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MULTIPLICITIES OF EIGENVALUES OF THE STAR GRAPH

S.V. AVGUSTINOVICH, E.N. KHOMYAKOVA, E.V. KONSTANTINOVA

ABSTRACT. The Star graph S,,, n > 2, is the Cayley graph on the sym-
metric group Sym, generated by the set of transpositions
{(1 2),(1 3),...,(1 n)}. We consider the spectrum of the Star graph
as the spectrum of its adjacency matrix. It is known that the spec-
trum of S, is integral. Analytic formulas for multiplicities of eigenvalues
+(n—k) for k =2,3,4,5 in the Star graph are given in this paper. We
also prove that any fixed integer has multiplicity at least g3 nlegn(l—o(1)
as an eigenvalue of S,,.

Keywords: Cayley graph, Star graph, symmetric group, graph spec-
trum, eigenvalues, multiplicity

1. INTRODUCTION

The Star graph S,, = Cay(Sym,,,t), n > 2, is the Cayley graph on the symmetric
group Sym,, of permutations m = [my7s ... m,] with the generating set ¢t = {(1 i) €
Sym,, : 2 < i < n} of all transpositions (1 ¢) swapping the 1st and ith elements of
a permutation 7.

It is a connected bipartite (n — 1)-regular graph of order n! and diameter
3(n—1)

diam(S,) = |=5—] [2]. Since this graph is bipartite it does not contain odd

cycles but it does contain I—cycles for all even 1, where 6 < I < n! (with the sole
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exception when [ = 4) [6]. The hamiltonicity of this graph follows from results by
V. Kompel'makher and V. Liskovets [§] and by P. J. Slater [11].

We consider the spectrum of the Star graph as the spectrum of its adjacency
matrix. In 2009 A. Abdollahi and E. Vatandoost conjectured [I] that the spectrum
of S, is integral, moreover it contains all integers in the range from —(n — 1) up to
n — 1 (with the sole exception that when n < 3, zero is not an eigenvalue of S,,).
For n < 6 they verified this conjecture numerically using GAP.

In 2012 R. Krakovski and B. Mohar [9] proved that the spectrum of S,, is integral.
Moreover, they showed that for n > 2 and for each integer 1 < k < n — 1 the
values +(n — k) are eigenvalues of the Star graph S, with multiplicity at least

(Z:f) If n > 4, then 0 is an eigenvalue of S,, with multiplicity at least (";1)
Since the Star graph is bipartite, the spectrum of the Star graph is symmetric and
mul(n — k) = mul(—n + k) for each integer 1 < k < n [3]. Let us also note that
+(n — 1) is a simple eigenvalue of S,,.

At the same time, G. Chapuy and V. Feray [4] showed another approach to
obtain the exact values of multiplicities of eigenvalues of S,,. Their combinatorial
approach is based on the Jucys—Murphy elements and the standard Young tableaux.
In particular, they gave the following lower bound on multiplicities of eigenvalues
of the Star graph:

(1) mul(n—k)><nf;31) (Z:;)

In 2015 this approach was used to obtain the exact values of multiplicities of eigen-
values of S, for n < 10 [7].

In this paper we present analytic formulas to calculate the multiplicities of eigen-
values of the Star graph. Hereinafter, we consider the asymptotic behavior of the
function mul(n — k) for sufficiently large n.

Theorem 1. The multiplicities mul(n — k), where k = 2,3,4,5 and n > 2k — 1, of
the eigenvalues (n — k) of the Star graph S, are given by the following formulas:

(2) mul(n —2) = (n—1)(n—2);

(n—=3)(n-1)

(3) mul(n —3) = f(ﬂ? — 4n + 2);
(4) mul(n —4) = (71_2)6#(”4 — 1203 4+ 47n% — 620 + 12);
(n=2)n -1

(5) mul(n—5) = (n® —21n° +169n* — 647n> + 1174n — 820n +60).

24

From Theorem 1, we immediately have that the Chapuy-Feray bound (|1f) achieved
for k = 2.

The paper is organized as follows. Section 2 contains two subsections. First we
give basic knowledge on the representation theory [I0]. Then relationships between
group representation and spectra of the Star graph are presented. We also show
that the formula given by G. Chapuy and V. Feray for multiplicities of eigenvalues
of S, can be rewritten using the Hook formula [5]. This new formula is used to
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prove Theorem 1 in Section 3. We give an improved lower bound on multiplicities
of eigenvalues of the Star graph in Section 4.

2. PRELIMINARIES

2.1. Partitions and standard Young tableaux. The symmetric group Sym,,
consists of all bijections from {1,2,...,n} to itself using compositions as the multi-
plication. Any permutation m € Sym,, has the cycle type defined as the unordered
list of the sizes of the cycles in the cycle decomposition of 7. In this paper we
consider a cycle type as a partition of n.

A partition of a positive integer n is a sequence A\ = (A1, Aa,..., A), I < n, of
positive integers satisfying A1 > Ao > ... > A and A\ + Ao +...+ A\, = n. We write
A n to denote that A is a partition of n.

As example, the number 4 has five partitions: (4), (3,1), (2,2),(2,1,1),(1,1,1,1).
Partitions are represented by Young diagrams as followsﬂ

A Young diagram is a finite collection of n boxes arranged in left-justified rows,
with the row lengths in non-increasing order. The Young diagram [A] associated to
the partition A = (A1, Aa,..., ;) is the one that has [ rows and \; boxes on the ith
row. Let us set [A] = {(¢,7) : 1 <14 <, 1< j < A}, where the index i gives the
row and the index j gives the column of a box with numbering rows from bottom
to top, and columns from left to right.

As example, the Young diagrams corresponding to the partition of 4 are:

[LTT] I

(4) (3, 1) (2, 2) (2,1, 1) (1,1,1,1)

Let A is a partition of n. Then a Young tableau of shape A is obtained by filling
in the boxes of a Young diagram of A with 1,2,... ,n, where each number occurs
exactly once. Thus, each box (i,7) € [A], 1 < i<, 1 <j <\, is labeled by the
unique integer m € {1,2,...,n} and we put ¢(m) =i — j.

A standard Young tableau is a Young tableau in which the numbers appear in
ascending order within each row and each column from left to right and bottom to
top.

Let [A] be a Young diagram. For a box (,7) € [A], we define the hook of (i, 7)
to be the set of all boxes directly to the right of (¢,5) and directly above (3, j),
including (i, ) itself. The number of boxes in the hook is called the hook length of
(i,4) and is denoted by h;;.

We write A for the conjugate partition of A defined by N = (A, A5, ..., \}),
where I = Ay, N} = maz{i: (i,j) € [N}, 1 <j <!'. In other words, (i,7) € [A]
if and only if (j,7) € [X']. Then, the hook length h;; is defined by the following
formula [5]:

(6) hij=Xi—j+XN;—i+1.

IThe notation used here is known as the French notation. There is also the English notation,
which is the upside-down form of the French notation.
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A Hook tableau H) is a tableau listing the hook length of each box in the Young
diagram of shape .

2.2. Group representations and multiplicities of eigenvalues of S,.
Let G be a group and V' be a vector space over the complex numbers and of finite
dimension. Let GL(V') stands for the set of all invertible linear transformations of
V to itself. Then a representation of a group G on a vector space V is a group
homomorphism p : G — GL(V). Usually, V is called the representation space and
the dimension of V is called the dimension dim(V") of the representation. Moreover,
it is referred to V itself as the representation if the group is clear. An irreducible
representation of a group is a group representation that has no nontrivial invariant
subspaces. Given two vector spaces V; and Vs, two representations p; : G — GL(V;)
and py : G — GL(V2) are equivalent if there exists a vector space isomorphism
M : Vi — Vs, so that Mpa(g) = p1(g)M for all g € G.

The general theory of group representation is applied to the symmetric group
Sym,,. The inequivalent irreducible representations of Sym, are conveniently in-
dexed by the partitions of n. We denote by V) the irreducible representation asso-
ciated with the partition A\ - n.

The following result associates the representation of the symmetric group with
the multiplicities of eigenvalues of the Star graph S,,.

Theorem 2. [ In the Star graph S, the multiplicity mul(n — k), 1 <k <n—1,
is given by the following formula:

(7) mul(n — k) =Y dim(Va)Ir(n — k),
An

where dim(Vy) is the dimension of an irreducible representation, Ix(n — k) is the
number of standard Young tableauz of shape \, satisfying c(n) =n — k.

Let us note that the dimension of the irreducible representation V) of the sym-
metric group Sym,, corresponding to a partition A of n is equal to the number of
different standard Young tableaux. This number can be calculated by the Hook
Formula.

Theorem 3. (Hook Formula) [5] Let A+ n. Then,
n!
[ gyepy hia-

Moreover, the number of standard Young tableaux of shape A such that ¢(n) =
n — k is also calculated by the Hook Formula:

_ |
(9) Lin—k) =D
i e his

Ai—j+ (N —=1)—i+1, j=11<i<l-1;
Ai —J+ N =i+ 1, 1<ji<N, 1<i<l—1.
From , (8) and @D, we immediately get the following lemma.

() dim(Vy) =

where h;; =
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Lemma 1. In the Star graph S, the multiplicity mul(n — k), 1 < k < n, is given
by the following formula:

B n! (n—1)!
AFn H(M‘)E[A] hij H(z’,j)e[)\] hij
wherehij:)\i—j—l—)\;—i—i-land

R B R e e P e O R At
S DY eV R 1<j<N, 1<i<l—1.

(10) mul(n — k)

Let us note that computing multiplicities of eigenvalues of the Star graph by
formula is highly simplified in comparison with formula , which requires the
calculation of the irreducible representations V) of the symmetric group Sym,, with
calculating the number of partitions of n, enumerating all shapes of partition and
processing each shapes individually. Formula eliminates these steps, offering
only to calculate the hook length of boxes.

3. PROOF OF THEOREM 1

We use formula and the following general approach to prove formulas -
in Theorem 1 for multiplicities mul(n—k), where k = 2, 3,4, 5, of the eigenvalues
(n — k). By theorem 2, we have ¢(n) = n — k for the eigenvalues (n — k) of the Star
graph S,,. Thus, we need to get Young diagrams [);] of the shapes \; for which
standard Young tableaux satisfy c¢(n) = n — k.

Proposition 1. For eigenvalues (n — k), n > 2k — 1, of the Star graph the number
N of Young diagrams [A\;], 1 < i < N, is equal to the number of partitions of a
positive integer (k — 1) for k > 2.

Proof. The proof is a straightforward. For eigenvalues (n—k) we have ¢(n) = n—k.
For n > 2k — 1, such Young diagrams contain n — k 4+ 1 boxes in the first column.
The remaining & — 1 boxes are placed to the right of the first column and form a
Young diagram of volume k — 1. Since k — 1 < n — k + 1, every such diagram can
appear in the right part; their number is the number of partitions of k& — 1. O

Thus, starting with k& = 2 we have the following first values for N: 1, 2, 3,
5, 7, 11, 15, ... (sequence A000041 in the OEIS [12]). This gives us the numbers
N =1,2,3,5 of Young diagrams for k = 2,3,4,5, correspondingly. The structure
of these Young diagrams in each of the cases comes from the condition ¢(n) =n—k
for standard Young tableaux. In each of the cases we use formulas and (ED SO
that we calculate the Hook tableaux H,, based on the Young diagrams [\;] and
the hook lengths of all boxes in the [A;] without the topmost and the leftmost box.
Finally, we get the multiplicities of eigenvalues (n — k) of the Star graph S, by
formula . Now let us consider the cases.

Case 1: mul(n — 2)

Let us prove formula , considering the eigenvalue (n—2) of the Star graph S,,.
In this case ¢(n) = n—2. By Proposition 1 there is the only Young diagram [A] of the
shape A = (2,1,1,...,1) for which standard Young tableaux satisfy c¢(n) = n — 2
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(i.e. the number n appears in the topmost and the leftmost box). Such Young
diagram [A] has two columns, where the first column contains (n — 1) boxes, and
the remaining box is placed in the second column (see Figure 1(a)).

To use formula and @7 we need to get the Hook tableau H) based on the
Young diagram [A], where A = (2,1,1,...,1). By formula @, the hook length of a
box (4, ) is the number of boxes that are in the same row ¢ to the right of it plus the
number of boxes in the same column j above it, plus one (for the box itself). From
the definition of the hook length, we immediately get that for 1-row and 2-column
box we have hio = 1. The lengths of the hooks for the boxes in the first column
are calculated as follows:

h11=1—|—(n—2)+1=n,
h21:0—|—(n—3)—|—1:n—2,
h31:0+(n74)+1:n73,

h(n,1)1 :0+O+1 - 1
The Hook tableau H) is presented in Figure 1(b), where each box contains the
corresponding hook length of (i,5). Thus,

H hij=1-nn—-2)(n—3)-...-1=n(n—2)!
(@,9)€A]

and from we get

dim(Va) = n(n = 2 n(n —2)! =)
[ ] 1
~ 2 :
n—1 n—1 n—2 :
— 3 n-4
— ) n-3
| e n-1[1]
(a) [A] (b) Hx (c) H
Figure 1. A =(2,1,1,...,1)

To obtain Iy (n—2), we need to calculate the hook length of all boxes in the Young
diagram of the shape A = (2,1,1,...,1) without the topmost and the leftmost box
containing n. This diagram contains (n — 2) boxes in the first column, and it
is unchanged in the second column. The corresponding Hook tableau Hy for the
Young diagram [A] without the topmost and the leftmost box is presented in Figure
1(c). Hence, from (9)) we have:

(n—1)!
1-(n—1)(n—3)!

Ix(n—2) = =(n—2),
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and from we get:
mul(n —2) = (n—1)(n—2)

for n > 2k — 1, which gives us in Theorem 1.

Case 2: mul(n — 3)

Now let us prove , considering the eigenvalue (n — 3) of the Star graph S,.
In this case ¢(n) = n — 3. By Proposition 1 there are two Young diagrams [A;] and
[A2] of the shapes A\ = (2,2,1,...,1) and Ay = (3,1,1,...,1) for which standard
Young tableaux satisfy ¢(n) = n—3 (i.e. the number n appears in the topmost and
the leftmost box in the both shapes A; and A2). The Young diagrams [A1] and [A2]
and the Hook tableaux Hy, and H), are presented in Figure 2(a, b) and Figure
3(a, b), correspondingly. Thus, by formulas @ and for A\; we have:

I ri=12®m-1)n-2)(n—4)-...-1=2n-1)(n—-2)(n—4),
(4:3)€[M]
n! n(n —3)

(V) = S T —m ot ~ 3

and for Ao we have:

Il hi=1-2nmn-3)m-4) ... 1=2n(n-3),

(4,5)€[Az]
) _ n! _(n—=1)(n—-2)
dim(Vae) = 500 =31 = 2 '
] 1
— 2 :
n—2 n—2 : n—3 '
| n-5
n-4
n-3 |1
n-2 |1 55
nl| 2 -
(a) [Ad] (b) Hy, (c) Hy,

Figure 2. A\; = (2,2,1,...,1)

Let us find Iy, (n — 3) and Ix,(n — 3) (see Figure 2(c) and Figure 3(c), corre-
spondingly). By formula @,

_ (n—1)! _(n—1)(n—4)
I)\l(n_?))_lz(n72)(n73)(n75)|_ 2 5
In,(n—3) = (n— 1)t _(n=2)(n-3)

1-2-(n—1)(n—4)! 2
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1
— 2 :
n—2 : n—2 : n—3
] n-4 n-5
— 3 n-4
] 0 271  —
(a) [A2] (b) Hy, (c) Hy,

Figure 3. Ay = (3,1,1,...,1)

Finally, from we have:
nn—3) (n—1)(n—=4) (n—1)n-2) (n—2)(n-—23)

mul(n — 3) = 5 . 5 . 5 ) 5 —
R TR PR

for n > 2k — 1, which gives us in Theorem 1.

Cases 3 and 4: mul(n — 4) and mul(n — 5)

Formulas and are proved similarly. The Young diagrams of the corre-
sponding shapes A, the Hook tableaux H) and H) are presented in Appendix.

In the case 3, when c¢(n) = n — 4, by Proposition 1 there are three Young
diagrams of shapes A\; = (4,1,1,...,1), A2 = (3,2,1,...,1), A3 = (2,2,2,1,...,1)
(see Figures 5-7 in Appendix). Using data presented in Appendix for the eigenvalue
(n — 4) of the Star graph, and by formulas (@, and @ we get the following
results for the considered shapes:

A1 Ao A3
dlm(v/\) 9019062903 1013214 I0$61$5

ToX3T4 T1T3T5 Z1X2T6
I,\(’I’L — 4) 6 3 6

where x; = (n — i) for each 0 < ¢ < 6. Thus, by formula we have:

(n— 2)(n -1)

mul(n —4) = (n* —12n3 +47n? — 62n + 12)

for n > 2k — 1, which gives us in Theorem 1.

In the case 4, when ¢(n) = n — 5, by Proposition 1 there are five Young di-
agrams of shapes A\ = (5,1,1,...,1), Ay = (4,2,1,...,1), A3 = (3,3,1,...,1),
A=(3,2,2,1,...,1), \s = (2,2,2,2,1,...,1) (see Figures 8-12 in Appendix). Us-
ing data presented in Appendix for the eigenvalue (n — 5) of the Star graph, and
by formulas @, and @ we get the following results for the considered shapes:

At A2 A3 A4 As
: L1X2X3X4 TQX2XL3T5 TQL1X4TH TOTL1T3T6 QX127
dim (V) 24 8 12 3 24
_ ToT3TATS T1T3T4T6 T1T2T5T6 T1X2XT4X7 L1X2XL3Tg
Ix(n = 5) 24 8 12 3 24
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where x; = (n — i) for each 0 <4 < 8. Hence, by formula we have:

-2)(n—1
nnﬂ(n——5)::Eﬂgggggﬁgggl(n6——21n5—%169n4——647n3—%1174n2——820n—k60)
for n > 2k — 1, which gives us in Theorem 1. O

4. LOWER BOUND ON MULTIPLICITY OF EIGENVALUES OF THE STAR GRAPH

In this section we improve using standard Young tableaux (SYT). Let us put
t=n—k.

Theorem 4. In the Star graph S,, for sufficiently large n and for any fived integer

t the multiplicity mul(t) of the eigenvalue t is at least 2znlogn(l-o(1))

Proof. Let us consider SYT of size (k +t) x k. Let ¢ = k + t is the number of
rows and j = k is the number of columns. Then, n appears in the rightmost and
topmost box and ¢(n) =i — j =t. From we have:

(11) mul(t) = dim(Vy)Ix(1).
AbFn
Since dim(Vy) = I,(t), then
(12) > " dim(Va)Ia(t) > 13 (%)
AbFn

Let us note that in for any ¢ there are SYT of size (k+t) x k such that they
have subtableaux T of size (k+1) x k, where k ~ n2. The number of tableaux I (t)

is at least the number of a standard filling of the subtableaux T" with the elements
{1,2,...,(k+ 1)k} (see Figure 4).

k+Dk—1] (k+ Dk
(k+ 1)k —2

113

Figure 4. The subtableaux T

We consider the main diagonal and all diagonals above and below the main one
in T. Then, (k4 1)k appears there in the rightmost and topmost box, and the
element (k+ 1)k — 1 can appear to the left or below of (k+ 1)k. The same we have
for the element (k + 1)k — 2. So, permuting (k + 1)k — 1 with (k + 1)k — 2 along
with the corresponding diagonal we get 2! different SYT. In general, the number
of subtableaux T is equal to (112!...(k — )Iklk!(k — 1)!...2!1!), when we permute
elements along with corresponding diagonal. From and , we get:

ko4 ko4 kN N 2k
Immo>(umm”4kfnm®4:(rp0 ;(Ilﬁ);zqu).

= i=

[SIE
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Representing Stirling’s formula as:

nl o prt=e),

k 2k kN E(1—o(1))\ 2k kN B2 (1—0(1))
(G =5 ) -G
Since n > (k + 1)k, then k ~ n? and we get:
1
(&)kﬂ(l—o(l)) _ (E)n(l—o(l)) _ (})n(l_o(l))n%n(lfo(l))
2 2 2
_ 27n(170(1))2%nlogn(lfo(l)) — Q%nlogn(lfﬁ)(lfo(l)) _ Z%nlogn(lfo(l)).

we have

Finally, we have:

mul(t) > 2%"1%”(1_0(1))7
which completes the proof of Theorem 4. Thus, for any fixed eigenvalue ¢ of the S,
the order of logarithm of multiplicity mul(¢) is the same that n!. O
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Case 3. mul(n —4)

n—3 49| |
[ |
(a) [A1]
n—3 9| |
(a) [Az]
n—3 ¢r—
(a) [As]

APPENDIX

n-5

n-4

n

3]2]1]

Figure 5. \; = (4

Figure 6. A2 = (3,2,1,...

(b) H/\1

n-5

1

n-3

sy Ly e

n-1

(b) H/\z

1

2
n-6
n4 |1
n-3 | 2
n-2 |3
(b) H>\3

71)

71)

Figure 7. A3 = (2,2,2,1,...,1)

n-6

n-5

n-1[3[2[1]

n-6

n-2 |3 1\

(C) I{_)\z
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Case 4. mul(n — 5)

] 1
N 2

n—4 n—4 n—>5
] n-5
[T T 111 n [4]3]2]1]
(a) [Ad] (b) Ha,

Figure 8. A\; = (5,1,1,...,1)

n;6
n4|1
] n1]4]2]1]

(a) [Ao] (b) Hy,

Figure 9. A2 = (4,2,1,...,1)

n-6
n3|2|1
n-2 |3

(a) [As] (b) Ha,

Figure 10. A3 = (3,3,1,...,1)

1269
1
n-6
n-1[4[3[2]1]
(C) H)\l
1
n-7
n-5 |1
n2|41|2 \ 1 ‘
(C) HT)\Q
1
n-7
n4|2]|1
n-3 (312
(C) H)\s
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Figure 11. XAy = (3,2,2,1,...,1)
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Figure 12. \; = (2,2,2,2,1,...,1)
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