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NOTE ON EXACT VALUES OF MULTIPLICITIES OF
EIGENVALUES OF THE STAR GRAPH

EKATERINA N. KHOMYAKOVA, ELENA V. KONSTANTINOVA

ABSTRACT. The Star graph is the Cayley graph on the symmetric group
Sym,, generated by the set of transpositions {(12),(13),...,(1n)}. A
Chapuy—Feray combinatorial approach is used to obtain multiplicities of
eigenvalues. Exact values are calculated up to n = 10 and compared with
lower bounds on multiplicities of eigenvalues for this graph.
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1. INTRODUCTION

The Star graph S, = Cay(Sym,,t), n > 2, is the Cayley graph on the symmetric
group Sym, of permutations 7 = [mmy...m,], where m; = w(i), 1 < i < n,
with the generating set ¢ = {t; € Sym, : 2 < i < n} of all transpositions ¢;
transposing the 1st and ith elements, 2 < 7 < n, of a permutation 7 when multiplied
on the I‘ight, i.e. [7T17T2 e TG 1T T4 - Wn]ti = [7Ti7r2 e T—1 T T41 - - .7Tn]. It is a
connected bipartite (n — 1)-regular graph of order n! and diameter diam(S,) =
L@J [2]. Since this graph is bipartite it does not contain odd cycles but it does
contain all even [—cycles where | = 6,8,...,n! [6] (with the sole exception when
I = 4). The hamiltonicity of this graph follows from results by V. Kompel’'makher
and V. Liskovets [7] and by P. J. Slater [12] which say that any Cayley graph on
the symmetric group generated by a set of transpositions is hamiltonian.
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We consider the spectrum of the Star graph as the spectrum of its adjacency
matrix. In 2009 A. Abdollahi and E. Vatandoost conjectured [1] that the spectrum
of S, is integral, moreover it contains all integers in the range from —(n — 1) up to
n—1 (with the sole exception that when n < 3, zero is not an eigenvalue of S,,). For
n < 6 they verified this conjecture numerically using GAP, but for n > 6 computer
calculations are getting too hard. In 2012 R. Krakovski and B. Mohar [8] proved
that the spectrum of S, is integral. They also gave a lower bound on multiplicities
of eigenvalues for this graph. At the same time, G. Chapuy and V. Feray [4] showed
another approach to obtain the exact values of multiplicities of eigenvalues of S,.
Their combinatorial approach is based on the Jucys—Murphy elements and the
standard Young tableaux. However, it is still complicated to find multiplicities using
a computer. In this note we present exact values of multiplicities of eigenvalues of
Sy, for 2 < n < 10 which were obtained manually using Chapuy—Feray approach.
An oscillating behavior of multiplicities is shown with growing n.

2. CHAPUY - FERAY COMBINATORIAL APPROACH

To describe a combinatorial approach for calculating multiplicities of eigenvalues
of Sy, let us give basic definitions and notations on representation theory of the
symmetric group [11].

A representation of a group G on a vector space V over a field C is a group
homomorphism p: G — GL(V), where GL(V) is the general linear group on V,
such that

p(9192) = p(g1)p(92);
for all g1,g92 € G. Given a representation p, any vector subspace W of V is said
to be p-invariant if p(g)(W) C W for all g € G. A representation p is said to be
irreducible if {0} and V are the only invariant subspaces of V.

A partition of a natural number n is a way of writing n as a sum of natural
numbers. Two sums that differ only in the order of their summands are considered
as the same partition. The partition function P(n) represents the number of possible
partitions of a natural number n, i.e. the number of distinct ways of representing
n as a sum of natural numbers.

Let A € P(n) be a partition of n and V) be the irreducible module associated with
the partition A. It is known [11, Proposition 1.10.1] that the regular representation
C[Symy] of the symmetric group Sym,, is decomposed into irreducible submodules
as follows:

(1) (C[Symn] = @Aep(n)dim(V)\)V)\.

The regular representation C[Sym,] is called group algebra of Sym,. Group
algebra of Sym,, is a vector space indexed by the elements group. Thus, if Sym,, =
{51, 82,..., 8k}, k = nl then

Cl[Symy) = {c181 + casa+ ... +crsk 1 ¢; € C,1 < i <k},

where C is the field of complex numbers.

A partition A = (t1,ta,...,tm),m < n, is represented by its Young tableau.
A standard Young tableau of shape A is a filling of the boxes with the elements
{1,2,...,n} in such a way that elements increase along rows and columns, all
elements are distinct, and each element appears exactly once.
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By the representation theory, the number of different irreducible representations
Sym.,, over a field C is equal to the number of partitions of n [10]. For example,
if n = 5 then the value of the partition function is P(5) = 7 and the following
partitions are (1,1,1,1,1), (2,1,1,1), (2,2,1), (3,1,1), (3,2), (4,1), (5). For A =
(3,2), the dimension of its irreducible module is dim(Vy—(3,2)) = 5. Standard Young
tableaux of shape A = (3,2) are listed below.

4 | 5 3|5 3 4
1123 1|24 12|85
2| 4 2|5
1|13]|5 13| 4
Let us define values ¢(i) = y — x, where i € {1,...,n} and y, « are the ordinate

and the abscissa of the box, correspondingly. For example, the first standard Young
tableau presented above has values ¢(3) = 1 -3 = =2, ¢(4) =2 -1 =1, and
c¢(5)=2-2=0.

The Jucys—Murphy elements in the group algebra C[Sym,,] of the symmetric
group Sym,, are defined as the sum of transpositions by the following formula:

(2) S5 =0,02=(1,2),J;=(1,9)+(2,i)+...+ (@ —1,49),i € {2,...,n},
where a summation of transpositions is performed in terms of the summation
of corresponding matrices. These elements named after A. A. Jucys [5] and

G. E. Murphy [9]. For example, transpositions (1,2), (1, 3), (2,3) are represented
by the following matrices:

0 1 0 0 0 1 1 00
(,2)=11 0 0o}, (1,3=(0 1 0], (2,3)=(0 0 1],
0 0 1 1 00 01 0
hence J; represents a zero matrix and we also have:
01 0 1 0 1
J=(1,2)=11 0 0], J5=(1,3)+(2,3)=10 1 1
0 0 1 1 10

The Jucys—Murphy elements play an important role in the representation
theory of the symmetric group [10]. It is known that they generate a maximal
commutative subalgebra in C[Sym,,]. Moreover, the J,, commutes with all elements
of C[Sym,,—1]. The action of the J,, on the irreducible modules V) is diagonal. The
diagonalization of this algebra in each irreducible representation defines a linear
Young basis, which is denoted by (v). Moreover, the spectrum of this algebra is the
set of integer vectors. Thus, the bases of all irreducible representations Sym,, are
labeled by standard Young tableaux.
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Theorem 1. [5] Let A € P(n). Then there exists a basis (v) of the irreducible
module V), indexed by standard Young tableauz of shape X\, such that for all 2 <
i < n, one has:

(3) Jiv = c(i)v.
From Theorem 1 and by (1), the following result is immediately obtained.

Corollary 1. [4] The spectrum of S, contains only integers. The multiplicity
mul(n — k), where 1 < k <n—1, of an integer (n — k) € Z is given by:

(4) mul(n—k) = Y dim(Va)Ix(n — k),
AEP(n)
where dim(Vy) is the dimension of an irreducible module, In(n — k) is the number
of standard Young tableauz of shape A, satisfying c¢(n) = n — k.
R. Krakovski and B. Mohar proved the following theorem.

Theorem 2. [8] Let n > 2, then for each integer 1 < k < n—1 the values £(n—k)
are eigenvalues of S, with multiplicity at least (Z:f) If n > 4, then 0 is an

eigenvalue of S, with multiplicity at least ("51)

Using the hook—length formula presented by Theorem 3.10.2 in [11], the bound

(Z:f) from Theorem 2 is improved as follows.

Corollary 2. [4] Let n > 2, then for each integer 1 < k < n—1 the values £(n—k)
are eigenvalues of Sy, with multiplicity at least (Z:f) ("gl)

3. RESULTS

The exact values of multiplicities of eigenvalues of .S, for 2 < n < 10 calculated
by formula (4) are presented in Table 1. For each integer 1 < k < n—1, the negative
and positive eigenvalues +(n — k) have the same multiplicities. Parenthetically, the
lower bound multiplicities of eigenvalues calculated by formulas from Theorem 2
and Corollary 2 are also presented in the Table as (a/b), where a corresponds to
Krakovski-Mohar bound, and b corresponds to Chapuy—Feray bound.

Let us note that Chapuy—Feray bound gives exact values of multiplicities for

k = 2, since
n—2 n—1
l(n—Fk)=
=0 = (223 (")

mul(n —2) = (n—2)(n—1).

hence

The last column of Table 1 contains summation over all multiplicities eigenvalues
S, for each n and coincides with the order of the Star graph S, i.e.

n—1

Z mul(n — k) = nl.

n—k=—(n—1)
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Table 1. The exact values of multiplicities of eigenvalues of S,, for 2 < n < 10.

n\ £ (n — k) 0 +1 +2 +3
2 1(1/1)
3 2(1/2) 1(1/1)
1 i) 3 (1/3) 6 (2/6) (/1)
5 30 (6) 4 (1/4) 28 (3/18) 12 (3/12)
6 168 (10) 30 (1/5) 120 (4/40) 105 (6/60)
7 840 (15) 468 (1/6) 495 (5/75) 830 (10/200)
8 3960 (21) 5691 (1/7) 2198 (6/126) 6321 (18/525)
9 19782 (28) 59624 (1/8) | 15064 (7/196) | 47544 (21/1176)
10 150640 (36) | 579078 (1/9) | 189936 (8,/288) | 358764 (28/2352)
n\ £ (n — k) +4 +5 +6
2
3
4
5 1(1/1)
6 20 (4/20) 1(1/1)
7 276 (10/150) 30 (5/30) 1(1/1)
8 3332 (20/700) 595 (18/315) 42 (6/42)
9 38108 (35/2450) | 10024 (35/1960) 1128 (21/588)
10 427392 (56/7056) | 156780 (70/8820) | 25104 (56/4704)
n\ £ (n — k) +7 +8 +9 by
2 2
3 6
4 24
5 120
6 720
7 5040
8 1(1/1) 40320
9 56 (7/56) 1(1/1) 362880
10 1953 (28/1008) | 72 (8/72) | 1 (1/1) | 3628800

An example of using formula (4) is given in Application.

The obtained exact values of multiplicities are also presented in Figure 1,
where the abscissa and the ordinate correspond to the eigenvalues of
the Star graphs and their multiplicities, correspondingly. For example,
multiplicities (1, 30,276, 830,495, 468,840, 468,495, 830, 276,30,1) of eigenvalues
(-6,—5,—4,-3,-2,-1,0,1,2,3,4,5,6) are given for n = 7. Let us note that
typically the distribution of eigenvalue multiplicities for known distance-regular
graphs is unimodal (see [3, Chapter 12]). However, for 2 < n < 10 the Star graphs S,
are not distance-regular and give us another picture for a distribution of eigenvalue
multiplicities which looks like an oscillating function. One can assume that this
behavior of the multiplicities will be also kept for large n.
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Figure 1. Graphic representations of multiplicities of eigenvalues of .S,, for
4 < n<10.
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APPLICATION

The formula (4) is used in the following way.

For example, if n = 7 then the partition function is P(7) = 15 with the following
partitions: (7), (6,1), (5,2), (5,1,1), (4,3), (4,2,1), (4,1,1,1), (3,3,1), (3,2,2),
(3,2,1,1), (3,1,1,1,1), (2,2,2,1), (2,2,1,1,1), (2,1,1,1,1,1), (1,1,1,1,1,1,1).

For each partition A € P(7), we construct an irreducible module V) that is the
set of standard Young tableaux of shape A. Say, for A\ = (7) the corresponding
irreducible module V), contains one standard Young tableau, i.e. dim(Vy,) = 1,
and for the partition A2 = (4,2, 1) its irreducible module V), contains 35 standard
Young tableaux, i.e. dim(Vy,) = 35.

For all these partitions we obtain 232 standard Young tableaux.

The standard Young tableaux for S7 are presented below. The values ¢(7) are
also given for each Young tableau.

v=n: LI L LT[ [7]-1=1
c(7)=—6
A=(6, 1): N -s+7 =6
e [T [ 7 HEEE
c(7)=-35 c(7)=1
r=(5,2): o+ 17 5= 14
’ [ [7] 1]
«(N)=-4 «7)=0
[ ] 7]
r=(5,1,1): <10+ «5=15
GLY T T3
o(7)=-4 o(7)= 2
7
r=(4,3): =15+ 9= 14
c(7)=-3 c(N=-1
[ ] ] 7]
r=(4,2,1) H16+ <10+ . 9= 35
[7] ] [ ]
o(7)=-3 o(7)=0 o(7)=2
o 7]
r=4,1,1,1): || <10+ [ <10 =20
[ 7] [ 1]
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r=(,3, 1)

16+

A=(3,2,1, 1)

* 16+

A=(,2,2):

A=@,1,1,1,1):

* 10+

* 10+

c(7)= 4

A=(2,2,2,1):

¢ 0+

c(7)=1

A=(2,2,1,1,1):

c(7)=3

09+

o(7)=4 «(7)=0

99
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|7 -
A=2,1,1,1,1,1): — 5+ — 1l =6
| 7]
«(7)=5 «7)=-1
7]
A=(1,1,1,1,1,1,1): [ |1 =1
c(7)=6

Finally, by (4) we obtain:

mul(0) =5-14+35-10+35- 10 + 14 - 5 = 840;
mul(l) =mul(—-1)=1-6+16-21+9 - 14 = 468;
mul(2) = mul(—2) =15-5+35-9+ 21 - 5 = 495;
mul(3) = mul(—3) =20-104+35-16 + 14 - 5 = 830;
mul(4) = mul(—4) =15-10 + 14 - 9 = 276;

mul(5) = mul(—5) =6-5 = 30;

mul(6) = mul(—6)=1-1=1.
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