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STRONGLY REGULAR GRAPHS WITH THE SAME
PARAMETERS AS THE SYMPLECTIC GRAPH

S. KUBOTA

ABSTRACT. We consider orbit partitions of groups of automorphisms for
the symplectic graph and apply Godsil-McKay switching. As a result, we
find four families of strongly regular graphs with the same parameters
as the symplectic graphs, including the one discovered by Abiad and
Haemers. Also, we prove that switched graphs are non-isomorphic to
each other by considering the number of common neighbors of three
vertices.
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1. INTRODUCTION

Godsil-McKay switching is often used to construct cospectral graphs. However,
to apply that, a partition of the vertex set of a graph has to satisfy two very strong
conditions. The orbit partition of a group of automorphisms satisfies one of them
automatically, so if we can find an orbit partition that satisfies the other one, we
can apply Godsil-McKay switching and we might be able to get cospectral graphs.

For the symplectic graph Sp(2v,2), Abiad and Haemers [2] considered a special
4-subset S and the partition {S, V(Sp(2v,2)) \ S}. And then by applying Godsil-
McKay swithcing, they obtained many graphs with the same parameters as the
symplectic graph. We also aim to construct many graphs with the same parameters
as the symplectic graph by applying Godsil-McKay switching, but partitions of the
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vertex set we consider are the orbit partitions of groups of automorphisms. In this
paper, we consider the following groups:

e The automorphism group that fixes the standard basis.
e The automorphism group that fixes a special 4-subset by Abiad and Haemers.

As a result, we obtain four families of strongly regular graphs with the same pa-
rameters as the symplectic graphs. Also, we see one of them is isomorphic to the
one discovered by Abiad and Haemers. More precisely, we see the edges involved
with switching are the same.

Additionally, on the symplectic graph, we can regard the set of common neigh-
bors of some vertices as the solution set of a system of linear equations. From this
point of view, we investigate the number of common neighbors of three vertices as
an invariant for isomorphism. As a result, we prove that the graphs in the five fam-
ilies, which are the four switched ones and the original one, are certainly pairwise
non-isomorphic.

2. PRELIMINARIES

Let F3” be the 2v-dimensional vector space over Fy, and let
0 1
R= [1 O} .
The symplectic graph Sp(2v,2) over Fy is the graph defined by the following vertex
set V(Sp(2v,2)) and edge set E(Sp(2v,2)):
)

V(Sp(2v,2)) = F3" \ {0},
E(Sp(2v,2)) = {zy|z" Ky = 1},

where K = I, ® R (I, is the identity matrix of size v). It is not difficult to see that
Sp(2v,2) is a strongly regular graph with parameters (22 —1, 22v—1 22v=2 22v=2)

In general, the spectrum of a strongly regular graph is determined by its param-
eters. Conversely, parameters are also characterized by the spectrum. Therefore if
a graph X’ has the same spectrum as a strongly regular graph X, then X' is also
strongly regular with the same parameters as X.

Returning on the subject of the symplectic graph Sp(2v,2), when v = 1 we
just have the complete graph Kj. Also, Sp(4,2) is a strongly regular graph with
parameters (15,8, 4,4), which is known to be determined by its parameters, so we
suppose that v > 3 in the rest of this paper.

Let X be a graph and let # = {CY, ..., C;} be a partition of V' (X). This partition
m is called an equitable partition if for all i, j any two vertices in C; have the same
number of neighbors in Cj.

Godsil and McKay [6] introduced the following on constructing cospectral graphs.

Theorem 2.1. Let X be a graph and let 7 = {C1,...,Cy, D} be a partition of
V(X). Assume that 7 satisfies the following two conditions:

(i) {C4,...,Ct} is an equitable partition of V(X)\ D.

(i) For every x € D and every i € {1,...,t} the vertez x has either 0, 3|Ci|, or

|C;| neighbors in C;.

Construct a new graph X' by interchanging adjacency and nonadjacency between
x € D and the vertices in C; whenever x has %|CZ| neighbors in C;. Then X and
X' have the same spectrum.
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The operation that transforms X into X’ is called Godsil-McKay switching. We
will call a partion 7 of V(X) a Godsil-McKay partition if we can apply the above
theorem with respect to m. Also, we will call the special cell D a Godsil-McKay
cell of .

On the other hand, the orbit partition of a subgroup of automorphisms of a
graph forms an equitable partition, so this automatically satisfies the condition (i)
of Godsil-McKay switching no matter what orbit we choose as D.

Tang and Wan [10] determined the automorphism group of Sp(2v, 2).

Proposition 2.2.
Aut(Sp(2v,2)) = Spa, (Fa),
where Spa, (F2) = {A € GLy, (F2) | ATKA = K}.

However, Sp(2v,2) is vertex-transitive. We aim to find Godsil-McKay cells in
the orbit partition of a group of automorphisms, so we have to choose a proper
subgroup of the automorphism group.

3. AUTOMORPHISMS THAT FIX THE STANDARD BASIS

In this section, we consider the subgroup of all automorphisms of Aut(X) that
fix the set of the standard basis of F3”. To apply Godsil-McKay switching, we
determine the orbit partition and confirm that it is a Godsil-McKay partition. After
that, we prove that a switched graph is not isomorphic to the original symplectic
graph.

Let X be the symplectic graph Sp(2v,2) of order 2v and let e; be the vector
in F%” with a 1 in the ith coordinate and 0’s elsewhere and put £ = {eq,...,ea,}.
Also, let

Aut(X)e ={g € Aut(X)| &7 =&}

3.1. Determination of the orbit partition of Aut(X)s. Let P be a permuta-
tion matrix of size v and let Ay, ..., A, be matrices of size 2. We define the matrix
P(Ay,...,A,)) of size 2v as follows:

Pij = ° L )
Ai lfpijzl,

010
where O is the zero matrix. For example, when v =3 and P= |0 0 1|,
1 00

001 0 0O

0 1 0] 15401

P(Iy, I5,I,)= |0 O L| =

L O O 0 00 001

2 1 00000

01 00 O0O

Note that K = I,(R,...,R). Let [v] ={1,...

<
—~
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Lemma 3.1. Let Ay,..., A, be matrices of size 2 over Fy, and set
Ay
B=|:
Ay
Suppose the two column vectors by, by of B satisfy the following conditions:
® by #£ by,

o wt(by) = wt(be) = 1, where the weight wt(z) of a vector x is the number of
non-zero coordinates equal to 1 of x.

If ATRA, + -+ + ATRA, = R, then there exists a unique i € [v] such that A; €
{Is, R} and A; = O for all j € V] \ {i}.

Proof. By the second condition on B, there exists i € [v] such that A; # O and the
number of coordinates equal to 1 in A; is 1 or 2.

Case 1: Suppose that the number of coordinates equal to 1 in A; is 1. There
exists another j € [v] \ {i} such that A; # O. By the second condition on B, the
number of coordinates equal to 1 in A; has to be 1 and Ay = O for all k € [v]\{1,j}.
However AT RA; = ATRA; = O and clearly AfRA;, = O for all k € [v] \ {i,j}.
Therefore ATRA; +--- + ATRA, = O. This is a contradiction.

Case 2: Suppose that the number of coordinates equal to 1 in A; is 2. By the
two conditions on B, we have A; = Iy or R. Moreover by the second condition on
B, it follows that A; = O for all j € [v]\ {¢}. O

Lemma 3.2.
Aut(X)e ~ {P(Al, A

P : a permutation matriz, A; € {IQ,R}} .

Proof. Put P = {P(Al,...,A,,)
Proposition 2.2,
Aut(X)e ~ {A € GLy, (Fo) | ATKA = K, AS = £},
so we set Spa, (F2)e = {A € GLa,(F2) |ATKA = K, A = £} and prove that
P = Spau(Fa)e.
First, let P(44,...,4,) € P. Since P(A;y,...,A,) is a permutation matrix of
size 2v, P(A1,...,A,)E = &. Also,

P(Ay,...,A)TKP(Ay,...,A,)=PT(AT ...  AT)KP(A,,...,A)

P : a permutation matrix, 4; € {Ia, R}} By

=PT(Ay,...,A)KP(A,...,A)
=PT(Ay,...,A)L(R,...,R)P(Ay,..., A)
= (PTI,P)(A1RA;,..., A RA,)
= I,(A1RA;,..., A RA,)
=I,(R,...,R)
=K.

Consequently, we see that P(Aq,...,A,) € Spa,(Fa)e.
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Conversely, let A € Spy, (Fa)s. Since AE = £, A is a permutation matrix. We
set A as a block matrix as follows:

An - A
A=1:  0 (Aij € Ma(F2)).
A 0 Ay
By ATKA = K, we get
Z?:l Ag{RAil R

S ALRA, R

Z;jzl Ag;RAiV R
By comparing the (1,1) blocks, we have > :_, AT RA;; = R. Since A is a permu-
tation matrix, weights of the two column vectors of

An

Al/l
are both 1 and these two column vectors are distinct. Therefore we can apply
Lemma 3.1, that is, there exists a unique 41 € [v] such that A;, 1 = Iy or R and
Aj1 = O (j #141). Moreover, A is a permutation matrix, so we get 4;, o = A;, 3 =
-+ = Ay, = O. Next, we compare the (2,2) blocks. By a similar argument as
above, we see that there exists a unique is € [v] \ {i1} such that A;, 2 = Iy or R
and Ajo = O (j # i2), so we get A;, 3 = Aj,a = -+ = A;,, = O. Continuing this
argument repeatedly, we eventually have a permutation matrix P of size v and v
matrices B; € {Is,R} (i = 1,...,v) such that A = P(By,...,B,). Consequently,
we see that A € P. (I

Hereafter, we often divide a vector z € F3” into v blocks as follows:

I
r=|: (z; € F3).
Ty
We define
2 #{l | wt(z) =2} =14,
O(i,j,k) = qu=| 1 | € F3" | #{lwt(x) = 1} =,
T, #{l|wt(z)) =0} =k
Note that i + 7 + k = v. A vector z is called the initial vector of O(i,j,k) if
vy = =a;= 1T, 2ip1 = =245 = 1017, 24441 = -+ = @igjr = [00]T.

For example, the initial vector of O(1,2,1) is [11101000]%".

Proposition 3.3. Let X be the symplectic graph Sp(2v,2) of order 2v. The orbit
partition of Aut(X)e on V(X) is the following:

ViX)= || 0G,k).
itjt+k=v,
(4,5,k)#(0,0,v)
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Proof. First, we prove that for all z,y € O(i,j,k) there exists g € Aut(X)g such
that y = 29, but we can assume that y is the initial vector of O(i, j, k) without loss
of generality. Let S = {i € [v]|z; = [01]T} and consider the matrix A of size 2v
defined by the following:

R ifiesS,

A=1,(A,...,4,), where A; = k
I> otherwise.

Then all weight-one blocks of Az are [10]7. After that, we can choose an appro-
priate permutation matrix P of size v such that the weights of the v blocks of the
vector P(Ia,...,Is)Ax are in decreasing order. Then P(Is,...,I3)Az is nothing
but the initial vector of O(i, j, k), that is, y = P(Is,...,Is)Az. By Lemma 3.2 and
Proposition 2.2, the mapping

Tp(1,,... 14 : T = P(Ia, ..., 1) Az

is certainly an automorphism that fixes the standard basis.

Next, we prove that for each x € O(i, j, k) and y € O(¢,j', k") with (i,5,k) #
(¢,5 k), y # x9 for all ¢ € Aut(X)g. By Lemma 3.2 and Proposition 2.2, for
g € Aut(X)e there exists P(A1,...,A,) € P such that g = Tp(a,,... a,), Where
Tp(a,,...,a,) is the mapping that maps z € V(X) to P(Ay,...,A,)z. However,
roles which P(Ay,...,A,) plays are only permuting blocks and exchanging the co-
ordinates of a block, so if z € O(i, j, k) then P(A4,..., A))xz € O(i, j, k). Therefore,
it follows that y # 9 for all g € Aut(X)e. O

3.2. Finding Godsil-McKay cells in orbit partitions. We define O(i, j, k)even
and O(4, j,k)oaa as follows, to decompose O(i, j, k) into two more sets:

O, j, K)even = 4 2 = xl € 0(i, j k) | # {z & ]| m = H } = 0(mod 2) b,
O(i, j, k)oqa = 4 = xl € 0(i,j, k) | # {z e V] ’xl — H } = 1 (mod 2)

Actually, we can see that there exists a bijection between O(i, J, k) oven and O(i, j, k) oad-
Lemma 3.4. |O(%, j,k)even| = |O(, J, k)oad]-

Proof. If j =0, O(i, j, k)even and O(i, j, k)oda are empty sets, so we have the above
equality. Suppose that j > 1. For z € O(i,7,k), we can define ln;, = min{l €
[v] | wt(z;) = 1}. Consider the following correspondence:

x1 Z1
= |2 | = | T +12]
Ty Ty

where 15 = [11]7. By this correspondence, parity of the number of blocks of [10]7
change. Consequently, we get two mappings which are the one from O(3, j, k)even
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to O(i, 4, k)oaa and the other from O(3, j, k)oaqd to O(4,j, k)even. Clearly, these are
the inverse mappings each other, so we have the desired equality. O

Let N(z) denote the set of all neighbors of a vertex x.

Proposition 3.5. For all x € O(0,v,0) and an arbitrary orbit O(i, j, k)
310G,k ifj=1,
IN(z) N O, 4,k)| = < |O(i, 5, k)| if =0, 4:0dd,
0 if =0, 1:even.
In particular, O(0,v,0) is a Godsil-McKay cell in the orbit partition of Aut(X)e.

Proof. For x € O(0,v,0) and g € Aut(X)g, since O(i, j, k) is an orbit,
IN(x) NO(i, j, k)| = [N (z9) N O, j, k),

so we can assume that z = [0101...01]7 as a special vertex in O(0,v,0) without
loss of generality. Then for y € N(z) N O(i, j,k),

1=2TKy
Y1
= [1010...10] | :
Yv
= [10]y1 + -+ + [10]yy,
and [10]y; = 1 if and only if 3, = [11]7 or [10]T; so, we get

L=#{le W]y =11"} +#{l € [V]|y=[10"} (mod2)
=i+ #{l €]y =[0"}
We consider two cases:
Case 1 : Suppose j = 0. Then #{l € [v]|y; = [10]T} =0, so 27 Ky = 1 if and
only if i = 1 (mod 2) by the above observation. Therefore,

|N(x) n O(Z?]7k)| = #{y € O(ivja k) |xTKy = 1}

~ )10, 4, k)| if i : odd,
0 otherwise.



GRAPHS WITH THE SAME PARAMETERS AS THE SYMPLECTIC GRAPH 1321

Case 2 : Suppose j > 1. Similarly,
IN(z) N O(i, j, k)|
=#{y € 0(i,j,k) |+" Ky = 1}
:#{y € 0,5, k) |+ #{1 € V]| = [10]7} = 1 (mod 2)
y € 0,k ‘#{le vl =[10]"} =0(mod 2)} ifi:odd,

= {y (4,5, k ‘#{l € W]y = [10]7} = 1 (mod 2)} otherwise,
{O(z,  k)even| if i :odd,
1O(

i,7,k)odad| otherwise,

by Lemma 3.4. (]

By Proposition 3.5, we can apply Godsil-McKay switching to the symplectic
graph with respect to the orbit partition of Aut(X)g with the Godsil-McKay cell
0(0,v,0). We denote this switched graph by X©(©»:0) We will see that X0
is not isomorphic to the original graph Sp(2v,2) in Section 5.

4. AUTOMORPHISMS THAT FIX A 4-SUBSET

Let X be a graph and let {C1, V/(X)\C1 } be a partition of V(X). If |C}| = 2, then
the partition {Cq, V(X)\ C1} is always a Godsil-McKay partition with the Godsil-
McKay cell V(X)\C1, but the graph switched by this partition is always isomorphic
to the orlglnal one. On the other hand, if |Cy| > 4, the partition {Cy, V(X)\C1} is
not always a Godsil-McKay partition, but if it is, then the switched graph can be
non-isomorphic to the original one. In regard to this, Abiad, Brouwer and Haemers
[1] studied some sufficient conditions for being non-isomorphic after Godsil-McKay
switching, but nobody knows on necessary and sufficient conditions so far.

Even so, Abiad and Haemers [2] studied switched symplectic graphs with respect
to partitions of the form {Cy,V(Sp(2v,2)) \ C1} with |Cy] = 4 and they obtained
many graphs with the same parameters as Sp(2v, 2).

In this section, we consider the subgroup of automorphisms that fix their 4-subset
C1. As a result, we find three Godsil-McKay cells including C'.

Let S = {v1,v2,vs3,v4} be a 4-subset of V (Sp(2v, 2)) satisfying the following two
conditions:

e vy, vs,v3 are linearly independent with v} Kv; = 0 for all 4, € [3],

® Uy = V1 +U2+’U3.
Note that any three vectors v;,vj,v;, € S are linearly independent and for any
x € V(Sp(2v,2)), 2T Kvy + 2T Kvy + 2T Kvz + 2T Kvy = 2TK0 = 0, so #{i €
[4] | 2T Kv; = 1} = 0,2,4. Therefore we can decompose V(Sp(2v,2)) into three

subsets as follows:
V(Sp(2v,2)) = So U Sz U S,

where S; = {x € V(Sp(2v,2)) |#{j € [4] | 2T Kv; =1} = z}
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4.1. Determination of the orbit partition of Aut(X)s. Let X be the sym-
plectic graph Sp(2v,2) and S be the above 4-subset. We consider

Aut(X)s = {g € Aut(X) |89 = S}.
Let (S) denote the subspace spanned by S. By Proposition 2.2, we get the following:
Lemma 4.1. (S)9 = (S) for all g € Aut(X)s.

Before determining the orbit partition, we recall the useful theorem known as
Witt’s theorem (see for example [3]).

Theorem 4.2. Let V and V' be vector spaces equipped with a non-degenerate
symplectic inner product and suppose that they are isometric. Let o be an isometry
from an arbitrary subspace U of V to V'. Then o can be extended to a surjective
isometry from V to V'.

We can regard the value of 7 Ky as the value of an inner product (z,y), and
preserving the value of the inner product is nothing but preserving the adjacency
relation. Therefore Witt’s theorem guarantees that an isometry constructed from
a small subspace of F3” can be extended to an automorphism of Sp(2v,2). This is
a really strong tool to prove that any two vertices in a set, where we want to show
it is an orbit, can be mapped to each other by an automorphism.

Let T = (S) \ (SU{0}) = {v1 + v2,v2 + v3,v3 + v1}. Note that S,T C Sp.

Lemma 4.3. Aut(X)s acts on S as Sym(S), where Sym(S) is the symmetric group
on S.

Proof. Let [4] = {i1,42,13,74}. We consider the subspace U = (v1,va,v3) and the
linear mapping g from U to F3” such that vf = v;; for j € [3]. We see that g is an
isometry, so there exists an automorphism ¢g* of Sp(2v,2) such that ¢*|y = ¢ by
Witt’s theorem. Also, v] = v;, since v;, = v;, + v;, + vy, S0 we see that Aut(X)g
acts on S as Sym(S). O

Proposition 4.4. Let X be the symplectic graph Sp(2v,2). The orbit partition of
Aut(X)g on V(X) is {S, T, So \ (SUT), Sa, Sa}.

Proof. First, we prove that any two vertices in different sets cannot be mapped
to each other. For any g € Aut(X)s and for any x € V(X), we can define a
mapping from {v; € S|2TKv; = 1} to {v; € S| (29)TKv; = 1} that maps v; to
v{ and it is clearly bijective, so the value of #{v; € S|2TKv; = 1} is invariant
under g € Aut(X)g. Therefore Sy, Sz, S4 cannot be mapped to each other. By
Lemma 4.1, (S) \ {0} and Sy \ (S) cannot be mapped to each other. Since S9 = S
for any g € Aut(X)g, S and T cannot be mapped to each other. Consequently, we
see that S, T, Sp \ (SUT), Sa, S4 cannot be mapped to each other.

Next, we prove that for every P € {S, T, So\ (SUT), Sa, S4}, any two vertices
in P can be mapped to each other by some g € Aut(X)g. It is clear in the case
P € {S,T} by Lemma 4.3. Thus, we consider P € {Sp\ (SUT), S, S4}. Note
that for three distinct vertices v;, vj, v € S and z € V(X) \ (S), x, v;, v;, vy are
linearly independent. Assume that P € {Sp\ (SUT),S4}. Let z,y € P and we
consider the subspace U = (x,v1,v2,v3) and the linear mapping g from U to F3”
such that 29 = y and v/ = v; for i € [3]. Then g preserves the value of the inner
product and g is injective since x, v1, vs, v3 are linearly independent, so g is an
isometry. Therefore by Witt’s theorem, there exists an automorphism g* of X such
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that ¢*|y = g. This fixes S and maps x to y. The case P = S5 is proved by a
similar argument. O

4.2. Finding Godsil-McKay cells. Let z € V(Sp(2v,2)). Since vy = v1+va+uvs,
#{i € [4 |vI Kz =1} = 4if and only if v] Kz = vI Kz = vI Kz = 1. Let

I K

M= |vIK

vl K
Then Sy = {x € V(Sp(2v,2)) | Mz = 13}. Since vy, va, v3 are linearly independent,
rank M = 3, so the system of equations Mx = 13 has a solution. Thus, we have
a bijection from Sy to KerT)s, where Ty is the linear mapping  — Mz. So
|S4| = 22v73. A similar argument gives us |[Sp| = 2273 — 1. Also, S is the
complement of SyUS4, so we obtain |Sp| = (22¥ —1)— (2273 —1)—2%=3 = 3.22 =2,
Summarizing above, we get the following;:

Lemma 4.5.
2273 — 1 ifi=0,
1G] ={3-22-2  fi=2
22v—3 if i = 4.
We decompose Sy more. For distinct indices ¢, j with i < j, define
Sa(i,§) = {z € Sz | 2" Kv; = 27 Kv; = 1}.
By Lemma 4.3, we see that there is a bijection from Ss(1,2) to S2(4, ), so
Sl = D IS2(i, )| = 6/S2(1,2)]. (1)
,J
Let X be a graph and let {Oq,...,0;} be an orbit partition of a group of
automorphisms of X. Then for all z € O;, |[N(z) N Oy| is a constant value. By
counting the cardinality of {zy € E(X)|z € O;,y € O,} in two ways, we obtain
the following useful formula:
Lemma 4.6. For any x € O; and y € O,
|OilIN () N O] = [O5]IN (y) N Ol
Proposition 4.7. Let X be the symplectic graph Sp(2v,2), and let
{5, T,5\ (SUT), Sz, Sa} be the orbit partition of Aut(X)s on V(X). For
Pe{S,T,S \(SUT), S, S4}, the following statements hold:
(i) For any x € S,
0 if P=T or S\ (SUT),
N@)NP|={|P| i P=Si,
Pl if P=25,.
(ii) For any x € Sy,
0 ifP=T,
|IN(z) N P| = |P| if P=S5,
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(iii) For any x € So\ (SUT),

0 ifP=SorT,
IN(z) Pl =4 b
5P| if P= S or Sy.

In particular, S, So \ (SUT), Sy are Godsil-McKay cells.

Proof. First, we prove that S is a Godsil-McKay cell, but since {S, T, Sp \ (S U
T), S, S4} is the orbit partition, it is sufficient to prove only that for all P €
{T, So\ (SUT), Sa, S4} and a special vertex zg € S, [N(zo) N P| = 0, 1|P| or
|P|. We take v1 € S as a special vertex. It is easy to see that N(vi) NSy =S, and
N(u1) 1S = ), 50 we get |N(v1) 1S4] = |Ss] and [N(01) NT| = [N(01) N (S0 \ (SU
T))|=0. If i < j, then

1) otherwise.

N(v1) N S2(i,5) = {

Consequently, we have

4
N(v1) NSy = | |(N(v1) N Sa(i,5)) = | | S2(1,5);
,J j=2
so [N(v1) N Sa| = 3|S2(1,2)| = 1|Ss| by the equality (1).
Next, we prove that S, is a Godsil-McKay cell. Let € S4 be a special vertex.
It is easy to see that |[N(z) NS| = |S] and |[N(z) N T| = 0. To find the value
of [IN(z) N (So \ (SUT))|, we calculate |N(x) N Sp| first. Observe N(x) NSy =
{we V(Spr,2)) [aTKy =1, #{i € ] |oT Ky =1} = 0}, but #{i € [4] | ] Ky =
1} = 0 if and only if v{ Ky = vl Ky = vI Ky = 0; so, N(z)N Sy = {y € F3¥ | My =
[1000]7}, where
2TK
vI'K
vl K
vl K
Since x,v1, v, v3 are linearly independent, there exists a bijection from N(x) N Sy
to Ker Tyy. Therefore we get |N(x) N So| = 22~%. Consequently,
[N (z) N (So \ (SUT))| = [N(z) N So| = [N(z) N SoN(SUT)|
=224 _IN(2)NSoNS|—|N(z)NSyNT|
=224 _IN(z) N S|
— 221/—4 _ 4.
On the other hand, |Sp \ (SUT)| = 2273 — 8 by Lemma 4.5; so, we obtain
IN(z)N(So\ (SUT))| = £[S0\ (SUT)|. We can determine the value of | N (z) N .S,|
similarly as above. Observe

N(z)nSy = {y e V(Sp(2v,2)) 2T Ky = 1, #{i € 4] |v] Ky =1} = 2},

M =
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but #{i € [4]|vI Ky = 1} = 2 if and only if #{i € [3]|vI Ky = 1} = 1 or 2.
Therefore

2TK
T
. 2v (% K o 1
N(z)NSy = |_|3 y € F3 T K y—[b}
beF3,
wt(b)eflz} UEK

and we get #{y € F2|My = [1b"]T} = 22 for a fixed b. Consequently,
IN(z) N S| = 62271 = 115, so we can see that Sy is a Godsil-McKay cell.

Finally, we prove that Sp \ (SUT) is a Godsi-McKay cell. Let x € Sp\ (SUT)
be a special vertex. It is easy to see that |[N(z) N S| = |N(z)NT| = 0. Also,

@)1 82| = # {u € V(Sp(aw.2) | T Ky = 1,40 € 4] [o] Ky = 1} =2}

2TK
TK 1
_ cF2v | | _ [ }
b;:s #{y€F; i V= o
wt(b)e{1,2} vy K
=6 221/74
1
= 51].
Furthermore, for y € Sy,
1
1 1
__ 1 T .
SO g%\ (U (by part (i)
1
= 514,
Hence Sy \ (SUT) is a Godsil-McKay cell. O

Therefore on the orbit partition of Aut(X)s on V(X) , we obtain three switched
symplectic graphs with the Godsil-McKay cells S, Sy \ (SUT) and Sy. Let X°,
X5\SUT) and X5+ denote their switched graphs, respectively. In general, the
set of edges deleted by Godsil-McKay switching with respect to the partition
{Cl, ce .Ct, D} is

|i| | ] {{wyy}

i=1lxz€D

1
y€eCx~y, |Nx)NC;| = 2|Ci|}

and the set of added edges is similarly

U {ten

Abiad and Haemers [2] proved that the partition {S,V(X)\ S} is a Godsil-McKay
partition with a Godsil-McKay cell D = V(X) \ S, and constructed the switched
symplectic graph that is not isomorphic to the original one. The set of deleted

1
y e Ciy,x ity |[N@)NCi| = 2Oi}'
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edges to construct this switched symplectic graph by Abiad and Haemers is

| | {{wvy}

€V (X)\S

but it is easy to see that |[N(z) N S| = £|S| if and only if 2 € Sy. Therefore this is
equal to

1
yeS,x~y |Nx)NS|= QISI},

L {{w.v}|yesa~y}. @)

TE€So
On the other hand, the set of deleted edges to construct X< is

|_| Ll{{x,y} yeP,x~y,|N(x)ﬁP|:;P},

PE{T,S0\(SUT),S2,84} z€S

but we have already confirmed that for z € S, [N(z) N P| = %|P| if and only if
P =S5 by Proposition 4.7-(i). Therefore this is equal to (2) which is nothing but
the one by Abiad and Haemers. Similarly, on the set of added edges,

| | {{wvy}

€V (X)\S

= {{xvy}‘yesw%y}

TE€Sa

- U {{x,y}

Pe{T,So\(SUT),S2,54} =€S

1
y € 8,34y IN(@)N S| = 2|S|}

1
y € P,z oy, |N(z)NP| =2|P|};

so we can see the following:

Corollary 4.8. X% is isomorphic to the switched symplectic graph with respect to
the Godsil-McKay partition {S,V(X) \ S} with the Godsil-McKay cell V(X)\ S.

We remark that for € S3(1,2) as a special vertex in Sy, N(z) N T = {vy +
v3,v3+v1}, that is, [N (2)NT| = Z|T, so Sy is not a Godsil-McKay cell. Therefore
by Lemma 4.6, we get [N(z) N Sa| = 2|Ss| for € T, so T is not a Godsil-McKay
cell either.

5. NOT BEING ISOMORPHIC

In this section, we prove that the graphs in the five families X, X900 x5,
XSo\SUT) x5 are not isomorphic to each other. To this end, we consider the
number of common neighbors of three vertices as an invariant for isomorphism.
First, we investigate how the value of the number of common neighbors of three
vertices changes after switching. Next, for each family, by inspecting the non-zero
minimum number of common neighbors of three vertices, we prove that the graphs
in different families are not isomorphic.

5.1. Formulas that give the number of common neighbors of three ver-
tices in the switched graph. Let X be a graph and let A, B be subsets of the
vertex set V(X) which are disjoint. We define

NX[A:B]:{weV(X)\(AuB) w 4 b(Vb e B)

wwa(VaeA),}
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Practically, we consider the case |AUB| = 3. For example, for three distinct vertices
x,y, z in V(X),

Nxl{z,y}: {2} ={w e V(X)\{z,y, 2} [w ~ 2, w >y, wof 2},
but we will write Ny [xy : 2] instead of Nx[{z,y} : {z}] for simplicity.
Let m = {C1,...,Ct,Ciy1} be the orbit partition of a group of automorphisms
of X. Assume that 7 is a Godsil-McKay partition with the Godsil-McKay cell
D = Cy41. Then for any i € [t],

1
(v nciloe by = (). {lci} or (icil
so we can decompose the index set [t] depending on these values. We define

¢y ={i €[] |{IN@) NG|z € D} = {0}}.

Cé{iG[t]

o = {i e | {IN@ N Cil|e € D} = {ICil}}
Then [t] = Co U C% LI C;. Let X’ be the switched graph with respect to 7 with

D = Ci44. To investigate the number of common neighbors of three vertices in X,
we consider, for example, the case x € D = Cyy1, y € Cy and z € C, where k € C%
and [ € Cy UCy. The set of pairs of vertices involved with switching is

|_| {{v,w}‘vED,wECi},

i€Cy
2

(IN@) NGl |2 € D} = {§|ci|}}7

so the vertices in
|_| (Ci N Nx[zyz :])
1€Cq
are also common neighbors of z, ¥, z in X’. On the other hand, in this case, the

vertices in
L] (CinNxlayz:])
i€Cy L{t+1}

are no longer common neighbors of z, y, z after switching. However, the vertices
in

|_| (CiNNyz:z]) | UDNNx[zz:y])
iGC%
become new common neighbors after switching. Consequently, we get
Ncrfayz ] = 3100 Ncloy= ]l + 3 100 Nly= 2] + 1D A N ]

i€Cy i€C1
2

For other cases, we can investigate Nx/[zyz :] by a similar argument as above, so
we get the following formulas on the number of common neighbors of three vertices
in X'.
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Theorem 5.1. Let X be a graph and m = {C1,...,Cy, Cri1} be the orbit partition
of a group of automorphisms. Assume that 7 is a Godsil-McKay partition with a
Godsil-McKay cell D = Cyy1. Let X' be the switched graph with respect to . Let
x, y, z be three distinct vertices in V(X) and iy, iy,i. be the indices of C;,, C; ,
Ci., to which x, y, z belong, respectively. Then for each of the following ten cases,
the values of [Nx:[zyz :]| are given in Table 5.1.
(1) z,y,2¢ D
(i) tp,iy,1. ¢ C%,
(ii) iy € Ci and iy, i, ¢Cu,
(ili) ia,4y € C% and i, ¢ C
(iv) g, iy, 1, € Ci.
(2) x€D andy,z ¢ D
(1) iyviz ¢ C%:
(ii) iy € C% and i, ¢ C%,
(iii) y,1, € Ci.
(3) z,y€ D and z ¢ D
(i) iz ¢ C%;
(ii) i, € C% .

x’

[SIEERV]

)

(4) z,y,z € D.

(1)-(i) W [zyz :]]

(1)-(ii) > lCGinNxlzyz )|+ DN Nxyz : a|
i€CouCy LCy

(1)-(iii) Z |Cs N Nx[zyz ]| + |D N Nx|[z : zy]|
i€CoUC L UCy

(1)-(iv) Z |Cs N Nx[zyz :]| + |D N Nx|[: zyz]|
iecguc%ucl

(2)-G) ST ICinNxlzyz ]+ 3 G ANz : all

1€CoUC LU{t+1} i€Cq
2

@-@) || S G nNxlayz:]l+ 3 16 A Nxlyz : all + 1D N Nxlaz sy

i€CoUICY i€Cy
2

(2)-(iii) Z |C; N Nx[zyz : ]| + Z |C; N Nx[yz : z]| + |D N Nx|[z : yz2]|

1€CoUCy i€Cy
2

(3)-() ST (G Nl )+ Y G Nxz sz

i€CoUC U{t+1} i€Cy
2

(3)-(i1) Z |Cs N Nx [zyz :]| + Z |Cs N Nx[z : zy]| + |D N Nx|[zy : 2]|

i€CoUICY ieCy
2

(4) Z \C’iﬂ/\/x[:cyz:]\—i—z |Cs N Nx[: zyz]|

1€CoUC LU{t+1} i€Cy
2

Table 5.1. The number of common neighbors of three vertices in X’
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5.2. Investigating the non-zero minimum number of common neighbors
of three vertices. We use Table 5.1 to investigate the number of common neigh-
bors of three vertices for each family. It is certainly difficult to determine all the
possible values, but our goal is to prove that the graphs in the five families are not
isomorphic to each other, so it is sufficient to find an easier invariant for isomor-
phism. From this point of view, we calculate the non-zero minimum number of
common neighbors of three vertices. Similarly to the previous section, T, denotes
the linear mapping = — Mz for a matrix M.

Proposition 5.2. Let X be the symplectic graph Sp(2v,2) of order 2v and let x,
Yy, z be three distinct vertices of X. Then,

0 ife+y+2=0,
221/—3

Nxlzyz:]| =
Waleyz:]] { otherwise.

In particular, the non-zero minimum number of common neighbors of three vertices
in Sp(2v,2) is 22V73.

Proof. First, we assume x + y + z = 0. Suppose that there exists w € Nx[zyz :].
Then 27 Kw =y"Kw=2"Kw=1,but 1 = 1+1+1 =2 Kw+y" Kw+ 2T Kw =
(z +y+ 2)T Kw=0TKw=0. This is a contradiction; so, |[Nx[zyz :]| = 0.

Next, we assume = + y + z # 0. Let

TK
M= |yTK
TK
Then Nx|[ryz :] = {w € F3 | Mw = [111]T}. Since z +y + 2z # 0, =, y, 2 are

linearly independent; so, rank M = 3. Therefore the system of equations Mw = 13
has a solution. This implies that there is a bijection from Nx[zyz :] to Ker Tyy.
The dimension of Ker Ty is 2v — 3, so we get [Nx[zyz :]| = [Ker Tyy| = 22v73. O

Proposition 5.3. Let X be the symplectic graph Sp(2v,2) of order 2v, and let
X" = X%, Take x € S5(1,2), y € So(1,3) and set z = x+y. Then z € S2(2,3) and
Nx:[zyz :]| = 1. Therefore, the non-zero minimum number of common neighbors
of three vertices in X° is 1.

Proof. Since
1 ifi=2,3,
0 ifi=1,4,
we have z € S3(2,3). We recall that for C' € {T, S\ (SUT), S2, S4} and for v € S,
0 if C=Tor S\ (SUT),
IN(v)NC|=1<|C| it C =84,
11C] if C = Ss,

TKv; = 2T Koy + yTKvi = {
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by Proposition 4.7-(i). Thus,

Wx[zyz ]| = (T U(So\ (SUT))US,USs) N Nx[zyz ]|
+ [SNNx[: zyz]| (by (1)-(iv) in Table 5.1)
=S NNx[: zyz2]| (by Proposition 5.2)
= [{va}|
=1.

Next, we consider the non-zero minimum number of common neighbors of three

vertices in X900 If we decompose a vector = € F2” into v blocks as follows:
)
r=|": (z; € F3),
_ml/
we can see ;
1100 .-+ 00| [ wt(x1)
. ) . = ) (mod 2).
0000 --- 11| |z, wt(z,)

Thus, for a vector € F3, there exists j such that x € O(i, j, k) for some i, k if
and only if there exists a vector b € F4 whose weight is j such that (I, ® [11])z = b,
so we can regard also an orbit of Aut(X)g as the solution set of a system of linear
equations.

Recall that for an orbit O(4, j, k) of Aut(X)g and for a vertex v € O(0,v,0),

310G, 5, k)| ifj>1,
IN(v)NO(i, j, k)| = S |0, 4, k)| if 7 =0,17:0dd,
0 if j =0, 7: even,
by Proposition 3.5. For three vertices z, y, z, define the (v + 3) x 2v matrix M as
follows:
2TK
y'K
2TK
I, ® [11]

M:

Lemma 5.4. Let X be the symplectic graph Sp(2v,2) of order 2v, and let X' =
XOWO0) - For three distinct vertices x, y, z, |Nx/[zyz :]| is a multiple of 2~2.

Proof. For three distinct vertices z, y, z, we consider two cases.
Case 1: Suppose M has full rank. We only consider the case (1)-(ii) of Theo-
rem 5.1, but on other cases, we can consider similarly. Assume that = € O(4, j, k)
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with1<j<v-1,y€ O(,0,m) and z € O(’,0,m’). According to Table 5.1,
Nx/[zyz :]| = Z \CiﬁNX[xyz:H—l—Z |Ci N Nx[zyz ]|+ |D N Nx[yz : z]|.

1€CoUCT 1€C 1
2

The first term is equal to #{w € F3" | Mw = [1110%]7}. Since M has full rank, it
is 22v=(#+3) = 9v=3  The second term is equal to

> #lweFy | Mw=
beFy,
1<wt(b)<v—1
but M has full rank, so it is (2* —2)-2¥~3. The third term is equal to #{w € F3"\
{z}| Mw = [01117]7}, but since z € O(4, 5, k) with 1 < j <v —1, (I, ® [11])x #
1,. Thus,  is not a solution of Mw = [01111]7 so we get |[DNNx[yz : ]| = 2v73.
Consequently,

[ T

‘NX’[QC:UZ ” — 21/—3 + (2IJ _ 2) . 211—3 + 21/—3 — 221/—3‘
In particular, |Nx[zyz :]| is a multiple of 2“~2. (Note that on other cases, if M
has full rank, then |[Nx/[zyz :]| = 22¥73))
Case 2: Suppose M does not have full rank, that is, rank M = v, v+ 1 or v+ 2.

We argue similarly to the case 1. For each case, there exist proper subsets A, B,
A’, B' of V(X) such that

Nx:|zyz :]| = Z |Ci N Nx[zyz ]|+ Z |C:NNx[A: B]|+|DNNx[A: B']|
1€CoUCy ZGC%
and we can confirm that z, y, z, 0 are not a solution of the system of linear

equations determined by each term. Thus, each term is a multiple of 22V—rankM
but rank M < v + 2 in this case. Therefore, |Nx-[zyz :]| is a multiple of 2¥72. O

Fortunately, we can take three vertices that give |Nx/[zyz :]| = 2V 72.

Proposition 5.5. Let X be the symplectic graph Sp(2v,2) of order 2v, and let
X' = X000 " Then the non-zero minimum number of common neighbors of three
vertices in X©©»-0) jg ov=2,

Proof. Pick x = [10100002,_6]7, y = [10001004,_6] € O(0,2,v — 2), and set z =
x +y. Then z = [00101002,_¢] € O(0,2,v — 2). Thus, by the case (1)-(iv) of
Theorem 5.1, we get [Nx/[zyz :]| = |D N Nx|[: zyz]|. Also,
DN Nx[: zyz] = {w € F3" \ {z,y,2,0} | Mw = [00011]"}
= {w € F2 | Mw = [00017]7}
2TK 0
weF || yTK |w=|0
I, ® [11] 1,
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2TK
and the matrix yTK has rank v + 2, which has full rank. Thus, we see that
I, ® [11]
\Nx:[zyz :]| = |D N Nx[: zyz]| = 2V 72, O

Next, we consider the family X 4. Recall that for an orbit C € {S,T, Sy \ {S U
T},52} of Aut(X)s and for a vertex v € Sy,

0  ifC=T,
INW)nC|=<{1|C| ifC =S8,
e i C =8\ {SUT} or S,

by Proposition 4.7-(ii). Also, for three vertices z,y,z € V(X), we redefine the
matrix M as follows:

TK
y'K
2TK
vI'K
vl K
03 K |

Lemma 5.6. Let X be the symplectic graph Sp(2v,2) of order 2v and let X' = X 5.
Assume that x, y, z are three distinct vertices in X'. If Nx:[zyz :] is nonempty,
then |Nx/[wyz :]| > 22V=5.

Proof. For three distinct vertices z, y, z, we consider two cases.

Case 1: Suppose M has full rank. We consider the case (2)-(i) of Theorem 5.1 for
example, but we can consider similarly on other cases too. Assume that x € D = Sy
and y,z € SUT. By the case (2)-(i) of Theorem 5.1,

INx/[zyz ]| > [S2 N Nx[yz : ]

= Y #{weR\{e.y.20)| M=
beFs,
wt(b)e{1,2}

S = O

Clearly, , z, 0 are not a solution of Mw = [01167]7. Also, since = € Sy,

vI'K 1
WIK|x=|1
vI'K 1

Thus, z is not a solution of Mw = [01167]7, either. Therefore, since M has full
rank, we see that
Ny [wyz :]| > 62276 > 2275,
Accordingly, Nx/[zyz :] is always nonempty in this case.
Case 2: Suppose M does not have full rank, that is, rank M = 3, 4 or 5. We
consider the case (1)-(ii) of Theorem 5.1 for example and we can argue similarly on
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other cases except three cases (2)-(iii), (3)-(ii) and (4). Assume that x € (S \ (SU
T))U S, and y,z € SUT. By the case (1)-(ii) of Theorem 5.1,

Nx/[zyz:] = ((SUT)NNx[zyz :]) U ((So \ (SUT))NNx[zyz :])

U(Se N Nx[zyz :]) U (Ss N Nx[yz : z]).

Since y,z € Sp, (SUT) NNx|zyz :] = 0. By Nx/[zyz :] # 0, one of (Sp \ (S U
T)) N Nx|zyz :], So N Nx[zyz :] or Sy N Nx[yz : z] is nonempty. We suppose
(So\ (SUT)) NNx|zyz:] # 0 first. We see that

(So\ (SUT)) N Nxzyz:] = {w e F2¥\ ({x,y, 2,0} USUT) | Mw = [111000]"},

but any vector in {x,y,2,0} US UT is not a solution of Mw = [111000]% since
y,2 € Sp. On the other hand, Mw = [111000]% has a solution, so

1(So \ (SUT)) N Nx[zyz :]| = #{w € F2¥ | Mw = [111000]7}
_ 22u—rankM
2 2211—5.

Next, we suppose S N Nx[zyz :] # (). Then there exists a vector b whose weight
is 1 or 2 such that

{w e F¥\ {z,y,2 0} | Mw = [11167 7} # 0.
Since z, y, z, 0 are not a solution of Mw = [111bT]T,
1Sy N Nx[zyz :]| > #{w € F¥ | Mw = [1116"]T}
_ 92v—rank M
> 2275,
Finally, we suppose Sy N Nx|yz : ] # 0. Then
{w e F¥\ {z,y,2,0} | Mw = [011111]T} # 0,
but x, ¥, z, 0 are not a solution of Mw = [011111]7 since = ¢ S;. Thus,
1S4 N Nx[yz : a| = 22v—rank M > 9205

In this way, we can basically prove that for appropriate subsets A, A’, A”, B, B’,
B" c V(X) determined by each case of Table 5.1,

(SUT)NNx[zyz :] =0,

If (So\ (SUT))NNx[A : B] # 0, then |(So\ (SUT))NNx[A: B]| > 2275,
If Sy N Nx[A' : B'] # 0, then |Sy N Ny [A’ : B']| > 225,

If Sy N Nx[A” : B"] # 0, then |Sy N Nx[A” : BY)| > 225,

so we can see that [Ny [zyz :]| > 2275 as a result. However, if z,y,2 € Sy U Sy,
then (SUT)NNx[zyz :] # 0 can occur. Thus, we need other arguments on the
cases (2)-(iii), (3)-(ii) and (4).

(I) The case (2)-(iii), especially, v € D = S4 and y, z € Ss.
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o If y,z € S5(i,7), then (SUT) N Nx[zyz :] = {v;, v}, but Sy " Nx[yz :
z] N (S) = {v; + v, v; + i} for k€ [4]\ {4, 7}, so
|NX' [myz ]| > 24 (22y7rank1v1 _ 2) > 221/75'
o If y € S5(4,5) and z € Ss(i, k) for distinct indices 4, j, k, then (SUT) N
Nxlzyz :] = {vi}, but So N Nx[yz : 2] N (S) = {v; + vi}, so
|NX/ [:L“yz ]| > 1+ (22V7rankM - 1) > 221/75'
o If y € S5(i,7) and z € Sy(k,l) for distinct indices ¢, j, k, I, then (S U
T) N Nx[zyz :] = 0. Thus, this case is no problem because we can use
a “basis” argument.
(IT) The case (3)-(ii), especially, z,y € D = Ss and z € S;. Assume that z €
S2(4,7). Then (SUT)NNxzyz :] = {v;,v;}, but S N Nx[z : xy] N (S) =
{vi + vk, v; +vi} for k € [4]\ {3, 5}, so
|NX/ [;l:yz ]| > 2+ (22V7rankM o 2) > 221/75'
(III) The case (4). Then (SUT)NNxzyz :] =S, but So N Nx|[: zyz] N (S) =
T U {0}, so
|NX’[5ﬂyZ ” > 4+ (221/71‘3.11}(]\/[ o 4) Z 221/75.
Consequently, we can get the desired inequality for all cases. O

Proposition 5.7. Let X be the symplectic graph Sp(2v,2) of order 2v and let
X' = X5t Then the non-zero minimum number of common neighbors of three
vertices in X4 is 22V75,

Proof. We take x € S5(1,2) and y € S3(2,3) and set z =z +y. Then z € S3(1,3),
so by the case (1)-(iv) of Theorem 5.1, we get

INx:[zyz ]| = [(So U S2) N Nx[zyz : ]| + [Sa N Nx[: zyz]|.

Since x 4+ y + z = 0, the first term of the right hand side is zero by Proposition 5.2.
Thus,

Wx[zyz : ]| = [Ss N Nx[: zyz]]
= #{w € F¥ | Mw = [000111]"}
2TK 0
y'K 0
=#weF¥ | |vTK|w= |1 ,
vI' K 1
vI'K 1
2TK
y'K
but x,y,v1,v2,v3 are linearly independent. Therefore, |v{ K | has full rank, so we
e
vl K

see that [Ny [zyz :]| = 2275, _
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Finally, we consider the family X %0 \(SYT)  Recall that for an orbit C' € {S, T, Sz, S4}
of Aut(X)g and for a vertex v € Sy,

0 fC=SorT,

Nwnc =40
5|C| if C =85 or Sy,

by Proposition 4.7-(iii). We prove that the non-zero minimum number of common
neighbors of three vertices in X50\(SUT) j5 92v=5 _ 9 hut its proof is similar to the
one in X°* basically, that is, we can see the following for appropriate subsets A,
A, A", B, B', B” C V(X) determined by each case of Table 5.1.

(I) When M has full rank, we see that
INx:[zyz :]| > |So N Nx[A: B]| > 2275 > 225 _ 2,

(IT) When M does not have full rank, we can prove the following except the case
(1)-(iv).
o (SUT)NNxzyz:] =0,
o If Sy NNx[A: B] # 0, then |So N Nx[A: B]| > 22V75,
o If SyNNx[A": B'] #0, then |Sy N Nx[A": B']| > 2275,
o If (So\ (SUT))NNx[A" : B"] # 0, then |(Sp \ (SUT)) N Nx[A" :
B//” > 221/75.

The exceptional case (1)-(iv) is proved as follows.
Lemma 5.8. Let X be the symplectic graph Sp(2v,2) of order 2v and let X' =

XSO\SUT) - Suppose that z,y,z € So U Sy and M does not have full rank. Then
Wi [zyz ]| > 2275 — 2.

Proof. By the case (1)-(iv) of Theorem 5.1,
Nxr[yz | = [(SUT) N Nxleyz ][ +[(So \ (SUT) N Nx[: zyz]|-
Since z,y, z are not a solution of the system of equations Mw = Og,
(So\ (SUT)) NNx|[: zyz] = {w € F2¥| Mw = 0} \ (S).
Thus,
[(So \ (SUT)) NNx|: zyz]| = |Ker Th| — |Ker Tar N (S)]

> 2275 _ [Ker Ty, N (S)],

but since z,y,z € So U Sy, dimKerTh N (S) < 2. If dimKerTy N (S) = 0 or 1,
then we can get the desired inequality, so we assume dim Ker Ty N (S) = 2. We
aim to prove that |(SUT) N Nx[zyz :]| > 2 in this case. (Actually, we can prove
|(SUT)N Nxzyz :]| = 4.) Observe that there exist two distinct indices 7,j € [4]
such that Mv; # 0¢ and Mv; # 0g. Since |[Ker Ths N (S)| = 4, there exist two
distinct indices k, 1 € [4] such that vy + v; € Ker Tay N (S). We can assume k =1,
I = 2 without loss of generality. It is sufficient to check the following two cases.

Case 1: Suppose that KerThs N (S) = (v1 + va,v1). Observe z,y,z € 52(3,4),

and we see that

|(SUT) ﬂNX[xyz ” = #{7)3,’04,”01 +U371}2 +’U3} =4.
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Case 2: Suppose that Ker Ty N(S) = (v +vq, va+v3). If we suppose z € Sa(i, j),
then 2T K (v; +vy) = 1 for k € [4]\ {i,j}, but this is a contradiction. Thus, z, y, z
have to be in S4. Consequently,

[(SUT)NNx[zyz :]| = #{v1,v9,v3,04} = 4.
[
Proposition 5.9. Let X be the symplectic graph Sp(2v,2) of order 2v and let

X' = X5\SUT) - Then the non-zero minimum number of common neighbors of
three vertices in X S0\(SUT) jg 92v=5 _ 9

Proof. Take y € S3(1,2) and z € 52(3,4) and set © = y + z. Then = € S4 and by
using the case (1)-(iv) of Theorem 5.1, we can check |Nx/[zyz :]| =2%*"°-2. O

Summarizing this subsection, we get the following:

Theorem 5.10. Let X be the symplectic graph Sp(2v,2) of order 2v. The non-zero
minimum numbers of common neighbors of three distinct vertices for each graphs
are given in the Table 5.2.

X XS XO(O,V,O) X Sa XSO\(SUT)
221/73 1 21/72 221/75 221/75 —92

Table 5.2. The non-zero minimum numbers of common neighbors of three
distinct vertices

In particular, the five graphs X, XOO0) x5 xSa X So\SUT) gre not isomorphic
to each other for a fixed v.

Remark that 2¥72 = 2275 = 2 in the case v = 3, so we do not know whether
X©00.x.0) is jsomorphic to X or not in this case. Actually, we see that the two
graphs are isomorphic to each other by computer.

6. RECENT STUDIES AND COMPARISON FOR THE CASE v =4

Recently, other researchers also constructed strongly regular graphs with the
same parameters as (the complement of) the symplectic graph by each methods.
We refer to [4, 8, 9]. In this section, we compare with the graphs constructed by
other researchers and confirm whether their and our graphs are isomorphic to each
other or not for v = 4 by computer. As for notation, we use the same ones in the
original papers written by each authors.

Barwick, Jackson and Penttila [4] constructed v — 1 strongly regular graphs T,

.., I'y—o with the same parameters as the complement of the symplectic graph for
each v. Moreover, they proved that their v — 1 graphs are not isomorphic to each
other by counting the number of maximal cliques. (Of these, I'y is isomorphic to
Sp(2v,2).) Note that when we specify «y as the subspace spanned by ey, es, ...,



GRAPHS WITH THE SAME PARAMETERS AS THE SYMPLECTIC GRAPH 1337

€2s+1, then their switching set X is equal to

z2zx4:...:x25+2:0’
oot | (P23 Tostas s T2 pa] # 0,

x € F3 5

2 —

Topy1 = g T2i—1T2;

i=1

Thus, this corresponds to
o Ty =Ty = =Tas42 =0,
z e

[T2543; Tastds - -+ Tout1] # 0

in the vertex set of the symplectic graph.

Ihringer [8] also constructed many strongly regular graphs with the same pa-
rameters as the complement of the symplectic graph. His graphs are defined by a
(v — 1)-dimensional isotropic subspace L and three permutations oy, o2, 03. By
his construction, we can get many graphs, but because of its quantity, “which two
graphs are non-isomorphic?” and “how many pairwise non-isomoephic graphs can
we get?” are still open. On the other hand, as an example, he provides the per-
mutation o; defined by o;(M) = P; \ M for a hyperplane M of P;. Thus, we can
consider three graphs I'(L, 01,1ds, id3), I'(L, 01, 02,id3), I'(L, 01, 02, 03). In the case
v =4, we can check these graphs are not isomorphic to each other by computer.

Munemasa and Vanhove [9] constructed strongly regular graphs with parameters
(22mn _ 1 22mn=1 _ 1 92mn=2 _ 3 92mn=2 _ 1) Let f : F3m x F3"' — Fan be
an alternating form for positive integers m, n. The vertex set of their graph is
F27 \ {0} and two vertices u, v are adjacent if and only if Tr(f(u,v)?) = 0, where
i is a positive integer that satisfies (i,2" — 1) = 1. Let G(m,n,i) denote this
graph. The case (m,n) = (4,1),(2,2),(1,4) give strongly regular graphs with the
same parameters as Sp(8,2). By this construction, we have four graphs G(4,1,1),
G(2,2,1), G(1,4,1), G(1,4,7), but the graph which is not isomorphic to Sp(8,2) is
only G(1,4,7).

Now, we have ten graphs 'y, Ty, T'(L, 01, idg, id3), T'(L, 01, 02,1d3), ['(L, 01, 02, 03),
G(1,4,7), X5, X00:40) XSi XSo\(SUT) which has the same parameters as Sp(8, 2)
but not isomorphic to it. As a result of computation, we can confirm the isomor-
phism classes of the ten graphs we have are {I'1}, {2, T'(L, 01, 02, 03), X So\(SUT)}

{G(1,4,7)}, {XO040) T(L,01,09,id3)}, {X5}, {X 5}, {T(L,01,idy,id3)}.
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