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ABsTRACT. The program and abstracts of talks of the Conference
«Dynamics in Siberia» held in Sobolev Institute of Mathematics, February 29 —
March 4, 2016 are presented.

The conference «Dynamics in Siberia» was held at the Sobolev Institute of Math-
ematics SB RAS (Novosibirsk) from February 29 to March 4, 2016. Members of the
program committee were as follows: I.A. Dynnikov, A.E. Mironov, A.S. Skripchenko,
ILA. Taimanov and A.Yu. Vesnin.

More than 50 experts on dynamical systems, mathematical physics, geometry
and topology participated in the conference. The conference program consisted of
plenary talks, short talks and poster session. The talks were done by well-known
experts from Moscow, St. Petersburg, Novosibirsk, Chelyabinsk, Gorno-Altaisk,
Grozny, Kemerovo, Krasnoyarsk, Tomsk, Ufa and also by well-known mathematicians
from France, Israel and Poland. More than 20 young scientists, graduate and un-
dergraduate students participated in the conference. Most of them gave short talks
and poster presentations.

The conference was supported by the Russian Foundation for Basic Research
(grant 16-01-20041).

Below we present the Conference program and abstracts of talks.
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PROGRAM (PLENARY TALKS)

D.V. Treschev (Moscow) Periscope theorem.
A. J. Maciejewski (Zielona Gora, Poland) Integrability of certain
restricted systems of material points.

M. Bialy (Tel Aviv, Israel) New results on algebraic
Birkhoff conjecture for convex billiards.

A.V. Malyutin (St. Petersburg) Random walks on groups
acting on treelike spaces.

M. Przybylska (Zielona Gora, Poland) Integrability

of homogeneous Hamiltonian systems in curved spaces.
A.A. Glutsyuk (Lion, France; Moscow) On periodic orbits
in complex planar billiards.

T.E. Panov (Moscow) Geometric structures

on moment-angle manifolds.

O.K. Sheinman (Moscow) Lax operator algebras

and related structures.

S.P. Tsarev (Krasnoyarsk) Geodesic flows with polynomial
and non-polynomial integrals.

A.A. Gaifullin(Moscow) On the bellows conjecture

in spaces of constant curvature.

M.V. Pavlov (Novosibirsk) The Manin reduction

and the Calogero Gold Fish.

A.A. Shananin (Moscow) Inverse problems in the problem

of measurement in economics.

V.Yu. Novokshenov (Ufa) Orthogonal polynomials

and Painlevé equations.

A1 Shafarevich (Moscow) Lagrangian manifolds,

classical Hamiltonian systems and Maslov indices corresponding
to the spectral series of the Schroedinger operators

with delta-potentials.

S.Yu. Dobrokhotov (Moscow) Librations, instantons, tunneling
and low bands of 2-D Schrédinger operator for quantum dimers.
Yu.A. Kordyukov (Ufa) Semiclassical spectral analysis

for magnetic Schroedinger operators.

V.E. Nazaikinskii (Moscow) On the run-up of long waves
generated by a localized source on a shallow beach.
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PLENARY TALKS

New results on algebraic Birkhoff conjecture for convex billiards
M. Bialy (Tel-Aviv, Israel)

I shall discuss new results on polynomial integrals for Birkhoff billiards which we
obtained recently with A.E. Mironov. Our main tool is a new, the so called Angular
billiard. It enables us to get obstructions to integrability in terms of the dual curve,
extending previous result by S. Bolotin of 1990. Our approach is inspired by recent
paper of S. Tabachnikov on algebraic integrability of Outer billiards.

Librations, instantons, tunneling and low bands of
2-D Schrédinger operator for quantum dimers'
S.Yu. Dobrokhotov (Moscow)

Librations are special unstable trajectories of n-D Hamilton systems with Hamil-
tonians H = p?—V (z),V (z) > 0, coinciding the energy level curves for the potential
V(x) having several maxima in the case when the configuration space is Euclidian
one or at least one maximum when the configuration space is a cylinder. Libration
pass to singular solutions (called instantons) when the energy level tends to zero
(maxV). It is well known that instantons appear in tunnel problems related to
low parts of spectra of Schrédinger operators. We show that in spectral problems
librations are much more natural and pragmatic objects then instantons. As example
we discuss spectral semiclassical asymptotics for 2-D Schrédinger operator with the
potential periodic in z and increasing at infinity in y, which describes quantum
dimers.

On the bellows conjecture in spaces of constant curvature
A.A. Gaifullin (Moscow)

A flexible polyhedron in an n-dimensional space of constant curvature is an
(n — 1)-dimensional closed polyhedral surface that can be deformed continuously
so that every its face remains congruent to itself during the deformation, but the
deformation is not induced by an ambient rotation of the space. Intuitively, one may
think of a flexible polyhedron as of a polyhedral surface with faces made of some
rigid material and with hinges at codimension 2 faces that allow dihedral angles to
change continuously.

The bellows conjecture stated by Connelly in 1978 asserts that the volume of any
flexible polyhedron in dimensions greater than or equal to 3 is constant during the
flexion. (Originally this conjecture was stated for the three-dimensional Euclidean
space.) The bellows conjecture was proved in Euclidean spaces of all dimensions
(Sabitov for n = 3, and the author for n > 4). In the talk, we shall present the
author’s recent results on the bellows conjecture in non-Euclidean spaces. Namely,
it turns out that the bellows conjecture is false in spheres of all dimensions and is
true in odd-dimensional Lobachevsky spaces.

IThe work was supported by RFBR, grant 14-01-00521.
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On periodic orbits in complex planar billiards
A.A. Glutsyuk (Lyon, France; Moscow)

A conjecture of Victor Ivrii (1980) says that in every billiard with smooth
boundary the set of periodic orbits has measure zero. This conjecture is closely
related to spectral theory. Its particular case for triangular orbits was proved
by M. Rychlik (1989, in two dimensions), Ya. Vorobets (1994, in any dimension)
and other mathematicians. The case of quadrilateral orbits in dimension two was
treated in our joint work with Yu. Kudryashov (2012). We study the complexified
version of planar Ivrii’s conjecture with reflections from a collection of planar
holomorphic curves. We present the classification of complex counterexamples with
four reflections and partial positive results. The recent one says that a billiard
on one irreducible complex algebraic curve without too complicated singularities
cannot have a two-dimensional family of periodic orbits of any period. The above
complex results have applications to other problems on real billiards: Tabachnikov’s
commuting billiard problem and Plakhov’s invisibility conjecture.

Semiclassical spectral analysis for magnetic Schroedinger operators?

Yu.A. Kordyukov (Ufa)

We will describe some results on semiclassical spectral asymptotics for a pure
magnetic Schroedinger operator with non-vanishing magnetic field on a compact
Riemannian manifold. We will also discuss related problems in geometry and dy-
namics of magnetic fields.

Integrability of certain restricted systems of material points
A.J. Maciejewski (Zielona Gora, Poland)

We consider several mechanical systems of material points whose motion is
restricted by holonomic constraints. The main aim is to study their integrability
in the framework of differential Galois theory. As examples we present results
concerning two systems. The first of these systems is a chain in circular orbit.
The second is a system of points on a sphere whose motion is restricted by certain
additional constraint.

Random walks on groups acting on treelike spaces®

A.V. Malyutin (St. Petersburg)

Let G be a countable group and let u be a probability measure on G. The (right)
random walk on G with distribution u (or, briefly, p-walk) is the time-homogeneous
Markov chain whose state space is G, the transition probabilities are given by
P(g,h) = u(g~th), and the initial distribution is concentrated at the identity of
the group. Realizations of this process are called paths of the random walk. Let P,
denote the associated Markov measure on the path space GNo.

We obtain a series of new results of the following kind.

Theorem. Let G be a countable group acting on a dendrite D. Assume that
D is not an interval. Assume moreover that D contains no proper G-invariant
connected compact subsets. Take a point © € D such that D\ {z} is disconnected,

2The work was supported by RFBR, grants 12-01-00519-a and 13-01-91052-NCNI-a.
3The work was supported by RFBR, grant 14-01-00373-a.
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and let f: G — D be the map sending g to g(x). Let u be a probability measure
on G whose support generates G as a semigroup. Then f maps almost all paths of
the p-walk (that is, P,-almost all paths) to convergent sequences.

On the run-up of long waves generated by a localized source
on a shallow beach?
V.E. Nazaikinskii (Moscow)

Pelinovsky and Masova [1] suggested a method, later used in many papers (e.g.,
see [2, 3]), for finding the run-up of long waves (in particular, tsunami waves)
on a shallow beach in the 1D case. This method is based on the results due to
Carrier and Greenspan [4] for the 1D nonlinear shallow water equations over a
linear bottom. We consider a similar problem in the 2D case for waves generated
by localized sources. We find semiclassical asymptotic solutions of the linearized
problem [5] with the use a modified Maslov canonical operator [6]; the coastline is
viewed as a caustic of special form, and Fock’s quantization formulas for canonical
transformations are used to represent the asymptotic solutions of the linearized
problem near the shore via a Hankel type transform. Then an analog of the Carrier—
Greenspan transformation is applied to obtain algebraic formulas for the uprush in
the case of simple sources of special form.

[1] E. Pelinovsky, R. Mazova, Ezact analytical solutions of nonlinear problems of
tsunami wave run-up on slopes with different profiles, Natural Hazards, 6 (1992),
227-249.

[2] S.Yu. Dobrokhotov, B. Tirozzi, Localized solutions of one-dimensional non-
linear shallow-water equations with velocity ¢ = y/x, Russian Math. Surveys, 65:1
(2010), 177-179.

[3] D.S. Minenkov, Asymptotics of the solutions of the one-dimensional nonlinear
system of equations of shallow water with degenerate velocity, Math. Notes, 92:5
(2012), 664-672.

[4] G.F. Carrier, H.P. Greenspan, Water waves of finite amplitude on a sloping
beach, J. Fluid Mechanics, 4:01 (1958), 97-109.

[5] S.Yu. Dobrokhotov, V.E. Nazaikinskii, B. Tirozzi, Two-dimensional wave
equation with degeneration on the curvilinear boundary of the domain and asymptotic
solutions with localized initial data, Russ. J. Math. Phys., 20:4 (2013), 389-401.

[6] V.E. Nazaikinskii, The Maslov canonical operator on Lagrangian manifolds
in the phase space corresponding to a wave equation degenerating on the boundary,
Math. Notes, 96:2 (2014), 248-260.

Orthogonal polynomials and Painlevé equations
V. Yu. Novokshenov (Ufa)

Asymptotics of the orthogonal polynomials constitute a classic analytic problem.
A distribution of zeroes to generalized Hermite polynomials is studied in some
scaling limit. These polynomials defined as Wronskians of classic Hermite poly-
nomials appear in a number of mathematical physics problems as well as in the
theory of random matrices. Calculation of asymptotics is based on Riemann —

4The work was supported by REBR grant 14-01-00521 and by the RITMARE CINFAI project
(Ttaly).
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Hilbert problem for Painlev’e IV equation which has solutions expressed in terms
of these polynomials. In this scaling limit the Riemann — Hilbert problem is solved
in elementary functions. As a result, we come to analogs of Plancherel — Rotach
formulas for asymptotics of classical Hermite polynomials.

Geometric structures on moment-angle manifolds
T.E. Panov (Moscow)

Moment-angle complexes are spaces acted on by a torus and parametrised by
finite simplicial complexes. They are central objects in toric topology, and currently
are gaining much interest in the homotopy theory. Due the their combinatorial
origins, moment-angle complexes also find applications in combinatorial geometry
and commutative algebra. Moment-angle complexes corresponding to simplicial
subdivision of spheres are topological manifolds, and those corresponding to sim-
plicial polytopes admit smooth realisations as intersection of Hermitian quadrics
in C™.

After an introductory part describing the construction and the topology of
moment-angle complexes, we shall concentrate on several interesting geometric
properties of moment-angle manifolds, emphasising complex-analytic, symplectic
and Lagrangian aspects.

Different parts of this talk are based on joint works with Victor Buchstaber,
Andrei Mironov, Yuri Ustinovsky and Mikhail Verbitsky.

The Manin reduction and the Calogero Gold Fish
M.V. Pavlov (Novosibirsk)

We show how the Calogero Gold Fish system can be integrated via Manin
Reduction of the Benney hydrodynamic chain.
We generalize this construction to some other integrable hydrodynamic chains.

Integrability of homogeneous Hamiltonian systems in curved spaces
M. Przybylska (Zielona Gora, Poland)

We investigate certain natural Hamiltonian systems with two degrees of freedom.
Their kinetic energy depend on coordinates and they possess appropriate forms of
potentials such that these systems are homogeneous. Thanks to this property they
admit particular solutions. Using these solutions we derive necessary conditions
for the integrability of such systems investigating differential Galois groups of
variational equations. Obtained integrability conditions give certain integrable and
superintegrable systems that will be presented.

Lagrangian manifolds, classical Hamiltonian systems and Maslov indices
corresponding to the spectral series of the Schroedinger operators
with delta-potentials
A.I Shafarevich (Moscow)

We study spectral series of the Schroedinger operator with delta-type potential
on 2D or 3D Riemannian spherically symmetric manifold. Lagrangian manifolds,
corresponding to these series, do not coincide with the standard Liouville tori. We
describe topological structure of these manifolds as well as Maslov indices, entering
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quantization conditions. In particular, we study the effect of the jump of the Maslov
index via passing through the critical values of the multipliers of the delta-functions.

Inverse problems in the problem of measurement in economics
A.A. Shananin (Moscow)

Lax operator algebras and related structures
O.K. Sheinman (Moscow)

Lax operator algebras are Lie algebras of currents defined on Riemann surfaces
and taking values in semi-simple or reductive Lie algebras. They are introduced in
2007 (I. Krichever and O. Sh.). In many respects, Lax operator algebras are similar
to Kac — Moody algebras. Non-twisted Kac — Moody algebras are Lax operator
algebras on Riemann sphere with marked points at 0, and infinity. Up to the end
of 2013 Lax operator algebras have been defined and constructed only for classical
Lie algebras, and for the exceptional Lie algebra G5. A natural, and long standing
question of their general construction in terms of root systems has been resolved
in the beginning of 2014. It is a pleasant duty of the author to stress the role of
E.B. Vinberg in the discussion of the question.

The general definition shed new light at the relations between Lax operator
algebras, finite-dimensional integrable systems, and holomorphic vector bundles on
Riemann surfaces. It turned out to be that all these structures have the same basis
related to gradings of semisimple Lie algebras.

In the talk, we are going to give a general definition of Lax operator algebras in
terms of gradings of semi-simple Lie algebras, formulate their basic properties. We
are to state a connection with Tyurin parameters of holomorphic vector bundles
on Riemann surfaces, and formulate a general approach to construction of finite-
dimensional integrable systems based on this approach.

Periscope theorem
D.V. Treschev (Moscow)

Let F: Dy — D5 be a diffeomorphism of two domains on a plane. Consider a
parallel bundle of light rays through D; perpendicular to the plane. We consider
the following problem.

Find a system of mirrors which transforms this bundle to a parallel bundle
through D, perpendicular to the plane such that any ray through z € D is
transformed to the ray through F(z) € Da.

Geodesic flows with polynomial and non-polynomial integrals
S.P. Tsarev (Krasnoyarsk)

A new algorithmic method for local construction of two-dimensional metrics with
polynomial or non-polynomial (rational or more general) first integral is presented.
The method allows to produce multiparametric families of such metrics and its
integrals. We conjecture that locally two-dimensional metrics posessing first integrals
are dense in the functional space of all local two-dimensional metrics.
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SHORT TALKS

O dysnepene Cgp U APYTUX BBIITYKJIBIX MHOTOIPDAHHUKAX
C CUMMETPHUSIMU B TPOCTPAHCTBAX TIOCTOSTHHOW KPUBU3HbBI®
H.B. A6pocumos (Hosocubupck)

Mpsb1 paccMaTpuBaeM BBITYKJIbIE TPEXMEPHbIE MHOMOIPDAHHUKH B IIPOCTPAHCTBAX
HOCTOSIHHON KPUBU3HBI: eBKIMIoBoM E3, cepuueckom S u runepbosrmueckom H>.

Ounpenesienne. Bomnykavili MH0202parnuK — 9TO BBILYKJasg KoMOuHarus (B co-
OTBETCTBYIOIEH IeOMETPHM) KOHEYHOrO0 HabOpa TOYEK, HA3BIBAEMBIX BEPULLHAMU
MHO202parHUKa. Pebpo mmozoepannuka — 3TO OTPE30K T'e0/Ie3UIECKOM, COenHs-
FOIEl [Tapy ero COCEeIHUX BEpPINHUH. | paHb — 9TO IeoJe3WveCKuili MHOIOYTIOJIbHUK,
JIEYKAIUI Ha TUIEPILIOCKOCTH, IPOXO/ISIIEl Yepe3 COOTBETCTBYONINE BEPIINHBI.

Taxkoe ompesienerre n103B0JIsIeT KOPPEKTHO HAXOAUTD JIJIMHBI PeOep, JBYTPAHHBIE
YIVIBI MEXKJIy TPaHsIMU, «IIJIOCKHE» YIJIBI MeXKJy pedpaMmu, IIOIMA b TOBEPXHOCTU
MHOI'OI'DAHHHUKA U ero oobeM. Ecim Ha Bpems 3aObITh O I'eOMeTPHH, TO Ka K IbIi
MHOT'OTDAHHUK MMEET elle KOMOMHATOPHYIO CTPYKTYDY.

Omnpenenenne. J/[Ba MHOTOrpaHHNKA WMEIOT OJWH U TOT K€ KOMOUHAMOPHBLL
mun, ecjiu uX pebepHbIe CKeJIeThl SKBUBAJIEHTHBI KAK TOIOJIOTMYECKUE IPadbI.

Hamra 1iesib — mostydenue To9HbIX (DOPMYJT [1Jisi 00EMOB C(EPUIECKUX U TUIEP-
6OJIMIECKIX MHOTOIPDAHHUKOB 33/]AHHOr0 KoMOmHaTopHOoro Tuna. Hamu panee Ob1in
MTOJTy I€HbI TOUHBIE (POPMYJIBI JIJIsT 00HeMOB CHEPUTECKOTO U THIEPOOTNIECKOTO TET-
paszpa, chepuuecKnx U runepOoJInIecKuX OKTa3IPOB C PA3IUIHBIMU CHMMETPHsI-
MU, cHEepUIECKUX I'eKCadipoB ¢ CUMMETPUAME U Jp. (IogpobHee 06 3TOM MOXKHO
upounTarh B Hameil coBmectnoil crarbe ¢ A.Jl. Meaubix [1]). Vkazauubie dop-
MyJIbI BBIDAsKaioT 00beM depe3 JBYyTpaHHble yIyibl. Ha MyTH K MOJIYYEeHHIO ITUX
dopmyst Tpebyercst yCTaHOBUTH T€OPEMBI CYIECTBOBAHMUS JIJIsi MHOTOIDAHHUKOB CO-
OTBETCTBYIOIIErO TUIA, TO €CTh HEOOXOIUMBIE U JIOCTATOYHBIE YCJIOBUs, TP KAKUX
3HAYEHUSX JIBYIPAHHBIX YIVIOB MHOIOIDAHHUK 33JIAHHOTO THIIA PEAJN3yeTCss B TOMI
niau MHO# reoMerpun. Takxke TpeOyeTcsl YCTAHOBUTH BCIOMOTATEIbHbIE COOTHOIIIE-
HUsI MEXKJIy JJIMHAMH U yrjaMmu. 1Ipu sTom B 06IeM ciiydae moryduThb (hopmyiry
obbema KpaitHe cjaoxkuo. Ho ecim J0mycTuTh, 9T0 MHOTOTDAHHUK HMMEET OIpejie-
JICHHYIO CHMMETPHIO, TO paboTa ympormaercs, a popMmysaa odObemMa B pe3y/bTaTe
umeeT 6osiee KpacuBblil Buj. MOXKHO CKa3aTh, YTO BIEPBBIE Ty POJb CUMMETDPUU
obuapyxkmii caMm JIoOaueBCKHil, BBIMUCIUB 00BbEM HUIECAIHHOIO THIIEPOOTHIECKOIO
TeTpa’pa, KOTOPKI [0 OMPEIEJCHUIO SIBJISIETCS CUMMETPUIHBIM.

Ounpenesnenne. Pyanepen (Tum.) — MOJIEKYIAPHOE COEMHEHUE, IPHHAJIEKA-
mmee KJIacCy aJIOTPOIHBIX (POPM YIJIEPOJIa U IPEJCTABJIAIONEe CODOit BBITYKJIbIE
3aMKHYTble MHOTOTPAHHHUKH, COCTABJEHHBIE U3 UETHOTO YHCJIA TPEXKOOPIUHUPO-
BAHHBIX ATOMOB YTJIEPOIA, UMEIOIINE ISITUYTOJIbHBIE U MEeCTUYTOJIbHBIE TPAHM.

Teopema Diisiepa [Jjisi MHOTOTPAHHUKOB. [Iycmb v — “UCA0 8EPUILUH, € —
yucno pebep u f — wucao epanets 3aMEHYMO20 MHO202paHHUka. To2da

v—e+ f=2

5PaGora BbInOIHEHA npu noagepxke Cosera mo rpanrtam npu llpesugenre P® (rpaar MK-
9572.2016.1).
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W3 npuse/IeHHON TeOpEeMBbI HEMOCPEJICTBEHHO CJIEJIYET, YTO JIUIA CYIIeCTBOBAHMS
3aMKHYTOTO MHOTOTDAHHWUKA, MMEIOINEr0 TOJIBKO MATHYTOMBHBIE U MECTHYTOMbHBIE
rpaHy, HeoOXOINMO, ITOOBI MATHYTOMBHBIX IPaHeil ObII0 POBHO 12, a IMecTHyTosb-
HBIX v/2 — 10.

HaumeHbImnM u3 GysuiepeHoB siBIIsIeTCs TAK HA3BIBAEMBIH 6aKMUHCTEPPYALEDEH
umn Cgo (cm. Puc. 1). Kak BUAHO U3 Ha3BaHMsI, 9Ta MOJIEKYJIA COCTOUT U3 IIECTHU-
JIECSITA ATOMOB YTJIEPOJIA.

Puc 1. Baxmuncmeppyanreper usu Ceo

Muororpanuuk Cgy MOXKeT ObITh [OJIyYeH U3 IPABUILHOTO HKOCAIPA YCeUeHHEM
BCEX €ro JBEHHA/(IATU BEPIINH C COXPAHEHMEM CHMMETDHH, TO eCTh TaK, ITOOBI
HOJIyYEeHHBI B pe3ysbTaTe MHOIOIDAHHUAK UMEJ TY K€ IPYIILy CHMMETpPHil, 9T0 1
UCXOHbI nkocavap (cm. Puc. 2).

Puc 2. IIpasusvroiti uxocasdp u yceuernnuili urxocasdp — Cgo

Takum 06paszomM, BpallleHHe IsITOr0 HOPsSJIKAa BOKPYT OCH, HPOXOJISINeill 1uepe3
neuTp Cgo U cepe/uHy JIO00N M3 €ro maTHYrobHBIX rpaHefl, nepesoautr Cgy B
cebst. Takrke coxpansier Cgo U BpAIlleHHE TPETHEro IOPsJIKa BOKPYT OCH, IIPOXO-
JIAIIEN 9epe3 ero meHTp U CepeuHy 000 M3 ero mecTUyroJbHbIX rpaneit. Hako-
Hell, UMEeTCsl 3ePKaJIbHas CUMMETPHUsI OTHOCUTEJIBHO INIOCKOCTH (TUIEPILUIOCKOCTH B
H?3), mpoxo/iaimeii uepes cepemHy JTio60ro pebpa MexK Ly HATHYTOMbHON 1 MecTH-
VTOJIbHOW I'PAHSIMH OPTOrOHAJBLHO 3ToMy pebpy. MubimMu cioBamu, Cgo ob1ajaer
(2,3, 5)-cummempue.

I'pymma cuvmerpuit Cgo B H? wm E? (rpymnma nKocasapa) ToposKIaeTcs IBYMs
SUTUIITHIECKUMHE JIEMEHTAME: BPAIIEHUEM TISTOTO IOPSIIKA U BPAIIEHUEM TPETHETO
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nopdaKa. HpI/I 9TOM YTOJI MEXKIY UX OCAMU YJIOBJIETBOPAET COOTHOIIIECHUIO

VE—1
——

Kak Bujgno u3 oupenesnennsi, muororpanauk Cgy umeeT 12 IpaBUIbHBIX IIATH-
YroJbHBIX rpaneil 1 20 N0y IPaBUIBHBIX MIECTUYTOJbHBIX IpaHeil (MMEeIouX CuM-
METPUIO TPEThEro Hopsijika). Pebpa — ABYX TUIIOB: MeXKJLy JIBYMsl HIECTUYTOJIbHbI-
MU rpaHsgmu (0603HaYMM Takue pebpa depes £) U MeXK/Iy IsATH- U [IeCTUYTOJIbHOM
rpansimu (Takue obosHaunM vepes L). IIpum stom okpectHocTH Beex 60 BepuimH
YCTPOEHBI OJIMHAKOBO: B KaKJION BepIINHE CXOAATCs JiBa pebpa L u oo £.

Oynnepen Cgo ABIAETCS IOTYIPABUILHBIM MHOTOIPDAHHUKOM W OJIHUM U3 TPU-
HaJIIATH apXIMEOBBIX TeJl.

Hamu nosrydeHsl ciiejyioniye yTBEPK IEHISI.

tan ¢ =

Teopema 1. B ¢yaeper Coo 6 E3 mooicem 6wmv enucar wap, xacaroujud-
CA BCET €20 2panetll, mo2da U MoavKo mozda, kozda daunv, €20 pebep J8YxT Munos
YA0BAEMBOPAIOM COOMHOUEHUIO

f_f 1oL
L V2\2 5

Tak>ke TTOKa3aHO, ITO MOJYyIEHHOE COOTHOIIEHHE SIBJISIETCS PENTeHNEM U30TIEePH-
MeTpuiecKoil 3aaun. To ecTh pU TAKOM COOTHOIIEHUM MEXK/Y JJTHHAMHU pebep
MakcuMu3upyeTcs 00beM eBKjnaoBa dysuiepena Cgy, HOPMUPOBAHHBIN 110 IJIOMIA-
JU TIOBEPXHOCTU.

Teopema 2. B ¢yaepen Coo 6 H> mooicem Gomv enucar wap, Kacarousuii-
cA BCEX €20 2parell, mo2da U Moavko moada, ko2da drunv, e20 pebep J8yxr Mmunos
YA0BAEMBOPAIOM, COOMHOULEHUIO

sh¢/2 /3

shL/2 V2

Takke TOKa3aHO, UTO TOJYyIEHHOE COOTHOIIEHNUE SBJISETCs PEIIeHNeM U30TIeph-
MeTpHuYecKoil 3aga4du. To ecTh ImpU TAKOM COOTHOIIEHWM MEXKy [JIMHaMu pebep
MaKCHUMU3UPyeTcss 0bbeMm rutepbdoamdeckoro dysuiepena Cgg, HOPMUPOBAHHBIN 110
ILJIOTIA/TU TIOBEPXHOCTH.

OryesibHBIN WHTEpPEC tpejcTasiser dyiieped Cgy ¢ NPIMBIMU JIBYTDAHHBIMEI
yryiamu. HecioXKHO moKa3aTh, 9TO TAKOW MHOTOIDAHHUK pPeaju3yercs B rurepbo-
JITYECKOM TIPOCTPAHCTBE, IIPUIEM BCE €r0 IIJIOCKHE YIJIbI MEXKIy pedpamu, nMero-
UMY OOIIYIO BEPINUHY, TOXKe TpsiMble. KomusiMu TaKOro MHOTOIDAHHUKA MOYKHO
3aMOCTHTB BCe mpocTpancTBo H3 6e3 camorepecedeHmit.

Teopema 3. Iliowadv noseprrocmu 2unepbosuveckozo gyanrepena Cgo ¢ nps-
MUUMU Y2aamu pasra 46 .

Paccmorpum errie pa3 npaBUIIBHBIN UKOCA3AP U IOJYyYEHHBIH U3 HETO yCeYeHU-
em BeprnH ¢ymieped Cgo (Puc. 2). JIByrpaHHbIe YIUIbI HKOCA3/[a COOTBETCTBYIOT
JIByTPAHHBIM yIJIaM MEXKJIy MapaMy IeCTHYroJbHbIX TpaHeil Cgy. YIMBUTEIbHBIM
dakT: xorst runepbosimaeckuii Cgy ¢ TPAMBIMEU JIBYTPAHHBIMU YIJIAMA CYIIIECTBY-
€T, HO IPABWIHHBIN MKOCA3IP C UPAMBIME JBYTDAHHBIMH YTJIAMH HE MOXKET OBITH
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peasmzoBan B H3. [IpeamonoKuM, 9To 3TO He TaK, U IPAMOYTOILHEIN THIep6OIIH-
YeCKU UKOCAAP CylnecTByer. Torma paccMoTpuM ero cedenne c¢hepoii JoCTaToIHO
MaJIOro pajmyca ¢ IMEHTPOM B JI000i ero Bepinune. B cedennn moaydaum cdeputie-
CKUIl MSITUYTOJIBHUK C HMPSMBIMU YIJIAMU, YTO HEBO3MOXKHO, TaK KaK CyMMa yIJIOB
B JII060M cepruIeckoM n-yroJapHuke Gosbiie (n — 2) 7.

[1] N. Abrosimov, A. Mednykh, Volumes of polytopes in constant curvature
spaces, Fields Institute Communications, 70 (2014), 1-26. arXiv:1302.4919.

Non-commutative normal forms and inverse spectral problems®

A.Yu. Anikin (Moscow)

We discuss non-commutative analog for Birkhoff normal forms. This theory
provides us with a new method for calculating asymptotic series of low lying
eigenvalues of Schrodinger operator. We show that the approach may be useful
for different reasons. Firstly, it enables to estimate the growth of the eigenvalues
expansion coefficients, and secondly it may be efficient for practical calculations,
e.g. for treating inverse problems. In particular, in the one-dimensional case under
some restrictions we prove that the knowledge of asymptotic series for any pair of
low lying eigenvalues is enough to recover the potential.

On identification problems with varying parameter
Yu.E. Anikonov (Nowvosibirsk)

We consider an evolution equation with a variable parameter p
0
%pA(t)w—l—)\(x,t), re€DCR" a<t<bh a1<p<p (1)

with data
w|t:a = wa(:c,p), w|t:b = wb(map)a (2)
where A(t) is a linear operator such that

A(t)elmg = eixgg(gvt)v .Z'f = ijfja 121(571;) € COO(RTH_l)?
j=1

17 a, ba

>
if (1) and

D is domain in Euclidean space R™ of variables x = (z1,2,...,2,), N
a1, B1 are constants. It is necessary to determine w(x,t,p) and A(z,t)

t ~
(2) are satisfied. We put function B(¢,t) = [ A(E, 7)dr.
The main result is ‘

Theorem. Let w(2,p) = [ Gul€,p)e'™de. wilir.p) = [ @lé.p)et™de, uhere

R”L R’ﬂ
R >0, Wa(&,p), Wp(&,p) are continuous for & € |§| < R, a1 < p < By and F(&,y) is
a continuous solution of equation

BT b
/ /e(y_p)B(g,r)dT F(&,y)dye PBED Gy (€, p) — e PBED G, (€, p)

[ a

6The work is supported by Russian Foundation for Basic Research (grants 14-01-00521 and
15-01-03747)
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for§f <R, a<y<p.
Then functions w(z,t,p), M x,t), which are determined by formulas
B t b

1
w(z,p,t) = 5/ePB(Eﬂt) / /e(y—l))B(Eﬂ')dT_ /e(y—P)B(fﬂ')dT F(&,y)dy

Rn o a t
+e PBEODG, (&, p) + e PPEDG, (€, p) | eCd,

B
A, t) = / / M PENR(E y)dy| et de,
R? Lo
satisfy (1) and (2).

Alike theorems can be formulated for systems and it is possible to give applications.

KpI/ITepI/II/I CymieCTBOBaHHUA pallMOHAJIBbHBIX MHTErpajJioB
HpoeKI_[I/Iﬁ ABYMEPHbIX ypaBHeHHﬁ reo;:[e3nquKnx7

FO.1I0. Bazdepuna (Vda)
1. PALIMOHAJIBHBIE MHTEI'PAJIBI YPABHEHUI I'EOJAE3UYECKUX. [eomesnue-
CKHE JIMHUH Ha TVIAJKOHN JIByMEPHOU ITOBEPXHOCTU C METPUKON
ds® = g11(z,y)dz® + 2g12(x, y)daxdy + goo (z,y)dy? (1)
OIIpeJIe/IAI0TCS pellleHueM CUCTEMBbL
4 I’;ko'cjg'ck =0, (z42%) = (z,y),

i - dg;i g1 gk i i .. (2)
ij: ( ' .5 ! )7 gkgkj:(sjv Za]7k:172

oxk = Oxi ox!

nJj, 9TO TO 2Ke caMoe, pelleHuemM raMUJIbTOHOBOI CHUCTEMBbI

. OH OH
it = , pi=—7—, =12 3
ap;. DT T og 3)
¢ TaMmIbToOHnaHOM H = (911 p2+2g12p1pa+g?2p3). Jlns uHTErpUPOBAHNS CHCTEMbI

(3) HEOGXOAMM JIONIOJIHATENbHBI [epBbIil uaTerpas F, QyHKINOHAIBHO HE3aBUCU-
mbiit ¢ H. Yame Beero (cm., Hapumep, 0630p [1]) F umerest B popmMe 0HOPOIHOTO
HOJIMHOMA TIO P1, P2. B [2] mpesmosnaraercsi, 9T0 BCe TEPBble MHTErPAJIBI 381891 O
IeOJIE3MIECKUX SIBJISIIOTCS JIMOO MTOJIMHOMAaMU 10 P1, P2, JUOO (DYHKIUSIMU TAKUX
TOJTMHOMOB. B mipocteiiiiem ciiydae 3TO OTHOINEHUE JBYX IOJAHOMOB CTEIIEHU M U
n. s cucrembt (2) Takoll palOHAJILHBI HHTEIPAJI UMeeT BUJL

P= (S )/ (Snenr ). s=2 g=B

3/1ech pacCMaTPUBAETCA CIyUail, KOT/Ja CTENeHN YUCIUTENIS W 3HAMEHATENsT COBIIa-
nator, m = n. Tormga npoeknust cucremsbl (2) Ha WIOCKOCTD (T,y) B popMe CKAJIAD-
umoro OIY BTOpPOTO MOpSIIKA
2
/ dy "o d=y

y" = S(z,y)y” + 3R(z,y)y* + 3Q(z,y)y’ + P(z,y), y = T V=g )

"PaGora nopnepxana PH® (rpant 14-11-00078).
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rie S =T3,, 3R = 2T'l, — T2,, 3Q =T}, — 2I'%,, P = —TI'},, macaemyer unTerpasn
(4) B dopme

= (S ) /(3 nien). 0

Ha npaktuke paimonanbubiii uarerpai OY (5) ynobuee uckarsb B dhopme

aj(z,y)
F, my+zy+bxy (7)

Ora 3anada asisercs Gosree obmelt dem nouck unrerpasna (4) cumcrems (2) npu
m = n, Tak Kak He Kaxjgoe OIY (5) aBisercsd npoeKimeil HEKOTOPOil CUCTEMBI
ypaBHeHuil reoje3udeckux (coorBercTByIOmuii Kpurepuii umeercs B [3]). Haunpn-
Mep, ypaBHenus llemieBe TakuM CBOMCTBOM He 00/1aJATOT.

st Toro aro6b1 dyukmums (7) 6puta nuarerpagom OLY (5), kosddunuenTs! a,,

aj,bj, 5 =0 ...,n—1, 1O/KHBI yJOBIETBOPATDL IIEPEOIPEICJICHHON CUCTEME ypaB-
HEHUt
Qjz = (ajbjl)y + 361]‘(@ — 2]?[)] + Sbg), bjx = bjbjy - P+ 3Qb] — 3Rb§ + Sb?,
n— n—
Uy = SZaj, Apg = Z(?)Raj —2Sajb; —ajy), j=0...,n—1
— =

(8)
OTHOCUTEILHO HHTErPAJIOB YPABHEHHI Ie0Je3MIeCKIX MOYKHO CTABUTH PA3HBIC 3a-
nauan. Oxna u3 HUX: Jyis gaHHoii Merpuku (1) oupenenuts, Gymer ju cucrema (2)
MMeTh MHTerpaJ 3aJaHHoil ¢popmbl. Takoit KpuTepuil B ciydae IOJINHOMHAIBHOIO
UHTerpaJia IepBoi 1 BTopoii crernenn nosydeH B [4], B [5] or moxyuen qyst OY (5)
u ero uarerpasa (7) npu n = 1.

Jpyras 3a1a4a: OIICATH METPHKI HEKOTOPOTO IPOCTOrO BH/IA, HAIIpUMeEp, ds? =
A, y)(dz? + dy?) nm ds? = \(x,y)dx?® + dy?, nnsa xKoropeix cucrema (2) mveer
unHTerpas 3anannolt dopmer (em. [1, 6]). IlpeasapuTenbHO AOKA3BIBAETCS, UTO B
HoIXoJsiell cucremMe KOOpAUHAT Jirobast Merpuka (1) mMeer Takoil BuI.

ITpu Beex n ypaBHeHUS (8) MOTYT GBITH TPOMHTErPUPOBAHEBI ¢ HEKOTOPLIMEA P, ),
R, S, uro cornacyercs ¢ ocHoBHBIM pesyibraroM [2]. Haubosee npocro sto caenarsb
B CIIy4ae METPHKU
Oz, y)

dy
MuaTerpaJibl COOTBETCTBYIONUX YPABHEHUN I€0IE3MIECKAX MOXKHO Oy IUTh U3 UH-
TerpajioB UX IIPOEKIAN

ds* = dxdy.

Ao A
" zy vy 12

= Zov,r 2wy 9
=YY (9)
nomcranoBkoit y' = /4. [lepeuncanm d)yHKuHH /\(x, y) B OV (9) u ero unrerpaJbl
suga (7) npu n = 1,2,3,4 (3zece o = (), 8 = B(y), v =), h, ho, ..., hs, p,

o — byHKIMI T, Y):

/
— A
n=1,F = (@ = fa — «, byHKIU \ YIOBJIETBOPSET YPABHEHUIO

(= B)Ayy" + ' A
1"

)\z)\y+( 2o/ _O%) +(a’5’

PG o P

A=0,
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KOTOpOe 3aMeHoil nepemennbix t = a(x), z = B(y), u = /(o — f)A/a’/ upeobpasy-
ercd B ypaBHeHue Jitstepa-Ilyaccona
U + Uy

20—z

Utz +

Ero pemennsivu siBisnorcs w = /z/t w u = 1/v/tz — /zt~%/%, 0 pexyppenTHOii
dopmyite

ou ou
Uma1 = (E— 2)Um + ZtZTtm + 222 azm

C TIOMOMIBIO DENIeHUst ¥y = 1 MOXKHO TIOJIyYUTh pEleHusl BHJA Upmi1 = (6 —
2)Pp(t,2), e Py, (t,2) — OXHOPOIHBII IOJMHOM CTEIIEHU M 1O &, Z.
/ /

o' Ay + (a+ B)hoh

n—2 Fy— Y + (a+ B)hohi

(Ayy" + ho)(Ayy’ + ha)
ypPABHEHUS
hhy = Ayhg — 2Xgyh, (10)
a A\ YIOBJIETBOPSIET YPABHEHUIO
((a+ B)hoht — &' A(ho + h1))y + " ANy + &' (Ax Ay — 2AA4y) = 0. (11)
B nepemennbix a(x) = t, B(y) = z, A = /U(t,2), h; = «/*H;(t,z) cucrema,
cocrosimast u3 ypaprenusi (11) u maper ypasrennii (10) nyst h = hg u h = hy,
UPUHUMAET BUJ
2UUtZ — UtUz + (U(H() + Hl))z — (t —|— Z)(HQHl)Z — HOH1 = 0,
H;H;. = H;;U, —2U..H;, j=0,1.
o//\)\fly’2 + (oAyy' + o+ B)hohihs
(Ayy" + ho)(Ayy' + h1)(Ayy' + h2)

F0TCs perneHnsiMu ypabrerus (10),

— i, Ipu 3TOM hg, h1 SIBISIIOTCSI pEIIeHUSIMU

TL:3,F3:

— «, dyuknuu hg, hy, hy aBisa-

n—1

g:)\lz('y—ﬁ’/)\ydx)—l—(a—&-ﬁ)z}jj’ (12)

A YIOBJIETBOPSIET YPABHEHUIO
(O'hohlhg — O/)\(ho + hl + hQ))y + CV,”)\)\y + Ol/()\z)\y - 2)\)\13;) =0.
& ANYP + (pA2Y? + oAy’ + a + B)hohihahs
(Ayy’ + ho)(Ayy' + ha)(Ayy' + h2)(Ayy’ + h3)
ha, hs aBisiores pemenusmu (10), o oupezensercs (12), dyHkius p HAXOAUTCS U3
ypaBHeHUsI
My + O//)\)\y + Oé/(/\w)\y - 2)\)\901/) =0, tne M = phohi1hohs — O/)\(ho +h1+hs+ hg),
A yzosiersopsier ypasueHuio Ny, = 4\, M — A\, M, tne N = ohohihohs — M (ho +
hi+hy + hs) — /XY hihy.
i#]

IIpu mocTpoeHnu BCeX STHX pelleHnii cucTeMsl (8) IpeanoIaragocsk, ITo b; or-

JIUIHBI OoT Hyssi. Ecim n = 1, TO OHa MMeeT Tak»Ke pelleHrne, NPUBOJSINEe K HH-

/
rerpany ] = a(;';—’ﬁ) —2a, ¢ = &(x) u merpuxke ds?> = o3 (e + B)dxdy. Ec-
mm n = 2, T0 onHO M3 pemenmit cucrempr (8) mis OJY (9) mpuBomur K Fh =
2
(@A + BA))p B
pPAY +a A+ BAY Y
tBopsier ypasrenio ((a/'X+ SA2)2/p), = o/’ ANy, + o/ (Aedy — 2\ Ay).

n=4,F4:

—q, ipu 3ToM hg, hq,

—a,tae p=a+vy+ 6 [ Ndr+28 [ Ayydz, X ynosie-
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Korga npu n = 2 3namenaress dyHknun (6) numeeT KpaTHble KOPHH, HHTEIPAJ
OY (5) moxkHO HCKaTh B opme

2a1(z,y) ao(,y)
Y +0(xy) (Y +b(x,y))*

¢ K03 dunmenTaMu, YI0BIETBOPSIONINMA IIEPEOIIPEIEJIEHHON CrCTeMe ypaBHEeHMI

F2:a2(z7y)+ ap, 017&0 (13)

A2y = 25@1, a2y — 6R(L1 + 25(0,0 - 2ba1) - 2a1y,

A1y = (bal)y - %aoy + 3QCL1 + 3R(CLO - 2ba1) + 3Sb(ba1 - CL()),
gy = 2a0by + baoy + 6@0(@ — 2Rb+ SbQ),

by = bby — P+ 3Qb — 3Rb? + Sb>.

(14)

BAZ /X
/2y + )\ /

Yy yY

TBOPSIET yPABHEHHIO ([3)\3)31 +a" My + ' (AsAy =2 Ayy) =0 m

s OIY (9) cucrema (14) umeer pemenns Fy =

— «, TAe A\ YIOBJIE-

- a2y + (a+ B)h?
By = 7 -
2 Ay + h)? Q,

rie h sBJsieTcs peleHneM ypaBHEHUsI (10), a A\ YIOBJIETBOPSIET YPaBHEHUIO (cp. C
(11))

((a+ B)h* =2/ Ah), + "’ Ay + &/ (A Ay — 2A)yy) = 0. (15)
MokHO 0XKUJIATDH, 9TO U IPHU N > 2 CJIydail KPATHBIX KOPHE B 3HaMeHaTese MyHK-

un (6) MOKeT ObITH IOJIyUeH U3 UHTerpada (7), IPUBEIeHHOIo K 00IeMy 3HaMeHa~
TeJII0, B KOTOPOM HeKoTopble u3 b; cosmagator. Cucrema (10), (15) mmeer gacrHbIe

pemenns h = Cra” = i’ +Chd mwh = Ciafa” + Cyv/ap(a — B)a”
@B " " a+p a2(a + B)? ’
/ /
5= C18a’ + 2Co/afa Gy Cy — const.
ala+ B)

2. KPUTEPUI1 CYIIECTBOBAHUS UHTEIPAJIA (13). Ypasuenue (5) umeer nn-
rerpai (13) rorpa u TonbKo Torma, Korga cucreMa (14) copmecrna. Tpuxk sl nud-
depennupyst (14) mo x, y, MOXKHO BBIPA3UTh BCe NPOM3BOJAHBIE MYHKIHUH ag, aj,
a2, b 9eTBEPTOrO MOPsIKA U 9aCTh IIPOU3BOIHBIX BTOPOIO U TPETHErO IOPsiIKa B
TePMUHAX g, A1, b, Qoy, A1y, by, Goyy, byy, Dyyy, & Takxke KodbuIMEnTOB P, @,
R, S ypasuenus (5) u ux npousBogubix. [IpupaBHUBaHUE CMENIAHHBIX IIPOU3BOI-
HBIX G, A1, A2, b IATOrO TOPSJIKA C IOJCTAHOBKOI M3BECTHBIX BBIPAYKEHWIT JJIst
MIPOU3BO/IHBIX MJIAJIIIErO TIOPSIIKA MPUBOINAT K COOTHOIIEHUIO

(620 — 611) + £ (021 — 830) (T + b) + (710 — (Y20 + 711)b + Y21b%) Y1+
+é(2’711 — 3720 + 7210) Yo + (v20 + 711 — Y21 (T + 2b)) Z1 + (16)
+5(B2b— B1) (Yo — 2Z3) — 3B2Y0Z1 + 10T Zo Zs + 15(Yy — 221)Z3 = 0,

e UCIOJIL3YIOTCHA 0003HAUEHUST

T:%, YO:%+4(Sb—R)T+2Z1, Y :%+2(Sb—R)—ST,

1 1 1

Ya = Yo, + Yo(Yi — R) + (SYo + 200)(T +b) — 201 — 275, (17)
leby+Q—2Rb+Sb27 22221y+(sb—R)Zl+Oé2b—Oé17

Z3 = Zoy + 3.
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Bripaskenust it BeJIMUNH (v; U BCEX OTHOCHTENILHLIX HHBAPHAHNTOB [, Yij, 0ij, €ij
cemeiicTBa ypasrenuii (5), Kpome

€41 = 531y — 5(530 + 2521) + 3Rd31 — 120(2’)/21,

Ay = €10y — 4Reqg + Q(3€20 + 611) — 21041510,

A30 = €300 — 2Rea0 + Peao +€31) — 121020 — ao (7030 + 2621) + 652710+
2631(Tv20 + 2711),

Ao = €40z — 3Res0 + 2Qeq0 + Pegr — 181630 — 3agdsr + 682(4v20 — y11)+
18831721,

Aso = €40y — 3Se30 + 2Re4p + Q€41 — 180[2530 — 30[1531 =+ 36,32’)/21,

A1 = €112 — Re1g — 2Qeqy + 3Pea1 — 3119 — 18agd11 — 3681710,

Aot = €11y — Se10 — 2Req1 + 3Qe21 — 32019 — 181011 — 18B2v10+
631 (720 — 4711),

Az1 = €21y — S(e20 + €11) + 2Qe31 — aa(2020 + 7611) — 121091 —
2832(2v20 + Ty11) — 651721,

A1 = €412 — R(eg0 + 3e31) + 4Qeq1 — 21131,

)\51 = E41y — 5(540 + 3831) + 4R€41 — 21&2531,

MmoxkHO Halitw B [5]. duddepenmuporanne (16) mo x, y maeT aBa COOTHONEHUST

(30 — €21) + 2 (€31 — €40) (T + b) + 5 (4620 — 611 — 2(621 + 2030)b + 35316) Y1+

1
3
—|—%(8521 — 11630 + 3531())}/0 + %(2521 + 4630 — 3031 (T + 2b))Z1 — 3721 Y021+
4

(711 — 420 + 37210) Yo + (13v11 — Ty20 — 6721 (T + b)) Zo+

5(Bab—p1)(9Y1 Z242B2) + +552(B2T — TZs — §Yo Za)+

+10TZ2 + 6023 + 45(2Y1 Z1 — Y2)Z2 = 0,

(20 — €11) + 3 (€21 — €30) (T + b)+
(3010 — 2(2611 + 020)b + (4621 — 030)b*) Y1+

(4611 + 2090 + (030 — 4021)(T + 2b)) Z1+

1

T1

+%(7(511 — 10520 + (4521 — 530)b)Y0+
_’_7

_l’_

3
(4711 — 720)b — 3710) Y2 + (6710 + (7711 — 13720) (T + 1)) Zo+

(20 — 4711)Y0Z1 + 5(B2b — 51) (3T Zs + 9(Yo — 221 + bY1)Z2 + 251)+
+2B2(B1 + Bo2b)T — 5B2(TbZs + 26Yy Zo + 3T Z1 Z) + 10TbZ3+
60T 21 Zo 7 + 60(T + b) Z3 + 45(26Y: 71 — bYa + 2Yo 7y — 472) 72 = 0.

(18)

Huddepennuposanue (18) 110 x, y IPUBOAUT K CIACAYIONUM TPEM COOTHOMIEHUAM

1

3
+
+
+
+

+
+

(a0 — )\31) + %()\41 — X50)(T + b) + %(5530 — 2691 — (831 + 5eq0)b + 3641b2)Y1+
£(10e31 — 13e40 + 3e41b) Yo + 3 (e31 + Heao — 3ear (T + 2b)) Z1+

£(2021 — B30 + 3031b)Ya + £ (7621 — 4030 — 3031(T + b)) Z2 — 5031Y0 Z1+

7(5v11 — 5720 — 3v21T) Z3 + 21(711 — 420 + 37210)Y1 22 — $v01 Yo Zo+

35(B2b — B1)Y1(3Z3 — £8a) + 32 B2(3YaZo — Yo Zs — AZ1 Zs — 1223 — 6Y1 21 Zo)+
%52(9721(3T +4b) — Tya0 — 17711) — 1481721 + 2 B2Y+

70(221 — YE))Z% + 210(22 -Y, + 2Y121)Z2Z3 — 210Y12§ =0,
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(30 — A21) + 5(As1 — Aao) (T + b)+

+%(4€20 — €11 — 3(521 + E30)b + (4631 — €4o)b )Y1+

+§(9€21 — 12e30 + (4e31 — €40)0) Y0 + (€21 + €30 + 3 (540 —4e31)(T + 2b)) Z1+
+§(511 — 4020 + (4621 — 630)b) Y2 + £ (4520 — 011 + (5521 8330)(T" + b)) Z2+
+8(530 — 4521)%Z1 + 7(’}/11(T + 5b) ’}/20(4T + 5b))Z3+

+21(711 — 4720 + 37210)bY1 Zo+

+21 (2911 — 8720 + 37210) Yo Z2 + 63(711 + Y20 — 721(T +2b))Z1 Z>+
+35(82b — £1)Y1(3bZ3 + 921 Z5 + 2321? B1) + 22B2(681 — B2b)Yo+
+2(6721 (T + b) — y20 — 117911)B1 + ZB2(v11 (5T + 17b)+

+’720(10T + 7b) - 12’)/10)+

35 35(3bYa Zy — 2(T + 2b)(Z1 Zs + 323) — bYoZs — 6bY1 21 Zo — 9YoZ1 Zo )+
+70((T + 2b)Zy — bY) Z2 + 210((T + 2b) Zy — bYs + 2bY1 Z1) Zo Z5+
+210(2Y, — 22y — bY1)Z3 + 315(2Y1 2y — Ya) Z1 Z2 = 0,

(19)
F(A20 — A1) + 5(A21 — A30) (T + b)+
+%(3€10 — (5511 + EQQ)b + (5521 — 2530)[)2)}/14‘
+§(8€11 — 1legy + (5821 - 2630)b)Y0 + 3(5611 + €90 + (2830 — 5821)(T + Qb))Zl—f—
+§((5(511 — 2(520)() 3610)1/2 + 3 (3(510 + (4(511 — 7520)(T + b))ZQ+
+6 (2020 — 5611)Y0Z1+
+7(5(v11 — 720)b(T + b) — 3y10T) Z3 + Z (4711 — Y20)b — 6710) Yo Z2+
+21((4711 — 720)b — 3710)bY1 Z2 + +21(6v10 + Y11 (T — 3b) — v20(4T + 3b)) Z1 Zo+

+32(Bab — B1)[66°Y1 Z3 + 6T Z1 Z3 + 18(T + b) Z3 — 9bY2Zo + 18Yy Z1 Zo+
+36bY1 21 Zo—

—3627 Zy + (3B2b — 451)bY1 + (461 — Bo(T + 4b)) Z1 ]+
+35 B5[302Yo Zy — 4b(T + b)(Z1Z3 + 322) — b*Yo Z3 — 6b?Y1 Z1 Zo—
—9bYoZ1Zy — 6T Z3 Zo)+
+581(2(4720 — 71 )(T +b) = 9710) + §B2(v10(T + 4b) + 5(y11 — 720)b(T + b))+
+35(882 — 4B, Bob + BEV?)Yo + 210((T + b)bZs — b2Ys + 202Y1 Zy + 2T 22) Zs Zs+
FT0(2(T + b)Zy — bY,)bZ2 + 105(2(AT + 5b)Zy — 2b%Y; — bY,) Z3+
+630(2bY1 2y — bYs + YoZy — 222) 2123 = 0.

Nx muddepentmpoBanue 1mo x, y AaeT ele deTbipe cooTHoIenus. VIcKaouenne Be-
mrauH b u (17) u3 srux 10 COOTHOIIEHNH TA€T 1Ba YCIOBUS COBMECTHOCTH CHCTEMBI
(14), 3aBuCsIUX TOJBKO OT OTHOCHTEJLHBIX MHBapuaHToB cemeficta OJY (5) u
HE COIEPXKAIINX ag, A1, A2, b 1 ux npom3BogHbIX. Ux nuddepeniuposanue mo x,
Y IIO3BOJIFET IIOJIyYUTh €Ile TPU ycjioBus coBMectHocTu cucrembl (14). C apyroii
cToponbl, auddepeniupoBanue morydaeMbix 13 (16) mocseaHux 4eTbipex COOTHO-
meHnii Ha BEJIMYUHBI b n (17) OPUBOIUT K IIATH COOTHOINEHUAM, MCKJIIOYEHUE N3
KoTopbIX BesimunH b u (17) jaer ere nsarh ycsiosuii copMecTHOCTH cucteMbl (14), He
COJIEPKAIINX g, 41, A2, b. [Ipr aTOM Tpu u3 HUX OyIyT MU dDEpeHTnaATLHBIMUA CJIE -
CTBUSIMU TIPEJIBIIAYINUX ABYX yCaoBuil. [109TOMy M3 MATH MOCTETHAX COOTHOIIEHUH
Ha Besimumbbl b u (17) gocrarouno paccMmarpusarh jasa. Kpurepuil cymecrBoBanus
y OZIY (5) marerpana (13) dopMyaupyercst Kax ycJ0BHE COBMECTHOCTH CHCTEMBI
(16), (18), (19) u eme mecTn ypaBHEHUH, aJIrebpPAnIeCKUX OTHOCUTEIBHO 8 BEJIMYUH
bu (17).

SamMeTnM, 9TO BEJIMIUHBL Z1, Lo, Z3 3aBUCAT TOJBKO OT MyHKIMM b 1 ee mpons-
Boaublx, a T, Yy, Y1, Ya Bxogar B (16), (18), (19) suueitno.
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3. PAIIMOHAJIbHBIIT UHTETPAJI (7) BTOPOU CTEIEHU. YCJIOBUS CyIIECTBOBa-
uus uaTerpasa (7) upu n = 2 npoline HOJIyYUTh, IPEJCTABUB €r0 B BUJE

al(%y)-i-ao(x,y) al(l'vy) _G'O(xvy)

. ao, by £ 0. (20
Y +bi(z,y) +bo(a,y) ¥ +bi(a,y) —bo(z,y) 0 #0- (20)

= aQ(xay)+

Hoa Toro urobnr dyuxius (20) 6buta unrerpasom OV (5), moypkHa OBITH COB-
MECTHA HepeolpeIe/IeHHast CUCTeMa, YPaBHEHNI

Q2y = 2Say, b= boboy + b1b1y — P4+ 3Qb, — 3R(b% + b%) + Sby (3()(2) + b%),
A2y = 6Ra1 — 4S(aob0 + albl) — 2a1y,

boe = (bob1)y + 3bo(Q — 2Rb1 + Sb?) + Sb3,

A1y = ((l()bo + albl)y + 3@1(@ — 2Rb1 + S(bg + b%)) + 6&0()0(51)1 — R),

Aoz = (a0b1 + albo)y + Sao(Q — 2Rby + S(b% + b%)) + 6a1b0(5b1 — R)

(21)
verbipexk bl auddepernupyst (21) mo x, Y, MOXKHO BBIPA3UTh BCE MIPOU3BOJHBIE
dbyHRUMIA ag, ai, ag, by, by TATOro MOPsiIKA M YACTH MPOU3BOJIHBIX BTOPOTO, TPe-
ThETO U YeTBEPTOTO MOPATKA B TEPMUHAX j, bj, Qjy, bjy, Goyys Ojyys Viyyys Doyyyys
7 =0, 1. [IpupaBHUBaHTEe CMEMIAHHBIX TPOU3BOIHBIX IIECTOTO MOPSIIKA IPUBOIUT K
COOTHOIIIEHUIO

%(611 — 620) + %(630 — 521)(b1 — Tbo) + %(531 — 640)(()3 + b% — 2Tb0b1)+

(=610 + (611 + 2020)b1 + (2621 + d30 — d31b1) (b3 — b3)) Y1+

%(2521 — 5530)b0(b0Y1 + X1)+

5(7511 — 10650 + 2(5530 - 2521)171 + 3531(1)(2) — b%))(bOYO + TX1)+

+2(531b0(b1 — Tbo)X1+

+%(14520 — 17611 + 2(10521 — 7(530)(b1 — Tbo) + 3531(2Tb0b1 — bg — b%))Zl-i-

+6(v10 — (Y20 + 711)b1 + 721 (b3 — b3))(2Y1Z1 — 2V X1 — boYa — Zo — T Xo)+

+6(v20 + 711 + 2721 (Tho — b1))(ZF — X7 — bo Xy — Tbo Z2)+

—|—12’)/21(T2 - 1)b%Z2+

+20(’Yll - ’720)((T - 1/T)bOZQ + bo(Y1X1 - Y()Zl) + Z12 — TX121)+

+30(B1 — Pab1)[bo(YoZy — X3 — TZ3) + Y1(2b0Zo /T — bo Xo — Z? — X?)+
+Yo(2X1Z) — 3boZs) + Z1(Z2 + TX5) — 3X1(Xo + TZ)|+

+3052[b(2)(Y2X1 + Y1Z2) + boXl(ZQ — 2Y1Z1) + Tbo(XlXQ — Z1Z2)+

+00Yo(Z7 + X7) 4+ bo(Z1 — boYo)(Xa + 225 /T) + (T X1 — Z1)(Z7 — X7)|+

+1082b3(Z3 + TX3) + 10(B1 — B2b1)? + 3 B2bo(B2(bo + Tby) — /1 T)—

—24062Y222 /T + +40(T — 1/T)bo Zs(bo X4 + 4X1 X3 + 322 + 3X2)+

+8003(X3 + 2T X375 + Z2) + 160bo (Y1 — Yo/T) Zo(bo Z5 + 3X1Z2)+

+160bo (Yo — Y3 /T) Za(bo X5 + 3X1 Xa)+

+160bp X1 (X2 X5 + Z2Z3 + T(XoZ3 + Z2X3))+

+240X3(X3 +2T X229 + Z2) = 0,
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T7le UCIIOJIB3YIOTCs ODO3HAUEHUS
T = % Yy = ‘;& — 2RT 4 2S(by + 0, T), Vi = % — 2R+ 28(by + boT),
1 1 1
Yy = Yo, + (Y1 + R — Sby) Yy + S(b0(Y1 — 2TY0) + Xy +TZ1) + T,
Z1 = b1y + Q — 2Rby + S(b3 + b?),
oy = Zly + (Sbl — R)Zl + Sbo X1 + asby — ag,
Zy = Zoy + B2, X1 = boy + 2bo(Sb1— R),
Xy = le + (Sbl_ R)Xl + SboZ1 + asby,
X3 = Xoy,
Xy = X3y + (R— Sby) X5 — S(boZs + 3X1Z2 + 3Z1 X2 + 2 B2bg) — 302X,

(23)
st IosTy9eHnst BCeX HE3aBUCHMBIX YCJIOBHUI COBMECTHOCTH cucTeMbl (21) HeoGxo-
Mo nstukpaTHoe nuddepennupoanne papeHcTsa (22) o x, y. [Ipudem npu no-
cnenpeM 1 EPEHITTPOBAHNN U3 IIIECTU I[TOJIYIAEMbIX COOTHONIEHH JOCTATOTHO
ocraBuTh B paccmorpenun tpu. Kpurepunit cymecrsosanus y OLY (5) unrerpa-
aa (20) dopmMynupyeTcs KaK yCJIOBHE COBMECTHOCTH CHCTEMbI 18 ajrebpanmdeckux
ypaBHeHUiT oTHOCHTENIbHO 13 Besmuand by, by u (23).

[1] A.B. Boacunos, B.C. Marsees, A.T. ®omenko, J6ymeproie puMaHO6b: Mmem-
PUKU C UHMEZPUPYEMBIM 2€00e3UH%ECKUM NOMoKom. Jlokaroras u 2a06arvhas 2€0-
mempus, Marem. coopuuk, 189:10 (1998), 6-32.

[2] V.V. Kozlov, On rational integrals of geodesic flows, Regul. Chaotic Dynamics,
19:6 (2014), 601-606.

[3] R. Bryant, M. Dunajski, M. Eastwood, Metrisability of two-dimensional pro-
jective structures, J. Diff. Geometry, 83 (2009), 465-499.

[4] B. Kruglikov, Invariant characterization of Liouville metrics and polynomial
integrals, J. Geom. Physics, 58 (2008), 979-995.

[5] Yu.Yu. Bagderina, Invariants of a family of scalar second-order ODEs for Lie
symmetries and first integrals, J. Phys. A: Math. Theoretical, 49:15 (2016), 155202.

[6] M.V. Pavlov, S.P. Tsarev, On local description of two-dimensional geodesic
flows with a polynomial first integral, J. Phys. A: Math. Theoretical, 49:17 (2016),
175201.

O npejcraB/jieHNN PENIEHUN 3aa49M O JBUXKEHUU TSXKEJIOT'0 TBEPIOro TeJia
B ciayuyae KoBasneBckoii B ( u p-dyHkuusx Beiiepmirpacca
A.B. Beases (Hosocubupck)

Kpowme wactabix mepuonmyeckux perrenuit bobbiiesa — Creknosa u Jlenone B
ciaydae KoBajieBCKOI eCTh U JIpyrue YacTHbIE HEPUOIUYECKHEe PeIleHUs, KOTOPbhie
He OOHAPYKUBAIOTCS KaK OYEBUIHBbIE BBIDOXKJIEHUs 00IIero pernenus. VIx Hajmane
CTAHOBUTCS SIBHBIM 0JIarojiapsi MCCJIEIOBAHUIO ACUMIITOTUK OCOOBIX TOYEK PENTeHUA.

Takue perenust 06pa3yOT YETHIPEXTAPAMETPUIECKOE CeMEHCTBO, 3aBUCIIEE OT
3HAYEHUI [TEPBBIX MHTEIPAJIOB: SHEPIUH, MOMEHTA, TPUBHAJIHLHOIO WHTErPAJa U WH-
terpajia KoBasiesckoit. B HacTosIIieM aHOHCE MBI PEIbsIBIISIEM JBYXITapaMeTpIie-
CKO€ CEMENCTBO TAKUX PeIeHuUi.
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Teopewma. ITycmos ((t), p(t) = —C'(t) — Pynrwyuu Betepwmpacca, a,b € R.
Obosnavum dynxyuu ((t —a — ib),{(t — a + ib),((t + a — ib),((t + a + ib),
coomsememeenho, (1, Ca, (3, (4 U, AHAN02UNHO, PYHKUUU, NPOMUBONONONHCHDLE UL
npoussodnum, p(t—a—ib), p(t—a+id), p(t+a—id), p(t+a+ib) — p1, P2, P3, P4-
Cywecmeyem nepuoduyeckoe pewerue, PAUUOHAABHO BLLPANACAIOULEECH C TLOMO-
wwvro ¢ u p-Pynrkyul Betiepwmpacca:
2(a® -1
D1 =0é(C1+C2—C3—C4+2C(2a))+%,
p3=2i (G — G+ G —G+2¢(2ib)),

b1
P2 = 2 p37 (1)
71 = pi —p3 — K,
Yo = 2p1p2 — Ko,
V3 = p1p2 + 2po,

20e

2 _ ) 4¢2
K1 =2(?-1) (m + o2+ o3+ P4+ é:l — 2p(2ib) — 2p(2a — 2ib) — sz) ,

Ko =(1—a?)(ps+4& ((1 — G — G +C)), & =C((2a— 2ib) — ¢(2a) + ((2ib).
IIpedcmasaerue ( 1 ) asasemca R-dsyxnapamempuveckum: c60600HbIMU NAPa-
MEMPAMYU ABAAIOMCA G2, §3, 3a0ar0uue O-PYHKUUI0

\ (
(9'(2))* =4 p(2)° — g2 p(2) — g3

BMECTNE C NAPGANEAOZDAMMOM Nepuodos. Tlapamempu, o, a,b onpedeasromes ycao-

eUAMU.

O/ (2ib) =0, ((2ib) — C(a+ib) + ((a—ib) =0,
o2 — ¢(2a) + ¢(2ib) + p(2a — 2ib)
©(2a — 2ib) — ¢(2ib)

[1] C.B. Kosasuesckas, Hayunoie mpydu, Uzn-so AH CCCP, Mocksa, 1948.

[2] FO.A. Apxamrenbckuii, Anasumuueckas dunamura meepdozo meaa, Hayka,
Mocksa, 1977.

[3] A.V. Belyaev, On the full list of finite-valued solutions of the Euler-Poisson
equations having four first integrals, Math. Nachrichten, 285:10 (2012), 1199-1229.

Analytic connections on Riemann surfaces
Y. V. Brezhnev (Tomsk)

We give a differentially closed description of the uniformizing representation to
the analytical apparatus on Riemann surfaces. Apart from well-known automorphic
functions and Abelian differentials it involves construction of the connection objects.
We show, in an example of the hyperelliptic curves, how can the connection be
explicitly constructed. We study also a relation between classical /traditional ‘linearly
differential’ viewpoint (principal Fuchsian equation) and uniformizing representation
of the theory.

Universal formal groups whose exponentials are
elliptic functions of level n
E.Yu. Bunkova (Moscow)
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On discrete structures in phase portraits
of some non-linear dynamical systems®
A.A. Akinshin, V.P. Golubyatnikov, M.V. Kazantsev

We consider one class of multidimensional non-linear dynamical systems as models
of functioning of some gene networks. Cycles of these systems describe important
oscillatory biological processes.

We construct discrete structures (structure graphs) in phase portraits of these
systems and show some connections of these graphs with geometry of phase portraits.
Detection of possible locations of the cycles is one of the main aims of our studies,
and here the main question is: Let two dynamical systems in the considered class
have the same structure graph, how different can they be?

Oscillatory processes are very important in gene networks analysis: they control
circadian rhythms and play a crucial role in natural biological clock.

Functioning of gene networks can be described by kinetic dynamical systems,
and we consider here the case when their right-hand sides are smooth. Sometimes,
we can obtain useful information on structures of their phase portraits from their
discretization: if we divide them to subareas with unambiguous transitions from
part to part, we can imitates the original system, and detect areas where periodic
trajectories can appear. Such approach was successfully used in analysis of some
biological models, see [2—4].

We apply this approach to non-linear dynamical systems of the type

= fie) e, = ) 1)
Here i = 2,3,...n, o = Tpn, Tnt1 = 21, and all f; > 0 are smooth monotonic
functions. Denote monotonically increasing functions f; as fy, and monotonically
decreasing functions f; as f_; they correspond to positive, respectively, negative
feedbacks in gene networks. Typical examples used in (bio)chemical kinetics are
fi(@)=az"/(14+27) and f_(x) =a/(1 +z7).

We define the profile S of the system (1) as a binary vector:

SZZO, if fz iSf_, SZ:]., if fZIS f+, Z:].,Q,’I”L

The parity p(S) of the system (1) is defined as p(S) = >_7 S; (mod 2).

The system (1) has at least one equilibrium point . Let © be its invariant
neighborhood. Actually, detection of such neighborhoods is a difficult task, but in
some particular cases they can be easily constructed.

We decompose © by 2" disjoint domains by n hyperplanes containing the equi-
librium point Z and parallel to the coordinate hyperplanes. We also use the word
domain to denote binary vector v:

v=0, if i<z v=1 i z;>z; i=12,...n,

where 2* € ©. Two domains u and v are incident by the i-th coordinate ((u,v) €
A;(G) and u; # v;) if they differ only in the i-th coordinate. Each pair of incident
domains has a common face. Similar constructions in other situations were realized
in [1-4].

Lemma 1. For any pair of domains u and v that are incident by the i-th
coordinate, the vector field on the common face of u and v is oriented in one
direction along the i-th coordinate axis.

8Supported by RFBR, grant 15-01-00745.
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We define an oriented graph G as follows: its vertices correspond to domains of
O, and an edge exits from a domain u to v if they are incident and the vector field
of (1) is directed from u to v. We use the notations:

(1) All vertices that have both, incoming and outcoming edges are called transit
vertices. Let V(G) be the set of all vertices of G, T(G) be the set of its
transit vertices, and A(G) = J] 4;(G).

(2) E;(G) is a subset of edges of G parallel to the i-th coordinate axis. Let
E(G) = U7} Ei(G), then E;(G) = 4;(G) N E(G).

(3) The valency P(u) of a domain u is the number of outcoming edges from
corresponding vertex. The valency level V;(G) is the set of all domains:
u € V;(@), and P(u) = i. A valency level that contains transit domains
only is called transit valency level.

(4) A subsequence of a vector u is a vector consisting of some of the components
of u. If vector v is a subsequence of u, we say that u contains v and denote
this as v C u.

There is a direct connection between cyclic trajectories of the system (1) and loops
in G: if a cyclic trajectory passes through domains vy, vs, ..., vk, there is also a loop
consisting of corresponding vertices in the graph G.

Lemma 2. For any system (1), vertices of a loop in G belong to the same valency
level. Valencies of all domains have the same parity.

Consider now the system (1) where all f; are the f_ functions. Let @, be a
domain of such a system that satisfies following conditions:

1. (0) Cv and (1) C v; 2. (00) C v or (11) C v.

Thus, all domains which have valency greater than zero and less than n satisfy
both conditions. We call them transit domains, and the valency levels that contain
them are called transit levels. We show that all transit valency levels (and only
these levels) contain loops in such graphs.

Proposition 1. In a system with negative feedbacks, each transit domain contains
at least one of subsequences (001) or (110). For any transit domain, there is always
an edge to another transit domain on the same valency level. FEeach transit valency
level contains a loop.

Now, let S be a profile of a system (1) and I(S,%) is defined as follows: I(S,i); =
S;+1(mod2)if j = (¢ — 1) or j = 4; and I(S,7); = S; otherwise. This operator
inverts the (i — 1)-th and the i-th elements of each profile and preserves the parity
of the system.

Theorem 1. Domain graphs of systems of the type (1) with profile vectors S
and 1(S, i) are isomorphic for any i.

Corollary 1. The graphs of two such systems with the same parity are isimorphic.

[1] N.B. Ayupova, V.P. Golubyatnikov, On two classes of non-linear dynamical
systems. The four-dimensional case, Siberian Math. J., 56:2 (2015), 231-236.

[2] T. Gedeon, Cyclic feedback systems, Memoirs of AMS, 134:637 (1998), 72.

[3] L. Glass, J.S. Pasternack, Stable oscillations in mathematical models of bio-
logical control systems, Journal of Math. Biology, 6 (1978), 207-223.

[4] S. Hastings, J.J. Tyson, D. Webster, Existence of periodic solutions for negative
feedbacks cellular control systems, Journal of Diff. Equations, 25 (1977), 39-64.
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BekrTopHoe pacciioeHue abesieBbIx AudpepeHIinaion
HaJ pocTpaHcTBamu TelixMmiosiepa mOBEPXHOCTEN C IIPOKOJIAMU
B.B. Yyewes, A.A. Kasanuesa (Kemeposo)

Teopus byHKIMIT Ha KOMIAKTHBIX PAMAHOBBIX MOBEPXHOCTAX CYMECTBEHHO OT-
JITIaeTCs OT Teopur (DyHKIWH HA KOHETHBIX PUMAHOBBIX MOBEPXHOCTAX JAXKE JJIst
Kjacca abesnesbix (oxuozHavHbix) auddepenimanos. [Iycrs F — dukcuposanuas
[JIaJIKasi KOMITAKTHAS OPUEHTUPOBAHHAS MOBEPXHOCTH POJA ¢ > 2, ¢ OTMEYaHu-
eM {ak,bp}]_, ms m(F), a Fy — KOMIAKTHasi PUMAHOBA HOBEPXHOCTH C (DUK-
CHPOBAHHON KOMILIEKCHO-aHAJIUTUYECKOH cTpykTypoil na F. 3aduxcupyem pas-
juadble o9k Py, ..., P, € F. llycre F' = F\{P,,...,P,} — 1noBepxHocrb TH-
na (g,n), n > 1, g > 2, u I — dykcosa rpymnmna mepgoro poja, WHBAPUAHTHO
neitcreyromas B kpyre U = {z € C : |z] < 1} u Fj = U/I". Jlwbas apyras
KOMILJIEKCHO-QHAJTUTUIECKast CTPYKTypa Ha F’ 3amaercsa HeKOTOpbIM auddepeHim-
anom Benbrpamu p Ha FJ, T. e. BhIpaxkeHueMm Buzna (i(z)dz/dz, Koropoe nuHBapu-
AHTHO OTHOCHTEJIBHO BBIOOPA JIOKAJLHOIO IapameTpa Ha Fj), e fi(z) — KOMIUIEKC-
nosHavHas ynknus wa Fj. Oty crpykTypy Ha F' Gymem obosmadath wepes F),.
g-Jupepenyuanom OTHOCUTENBLHO QPyKCOBO rpymnbl IV masbiBaercs auddepen-
mmast w(z)dz? takoit, uto w(T'z)(T"2)? = w(z),z € U, T € I". [lusuzopom ua F), Ha-
3oBeM (bopmanbHoe mponssenenne D = P ... P Py € Fyn; €Z, j=1,...,k.

O6o3naunM depes Qq(m; F,,) npu g > 1 npocrpancrso ¢-audde-
1@ Qi Qs

1
a1 A%~ A e > >
pennuanos Ha F),, KpaTHBIX IUBH30DY T 0G0y e aq,...,qp > 2, § >
1, 0 <l < surouku Q1,..., Qs momapHO pasnudHsl, a depes Q4(1; F),) — moampo-
CTPAHCTBO I'OJIOMOPMHEBIX ¢-TuddepeHnuanos Ha F),.
Paccemorpum Habops! g-auddepennnaios:
n (2 (1) () (ou)
70,010 Tq,Qur "> ‘LQll’ 0 Tq,Q Tg,Qur Tq,le 74,1 Q15+ Ta,Q1Qs > (1)
i
1 (2 (1) 1 (2 (o)
T Ta@re 2 Ta0u 2 Ta.0 TaQrr 2 Tg.01 TaQusts -+ 2 T0,Qa (2)
mpu l > 1,q > 1;
1
74,01 T4:Q2Q15 -+ -1 Tq,Q: Q1> (3)

njain

1 1
7'57221 - ,7'57225, (4)
upu l =0,qg > 1.

Teopema 1. Bexmoptoe paccaoenue E = |J QU (=ar—mi———1 F,) /Q(1; F,)
1 Q Qry1..Qs

(1]
6ydem z2osomopdrvim 6eKMOPHBIM Paccaoeruem parea o+ - -+ag+s—1 nad Ty, 2de
g>2 a,ena>2,8>1,0<1<s, g>1umousuQq,...,Qs nonapro pasiuy-

no. ITpu amom kaacewvs cmencrocmu g-dugddepentuanos us nabopos (1), (2),(3), (4)
darom 6a3UC NOKGADHO 20A0MOPPHUT ceuenuti amozo paccaoenus 1ad Tg.
PaccymorpuM quarpammy

E UQQ(W’FD nAn UQq<m’F”) E
- Qa(1, F)) N M,y - Qa(1, F) -
! + (5)

Tyn — T,.
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Teopema 2. Jluazpamma (5) asasemes Kommymamuehol duazpammols usd 2o-
AOMODPHBIT BEKMOPHHLL PACCAOERUT, Y KOMOPLIL COOMBEMCMBYIOUUE CAOU U30-
MOPPHDL, U 20A0MOPHHOIT N -AUCTHBIZ 0MOOPAsCcEHUT Had 6a3aMU U3 NPOCTPAHCTNE
Tetizmronnepa.

[1] B.B. Yyemes, 9.X. fAxy6os, Myavmuniukamuservie mouku Betepwmpacca
Ha Komnaxkmuot pumanosolt noseprnocmu, Cub. mar. k., 43:6 (2002), 1408-1429.

[2] M.U. Tyuuna, B.B. Uyemes, Jugdepenyuanve [Ipuma na nepementot xom-
naxmmotl pumarosot noseprnocmu, Mar. 3amerku, 95:3 (2014), 459-476.

Complexity in a kinetic model of heterogeneous catalytic reaction
with an hierarchy of characteristic times
G.A. Chumakov (Novosibirsk)

Under study is a system of three nonlinear ordinary differential equations with
fast, intermediate, and slow variables that models the dynamics of the heterogeneous
catalytic reaction of hydrogen oxidation. The system accounts for the influence of
the catalyst surface state on the properties and, in particular, on the activity of
the catalyst. We shown this model to have a wide spectrum of the complexity
phenomena.

We present some results of studying different types of the multi-peak oscillations
and the chaotic behavior in the dynamical system with a hierarchy of characteristic
times and illustrate that the influence of adsorbed species on the rate of catalytic
reaction may lead to multi-peak oscillations and even to chaotic behavior under
isothermal conditions. Such a situation occurs, for example, when the surface hetero-
geneity of the catalytic sites causes the activation energy of some reaction stage (or
stages) to change with the surface coverage by one of the intermediate substances.
Numerical simulations are used to demonstrate different types of the multipeak
oscillations and chaos in the kinetic model of hydrogen oxidation on nickel catalyst.

Under study is also the behavior of the global error of numerical integration
in the two-variable mathematical model of a heterogeneous catalytic reaction [1].
Numerical estimation of the global error indicates that there is a high sensitive
dependence of the solutions on initial conditions due to the existence of a tunnel-
type bundle of trajectories which is formed by the stable and unstable canards.
We show that the exponential growth of the norm of the fundamental matrix of
solutions of the system linearized around a stable canard-cycle yields exponential
growth of the leading term in the global error of numerical solution.

Moreover, we provide some numerical analysis of the chaotic behavior within an
attractor in terms of a Poincare map. For this purpose, we study a bifurcation of
an invariant torus since it is of great interest to clarify the scenario of transition
from periodic behavior corresponding to a stable cycle on the torus to the regime of
chaotic multi-peak oscillations [2]. Note that, before the break-down of the invariant
torus for some value of the control parameter (i.e., the bifurcation of the invariant
torus occurs), the torus should lose its smoothness.

Finally in this paper, we study a scheme that allows us to generate homoclinic
chaos in the three-dimensional system. In this case, for the generation of chaotic
dynamics we use the Feigenbaum period-doubling scenario.
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[1] Chumakov G.A., Lashina E.A., Chumakova N.A. On estimation of the global
error of numerical solutioin on canard-cycles, Mathematics and Computers in Simu-
lation, 116 (2015), 59-74.

[2] Chumakov G.A., Lashina E.A., Chumakova N.A. Modeling the complex dyna-
mics of heterogeneous catalytic reactions with fast, intermediate, and slow variables,
Chem. Eng. Journal, 282 (2015), 11-19.

On minimal ideal triangulations of cusped hyperbolic manifolds
E.A. Fominykh (Chelyabinsk)

Grassmann extensions of Yang-Baxter maps
related to NLS type equations
S. Konstantinou-Rizos (Grozny)

In this talk, we present some novel endomorphisms between Grassmann extensions
of algebraic varieties which possess the Yang-Baxter property. In particular, we
consider the cases of the nonlinear Schroedinger (NLS) equation and the derivative
NLS equation, and we make use of their associated Darboux transformations to
construct ten-dimensional maps which can be restricted to eight-dimensional Yang-
Baxter maps on invariant leaves. These results constitute the first attempt to extend
the theory of Yang-Baxter maps in the case of Grassmann algebras.

Subcomplex and subkahler structures®’

E.S. Kornev (Kemerovo)

A subcomplex structure is a generalization of the almost complex structure
associated with a symplectic form on any manifold of arbitrary (even or odd)
dimension. A subcomplex structure on manifold M is a triple (Q, D, @), where Q is a
degenerated exterior 2-form with radical R, D is a some fixed distribution of tangent
subspaces transversal to radical R, and @ is an tangent spaces endomorphisms
field so that ®|g = 0, #?|p = —id, *Q|p = Q|p. The distribution D always
has even dimension for any dimension of manifold M. When 2 is fundamental 2-
form for some Riemannian Metric g associated by @, a quadruple (Q, D, ®,g) is
a Subtwistor Structure on M. When D is the totally nonholonomic distribution,
a subtwistor structure induces a subriemannian structure on M. When D is the
holonomic distribution and € is a closed 2-form, a subtwistor structure induces
a Kahler structure on some submanifold @ C M : D|g = TQ. In this case, a
subtwistor structure (Q, D, ®, g) is called a Subkéhler structure on M. We provide
some results and examples for subtwistor and subkéhler structures. In particular,
the examples of manifolds that admit or does not admit these structures.

9The work was supported by President RF Grant in support of Leading Scientific Schools,
NSh-9740.2016.1.
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Nonformal moment-angle manifolds of 2-truncated cubes'®
I.Yu. Limonchenko (Moscow)

A space X is rationally formal if its Sullivan-de Rham algebra (A, d) of PL
forms with coefficients in Q is formal in CDGA, i.e., there exists a chain of quasi-
isomorphisms between (A, d) and its cohomology algebra (H*(A),0). Examples of
such spaces include spheres, H-spaces, symmetric spaces, compact connected Lie
groups and their classifying spaces, compact Kéahler manifolds (Deligne, Griffiths,
Morgan, Sullivan). Moreover, formality is preserved by wedges, direct products and
connected sums for manifolds. It is well known that a nontrivial higher order Massey
operation in cohomology is an obstruction to formality of a topological space. Based
on the works of Buchstaber and Panov (see [2]) describing algebraic and topological
properties of moment-angle manifolds and complexes, Baskakov [1] found a class of
triangulated spheres K s.t. their moment-angle manifolds Zx are not formal, having
a nontrivial triple Massey product of 3-dimensional cohomology classes. Denham
and Suciu [3] proved a combinatorial criterion for a simplicial complex K to provide
the situation as above.

We shall introduce a family of n-dimensional flag nestohedra P starting with a
simple 3-polytope dual to the Baskakov 2-sphere, s.t. there is a nontrivial n-fold
Massey product in cohomology of the moment-angle manifold Zp for any n > 3,
see [4]. By Buchstaber and Volodin theorem any flag nestohedron can be realized
as a 2-truncated cube (a consecutive cut of only codimension 2 faces starting with
a cube); we shall present our family of flag nestohedra as 2-truncated n-cubes for
n > 3.

[1] 1.V. Baskakov, Massey triple products in the cohomology of moment-angle
complezes, Russian Math. Surveys, 58:5 (2003), 1039-1041.

[2] V.M. Buchstaber, T.E. Panov, Toric Topology, Mathematical Surveys and
Monographs, 204, American Mathematical Society, Providence, RI, (2015).

[3] G. Denham, A. Suciu, Moment-angle complexes, monomial ideals, and Massey
products, Pure and Applied Mathematics Quarterly (Robert MacPherson special
issue, part 3), 3:1 (2007), 25-60.

[4] I.Yu. Limonchenko, Moment-angle manifolds, 2—truncated cubes and Massey
operations, http://arxiv.org/abs/1510.07778, (2015).

@ yHKINOHAJIHPHO WHBAPUAHTHBIE pelreHusi cucreMbl Makcsesnia'l

M.B. Hewadum (Hosocubupck)

B pabore crpositcst pemenusi cucrembl MakcBesia, KOTOPbIE MOYXKHO IIPEJICTa-
BUTb B BUJI€ KOHEIHOrO (PyHKIIMOHAIBLHOTO Psifia OT IIPOM3BOIHBIX ITPOM3BOJILHOMN
dyukuun ¢ GynkuuonanabHbIM aprymenToM (bas3oil) u GyHKINOHAIBHBIMU KO-
dbunmenramu (ammummTynamu). B TakoM BHje, pA3BUBAEMBII 3/1€CH MOJIXO0, MOYKHO
paccMaTpuBaTh KakK MOUCK OOODIIEHHBIX (DYHKIIMOHAJBHO HWHBAPUAHTHBIX PeIleHui
[1] cucrembr Makcsenta. C gpyroii ¢TOPOHBI, 3TO AHAJIOT JIyYEBOTO METO/A IIPUME-
HUTEJIBHO K cucTeMe ypaBuenuit Makcsesia. Kitaccnaeckoe npuMenenune Jy9e€Boro
MeTozia [2,3] 3aKiIOYaeTest B TOM, ITO JIy9I€BOil Psif ABJIAETCS PEIIEHNEM CHCTEMBI

10The work was supported by the Russian Science Foundation (grant no. 14-11-00414).
Hpagora noyepxkana PODPU, rpant 14-01-00014.
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MaxcBesuta acumnToTrnaecku. B HacTosimelr pabore MpenoaraeTcs, ITo JIyIeBoi
DS KOHEYHBIN U ABJISETCH TOYHBIM PEICHUEM.

Hau6osee oo 060611eHHbIE (DYHKIMOHAILHO nHBapuanTHbIe pemtenus (ODIUP)
UCCJIeTOBAHBI JJIsl BOJIHOBOTO ypaBHeHus (cM. suteparypy B [4]). (B smureparype nc-
HOJIb3YETCsl TAKXKe TEPMUH — OTHOCUTEIHHO HeMCKazKaroumecs: BoIHbL [5].) Tak B
paborax [6-8] 6buIN JEeTATBHO M3y YeHbl KOMILJIEKCHBIE (DyHKIMOHAIBHO HHBAPUAHT-
uble pemenus (OUP) u, Kak 0Ka3a10Ch, 9TH PelleHns UMEIOT OONIUPHbIE IPUMEHe-
HUs B 3a/la4aX PACIPOCTPaHEeHUs KojlebaHuil (aKyCTUIeCKUuX, JIeKTPOMAIHUTHBIX ),
CBSI3aHHBIX C BOJIHOBBIM yDaBHEHHEM, a TaKKe U B OoJjiee CJIIOXKHBIX 33/a9ax pac-
npocTpaHenus yupyrux kojebanuii. Ormerum, uro @PUP BoIHOBOrO ypaBHEHUS MC-
IIOJIB30BAJINCH JIJIsI TIOCTPOEHMsT TOUYHBIX PenieHuii cucrteMbl MakcBesia B paborax
[9-11].

IlocTpoenmnie B mamHOM pabore perrerust cucreMbl MakcBesnta coaepkar GyHK-
[IMOHAJILHBINA IIPOU3BOJI, YTO IIO3BOJISET ONpPEIEsIATh IIapaMeTrphbl cucreMbl Makc-
BesIa (JU3JIEKTPUIECKYI0 U MATHUTHYIO [IPOHUIAEMOCTH ). DTO HAIIPABJEHHE IIPO-
JloJKaeT uceaenoBanus [12, 13|, cBsi3aHHbIE ¢ KOHCTPYKTHUBHBIM IIOJIXO/IOM K pellle-
HUIO 00paTHBIX 33Ja4. KpoMme TOro, UCIOIb30BaHue CPEJICTB I'PYIIIOBOIO aHAJIN3a
nuddepennuaibabix ypasuenuit [14, 15| nozBossier u3 yxke HAfJEHHBIX DEINEHUT
CTPOUTH HOBBIE pPeleHus cucreMbl MakcBessa ¢, BOOOIe roBops, yKe TEH30PHBIMU
napamerpamn [16].

Takke ormerum 3aja4y, nocrasjiennyo P. KypanTroMm: HailTu Bce JIMHEHHbIE TH-
1epboJInvIecKre ypaBHEHUsSI BTOPOTO HOPSIJIKA, Il KOTOPBIX CYIIECTBYIOT CEMERCTBa
peIleHni OTHOCUTEIFHO HENCKAXKAIONINXCsI BOJH. B IByMepHOM ciiyvae HaiiIeHbI
He00XO/IUMBbIE U JIOCTATOYHBIE YCJIOBHS, KOTOPBIM JOJIKHBI YIIOBJIETBOPSATH KO-
dburmenTsl JuHEHHOTO UM dEPEeHITNAILHOIO YPABHEHNS BTOPOTO IOPSIKA C JIBY-
Msl HE3aBUCHMBIMU II€PEMEHHBIMHU, IIpu KOTOpbIX cymiectBytor OPUP. B Gosibimx
Pa3MEPHOCTSIX M3BECTHBI TOJBKO OT/EJIbHBIE KJIACCHI TAKUX yPABHEHUIl, & B 00IIEM
ciydae 3Ta 3aJada OCTaeTCs HepeIneHHON. Pe3yinbrarTbl JaHHON PabOTHI MTOKA3bI-
BaioT, uro cucrema Maxkcsesia umeer OPUP. Ormerum, uro B paborax [17, 18]
IIOCTPOEHBI KJIACCHl YPABHEHUN U CHCTEM BTOPOT'O IOPSIKA C IEPEMEHHBIMU KO-
dunmenramu, nomyckaorme OPUP u nosytueHsl HEKOTOPBIE IPUMEHEHUsT JTAHHBIX
pPEe3yJIBTATOB K OOPATHBIM 3a/1a9aM.

[IpuBesiem HOPMYIUPOBKH OCHOBHBIX PE3YJIHTATOB.

Cucrema ypasaennit Makcsesuta [19] nmeer Bu:

iv(eE) = - - __noH _E0F  4r
div(eE) = 4mp, div(pH) =0, rot E = T rot H = Y + - J, (1)

tne E = (Ey, E2, E3)(Z,t), H = (Hy, Hy, H3)(T,t) — BeKTOpa JEKTPUIECKON U
MArHUTHOM HAIIPsI?KEHHOCTH, p = p(T, t) — IWIOTHOCTH 3apsioB, J = (J1, J2, J3)(T, t)
— TOK 1poBojuMOCTH, € = £(T), u = p(T) — aussekrpudeckue (HyHKIUY, 3aBUCH-
1Ee OT MepeMeHHbX T = (1,y,2) € D C R3, t > 0, D — 06/1acTh BENeCTBEHHOTO
eBKJIMIOBa pocTpancTsa R3. s 0603HAYEHNs CTAHIAPTHBIX CKAJISIPHOIO U BEK-
TOPHOTO IIPOM3BEJICHUI BEKTOPOB B €BKJIHIOBOM IIPOCTPAHCTBE R3 HCHOIBL3YyIOTCS
obosmavuenns <, >, [, ]. Yepes f(*)(¢) obosHauaeTcs MPOM3BOIHAS MOPSIKA § OT
dyukuun f(¢) omsoro aprymenra (.
VIMEIoT MeCTO CJIEIYIOUE TEOPEMBI.

Teopema 1. Ecau swnoanena cucmema ypasHerut

EAk + [VT7 Bk] =rot Bk_l - Ck—17
C
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—%Bk + [V 1, Ag] =rot Aj_1,
rot B,, = C,,, rotA,, =0,
<V 7,uBg >= div(uBg—_1), (2)
< Vr,eA, >=div(eAk-1) — pk-1,
div(uBpm) =0, div(eAn) = pm,
A,1=B1=C_1=0, p.1 =0,

onsn eexmop Pymkuyul Ag(T), B(T), Cr(T) u ckarapror dynruyud pi(T), k =
0,...,m, mo dan npouseoavholi gynrxyuu f(C) odnozo apeymenma ¢ caedyrougue
PYHKEYUU

E=3 4@ fmP(-r@),  H=3 B@ "t - @),
k=0 k=0

3)

= G@ I @), Ay = 3 pu(@) 1~ 7(a).
k=0 =

2de |V7|? = (ep)/c?, ydosaemeopsrom cucmeme ypasrenudi (1).

Takum 06pazom, popmyiisl (3) matoT TogHOE perenue cucreMsl (1), npu yciaoBun
BoosiHenust (2). O6miee pemmenne cucremsl (2) qaeTcst cleayomeil TeopeMoii.

Teopema 2. ITycmv 7(T), ©(T) — npoussosvhwe Pynryuu, Ag(T) — npous-
60ADHAA 6EKMOP PYHKUUA OPTMOZOHANLHAA T
< Ao, VT >=0,
A1(T), ..., An—1(T) — npoussoavhvie sexmop dynryuu. Toeda eexmop Pyrruyuu
A (T), Bip(T), Cp(T) u pyrxyuu pp(T), k = 0,...,m, onpedesernvie Gopmyaamu
Ap = VSO,

By, = 5 (V7 A — rotAg_1)

C = rot (; (IV7, A] — rotAk1)> + 5[%, rotAg] — % < VT Apyr > VT, (4)

Pk = diV(EAk)— < Vr, EAk+1 >,

2de A, =0 npu k > m uau k < 0, ydosaemsopsrom cucmeme ypasrerut (2).

[1] H.II. Epyrun, M.M. CMmupuoB, @PynkyuoHaibHO-UHEAPUAHIHYLE PEULEHUS
duepenyuarvnox ypasuenud, Judd. ypasaenus, 17:5 (1981), 853-865.

[2] B.M. Babuu, B.C. Bymupipes, Acumnmomuseckue memodv, 6 3a0a4ax
dugpparyuu kopomxur eosr, Hayka, Mockea, 1972.

[3] B.M. Babuu, Mnozomeprviii memod BKB uau aywesol memod. Feo ananoeu
u obobwenua. JTuddepenyuarvhovie YpasHenus ¢ YaCmHLMU NPOU3BOOHbIMU — I,
Wroru nayku u rexu. Cep. CoBpem. npobii. mat. @yugam. nanpasiaenns, BUHNUTHU,
M., 34 (1988), 93-134.

[4] M.B. Hemamum, Kaaccor 0606wernuie GyrKuuoHaAbHO UHEAPUGHIHYLE DElLe-
HUt 804106020 ypasrenus. I, CHOMPCKUE 3JIEKTPOHHDBIE MATEMATHIECKIE N3BECTHS,
10 (2013), 418-435.

[5] P. Kypanr, Ypasnenus ¢ wacmnvimu npoussodnvmu, Mup, Mocksa, 1964.
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[6] B.I1. Cmupnos, C.JI. Coboses, Hoguil memod pewenus naockol 3a0avu ynpy-
euzx koaebarud, Tp. Ceitcmon. un-ra AH CCCP, 20 (1932), 37.

[7] B.. Cyumpros, C.JI. Cobones, O npumeHreruu 106020 MeEMOIA K USYHEHUIO
YNPY2uT KoAeOaHUT 8 NPOCMPAHCGE NPU HAAUYUY 0ce8ols cummempuu, Tp. Ceii-
cmoa. un-ta AH CCCP, 29 (1933), 43-51.

[8] C.JI. CoGoneB, PYHKUUOHANHO-UHBAPUGHIHBIE PEULEHUA BONHOBO20 YPAEHE-
nus, Tpynpt dusz.-mar. uacr. um. Crekiosa B.A., 5 (1934), 259-264.

[9] M.C. IIueepcon, Ypasnenus Makxceeara u GYHKUUONAABHO-UHBADUAHIHBLE
PeweHUA 804106020 ypasrerus, dndd. ypasrerns, 4:4 (1968), 743-758.

[10] H.T. Crenbmamntyk, [locmpoerue GyHKULOHANDHO-UHBAPUAHMHBLE PEULeHU
cucmemv, Maxceeana das anexmpomaznummuozo noas 6 nycmome, Becrank AH
BCCP. Cep. dus.-mar. nayku, 4 (1974), 35-39.

[11] M.B. Hemaaum, Pewenusa cucmemv, Makceeara ¢ HYyse6bMU UHBAPUAHMA-
mu, Becrauk HoBocubupckoro rocymapcrsenaoro yausepcurera Cepust MaTeMaT-
Ka, MexaHunKa, nadopmaruka, 6:3 (2006), 59-61.

[12] }O.E. Annxonos, M.B. Hemamum, O6 anasumuseckus mMemodar 6 meopuu
obpamnvix 3adav das eunepboauveckur ypasHernutl. I, Cubupckuit KypHaJT UHITY-
cTpuaibHoii Maremaruku, 14:1 (2011), 27-39.

[13] 1O.E. Arukonor, M.B. Hemamum, 06 anasumuueckur memodax 6 meopuu
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IIpoeKTUBHBIE TOPUYECKHE TOJMHOMHUAIIbHBIE 06pasyolme
B KOJIbIle KOMILJIEKCHBIX KOGOpAM3MOB'>
I J1. Conomadun (Mocxea)

B 1958 romy nHa mieHaApHOM JIOKJIaje MATEMAaTHIECKOr0 KOHI'pecca B D auHOypre
@. Xuprebpyxom [1] 6buta IOCTABIIEHA 3a/1a9a: KAKUE YCJIOBHsI HY?KHO HAJIOXKATH HA
HA0OP IEJIBIX YUCEJI, YTOOBI CYNECTBOBAIIO HENPUBOIUMOE KOMNAEKCHOE GA2eODPaU-
Yeckoe MHOrooOpasue, JJIst KOTOPOTO 9TOT HabOp MPeCcTaBIsieT coboii Habop Inucet
kensi? B nagase 60 rogos Musnopom (ajgyurusaas crpykrypa) u HoBUKOBbIM
(MymbTHIIIMKATHBHAST CTPYKTYpa) (CM. [2]) GBLIO BBIMHUCIEHO KOJIBIIO KOMILTEKCHBIX
kobopmamon: QU ~ Zlay, as, .. .], deg(a;) = 2i. TaksKe U3 UX Pe3y/ILTATOB CJIEIyeT,

12I/IC(:JIe,zLOBaHI/Ie BBINIOJTHEHO 3a CcYeT rpanTa Poccuiickoro maywnoro ¢donma (rpant Nel4-11-
00414.
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4TO HAOOPBI unces UxKeHs JIBYX KOMIIJIEKCHBIX MHOToobpasnit M{*, M3 coBmaiamoT
TOTJIA U TOJBKO TOTJA, KOIJIa COOTBETCTBYIONINE KJIACCHI KOMILIEKCHBIX KOOODIH3-
mos pasrbl B QU : [M7] = [M}]. Bapuanr npobaemsr Xupnebpyxa B Ki1acce cTa-
OUIIbHO KOMILJIEKCHBIX MHOroOoOpasuii permusu Cronr u Xarropu (cum. [2]). Jauubit
pe3ysbTaT JaeT OIHMCaHWe Bcex HAOOpPOB umces UXKeHs, pean3yeMbIX CTaOMILHO
KOMIIJIEKCHBIMHM MHOT000pasusMu. TakuM o0pa3oM, BOIPOC Xupredpyxa CBOIUTCS
K OIHCAHUIO BCEX 3j1eMeHTOB Koblia 2V KOMILIeKCHBIX KOGOPAM3MOB, 00/1a,1a,/1a10-
MAX TPEICTABUTEISIMI — HEOCOOBIMU aJIredparmdecKuMI MHOTOOOPA3UAMMU:

Bama4da 1. Onucamsv 6ce KAACCHE KOMNAECKCHBLT KOOOPIUMOG, UMeowue npeo-
cMasumMenem HenpueoduMoe KOMNACKCHOE aA2ebpauieckoe MHo2000pasue.

Pemtenne mannoit 3aaum 6e3 yCjaIoBUs HETPUBOIMMOCTH UMEET KJIACCHIECKOe Pe-
IIeHrne B TepMUHAX runepropepxHocreii Musnopa. TpeboBanue HEIPUBOIUMOCTU
aIredpPanIecKoro MHON0OOpa3usl OKa3ajoCh IMPUHIUINAIBLHO BaXKHBIM. 12K, B Be-
IIECTBEHHOH pa3MepHOCcTH 4 3Ta 3aJada OKAa3aJach TECHO CBS3aHA C TUIyOOKHMU
BOIIPOCAMH aJIrebpanmdecKoil TeOMeTpUr U B 00IIeM BHUJIE JI0 CUX IO He pelleHa.

B pamkax 3amaum 1 cTOSIT BasKHBIM TACTHBIN CIydaii: HAXOXKJICHHUE MPEICTaBH-
TesIeil CIeNUabHBIX 3JIEMEHTOB — HOJMHOMUAJIBHBIX 06pasyomux Koibia QU ~
Zlai,as,...], deg(a;) = 24, B KIacce IIaJKUX KOMILIEKCHBIX HENPUBOIMMBIX aJl-
reGpandeckux MHOroo6pasuii. JlaHHasi 3a1a4a Oblia IIOJOXKHUTENBLHO pelleHa B [3].
JlasbHeitiee pa3BUTHE MCCJIETOBAHNUI TPUBEJIO K IIOCTAHOBKE AHAJIOTUIHON 3aJ1a-
4qu B KJlacce keazumopuyieckux (B cmbicie Jasuca-Auymikesuya) Mmuoroobpasuii, u
ee pemternio [4]. KorcTpykims 6puaiuanmosots cymmol IJist TPEJICTABATENS CyMMBI
KJIACCOB KOBOPM3Ma KBa3UTOPHIECKUX MHOrooOpasuii [M]+ [Maz], 6buta perbss-
nena B [5]. Ee npuMeHeHne K IOCTPOEHHBIM B [4] IpeicTaBuTe NsIM HOJINHOMHUAJIBHBIX
nopozKaomux Kosbna QU H03BOMMIO HANTH KBA3HTOPHYECKOTO MPEICTABHTE/ISA
B JI0OOM KJjlacce KOMILIEKCHBIX KOOopam3MoB (cM. [5]). OjHako KBa3uTOpUIECKHEe
MHOT000pa3us He SBJISAIOTCS, BOOOIE TOBOPsI, aJaredbpantiecKuMu; JaHHOe TpeboBa-
HHUE BbLIeJ/IdeT KJlaCC TOPUYIECKUX MHOFOO6paBHI7I. 9TO IIpUBOAUT K 3a/la4de:

Bagaua 2. [Tocmpoums zaadkue npoexmusnvie (anzebpaudeckue) mopuseckue
MH02000pasus 6 Kadcdol (KoMNAEKCHOT) PasMEPHOCTNUY N, ABAAIOULUECT TOAUHO-
MUGALHOLMU Noposicoatousumu koavya QY.

Cornacuo Teopeme Munnopa-HoBukoBa, 3amada 2 3KBUBAJEHTHA HAXOXKIECHUIIO
MHOroo0pas3uii B JJaHHOM KJIACCE CO CHEIMAJbHBIMU 3HAYECHUSIMU CTAPIINEro IUCTa
Yekenst (uucsa Musnopa). 3ajada BBIYUCIIEHHS [IOCJIEIHETO SIBJISIETCH CJIOXKHOIA.
Busbdonr [6] mocTHT CyImecTBEHHOTO IPOIBIKEHNST B PEIEHUN 331841 2: UM ObLIN
ITOCTPOEHBI TOPUYECKUE MHOI00Opa3Usl, sIBJISIOMIAECS TOJIMHOMUAIBHBIMU TOPOXK-
JAIOIIIMH KOJIbIa Kosblia QU B (KOMILTIEKCHBIX) pasMepHOCTSX 1 Bua n = p° — 1,
rje p IpocToe, a Takxke HedeTHbIX n. Koncrpykuusa Buibdonra [6] ocnoBbiBaiach
HA Pa3JyTUsX HEKOTOPBIX [IPOEKTUBHBIX paccsoeHuii (0600mennbix Oamen Borra
BBICOTHI 2) B HEHNOJABUKHBIX TOYKAX U MHBADUAHTHBIX PAIMOHAJBHBIX KPUBBIX.

B stoxsiagie Oyaer mpejicraBieH COBMECTHBIN pe3yJibrar jokiaagunka u FO. Yeru-
HOBCKOT'O [7]: mosiHOe pernenue 3aa4au 2. Ham MeTos coCTOUT B HCIIOIB30BAHUH Ce-
MeHCTBa 9KBUBAPUAHTHBIX Moaudukanuii (GupanuoHaIbHbIX U30MOPGMU3MOB) TO-
pudeckoro Muoroobpasus X KOMIUIEKCHON pasmepuoctu n (n > 2). Kaxnaa us
JAHHBIX MOMUMUKAINN HABJISETCA PE3YIHTATOM IMOCIEIOBATEHHOIO PA3LyTHS X
MHOrooOpasusi X B MIPOU3BOJILHON HEIOABUKHOM TOUYKe To € X, U Pa3ayTus mIOJIy-
YEHHOI'O MHOI000pas3ust X B1OJIb MHBApPUAHTHOI'O ITPOEKTUBHOI'O IOIIPOCTPAHCTBA
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HCKJTIOUHTEILHONO AUBU30Pa pa3ayTus B Touke: CP¥ ¢ CP" 1 = F C X . Usmene-
Hue gnciaa Muinopa npu Jiro00i U3 ONMCAHHBIX MOAM(DUKAIINIL OIIPEIeIAeTCs JIUITh
quCIaMu N 1 k, B YACTHOCTH HE 3aBUCHUT OT caMoTo MHOTooOpa3us X . Jlanubie Moau-
duKaIMu I03BOJILIOT CTPOUTH TOPUUIECKIE MHOI000Pa3Us ¢ HyKHBIMU 3HAYEHUSIMU
qucsia MusiHOpa B Pa3MepHOCTSIX, He TIOKPhIBaeMbIX pesyiibratamu Busbdonra [6].
OrmernmM, gyro Ham nmoaxo [7] u moaxon Busbdonra [6] jonosHsior apyr apyra.

[1] Meotcdynapodrviti mamemamuyeckut konepece 6 Ddunbypee (19582.) (0630p-
noe dokaadw,), Pusmarrus, Mocksa, (1962).

[2] P. Crour, 3amemku no meopuu xobopdusmos, Mup, Mocksa, 1973.

[3] B. Johnston, The values of the Milnor genus on smooth projective connected
complez varieties, Topology and its Applications, 138:1-3 (2004), 189-206.

[4] B.M. Byxmrabep, H. Paii, Topuueckue mro2006pasus u Komnaexcrole K060p-
dusmo, YMH, 53:2 (1998), 139-140.

[5] V.M. Buchstaber, T.E. Panov, N. Ray, Spaces of polytopes and cobordism of
quasitoric manifolds, Mosc. Math. J., 7:2 (2007), 219-242.

[6] A. Wilfong, Toric Polynomial Generators of Complex Cobordism, http://ar-
xiv.org/abs/1308.2010, (2013).

[7] Y. Ustinovskiy, G. Solomadin, Projective toric generators in the unitary
cobordism ring, http://arxiv.org/abs/1602.02448, (2016).

Nzomopdu3mMbl camMonogo6HBIX MHOXKECTB,
He Y/IOBJIETBOPSIOIINX ycaoBuio WSP!3
A.B. Temenos (Hosocubupck; Iopro-Aamatick)

ITycte S = {S1,...,Sm} — cucrema cxxumaromux noxobuii B R™, a G — mopox-
JieHHas 9To# cucremoil mosyrpynna. Hemycroe koMmnakTaoe MuOoKecTBO K C R™
HA3bIBAETCST ATTPaKTOpoM cucteMbl S, ecint K = S1(K)U...U Sy, (K). Takoe MHO-
xkecTtBO K cyImecTByeT m OIHO3HAYHO 3ajaerca cucremoir S. [oBopar takxke, 9To
cucreMa S 3azmaer camonoiobuyio crpykrypy (K, S) na muoxecrse K.

Pacemorpum muoxkectso F = {g~! - f, f,g € G}, KoTOpoe Ha3BIBaeTCA AcCO-
[UUPOBAHHBIM ceMeficTBOM 1onobuii st cucrembl S [1]. Tosopsit, uto cucrema S
yAoBJIeTBOpsAeT ciaabomy yciaosuio otaeanmoctu (WSP), eciu Id siBisiercs uzouiu-
poBaHHOIT Toukoit B F [4].

OTO yC/IOBUE SIBJISAETCS KJIOYEBBIM TP XAPAKTEPU3AIUN CAMOIOJOOHBIX MHO-
JKECTB C TOJIOXKUTENBHON Mepoit Xaycmopda:

Ecsu cucrema S yzaosnersopsier yeaosuto (WSP), o eé arrpakrop K umeer
nosioXKuTeNbHy0 Xaycaopdosy mepy H®(K) B pasmeproctu s = dimpy (K) [1,4].

Opnako, Hapymenue yciaosus WSP maer psin cjieicTBuii, BaXKHBIX C TOYKH 3pe-
HUST TEOMETPHYIECKON CTPYKTYPBI CAMOIIOIOOHBIX MHOYKECTB:

1. Ecsim arrpakrop K cucrembr S = {S1,...,S,,} sBIsIeTCsI }KOPIAHOBOH JIyTOi,
a cucrema S He yjoBierBopsieT yeaosnioo WSP, o K ecth orpe3ok npsiMoit [2].

2. Bosee Toro, takme OJHOMEPHBIE CAMOIIOIOOHBIE CTPYKTYDPBI, HE YIOBJIETBO-
psrommme WSP, He jomyckaioT HUKakux JedOopMalnii © MOTYT OBITh COIPSIZKEHBI
TOJIBKO TTOCPEJICTBOM JIMHEHHBIX OTOOPAXKEHMIA:

L3pagora noepxkana PODPU, rpant 16-01-00414.
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ITycrs cucremer S = {S1,...,SmtuT = {T1,..., T} CHCTEMBI CKUMAIOIIHX II0-
nob6uit ¢ arrpakTopamu Ks u K. Henpepoisaoe orobpaxkenune ¢ : Ks — K7 3ama-
eT Mopdu3zM camornonobubix ctpyKryp (Kg,8) u (K7, T), ecau mis joboro x € K
u jgist sioboro ¢ = 1,...,m BemosHsiercst paseHeTBo @(x) - Si(z) = T; - p(z). Kak
661710 J0Ka3aHo aTopoM B 2006 1., eciim cucrema S, He YIOBJIETBOPSIONIAS YCJIO-
suro WSP, 3anaer camononobuyio crpykrypy Ha orpeske Kg = [0,1], To Beskmit
MOphU3M ITOH CTPYKTYPBI 3ajaeTcs JuHelHbiM orobpazkenuem ¢ : [0,1] — K,
rue K — orpesok npsamoit [3].

OTu IBa CBOMCTBA, CBSI3aHHBIE C KECTKOCTHIO OJJHOMEDPHBIX CAMOITIOIO0OHBIX CTPYK-
Typ Ha KOHTHUHYYMax, IPUBOJAT K IIOCTAHOBKE CJIEIyIOIEeN 3a1adu:

IIpobaema. Ilpu kakux 3uadennsx o = dimy Ks ¥ KaKux JOMOJTHATEILHBIX
PeOMETPUYECKUX YCJIOBUSX Besikuil Mopdusm ¢ : Kg — K camoronobHoil crpyk-
Typel (Kg,S) 3amaercst JMHERHBIM 0TOOparXKeHneM?

Creytoriee yTBEpXKI€HUE JAET YACTUIHBIA OTBET HA 3TOT BOIIPOC.

Teopema 1. Cywecmsyem 6eckoneunoe cemelicmeo X NonapHo U30MOPHHHIT
camonodobroxr cmpykmyp (Kpq, Spq), 2de {0,1} C K,y C [0,1], dan xomopovix
(1) dimpy K,q < 1/2;
1
(ii) ln—p ¢ Q, u nosmomy Spq He ydosaemeopaem ycaosuro WSP;
nq
(tii) Ecau (p,q) # (P',q"), mo eomeomoppusm ¢ : Kpq — Kp g ne npodonoica-

emea do 2omeomopdusma ompesxa [0, 1] na ceba.

OTMeTHM HECKOJILKO BazKHBIX HOIPOGHOCTEH, CBA3aHHBIX KAK € JIOKA3aTEILCTBOM
TEOPEMBI, TaK U C 3aMeYaTeJbHBIMA CBOMCTBAME IIOJIyIeHHOTO CeMeicTBa, X :

Kaxxnas u3 cucrem orobpakenuit Sp, cocrouT u3 orobpaxkenuit Si(x) = pz,
Sa(x) = qx, S3(x) =pxr+1—p, S4(x) = gxr + 1 — ¢, yIOBIETBOPSIIOMAX COOTHOIIIE-
HUAM 5152 = SQSl u 5354 = 5453.

Mg moboro p € (0,1/2) cymecrsyer GecKOHEIHO MHOTO Takux ¢ > 0, 4T0 /p +
V4 < 1/2 (uro Bieder Bpmosnenne ycaosus (i) u aia mobsx m,n € N,

S{n(S?)(qu) U 54(qu)) N SS(S?)(qu) U 54(qu)) =0,

9TO JIa€T BBINOJIHEHNE ycsoBus (ii).
m n — m Qn
Xors npu mobsix m u n, ST(Kpe) N SY(Kpg) = S7ST(K,q), MHOKecTBO Ky
SIBJISIETCS] JIUCKOHTHHYYMOM.
ITpu sTomM, mus KazKIOro u3 MHOXKECTB K, mpu ¢ — +00 CyIIeCTBYIOT TOLOJIO-
rudeckue npemessl  lim tKp, = [0,400) 1 lim ¢Kp, —t+ 1= (—o0,1]. Anaso-
t—+oo t—+oo

IHYHBIE IPEJIeNIbl CYIIeCTBYIOT Ul KaxKoil u3 Touek S;, ;. (0) u Sy, 4 (1).

[1] C. Bandt, S. Graf, Self-similar sets 7. A characterization of self-similar
fractals with positive Hausdorff measure, Proc. Amer. Math. Soc., 114:4 (1992),
995-1001.

[2] A.B. Terenos, Camonodobrvie scopdarosv, dy2u u 2padh-opueHmuposartoie
cucmemov, nodobut, Cub. mareM. )Kypuadi, 47:5 (2006), 1147-1153.

[3] A.B. Terenos, On the rigidity of one-dimensional systems of contraction
similitudes, Cubupckue 3J1eKTpOHHBIe MaT. uspectus, 3 (2006), 342-345.

[4] M.P.W. Zerner, Weak separation properties for self-similar sets, Proc. Amer.
Math. Soc., 124:11 (1996), 3529-3539.
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POSTER SESSION

On integrability of the magnetic geodesic flows on a 2-torus'?

S.V. Agapov (Novosibirsk)

There are two types of metrics on a 2-torus with an integrable geodesic flow. If a
metric is of the kind ds? = A(ax+By)(dx®+dy?) or ds? = (A1 (a12x+P1y)+Ax(az+
Ba2y))(dxz? + dy?), then there is an additional first integral which is polynomial in
momenta of the first or of the second degree. It is not known if there are metrics with
irreducible polynomial first integrals of higher degree. This question was studied in
1] - [a-

Existence of an additional first integral for the metric ds? = A(z,y)(dz? +
dy?) leads to existence of smooth periodic solutions of a quasi-linear PDEs of the
following kind

AU)U,+BU)U, =0 (1)
on the metric and coefficients of the first integral. This system turned out to be
semi-hamiltonian, i.e. in the hyperbolic region it possesses Riemann’s invariants
and can be presented in the form of conservation laws. For any semi-hamiltonian
system there is a diagonal metric naturally associated with this system. In [5] it’s
proved that this metric is the one of Egorov type.

In this work the magnetic geodesic flow on a 2-torus is considered. We fix an
energy level and assume that there is an additional first integral which is polynomial
in momenta. The corresponding quasi-linear PDEs is a semi-hamiltonian system
(see [5]). In [5] it is also proved that if there is an integral of the second or of the
third degree, then this metric is the one of Egorov type. In this work we generalize
this result to the case of the first integral of an arbitrary degree.

[1] M.V. Pavlov, S.P. Tsarev, On Local Description of Two-Dimensional Geodesic
Flows with a Polynomial First Integral, http://arxiv.org/abs/1509.03084v1 (2015).

[2] V.V. Kozlov, Polynomial integrals of geodesic flows on a two-dimensional
torus, Math. USSR Sbornik, 83:2 (1995), 469-481.

[3] V.V. Kozlov, D.V. Treshchev, On the integrability of Hamiltonian systems
with toral position space, Math. USSR, Sbornk, 63:1 (1989), 121-139.

[4] V.N. Kolokoltsov, Geodesic flows on two-dimensional manifolds with an additi-
onal first integral that is polynomial in the velocities, Math. USSR-Izvestiya, 21:2
(1983), 291-306.

[5] M. Bialy, A.E. Mironov, New semi-hamiltonian hierarchy related to integrable
magnetic flows on surfaces, Central European Journal of Mathematics, 10:5 (2012),
1596-1604.

Teopema 06 0BIIEM IOJIOXKEHUH AJ1s Map (PPAKTATBHBIX KPUBBIX '’

K.I'. Kamaaymounos (Hosocubupck)

IMycrs umeercs cemeiicto S = {71(x),Y2(z) : * € X} map KpuBbIX, mapamer-
puzoBannoe X C R™. KakoBo MHOXKeCTBO Tex mapameTpoB & € X, nNpu KOTOPBIX
kpuBble v1(x) u y2(x) He nepecekarorcs? Ciemyomas TeopeMa 00 OBIIEM I10JI0XKe-
HUM JJIs ap (PpaKTaJbHBIX KPHUBBIX MO3BOJISET BLIICIUTHL JIOCTATOYHOE YCJIOBHE

14This work was supported by RFBR, grant 14-11-00441.
5pagora nopepxxana PODU, rpant 16-31-00138.
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JUIst TOTO, 9TOObI KpHBBIE Y1(x) W 72(Z) He IepeceKaanch B OOIIEM IOJIOKEHUH
(1. e. upu nouru Beex = € X).

Teopema 1. ITycmo X C R™. ITyemo dynrwyuu p(z,t), P(z,t): X x I — R”
— a-zeavdeposve no t € I =1[0,1], a dynruyus f(xz,u) = o(x,t) —P(x,s), 2de u =
(t,s) € U = I?, ydosaemeopsaem ycaosuro |z — x2| < L|f(x1,u) — f(acg,u)\ﬁ npu
mobuix 1,2 € X, u € U. Toeda mnoocecmeo X1 = {x € X| o(z, )NY(x,I) # &}
umeem zraycdopdosy pazmeprocms dim Xy < —.

af
2 .
Kaxk BugsO u3 Teopemsbl 1, npu — < dim X kpussie o(z,I) u ¢(x,I) B obmem
«

IIOJIOKEHNN He IepeceKaloTes. Takmm oOpa3oM, 3Ta TeopeMa, HMO3BOJIACT PEIlNTh
BOIIPOC — MOXKHO JIX ¢ TIOMOIIBIO MaJIoit AedopMalun napbl (PPaKTaJIbHBIX KPUBBIX
136aBUTHCS OT UX B3aUMOIICPECCUCHMUS.

JI1s caMOIOJHBLIX KPHUBLIX, SABJISIONIAXCA aTTPAKTOPAMU CHCTEM CXKAMAIOIIIX
nozobuii [1], napamerp z MoxKeT UrpaTh Kak pojib IPeoOpa3oBaHUs NPOCTPAHCTBA
R™, Tak m poib BHyTpeHHEH aedopManny, MEHSIOMEH mapaMeTphbl C2KIMAIOIIIX
0TOOpaKEHM’IA.

PasmeprocTbio nomobust cucremsl S = {51, ..., S, } ckuMaomux orobparKkeHuit

m
HasbIBaeTcd pemenue s ypasuenus Mopana: Y (Lip S;)® = 1. Moxkuo mokasarb,
4TO HauOOILIIUI BO3MOXKHBIN ITOKA3aTE/b Felnblﬂepa I CTPYKTYPHBIX IIapaMeT-

pusanuii camonoo6Hoit Kpusoil [2] pasen 3 rIe S — ee Pa3MepPHOCTD MOI00USI.

ITosTromy, B yacTHOM cJrydae, KOrJa: KPUBbIE CAMOITOIOOHBI, OJHA W3 HUX HEIO-
JBU2KHA, a JIpyTasd IIOJIBEPraeTcs IapaJlIeIbHbIM IIepeHOCaM — OHU HeE IIePeCceKaroT-

n
cst B ODIIEM TOJIOYKEHWH, €CJIM UX PA3MEPHOCTHU MOJI00Us MEHbBIIe 5 To ke camoe

BEPHO JJIsT CAMOTOMOOHBIX KPHUBBIX MPHU N = 3, OJHA W3 KOTOPBIX IMOIBEPTaeTCsI
romMoTeTnn n HOBOpOTy, a ;prraﬂ HEeIIO/IBH>KHa.

Teopema 06 0bIIEM IMOJIOXKEHUM MOXKET OBITH MCIIOJb30BaHa TaKKe JIJIsT OIEHKN
Pa3MepHOCTH MHOXKECTBA TeX MapaMeTpoB T € X, IPU KOTOPBIX HEKOTOpAas CaMO-
noy100Hast KpuBasi () UMeeT caMoIlepecevdeHus, B CIydae eCJIl COCEIHIE TI0JKOIIN
KPUBOil TIepecekaioTcs He 60jee 9eM 1o OHON TOUKE.

Hampumep, mycTh mapamerp  3aJaeT MapaJsiIe/bHbII TepeHoC OHONW U3 MOIKO-
nuii KPUBOIL 7, COCe/iHME K KOTOPOUi IIO/IBEPratoTCs TOBOPOTaM, HEOOXOIUMBIM J1JIsi
COXPAHEHUs CBSI3HOCTH. 1OTna KpuBasi OyIeT »KOPJAHOBOU B ODIIEM IOJIOXKEHUH,

n 1
€CJIi ee PasMEPHOCTD MOJ00Ms MEHBIIE 5 a K03 DUINEHTHI 01001 MEHbBIIEe 3

[1] M.F. Barnsley, Fractals everywhere, Academic Press, 1988.
[2] B.B. Acees, A.B. Terenon, A.C. Kpasuernko, O camonodobHuz s#copdatosvix
Kpuswx Ha naockocmu, Cub. marem. xypHada, 44:3 (2003), 481-492.

On the spectrum of the one-dimensional curvature operator
of non-reductive homogeneous pseudo-Riemannian 4-manifolds 6
O.P. Khromova (Barnaul)

16The work was supported by RFBR, grants 16-01-00336, 16-31-00048.
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The eigenvalues of the Ricci curvature operator of locally homogeneous 3-man-
ifolds were investigated in [1, 2]. Similar results for 4-dimensional non-reductive
homogeneous pseudo-Riemannian manifolds were obtained in [3].

One-dimensional curvature operator is defined by

1 . s
A— m (Rlc— 2(7’1—1)Id> N

where Ric, Id, and s denote respectively the Ricci operator, the identity operator,
and the scalar curvature of n-dimensional Riemannian manifolds.

The spectrum of the one-dimensional curvature operator of 3-dimensional metric
Lie groups studied in [4, 5]. In this paper we investigate the spectrum of the one-
dimensional curvature operator of non-reductive homogeneous pseudo-Riemannian
4-manifolds.

[1] O. Kowalski, S. Nikcevic, On Ricci eigenvalues of locally homogeneous Rie-
mannian 3-manifolds, Geom. Dedicata, 1 (1996), 65-72.

[2] G. Calvaruso, O. Kowalski, On the Ricci operator of locally homogeneous
Lorentzian 3-manifolds, Central Eur. J. Math., 1:7 (2009), 124-139.

[3] G. Calvaruso, On geometry of four-dimensional homogeneous Lorentzian mani-
folds, VII International Meeting on Lorentzian Geometry, Sdo Paulo (2013).

[4] D.S. Voronov, O.P. Gladunova, The Signature of the One Dimensional Cur-
vature Operator on Three Dimensional Lie Groups with Left-Invariant Riemannian
Metric, Izvestia of ASU, 65:1 (2010), 24-28.

[5] P.N. Klepikov, S.V. Klepikova, O.P. Khromova, On the Spectrum of One-
Dimensional Curvature Operators on Three-Dimensional Lie Groups with Left-
Invariant Lorentzian Metrics, to appear in Izvestia of ASU, (2016).

On the prescribed values of the spectrum of sectional
curvature operator of locally homogeneous Lorentzian 3-manifolds'”
S.V. Klepikova (Barnaul)

Let (M, g) is n-dimensional locally homogeneous (pseudo)Riemannian manifold,
R is the Riemannian curvature tensor of the metric g.

The Riemann curvature tensor R at any point X € M can be associated with
the sectional curvature operator R: A2M — A2 M, defined by equation

(XANY,R(TAV))y = R:(X,Y, T, V),

where (-,-) is the induced scalar product in the space A2M, defined by the rule
<X1 AN XQ, Yl A\ Yv2>x = det (gw(X“ Y}))

The problem of establishing connections between the topology and the curvature
of (pseudo)Riemannian manifold is one of the important problems of (pseudo)Rie-
mannian geometry. One of possible variants is to investigate the spectrum of different
curvature operators. The spectrum of the Ricci curvature operator of left-invariant
Riemannian metrics on Lie groups was studied by J. Milnor. In particular, he
found the possible signature of spectrum of the Ricci operator in the case of three-
dimensional Lie groups with left-invariant Riemannian metric [1]. O. Kowalski,

7The work was supported by RFBR (grants: Ne16-01-00336A, Ne16-31-00048moa _a), Ministry
of Education and Science of the Russian Federation in the framework of the base part of the state
tasks in the field of scientific activity "Altai State University" (Project Code: 1148)



A.38 I.A. DYNNIKOV, A.E. MIRONOV, I.LA. TAIMANOV, A.YU. VESNIN

S. Nikcevic solved the problem of the prescribed values of the spectrum of Ricci
operator on three-dimensional metric Lie groups and for the three-dimensional
locally homogeneous Riemannian spaces [2]|. Further, similar results for the sectional
curvature operator were obtained by D.N. Oskorbin, E.D. Rodionov, O.P. Khromova
3, 4].

The case of locally homogeneous Lorentzian manifolds was investigated by G. Cal-
varuso and O. Kowalski [5]. In particular, they proved, that three-dimensional
connected, simply connected, complete locally homogeneous Lorentzian manifold
is either

(1) isometric to a three-dimensional Lie group equipped with a left-invariant
Lorentzian metric, or

(2) a Lorentzian space form R$, S$ or H3, or

(3) a direct product R x S7, R x H?, S? x R; or H? x Ry, or

(4) a space which admit local coordinates (¢, z,y) such that, with respect to
the local frame field {(#), (Z5), (&)}, the Lorentzian metric g is given by

o

0 0 1
g=10 ¢ 0 ,

L 0 f(xy)

where e = +1 and f(z,y) = 2%« + 26(y) + £(y), for any constant o € R
and any functions 3, &.
In this paper we study the problem of the prescribed values of the sectional
curvature operator R on three-dimensional locally homogeneous Lorentzian mani-
folds with the help of the above classification.

[1] J. Milnor, Curvature of left invariant metric on Lie groups, Advances in
mathematics, 21 (1976), 293-329.

[2] O. Kowalski, S. Nikcevic, On Ricci eigenvalues of locally homogeneous Rie-
mann 3-manifolds, Geom. Dedicata, 1 (1996), 65-72.

[3] Yu.G. Nikonorov, E.D. Rodionov, V.V. Slavskii, Geometry of locally ho-
mogeneous Riemannian manifolds, The modern mathematic and its application.
Geometry, 37 (2006), 1-78.

[4] O.P. Gladunova, D.N. Oskorbin, An Application of Symbolic Computation
Packages to the Investigation of the Curvature Operator Spectrum on the Metric
Lie Groups, The News of ASU, 77:1 (2013), 19-23.

[5] G. Calvaruso, O. Kowalski, On the Ricci operator of locally homogeneous
Lorentzian 3-manifolds, Cent. Eur. J. Math., 7:1 (2009), 124-139.

O HeeBKJINIOBOI BEPCUM TEOPEMBI H_ITef/iHepa18
E.C. Kyduna (Topro-Aamadtick)

B oxHOM m3 mpOCTpPaHCTB HocTosHHON Kpususuel K3, H3, S? paccmorpum Tet-
pas’Ip ¢ AJIMHAMU CTOPOH @, b, ¢ IpyU OJIHOI W3 BEPIIUH U JJIMHAMUA G1, b1, ¢1 TPO-
rusosexamux pedep. Cornacuo kiaccudueckoii dopmysie Cepsya [1, ¢. 99] o6bem
€BKJINJIOBA TETPA3IPa BHIPAXKAETCH Kak: V = %aal dsinp, rae d 1 ¢ — COOTBETCTBEH-
HO PaCCTOsTHUE U YTOJI MeXK/Iy JaHHbIMEA pebpamu. HermocpeicTBeHHBIM CJIe/ICTBHEM

9TOI'O paBEHCTBa fABJIAETCA TeopeMa IHTefIHepa: 00 beM TeTpad/ipa HEe N3MEHACTCH,

18pagora nopepxxana PODU, rpant 16-31-50009.
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€CJIU ero ITPOTUBOIIOJIOXKHBIE Pedpa IepeMeriaTh 6e3 N3MEHEHUS JIJIMHBI [0 MIPSIMBbIM,
coZlepzKaIuM 3T pedbpa.
B meeskimmosoit reomerpun anasor dopmysbl CepBya moyuen B pabore [2]:

V =shasha; shdsinep.

311ech mceBI006beM IUITEPOOINIECKOT0 TeTpasIpa onpeessercs marpuleil ['pava
JAHHOTO TETPa’dIpa

V =+v—detG.

CrencrBrueM 3TOrO paBeHCTBa sBjseTca Teopema [llTeitHepa s rumepbosinde-
CKOT'O TeTpas/ipa: MCeBI00bEM TUIIEPOOJIMICCKOTO TeTPa’ipa He U3MEHSIeTCsI, eCIIN
€ro MPOTHUBOIIOJIOXKHBIE Pebpa rmepeMeniaTh 0e3 U3MeHEeHUsl INHBI [0 TPSIMbIM, CO-
JiepzKalluM 3TU pebpa.

AHAJIOTUYHBINH PE3yJIbTAT UMEET MECTO U B ChEPUIECKOM IIPOCTPAHCTBE.

Ijist OOBIIHBIX OOBEMOB B THIIEPOOJIMIECKOM U CHEPUIECCKOM ITPOCTPAHCTBAX
JanHas TeopeMa He BepHa. CyIIecTBYIOT COOTBETCTBYIONINE KOHTPIPUMEDHI.

[1] A.II. Tlonapun, daemenmaprasn eeomempus: 6 2 m., — T.2: Crepeomerpus,
npeobpaszoanus npocrpanctsa, MITHMO, Mocksa, 2006.

[2] B.D.S. McCounnell, Hedronometric formulas for a hyperbolic tetrahedron,
http://daylateanddollarshort.com /mathdocs/Hedronometric-Formulas-for-a-Hyper-
bolic-Tetrahedron.pdf

On commuting difference operators of rank one
G.S. Mauleshova (Novosibirsk)

We consider one-point commuting difference operators of rank one. Coefficients of
these operators depend on a functional parameter, shift operators being included
only with positive degrees. We study these operators in a case of hyperelliptic
spectral curve when the marked point coincides with the branch point. We construct
examples of operators with polynomial and trigonometric coefficients. Moreover,
difference operators with polynomial coefficients can be embedded in the differential
ones with polynomial coefficients. This construction provides a new way of con-
structing commutative subalgebras in the first Weyl algebra.

Krichever — Novikov’s operators with polynomial coefficients
B.T. Saparbayeva (Novosibirsk)

A generic form of pairs of rank two commuting ordinary differential operators of
orders 4 and 6 operators on the elliptic spectral curve was found by .M. Krichever
and S.P. Novikov [1]. P.G. Grinevich [2] found conditions when Krichever-Novikov
operators have rational coefficients. We show that for any elliptic spectral curve
there exists non-self-adjoint operators of orders 4 and 6 with polynomial coefficients.

Theorem 1. For arbitrary spectral curve I' defined by the equation
w? = F(z)= 2Bt 4240y, ¢ €C
arbitrary (2o, wo) € T',wo # 0 and arbitrary integer n > 1 there are polynomials

R:52n+2.’£2n+2+...+50, P:6n$n++ﬂo,
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with danto # 0, Bn # 0, such that the operator
1
L4 = (85 =+ R)2 + (4w0PE)8:,3 + 81(4’11)0Px) - 16F(Z())P2 +4F/(Z())P — iFH(Z()) —+ 2o

commutes with an operator Lg of order 6 with polynomial coefficients, and the
spectral curve of Ly, Lg is T'.

[1] LM. Krichever, S.P. Novikov, Holomorphic bundles over algebraic curves and
nonlinear equations, Russian Mathematical Surveys, 35:6 (1980), 47-68.

[2] P.G. Grinevich, Rational solutions for the equation of commutation of differential
operators, Functional Analysis and Its Applications, 16:1 (1982), 15-19.

O6 eBKJIMIOBOI CTPYKType Ha y3Jie BOCbMepKa ¢ MOCTOM'®

JI.FO. Coxonosa (Hosocubupck)

Hesp HAcTOsIIEH pabOTHI — W3yYeHHME €BKJIMJIOBBIX CTPYKTYD Ha y3JaX U 3a-
nerternsix. B 1975 romy P. Paimm [1] o6Hapy:Kwi npuMepbl TUNEpOOIMIEcKIX
CTPYKTYP H& HEKOTOPBIX y3Jax W JIONOJHEHUsIX 3allelJIEHUl B TPeXMEpHOii cdepe.
Iloznuee, Becuoit 1977, V. II. TepcTon mpeacTaBuyi TEOPEMY CYIIECTBOBAHUS JIJIsI
PUMAHOBON METPUKHU IMOCTOSIHHOW OTPUIATEIbHON KPUBU3HBI HA TPEXMEPHBIX MHO-
roobpasusx. Ha mpakTuke 0Ka3ajaoch, 9TO JIOMOJHEHUS TPOCTBIX Y3JI0B, HCKJII0YAs
TOPUYECKHE U CATTEJIUTHBIE, JIOIYCKAIOT TUIepOOTHIecKy0 CTPYKTypy. OTMeTnm
CJIEJYTOIIMI M3BECTHBIN Pe3yJIbTaT: eBKJUIOBA CTPYKTYpa Ha y3Jie «BOChbMEpKay
41 BO3HHKaEeT, KOIJa ero KOHUYIECKUil yrojl (@ paBeH %’r DTOT pe3ybrar ObLI I0-
ayden Tepcronom [2]. fIBHag koHcTpyKiusa GyHIAMEHTAJIBHOINO MHOMXKECTBA JIJIs
KOHIIeCKOro MHOroobpasns 41 (a) B E? 6p11a npemmoxena B pabore A. JI. Meamabx
n A. A. Pacckazosa [3]. 9o dbyHIaMeHTaIbHOE MHOKECTBO MPEICTABISET COBOM
HEBBIIMYKJIBI JBAIIATUTPAHHNAK, BEPIITHHBI KOTOPOTO 3a/IAI0TCs IeJTOYNCIEHHBIMI
KOOpJMHATAMU. BOIPOC CYIeCTBOBAHMS €BKJIUIOBON CTPYKTYDPhI Ha 3allEIJIEHUU
Vaiirxena nsyuen B padore P. H. IIImarkosa [4]. B paore asropa [5] 6buio nc-
CJIEJIOBAHO CTpoeHue (PYHIAMEHTATBHOTO MHOMOIPAHHUKA JJI Y3J1a « TPUJIMCTHUK »
C MOCTOM W JIAHBI YCJIOBHs CyIECTBOBAHUS €BKJIMJIOBON CTPYKTYPBI COOTBETCTBY-
IOIEro KOHUYIECKOro MHOroobpasus. B manHol paboTe MbI UCCIEIyeM OCHOBHBIE
reoMeTpUYeCcKre MHBAPUAHTHI €BKJIMJIOBA KOHMYECKOIO MHOI0OOOpa3usi, CHHIYJIAP-
HBIM MHOXKECTBOM KOTOPOT'O SIBJISIETCSI Y3€JI «BOCBMEPKa» C MOCTOM, 8 HOCATEJIEM —
TpexmepHas cdepa. Mbl yCTaHOBUM yCJIOBUS CYIIECTBOBAHUS TAKOIO O0HEKTA U Bbi-
YUCIUM €r0 00bEM.

[1] R. Riley, An elliptical path from parabolic representations to hyperbolic struc-
ture, Topology of low-dimension manifolds, Springer, Berlin Heidelberg, (1979),
99-133.

[2] W. Thurston, The geometry and topology of 3-manifold. Lecture Notes, Prin-
ceton University, 1980.

[3] A. Mednykh, A. Rasskazov, Volumes and degeneration of cone-structures on
the figure-eight knot, Tokyo J. Math., 29:2 (2006), 445-464 .

[4] R.N. Shmatkov, Properties of Euclidean Whitehead link cone-manifolds, Sib.
Adv. Mathematics, 13:1 (2003), 55-86.
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[5] I.1O. Cokonosa, O cyuwecmeosanuu eskAudo80l cmpykmypv. Ha y3aie mpu-
aucmuuk ¢ mocmom, Mar. 3amerku ATV, 20:1 (2013), 128-140.
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