11, Theorem 1]). Suppose that f: Q& — R™ is a mapping with
(0, 1)-weighted bounded (p,q)-distortion, n — 1 < ¢ < p < o0, and the weighted

function w(z) = Ay (x) is locally integrable. If T is a family of curves in
then

(mod, f(I)M?" < KOL(f;0)" "} (mod? T)V/¥,

where p’ = p_(Z_l), q =

q
q—(n—-1)"

2.6. Essential singularities. An isolated boundary point b € 90X is said to be an
essential singularity of a mapping f: Q — R™ if f has no limit at b.
The following proposition is the analog of the Sokhotskii—Weierstrass theorem.

Proposition 13 ([5, Corollary 6]). Let f: Q — R™ be a nonconstant mapping with
(0,1)-weighted bounded (n,n)-distortion, and let b € 9Q be an isolated boundary
point which has w-weighted n-capacity zero in QU {b}, where w(z) = 017" (z). If b
is an essential singularity of f, then cap(R™ \ f(U \ {b}); WL(R")) = 0 for every
neighborhood U C QU {b} of b.
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3. STATEMENT AND PROOF OF MAIN RESULTS

Unlike Section 1, in Theorem 1 a curve «: [0,1) — Q\ F' is called asymptotic for
the set F'if dist(y(tx), F') — 0 for some sequence t, =1 —0 as k — oo.

Theorem 1. Suppose that f: Q\F — R"™ is a mapping with (0, 1)-weighted bounded

(p, q)-distortion, F' C Q is closed, dimF <n—-2,n—1<g<n<p< (=17 nd

n—2 7
the weighted function w(x) = 9_#711)(:5) is locally integrable. Let T’ be a family
of asymptotic curves for the set F. If mod,, I' = 0 and each point of F has w-
weighted q'-capacity zero in S, where ¢’ = %, then the mapping f extends to
a continuous mapping f: Q — R™ for p # n. If in addition, for p=n, the inequality
cap(R™ \ f(Q\ F); WL(R™)) > 0 holds, then f extends to a continuous mapping
f: Q — Re.

Proof. CASE p # n. Fix any point 29 € F and take R > 0 such that B(zo, R)\ F C
Q. By virtue of Proposition 4 the set B(zg, R)\ F is non-empty open. Consequently,
there exists a sequence {x;}52, C B(zo, R)\ F that converges to . Fix an arbitrary
i € N. By virtue of Proposition 5 we can connect z; and x; with j > 7 by a curve
7vi; lying in the domain B(xg,r;) \ F for all j > 4, where r; € (0, R). Undoubtedly,
we may assume that r; — 0 as i — oo.

Consider the condensers E;; = (B(xo, R) \ F,~;;) and f(E;;) = (f(B(zo, R) \
F), f(7ij)), as well as the families of curves I'g,; and I'f(g, ) corresponding to these
condensers in the sense of Proposition 11. Let I';; be the family of maximal f-
liftings of the curves from I'y(g, ;) starting at v;; (see Proposition 10). It is easy to
see that f(T';;) < I'y(g,,). Also, I';; C I'g,; (see the proof of [12, Lemma 1.4.1]).
Therefore,

mod,, (Ff(E,;J)) < mod, f(I';;) <mody f(T'g,,),

where p’ = ﬁ. Taking into account Proposition 11, we get

(1) cap,, f(E’LJ) < mOdP' f(FE”)
Clearly, the family I'g,; can be represented in the form

(2) FE'LJ‘ = FEUJ U FEzij72’

where I',; 1 is the family of curves a: [a,b) — B(xo, R)\ F such that a(a) € v;; and
dist(a(tx), F') — 0 for some sequence ty, — b—0as k — oo, and ', » is the family
of curves a: [a, b) — B(zo, R)\F such that a(a) € +;; and dist(a(x), 0B(zo, R)) —
0 for some sequence 17, — b — 0 as k — oo.

We deduce from (1), (2), subadditivity of modulus (see [4, Proposition II.1.5

(1)]) and Proposition 12 that
cap, f(Eij) <

(3) ’ n— w ’ ’ w / ’
K0 (£5920\ F)Y ) ((mody D,y 17/ + (mod T, 2)7/7)

Since I'g,; 1 C T, it follows that

(4) mod%, I'p,, 1 = 0.

ij
Denote by I'y; . , the family of curves corresponding to the condenser (B(wo, 1?),7i;)
in the sense of Proposition 11. Obviously, I'g,; » C F*Eiw?’ Definition 6, Definition 3,
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and the inclusion |v;;| C B(zo,7;) yield
mod‘;, g, 2 < modf;/ F*Emw? <
cap, (B(wo, R),7i;) < capg (B(wo, R), B(zo,7:))-
Combining (4), (5), and (3), we obtain

(5)

/ - _\P/d
(6)  cap, f(Eyy) < Kpa(£:0\ F) ) (capis (B(ao, B), Blwo, 7)) -
Using the estil?ate cap, (R", f(vi;)) < cap,, f(E;;) and Proposition 7 (the condition
(n=1)
n—2

n<p< ensures that p’ € (n — 1,n)), we infer from (6) that

. n—p’ 0,1 p’(n—1) w =\
Aldiam f(355))" " < Kpia (£:0\ F)' 0D (capis (B(ao, B), Blwo, 7)) -

The latter relation and the fact that the point xy € F has w-weighted ¢’-capacity
zero yield |f(z;) — f(x;)] — 0 as ¢, j — oo. By Cauchy’s criterion, lim f(x;) exists
1—> 00
and is finite. Since the sequence {z;}?2, was chosen arbitrarily, Heine’s definition
of limit of a function allows us to conclude that the limit lim f(z) exists and is
Tr—xo

finite.

CASE p = n. Keeping in mind the previous case we shall omit some details here.
Let 9 € F. Assume that f fails to have a limit in R™ U {oo} at xo. Then for
some R > 0 we can find in B(zg, R) \ F C Q two sequences {z;}32; and {z/}32,
converging to o such that dist(f(x;), f(z})) > a > 0 for all i € N.

By virtue of Proposition 5 we can connect z; and z} by a curve v; lying in
B(zg,r;) \ F, r; € (0, R). Again we may assume that r; — 0 as i — oo

Consider the condensers E; = (B(zo,R) \ F,v;) and f(E;) = (f(B(zo, R) \
F), f(7:)), as well as the family of curves I'p, and I'y(g,) corresponding to these
condensers in the sense of Proposition 11. Arguing as in the preceding case, we
arrive at the inequality of the form (6):

—_ _\n/d
cap,, f(Ei) < KDb(f:Q\ F)"=Y (capy (B(eo, R), Blwo, 7)) -

Since diam f(7y;) > a and cap(R™\ f(Q\F); W,}(R™)) > 0, in view of Proposition 6
and the inclusion f(B(zo, R) \ F') C f(Q\ F) we conclude that
- —\"/d
0<d6< Kﬁ:}l(f; Q\ F)”(” 1 (cap‘;,(B(a?o,R),B(xo,ri)))
Passing to the limit as ¢ — oo in the latter inequality and taking into account that
zo has w-weighted ¢’-capacity zero, we get a contradiction. (I

Before stating the further assertions we recall that a mapping f: Q@ — R"™ has
an asymptotic value ¢ at a point b € 00 if ¢ = tliinof(w(t)) for some curve
gl

v:[0,1) —» Q with v(t) > bast —1—0.

Theorem 2. Suppose that f: B(0,1) — R"™ is a mapping with (6,1)-weighted

bounded (p, q)-distortion,n—1 < g <n <p < M. Suppose also that the weighted

n—2
function w(z) = 6~ G (x) is locally integrable and belongs to the Muckenhoupt
class Ay. Let E C S(0,1) be the set of points at which f has some asymptotic
value. Assume that every point of S(0,1) has w-weighted ¢ -capacity zero, where
€

q = ﬁ_ If p # n, then cap(EN B(y,¢); W, (R",w)) > 0 whenever y € B(0,1)
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and ¢ > 0. If p = n, the latter conclusion is valid under the additional condition
cap(R™ \ f(Q\ F); W, (R")) > 0.

Proof. CASE p # n. Assume, on the contrary, that there are y € S(0,1) and
e > 0 such that cap(E N B(y,s);qu/(R”,w)) = 0. By Proposition 9, we have
that H"~Y(E N B(y,e)) = 0. Hence, there is a curve v: [0,1) — B(0,1) such
that v(t) = ¢ € S(0,1) N B(y,e/2) ast — 1 —0 and t_l)i{riof(v(t)) fails to exist.

Consequently, we can take a sequence t; < ty < ... of positive numbers such that
t; —+1—0and klim fly(tar)) # klim f(y(t2g+1)). Therefore, we may assume that
—00 —00

there exists a > 0 such that diam F), > a for all k, where Fj, = f(vy([t2k, tar+1]))-

Denote by T'y the family of curves §: [0,1) — R™ such that 5(0) € Fj and there

is , li{noﬂ(t) € R™\ f(B(0,1)). Consider the condenser (R", Fy), as well as the
g gl

family of curves fk corresponding to this condenser in the sense of Proposition 11.
Evidently, I'y, < Tk, and therefore, mod, 'y, > mod, I'y, where p/ = ﬁ
The condition n < p < (?L 12) ensures that p’ € (n — 1,n). The application of
Proposition 7 yields

(7) mod, I'y, > mod, Ty = cap,, (R", Fy) > Xa" P

for all k, where A > 0 is a constant.
Since the point ¢ has w-weighted ¢’-capacity zero, we can choose r > 0 such that

N4 /P
e
8 cap¥ (B(c,e/2), B(e,r)) < :
® P B2 BEn) S R (B, Dy

We claim that B(c,e/2) C B(y,€). Indeed, if z € B(c,€/2), then

lz—y|<|z—c|+|c—y|<e/2+¢e/2=c¢.

Denote by fk the family of maximal f-liftings of the curves from I'y starting at
¥([t2k, tak+1])- Let I be the first k such that ’Y([t2k7t2k+1]) C B(c,r) and let f* be
the curves from I'; that go outside B(y,¢). If T, is the family of curves correspondlng
to the condenser (B(c,e/2), B(c,r)) in the sense of Proposition 11, then T, < I‘l,
since B(c,e/2) C B(y,¢). From (8) and the easily verified inequality

mod;", fr < capy (B(c,e/2), B(c,7))
we infer
N /P
N (z\a"*p )
9 mod¥, T’} < :
®) T T KD (f: B0, 1)1 (0D
Using (7) and Proposition 12, we obtain

, - '
Aa" 7" < mody Ty < mody (£(T0)) < K3 (3 BO, 1)) (mods, Fl)p o

and hence

)\a"—:v')q /e

10 mod®, T, > .
10 “ S KON (B0, 1))7 (=)
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From (9) and (10) we get modf;,(fl \ff) > const > 0. Set

A= {a: € R" | there is a curve a € Iy \ I'} such that z = tli{noa(t)}.
rg

It follows from the definition of T'y, that A C B(y,e) N S(0,1). Then we have
cap(4; qu, (R™,w)) > const > 0. To get a contradiction, it remains to note that f

has a limit along every curve from fl \ f;‘

CASE p = n. We use the same arguments as in the previous case. The difference
is that the condition cap(R™ \ f(Q\ F); W!(R™)) > 0 and Proposition 6 yield
mod, I'y, > ¢ for some § > 0. O

Theorem 3. Suppose that f: Q — R™ is a nonconstant mapping with (6,1)-
weighted bounded (n,n)-distortion, and b € 0Q is an isolated boundary point that
has w-weighted n-capacity zero in QU{b}, where w(x) = §'~"(z). If b is an essential
singularity of f, then every point of R™\ f(Q) is an asymptotic value of f.

Proof. Let z € R™\ f(€2). Without loss of generality it can be assumed that z = 0.
Take r > 0 such that B(b,r) C QU {b}. Set U = B(b,r) \ {b}.
We claim that there exists ' € (0,1) such that

(11) B(0,r") N f(S(b,r)) = 0.

Indeed, if this is not the case, then 0 belongs to the closure of the closed set
f(S(b,r)), and hence, 0 € f(S(b,r)), which is impossible, since 0 &€ ().

By Proposition 13, cap(R™ \ f(U); W(R™)) = 0. In view of Proposition 8 we
have H"~1(R" \ f(U)) = 0. Consequently, H"~!-almost all points of S(0,7’) lie in
f(U). In virtue of condition (11) the set f~1(5(0,7”)) has a connected component
C such that C C U.

For y € 5(0,1), we define the curve j,: (0,r'] — B(0,7’) by the rule 3,(t) = ty.
Denote by o, the maximal f-lifting of 3, terminating at C. Arguing as in [12,
p. 128-129], we can show that the curve «,, is a mapping o, : (ry, '] — U such that
ay(t) = bast — r, + 0. If we prove that r, = 0 for at least one y, then this will
imply that z = 0 is an asymptotic value of f. Below we establish the stronger fact:
ry = 0 for H" l-almost all y € S(0,1).

Consider the sets E; = {y € 5(0,1) | r, > 1/i}, i € N. We shall prove that
H""Y(E;) = 0 for all i. To do this fix an arbitrary i and introduce the family
Iy = {ay | y € E;}. As mentioned above, all curves of this family tend to b.
Because of the fact that b has w-weighted n-capacity zero, we have mod;, I'; = 0.
Proposition 12 yields mod,, f(I';) = 0.

Since ry > 1/i, every curve 7, : [1/3,7'] = R", v, (t) = ty, y € E;, has a subcurve
that belongs to the family f(T';). Applying Holder’s inequality and taking into
account the conditions p € adm f(I';), y € E; (whence |§,(t)] = |y| = 1), and
r’ € (0,1), we obtain

, , 1/n 1/n

T T T

1< /p(ty) dt < /p"(ty) dt (r’— 1.)(”1)/” < /p"(ty) dt

i
1/i 1/i 1/

’
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From this it easily follows that

’ ’

(12) [ ot < [ ey
1/i 1/i

After computing the integral in polar coordinates and using (12), we get

’
s

[r@de= [ | [ | ani) =
R 5(0,1) \1/4

(13) T/ T/
a [ [reaaew = o [ [
0,1

)1/i 5(0,1)1/i

1,
. _1H 1(EP)7

/LTL
where E, = {y € S(0,1) | flr//ip(ty) dt > 1}. From the above arguments we

deduce that E; C E,. It follows from (13) that the quantity H" '(E,) can be
made arbitrarily small, since mod,, f(I';) = 0. Thus, H"~}(E;) = 0. O

REFERENCES

[1] Yu.G. Reshetnyak, Space mappings with bounded distortion, Translation of Mathematical
Monographs, vol. 73, American Mathematical Society, Providence, RI, 1989. MR0994644
[2] O. Martio, S. Rickman, J. Viiséla, Distortion and Singularities of Quasiregular Mappings,
Ann. Acad. Sci. Fenn. Ser. A.L, 465 (1970), 1-13. MR0267093
[3] E. A. Poletskil, On the removal of singularities of quasiconformal mappings, Mat. Sb., 92
(134) (1973), 242-256; English transl. in Math. USSR Sb. 21 (1973).
[4] S. Rickman, Quasiregular Mappings, Springer-Verlag, 1993. MR1238941
[5] A.N. Baykin, S.K. Vodop’yanov, Capacity estimates, Liouville’s theorem, and singularity
removal for mappings with bounded (p, q)-distortion, Siberian Math. J., 56:2 (2015), 237—
261.
[6] W. Hurewicz, H. Wallman, Dimension theory, Princeton Mathematical Series, Vol. 4,
Princeton University Press, 1941. MR0006493
[7] V.G. Maz’ja, Sobolev Spaces, Springer-Verlag, 1985. MR0817985
[8] J. Heinonen, T. Kilpeldinen, O. Martio, Nonlinear Potential Theory of Degenerate Elliptic
Equations, Clarendon Press, 1993. MR1207810
[9] E.M. Stein, Harmonic Analysis: Real-Variable Method, Orthogonality, and Oscillatory
Integrals, Princeton University Press, 1993. MR1232192
[10] J. Vaiséld, Lectures on n-Dimensional Quasiconformal Mappings, Springer-Verlag, 1971.
MR0454009
[11] M. V. Tryamkin, Modulus inequalities for mappings with weighted bounded (p, q)-distortion,
Siberian Math. J., 56:6 (2015) to appear.
[12] E. A. Sevost’yanov, Investigation of space mappings by the geometric method, (in Russian)
Kiev, Naukova dumka, 2014.

MAaxIM VLADIMIROVICH TRYAMKIN
NovosiBIRSK STATE UNIVERSITY,
Pirocova sT. 2,

630090, NovosIBIRSK, Russia

E-mail address: maxtryamkin@yandex.ru



