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ABSTRACT. In the first half of the paper we give a brief review of
plateaued functions, regular functions and related topics including con-
nections with problems on subgraphs of the Hamming graph. In the sec-
ond half of the paper we discover wide infinite families of spectrum sup-
ports for which it is possible to count the number of plateaued Boolean
functions with such spectrum supports and give corresponding formulas;
only one infinite sequence of such spectrum supports was known before.
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1. INTRODUCTION AND PRELIMINARIES

1.1. Basic definitions. We consider F3, the linear n-dimensional vector space
over F5 that also can be considered as the vector set V™ or the n-dimensional
Boolean cube (hypercube) or the Hamming graph

B" = B"(V",E")
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where V™ is the set of vertices, E™ is the set of edges of the Hamming graph B".

The n-variable Boolean function is a mapping from F% into F.

The support supp(f) of a Boolean function f is the set of all such vectors z,
x € FY, that f(x) £0, ie. f(z)=1.

The subgraph of B™ induced by supp(f) is denoted by B"[supp(f)].

The weight wt(f) of a function f on F is the number of vectors z from F¥ such
that £(z) = 1; wt(f) = [supp(f). )

The function f = f @ 1 is the negation of f; supp(f) = V™ \ supp(f).

We give some basic facts on Boolean functions without proofs; readers can find
more details in [3, 18].

The Walsh Transform of a Boolean function f is the integer-valued function on
F7 defined as

(1) Wiu) = Y (~1)f @)

zeFy

where (u, ) = w121 +- - -+ u,x, is a scalar product of the vectors u and x. For each
u € F¥ the value Wy (u) is called the Walsh coefficient or the spectral coefficient.
The set {Wy(u),u € Fy} of all 2" Walsh coefficient is called the spectrum of the
function f.

The Fourier Transform of a pseudo-Boolean function f, J?: F7 — R is the
real-valued function on F%5 defined as

2) Fru) =Y fla)- (=1,

zeFy

For every u € FY the value F' f(“) is called the Fourier coefficient.

The Walsh Transform can be considered as a particular case of the Fourier Trans-
form when a function f(x) takes only two values +1; thus, it is possible to define
the function f(z) as (=1)/@ = f(z).

The Walsh and Fourier coefficients of the same Boolean function f on F§ are
connected by the expression

Wf(u) = 2"(52 — 2Ff(u).
Sometimes in literature Walsh coefficients are called Fourier coefficients too es-

pecially if f is defined at {—1,1}"™.
Every Boolean function on F¥ satisfies Parseval’s Identity

(3) > WP(u) =22,

u€Fy

For any pseudo-Boolean function ]?, ]?: F3 — R, and any vector z € F3 the
Inversion Formula holds:

(4) ]?(x) =92 " Z Ff(u)(—1)<"7“’>,

ueFy

~

In fact, the Inversion Formula gives the expansion of f(z) over the orthogonal
basis {(71)<u’z>}|u€Fg in 2"-dimensional vector space R?", where 27" Fy(u) are
expansion coefficients.
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The Inversion Formula for Walsh coefficients

(-1 =27 37 W) (~1)

ueFy

is a criterion for {W(u)}|uers to correspond to some Boolean function: the set of
coefficients {W (u)}|uery corresponds to some Boolean function if and only if for

every x € F3 the value of the expression 27" Y W (u)(—1){"*) is equal to either
ueF}
—1 or +1.
Another criterion for {W(u)}|.ery to correspond to some Boolean function is
given by the Titsworth’s Theorem.

Theorem 1. (Titsworth’s Theorem) The set of coefficients {W (u)}|uery cor-
responds to some Boolean function if and only if

a) Y. W?2(u) = 22" (Parseval’s identity);
u€FY

b) > W(u)W(u+s)=0 for any s € Fy, s # 0.

ueFy

The spectrum support Sy of a Boolean function f is the set of all vectors v such
that Wp(u) # 0. The spectrum support of a plateaued function has the cardinality
4m=< it follows easily from Parseval’s Identity.

Let E be an arbitrary subset of F4. The rank of the set E is the dimension of
the subspace generated by E in F5. The affine rank of the set E is the dimension
of a smallest coset in F5 that contains E. For the brevity we call the affine rank
and the rank of the spectrum support of a Boolean function shortly its affine rank
and rank, correspondingly.

The Hamming distance d(x’,x") between two vectors 2’ and z” is the number
of components where vectors o’ and z” differ. For a given function f on F} the
minimum of distances d(f,!) where [ runs through the set of all affine functions on

% is called the nonlinearity of f and denoted by nl(f).
The nonlinearity of a function f on F¥ is expressed via its Walsh coefficients by
formula )
n—1
nl(f) =2""—35 max (Wi (u)]-

Nonlinearity is invariant under any affine transformation of F5.

A Boolean function is called bent if the values of its Walsh coefficients at all
vectors are exactly £2"/2. So bent functions have 2-valued Walsh spectrum. Bent
functions exist for all even n and do not exist for all odd n. A bent function is the
function with maximum possible nonlinearity 27! — 2("/2)=1 among all functions
of n variables for even n. Bent functions have a great significance in cryptography.
We recommend [5, 31| as recent reviews on bent functions.

A Boolean function f is called plateaued if there exists integer ¢ such that for
any vector u € F4 it holds Wy (u) € {0,£2°}. So plateaued functions have 3-valued
Walsh spectrum. Plateaued functions are of great importance in the study of bent
functions (one of the reasons is that decomposition of a bent function in some vari-
able gives two plateaued functions) and by the reason that many cryptographically
important functions are plateaued (for example, m-resilient functions of n variables
with maximum possible nonlinearity 27~ — 2m*1 [24, 28]).

A Boolean function f on F% is called balanced if wt(f) = wt(f @ 1) = 2"~ (i.e.
the function takes the values 0 and 1 at the same number of vectors).
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In terms of Walsh coefficients it is easy to see that f is balanced if and only if
W¢(0,...,0) =0 since wt(f) is expressed via W;(0,...,0) as

wt(f) =2""1 — %Wf(o,...,()).

A Boolean function f is called correlation-immune of order m if wt(f') =
wt(f)/2™ for any its subfunction f’ of n — m variables. A balanced correlation-
immune function of order m is called m-resilient. In other words, a Boolean func-
tion f is called m-resilient if wt(f’) = 27~™~! for any its subfunction f’ of n —m
variables.

In terms of Walsh spectrum a function f on F¥ is correlation-immune of order m
if and only if Wy (u) = 0 for all vectors v € F3 such that 1 < |u| < m [11]. In general,
the order of correlation immunity is not invariant under affine transformations but
it is invariant under isometric transformations.

1.2. Regular functions. Let f be a Boolean function on Fy. If the induced graph
B"[supp(f)] is (n—cq)-regular and the graph B"[supp(f)] is (n —cz2)-regular then f
corresponds to 2-color perfect (c1,cq)-coloring (or equitable partition). We call such

function (¢1, c2)-regular. It is easy to check that

wt(f)-er = (2" = wt(f)) - e

(both sides of this equality express the number of edges in B™ that connect vertices
from supp(f) with vertices from supp(f)). If additionally W;(0,...,0) =0 (i.e. f
is balanced) then ¢; = ¢o = ¢. In this case we call (¢1, ¢a)-regular function simply
c-regular. Any (c1, co)-regular function is correlation-immune of order 61552 —1 (it
follows from [7] in combination with results of [8]). Moreover, if f is a (¢1, ¢a)-regular

function, then from Wy (u) # 0 it follows that |u| € {0, 701‘502 1.

Theorem 2. (Fon-Der-Flaass Theorem)[9] Let f(z1,...,%,) be nonconstant
unbalanced correlation-immune of order m. Then
m < 2—n —1.
3

Moreover, if m = 2?” — 1 then (supp(f),supp(f)) is an equitable partition.

Proof. We give an alternative proof of Fon-Der-Flaass Theorem using the technique
of Walsh coefficients. This proof was proposed by Khalyavin near 2010, published in
[27] and re-published in [1]. The function f is unbalanced, it follows W;(0,...,0) #
0. The function f is nonconstant, it follows that there exists sg € F%, so # (0,...,0),
such that W(so) # 0. The function f is correlation-immune of order m, therefore
for any u € F3 such that 1 < |u| < m the equality W;(u) = 0 holds. It follows that
|so] > m + 1.
By Titsworth’s Theorem for this sy we have

(5) > W(w)W(u+s) =0.
ueFy

In the sum (5) we see two nonzero equal summands for u = 0, sg. Suppose that
m > 2 — 1. Then |ul, |so| > & follow |u+ so| < Z. So the sum (5) has exactly
two equal nonzero summands and value of this sum is 0, which is a contradiction.
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Ifm= %” — 1 then the only possibility for other nonzero summands in the sum
(5) is [ul,[so|,|u 4+ so| = 2. So from the inequality Wy(u) # 0 it follows that
|u| € {0,m + 1}. It means that (supp(f), supp(f)) is an equitable partition. O

The generalization of Fon-Der-Flaass Theorem for orthogonal arrays was formu-
lated and proved in [12].

For m = %" — 1 several families of such functions are known. For example, for
each n divisible by 3 consider the characteristic function f of the linear code C

given by the parity check matrix
11 ... 111 ....1 00 ... 0
o0 ... 011 ....0 11 ... 1)

n/3 n/3 n/3

The function f is (n, % )-regular, correlation-immune of order 2* —1, wt(f) = 2"/4.
This function f can be expressed by the direct formula

2n
f(l‘l,...,l‘n): 1@@1‘1‘ 1 @ X
=1 3

The spectrum support Sy of the function f is given by the matrix

0 0 0 0 O 0 0 O 0

11 1 11 1 0 O 0

0 0 0 1 1 1 11 1

11 1 00 0 1 1 1
n/3 n/3 n/3

(all vectors from Sy are written in rows of this matrix).

If some Boolean function on F7 is an equitable partition, then the transform
T, = Yi1 @Dy forall i =1,...,n keeps the property of a function to be
an equitable partition but does not change cardinality and rank of the spectrum
support.

For example, under the transformation x; — 4,1 © ¥:2 ® ¥5,3, ¢ = 1,2,3, the
spectrum support given by the matrix

-0 O
e )

0
1
1
0

goes into the spectrum support given by the matrix

0000 O0OO0O0OTO0OTP O
000111111
111000111
1 11 1 1 1 0 0 O
Thus, any example of an unbalanced function on F% that is correlation-immune
of order m = %" — 1 generates an infinite family of such functions for different

n. The functions within each family have the same cardinality and rank of the
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spectrum supports. Only a few families are known. Two of them start with the
initial spectrum supports given by the matrices below:

= =0 O
= O = O
O = = O

HHERREHEHERREHEHO0OO0OO000O0
HFRERRPEHROOO0OORRHKHOO
HHRE R OOORRHORKERORO
HOORFRORRFRORKROKRO
O ORORRFRORRROKRKRRO
COrRORHORHHRHORKRKRO

Two more families were given in [15, 10].

It should be noted that the existence of an infinite sequence of unbalanced
correlation-immune of order m = %" — 1 functions with growing cardinality and
rank of the spectrum supports is an open problem.

The following properties are obvious but helpful.

If f(x1,...,2y) is c-regular function, then the function f(x1,...,2,)®z1 D D
Zp 18 (n — ¢)-regular.

If f(x1,...,2,) is cregular, then f(z1,...,2,) ® Tpt1 is (¢ + 1)-regular. (the
variable x,,41 in this case is called the linear variable).

If f(z1,...,2,) is cregular, then g(z1,...,2n11) = f(z1,...,2,) is c-regular
(the variable x, 1 in this case is called the fictitious (or nonessential) variable).

The bounds on the maximum number of essential variables in c-regular functions

were given in [25].

Proposition 1. [25] Let ¢ = const, ¢ > 2. Then the maximal n such that there
exists a c-regular function of n essential variables satisfies

3.2 _ 2 <maxn<c¢-2°71%
Proposition 1 can be reformulated by the following way.

Proposition 2. [25] For given n the minimal possible ¢ such that there exist c-
regular function of n essential variables satisfies

min ¢ = logy, n 4+ O(log, log, n).

This result has a close connection with Simon—Wegener theorem. We give the
reformulations of the theorems to compare them.

Theorem 3. (Simon—Wegener Theorem)[22, 32] Suppose that the Boolean
function f depends of n wvariables, all variables of f are essential. Suppose that
in B"[supp(f)] for any x € supp(f) it holds deg(x) > n — c. Suppose that in

B"[supp(f)] for any x € supp(f) it holds deg(z) > n—c. Then minc = (1/2)log, n+
O(log, logy n).

Theorem 4. [25] Suppose that the Boolean function f depends of n variables, all
variables of f are essential. Suppose that in B"[supp(f)] for any x € supp(f) it
holds deg(xz) = n — c. Suppose that in B"[supp(f)] for any = € supp(f) it holds
deg(x) =mn — ¢. Then min ¢ = logy, n + O(log, log, n).

More advanced results follow from the theory of covering sequences [6].
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1.3. Plateaued functions with the given Walsh spectrum support. Con-
sider Sy C Fy, the Walsh spectrum support of some hypothetical function f. We
will use the notation Sy even if the function f is not defined yet and even if the func-
tion with such spectrum support does not exist. It is supposed that f is plateaued. It
follows by Parseval’s Identity that |S;| = 4" for some integer h, Wy € {0, +2"~"}.
The problem is to reconstruct f, i.e., to define signs of Walsh coefficients from S¢.

This problem is motivated by the problem of reconstruction of a function from
its autocorrelation coefficients.

Let f be a Boolean function on F5. The autocorrelation function for the Boolean
function f is the integer-valued function Ay : F3 — [—2",2"] defined as

(6) Aplw) = 3 (—1)f @),

z€Fy

For each v € F% the value Af(u) is called the autocorrelation coefficient of f at
the vector wu.
Autocorrelation coefficients are expressed via Walsh coefficients by the formula

Ap(u) =27" " Wi(x)(—1)"",

z€FY

Conversely, the squares of Walsh coefficients are expressed via autocorrelation
coeflicients by the formula

Wi = 3 A=),

ueFy

Thus, if we know all autocorrelation coefficients of f, then we know only all squares
of Walsh coefficients, i.e. we do not know signs of Walsh coefficients.

Some structural necessary conditions on matrix of Sy to correspond to at least
one Boolean function and prohibited configurations are given in [29, 30, 33].

A powerful tool to investigate a choice of £ signs of Walsh coefficients is Titsworth’s
Theorem. The main condition in Titsworth’s Theorem is

Z W(u)W(u+s) =0 for any s € Fy, s# (0,...,0).

u€Fy

Since f is plateaued it follows that all nonzero Walsh coefficients are equal by
its absolute values.

We consider the complete graph Kg, whose vertices correspond to vectors from
Sy and divide the set of edges of K, into subclasses of parallel edges. For each
direction s, the number of edges (u,u + s), u € Sy, with the same signs at their
ends (i.e. signs of Walsh coefficients Wy (u) and Wy(u + s)) must be equal to the
number of edges with different signs at their ends.

Consider the case |Sf| = 4. Four vectors from Sy must satisfy x'4+z?+z3+2* = 0.
It is possible to translate Sy by an affine transformation to {(0,0,...), (0,1,...),
(1,0,...), (1,1,...)}. It follows that the affine rank of Sy is 2. All variants to place
signs + near Walsh coefficients are given at the pictures below.
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(0,1) (1,1) (0,1) (1,1) (0,1) (1,1) (0,1) (1,1)

B @P o L
DX

(0,0) (1,0) (0,0) (1,0) (0,0) (1,0) (0,0) (1,0)

(0,1) (1,1) (0,1) (1,1) (0,1) (1,1) (0,1) (1,1)

AHO P @H @
SO S

(0,0) (1,0) (0,0) (1,0) (0,0) (1,0) (0,0) (1,0)

So we have exactly 8 plateaued functions with any given spectrum support Sy,
S| = 4.

The complete description of all Boolean functions (not necessary plateaued) with
|Sr] < 8 was given in [19].

If f is plateaued and |Sy¢| = 16 then

4 < Affine rank of Sy < 6.

It was proved theoretically in [26].

Related results for (n—4)th order correlation-immune functions (plateaued func-
tions with |Sy| = 16 are the most important particular case of such functions) were
obtained in [2, 4].

Concerning the number of ways to place + sings of Walsh coefficients, many
researchers reported informally during last decade that they checked by a computer
search that the number of plateaued functions f with |Sy| = 16 depends on the
affine rank of Sy and is equal to

7-27 if the affine rank of Sy is 4,
3-27 if the affine rank of Sy is 5,
27 if the affine rank of Sy is 6.

So this fact can be considered as a folklore.

If |Sy| = 4", h > 2, then to find the exact number of plateaued functions with
this given Sy is generally a hard problem. To illustrate the hardness of this problem
we give some examples.

The number of bent functions of n variables. Bent functions exist if and
only if n is even. Bent functions can be considered as a particular but the most
simple case of plateaued when Sy = F3. The number of n-variable bent functions
is unknown for n > 8, n is even. For n = 8 the number of bent functions was found
by Langevin and Leander in 2011 [16]. It is equal to

99270589265934370305785861242880 = 2%,

The problem of existence of the [9,4,240]-CI functions, i.e. correlation-
immune Boolean functions of the 4th order on F with nonlinearity 240. It is easy to
demonstrate that such function (in the case of its existence) must be plateaued with
the spectrum support Sy = {z € F3| || € {0,5,6,7,8}}, |S¢| = (J) + (2) + (0) +
(?) + (2) = 256 = 4*. Beginning with 2000 some false proofs of the nonexistence of
such function were produced and some of them were even published and reported at
conferences. In 2010, Khalyavin [13] constructed a function with such parameters

by means of advanced algorithms and a computer search.



1354 A.V. KHALYAVIN, M.S. LOBANOV, YU.V. TARANNIKOV

The problem of existence of the [17, 8, 216 —28]-CI functions [14]. It is easy
to demonstrate that such function (in the case of its existence) must be plateaued
with the spectrum support Sy = {z € Fi7| |z| € {0,9,10,11,12,13,14, 15, 16}}.
It is still an open problem.

It seems that for the first time the exact number of plateaued functions for the
concrete infinite sequence of spectrum supports of growing cardinality was found
by Logachev-jr [17] for the recursive construction of Boolean functions introduced
and investigated by Tarannikov [23, 24, 26].

The sequence of functions is defined recursively in the following way. Let fy be
the Boolean function of ng = 4 variables,

fo(w1, 22,73, 24) = (21 © 72)(23 © 74) D 71 D 73.
Then fr11 is the Boolean function of ng41 = 2ny + 2 variables,
frer1(z,y,2) = (218 22 ® 1)(fi(z) & (1", 9)) ® (21 © 22)(fu(y) & (1", 7)) & =1

where (z,y,z) € F3**', z,y € F3*, z € F3.
It follows that nj = 6 - 2 — 2, f is plateaued.
The function fy is a 2-regular function (see the picture).

At this picture, the edges of the 2-regular graph B*[supp(f)] are drawn by red,
the edges of the 2-regular graph B*[supp(f)] are drawn by green.

In the terminology of corresponding Walsh spectra, the matrix for Sy, is denoted
by Ay; the set of plateaued Boolean functions with the spectrum support Sy, is

denoted by Mj,. Then [17] Ay =

0 1
Ap_q, 1...1 .

0 1

1 0

o 2
Ap_1 1...1 = [ Mi1]=2| M|,

1 0 __o4.2k _

Ay = Lo | | =212 1,
fk is the (n — k — 2)-regular function.

1...1 A, .

0 1

1 0
1...1 Ap_q :

1 0
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It seems that the calculation of M}, in [17] was the first result on the exact number
of plateaued functions for the concrete infinite sequence of spectrum supports of
growing cardinality. We obtain new results in this direction in the following sections
of our paper.

We will now make some remarks on symmetries of the functions f,, . Let 1), be
the translation group, g:+ € Tn, g: : f(z) = f(x + 1), |T,| = 2™ Let Jp, (f) = {t €
F5 : f(z) + f(x +t) = 0} be the inertia group of the function f relative to the
group T,,.

Lemma 1. [17] Any action of T,, does not change Sy.

ok+1_1

From Lemma 1 it follows ([17]) that {fx}r, C My, [Jr, (fx)| =2 and
ITn,

the number of equivalence classes of fj, respecting Ty, is [{fx}r,, | = Wi?}lk” =
"k

24'21“'71 = |Mk‘ Thus, {fk}Tnk = M.

The new interesting direction of the spectral analysis of Boolean functions is the
obtainment of bounds on the rank of a Boolean function f via its |Sy| = s (s is
called the sparsity of f in the terminology of [20, 21])

Recently Sanyal proved the following theorem.

Theorem 5. [20, 21] For any Boolean function f the rank of Sy is O (y/slogy s).

It is not known whether the magnitude O (y/slog, s) can be achieved. Sanyal
pointed out [20, 21] that for the Address function Add,, (see Section 2 for the defi-
nition) the rank of S4q4, is asymptotically /s. We discuss the spectral properties
of Add,, in detail in Section 2.

At the same time for the recursive sequence of functions fj (see above) the rank
of Sy, is asymptotically 24/s [26], this is currently the best known example.

As of today, the function fj is the best known example of a Boolean function
with some of the other extremal properties. It is an open problem to prove or to
disprove that the function fj given above is extremal in the following respects:

n
o fi @ x; has the maximum possible number of essential variables among

=1
(k + 2)-regular functions for fixed k;

e fi has the maximum possible number n of variables for fixed k£ such that
B"[supp(f)] is a connected (k 4 2)-regular graph and B"[supp(f)] is a
connected (k + 2)-regular graph;

o fi has the maximum possible number of nonlinear variables for (n —k — 3)-
resilient functions;

e fi has the maximum possible affine rank among all (plateaued) functions

with ‘Sf| = 4k+1.

2. ADDRESS FUNCTION AND ITS GENERALIZATION

In this section we study the Address function and propose some its generaliza-
tions. We discover wide infinite families of spectrum supports for which we count
the number of plateaued Boolean functions with such spectrum supports.

2.1. Address function. In this subsection we study the Address function, prove
that the Address function is plateaued, find its spectrum support and count the
exact number of plateaued functions with such spectrum support.



1356 A.V. KHALYAVIN, M.S. LOBANOV, YU.V. TARANNIKOV

We correspond the binary vector (x1, . . ., Z,,) to the integer number whose binary
m .
expansion is exactly this vector: £(z1,...,@m) = Y, @; - 2™
i=1

m-42™
F2

The Address function is a Boolean function on defined in the following

way:

Add’m(‘xh <o Tm, Yoy - - 7y2m—1) = yf(wl,...,wm)'
The group of first m variables in the Address function will be referred to as left,
the group of last 2™ variables will be referred to as right.

Proposition 3. The Address function Add,, is plateaued, its spectrum support is
Sadd,, = {(vu) | [u| =1}.
Proof. Let v € FJ', u € F3". We have

Wada,, (vu) = Z (_1)Addm,(:cy)+(xy,vu) — WAddm(my)+<a:,'u>+<y,u> (0,...,0) =

a:yeF;"’+2m

2 2wt(Addm (zy) + (z,0) + (Y, u)).
Expand the function Add,, (zy) + (x,v) + (y,u) with respect to the left group of
variables into 2™ subfunctions:

Addyy (wy) +(x,0) + (y,u) = Y <<H($ S w; © 1)) (We(w) + (g, ) + <wvv>)> :

weFy =1

We see that every subfunction ye(,) + (y,u) + (w,v) has algebraic degree at most
1. If a subfunction has algebraic degree exactly 1, then it is balanced. Suppose
|u| # 1, then all 2™ subfunctions are balanced, it follows that wt(Add,, (xy)+(z, v)+
(y,u)) = 2m*2" =1 and Waga,, (vu) = 0, i.e. in this case we have (vu) € Saqa,, -

Now let |u| = 1; let i be the unique component such that w; = 1. Then the
variable y; will remain a linear variable in all subfunctions except the one defined
by such vector w that {(w) = 4. This unique subfunction will be equal to some
constant ¢. Therefore, in this case we have

m_ 22" ife=1
o mo_ . 2 1 ) )
WHAdd (o) + 5.0) + Q) = (@ 1) 22" { BT 0=

ie.
wt(Add,y, (zy) + (z,v) + (y,u)) = 22"~ £ 2271,
It follows that Waga, (vu) = £227 i.e. in this case we have (vu) € Sagq,,. Note
that at all vectors from Saqq,, Walsh coefficients are equal to :l:22m, therefore the
Address function Add,, is plateaued. O
At every vector (vu) from Spqq,, = {(vu)| Ju| = 1} we define the Walsh coeffi-
cient W(vu) of some hypothetic Boolean function, which possibly does not exist.
At vector (vu) that do not belong to Sa44,, We automatically assume W (vu) = 0.
For every ¢, i =0,1,...,2™ — 1, we define the function ﬁ on F7' as

filv) = W (ve').
For every function ﬁ, i=0,1,...,2™ — 1, at every vector x € F5* we define its

Fourier coefficient: R
Fr(x)= Y filv)(=1)".

veFy
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Remark 1. By the Inversion Formula for Fourier coefficients we have
(7) W(Uei) = fi(U) =9 m Z FfL (x)(_l)(m,w,
zcFT

therefore the assignment of all Walsh coefficients W (vu) for a function whose spec-
trum support belongs to Saqq,, is equivalent to the assignment of Fourier coefficients
Fp(x) foralli=0,1,...,2" —1nx € Fy"

Proposition 4. The set of Fourier coefficients {FfA (z)]i=0,1,...,2m -1,z €
FJ'} defines some Boolean function on FJ2" with the spectrum support in Sada,,
if and only if for any x € F3* exactly one of the Fourier coefficients Fﬁ (z), 1 =
0,1,...,2™ — 1, is equal to £2™2" whereas the others are equal to 0.

Proof. Let {Fz(x)[i=0,1,...,2™ — 1, 2 € F3'} be the set of Fourier coefficients.
For this set of coefficients to define some Boolean function f, by the Inversion

Formula, taking into account the fact that the spectrum support lies within Sa4q4,,,
it should satisfy

y 1 2).(
(=1)f @) = pre Z W (vu) - (=1){@9: ) —
UEFE’"
wer™
= R
gz 2 (CDV ) R) - (=)
i=0 veF]
for every x € F5*, y € F3". It follows that
‘ =
(8) (1)) = PR > (1) Fs ().
i=0

From (8) it follows that for fixed = € F3* for every y € F3" the value A(z,y) =

m

> (=1)¥"F7(x) must be equal to +27+2" This is possible only if one of values
i=0 ’
Ff’-‘_ () is equal to £2™%2" whereas others are equal to 0. Indeed, if all Ff (x)=0
then A(z,y) = 0 but not +2"+2". Let at least two Fourier coefficients not to
be equal to 0: Fz (z) # 0 and Fp (z) # 0, j # j'. Denote B = > Fz(x).
J J i

0<i<2m—1
73,5

Then, choosing different vectors y € F2", it is possible to obtain for A(z,y) at
least three different values: B + |Ffj ()] + \F:/ ()], B+ \FE_ ()] — |FA7, (x)] and
B- |FfAJ (z)| — |FAJ, ()| whereas it should be at most two different values: £2m+2"
This contradiction eliminates all but one cases: when exactly one of the Fourier
coefficients satisfies F'z. () # 0. Then, obviously, the statement of the theorem is
satisfied: F7, (z) = $2m+2",

The converse is trivial: if for any @ € F5* exactly one of the Fourier coefficients

Fﬁ_ (z),i=0,1,...,2™ —1, is equal to 212" whereas others are equal to 0 then
the expression in the right side of (8) is equal to +1, therefore the Boolean function
is defined. 0O

Corollary 1. There exist exactly 202" Boolean functions on F£n+2"" whose

spectrum. support belongs to Sadd,, -
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Proof. By Proposition 4 for every « € F3" exactly one of Fourier coefficients F; (z)

must be equal to 212" whereas others should be equal to 0. For every z € Fy
it is possible to choose the position i for nonzero Fourier coefficient by 2" ways
and to choose its sign by two ways. Therefore the total number of ways to assign
all Fourier coefficients is (27F1)2" = 20m+1)2™ 0

Theorem 6. There exist exactly 22" - (2™)! Boolean functions on ngrzm whose

spectrum support coincides with Saqq, . All these functions are plateaued.

m *

Proof. 1f for some i € {0,1,...,2™ — 1} Fourier coefficients I (x) for all z € F3'

are equal to 0, then by the Inversion Formula (7) all W (ve’) = 0 and the spectrum
support does not coincide with Saqq4,,. Thus, for every i, ¢ =0,1,...,2™ — 1, there
must exist such 2 € F3' that Fﬁ- (z) # 0. At the same time by Proposition 4 there
exist exactly 2™ nonzero Fourier coefficients (one for each x € F3*), therefore for
every i such Fourier coefficient is unique. Choosing position z of the nonzero Fourier
coefficient for each ¢ can be done in (2™)! ways, each of them can be assigned a
sign in two ways. Thus, the total number of ways is equal to 22" - (2™)! Moreover,
for each i, i = 0,1,...,2™ — 1, and each v € F3* by the Inversion Formula (7)
we have W(ve') = 27™ . (£2m+2") = 422" Thus, for any such assignment the
spectrum support of the obtained function coincides with Saq44,, and the function
is plateaued. a

2.2. Generalizations of Address function. In this subsection we generalize the
Address function and count the exact number of plateaued Boolean functions for
wide infinite families of spectrum supports. In Theorem 7 we give the expression for
the exact number of plateaued Boolean functions with the spectrum support of such
specific forms via the number of partitions of the vector space into translations of
some set of linear subspaces. Thus, future solutions of the problem on the number
of partitions for some new sets of subspaces will give new numbers of plateaued
Boolean functions for given specific spectrum supports.

Let mj, mo be integers, L; be some subspaces of the space Fy'', a' € Fy",
1= 1, .., Ma.

Until the end of Section 2 we assign the spectrum support S of a hypothetic
function as: S C F5" 7™ S = {(vu)|v € L; +a’, u=¢€',i € {1,...,ma}}.

The aim of the investigation is to formulate conditions when it is possible to
find an exact number of (plateaued) functions with the spectrum support S. In
the remained part of this section we assume that the linear subspaces L; and their
translations L; + a’ are fixed as well as the spectrum support S.

In the same way as described in the previous subsection, let us consider the set
of Walsh coefficients values W (vu) with support inside of S. At vectors outside of
S we assume W (vu) = 0. We need to check whether this set corresponds to some
Boolean function.

In the same way as it was made in the previous subsection, for each i, i =

1,...,mg, we define the function ﬁ on FJ" as:
fi(v) = W(ve?).
For every function ﬁ-, i=1,...,mae, at every vector z € F3"* we define its Fourier
coefficient:

Frp(z)= > filo)(=1)f.

veF,L
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By the Inversion Formula for Fourier coefficients we have

9) Wiee) = fiw) =27 3 Fp (@)(~1)=),
z€F,"!

therefore, Walsh coefficients W (vu) with support inside of S can be fully determined
by Fourier coeflicients Fy (x) foralli=1,...,mz and x € FJ"*.

Absolutely similarly to the proof of the Proposition 4 it is possible to prove the
following proposition.
Proposition 5. The set of Fourier coefficients {Fﬁ ()]i=1,...,mg, z € F3"}
defines some Boolean function on F’Q"1+m2 with the spectrum support inside of S* =
{(vu) |v € Fy" ,u=¢' i € {1,...,ma}}, if and only if for any x € Fy'* exactly one
of Fourier coefficients Fﬁ (z), 1 =1,...,ma, is equal to £2™ ™2 whereas others
are equal to 0.

Note that S C S* (except the case when all L; = F3") and, in general, the
spectrum support lying in S* might not lie in S.

Lemma 2. Leti € {1,...,ma}, b € L. Then for every v € FJ'' the equality
Fr(v+b) = (~1){*0) . F (v)
holds.

Proof. Taking into account that ﬁ(m) = 0 outside of L; + a’, making the change of
a variable z + a’ = y, using (—1)<b’y> = 1 and then changing the variable back, we

have
H0rh = RN = S fenet -
aceF x€L+al
S Fily+a)(-n)reate) = (o) 3 Fy el (-nteete) =
yEeL; veli
Z Fla)(=D)em = (—1yla'b)  F7 (v),
z€L;+a?

O

Corollary 2. If the spectrum support of a Boolean function f on F;”1+m2 lies in
S and for some i, i € {1,...,ma}, we have fl( ) # 0 then the number of nonzero
Fourier coefficients FA( ) of the function fz is ot less than 24imLi = gmi—dim L;

Proof. From Lemma 2 it follows that all vectors of F5'! are divided into groups of
gdim Li" — gmi—dim Li yectors where the Fourier coefficients F 7 (v) of the function

fi are equal in absolute values. O

mo .
Corollary 3. If Y 2mi—dimLi 5 9mi hen there do not exist Boolean functions on
i=1

F5 ™2 with the spectrum support S.

Proof. By Corollary 2, the total number, over all i, of nonzero Walsh coefficients
Fﬁ (v) of the function f; is greater than 2™, whereas by Proposition 5 this number
is exactly equal to 2. a



1360 A.V. KHALYAVIN, M.S. LOBANOV, YU.V. TARANNIKOV

ma .

Corollary 4. If Y 2m—dimLi — 9mi gng there erists a Boolean function on
i=1

F§n1+m2 with the spectrum support S then for each i, 1 =1,...,mo, the number of

nonzero Walsh coefficients Fff (v) of the function ﬁ is exactly equal to 24™ Li =
2m17dim Li'

Proof. It follows immediately from Corollary 2 and Proposition 5. O

Lemma 3. Suppose that the spectrum support of a Boolean function f on ng1+m2
lies in S and for some i, i € {1,...,ma}, the number of nonzero Fourier coefficients
FJ; (v) of the function f; is exactly equal to 29™ Li = gmi—dimLi Thep for every
v e F3" it holds
. my+mo—dim L; . X 7
Wi (vet) = +2 , zf velL + ai7
0, if v&L;+al
Proof. Let v° be some vector from FJ* such that Fr (v%) # 0. By Proposition 5 we
have Fz (v0) = £2mi+m2 By the formula (9) using Lemma 2 we have

Witee) = fiw) =27 3 Fp@(-) =2 Y @)1 =
veFy )

27y B (0 ) (=) = 27 (c) ) 3T () () () =

fi fi
beL+ beL:
2—m1(_1)<vo,v>FA’. (UO) Z (_1)<ai+v,b> — yom2 Z (_1)<ai+v,b>.

' beLi beLi

If a* +v ¢ L; then > (71)<ai+“’b> = 0. In the opposite case if a’ +v € L; then

beLi

> (—1)<“i+”’b> = dim Ly — gmi—dimL: Fyom this the statement of the lemma
beLi
follows. O

Corollary 5. Suppose that the spectrum support of a Boolean function f on Fyttm?

mo .
lies in S. If Y, 2mi—dimli — omi gnd for every i, i = 1,...,ms, the number
i=1
of monzero Fourier coefficients Ff. (v) of functions f; is equal to exactly 24™ Li =
2mi—dim Li then the spectrum support of the function f coincides with S. Moreover,
f is plateaued if and only if all values dim L; are equal to each other, i =1,...,ms.
Proof. Tt follows directly from Lemma 3. O

Lemma 4. Let {Ff'i ()}, i=1,...,ma, x € F3"* be the set of Fourier coefficients
such that for anyi € {1,...,ma}, anyb € L}, anyv € Fy"* the equality Fz(v+b) =
(—1)<”i’b> - F7(v) holds. Then for the spectrum support Sry defined by {F7 ()}
we have Sgpy C S.

Proof. Let v/, j = 1...,s, be representatives of all different translations of L3
Then for any i € {1,...,ma} we have

Wf(vei) _ ﬁ(v) _ 2—m1z Fﬁ (x)(_l)(m,v) —9—m Z Z Fﬁ (x)(_l)(m,u) _

z€F,"! J=lzel}+vi
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S

27 YT FR 07 4 b)) =

J=lbeL;
9—m Z(il)<1ﬂ7v> Z (71)<al’b>Fﬁ('Uj)(*l)a)’v) —
Jj=1 beLi
9= Z(_1)<v1,v>Ffi (Uj) Z (_1)<a1+v7b>.
Jj=1 beL;
If a° +v ¢ L; then Y (71)<ai+”’b> = 0. It means that if v ¢ L; + a' then
beL+
W (ve') = 0. Thus, Sgpy C S. O

Let N(rl,LfI; C T, LZJ-) be the number of ways to divide the space F5" into

linear subspaces among which there are exactly 7; subspaces of the form Lif, + b,
7=1,...,s.

mao .
Theorem 7. Let > 2mi—dimli —9m1 [et [, ... L; be all different linear sub-

i=1
spaces among Ly, ..., Ly,. Let r; be the number of times that L;, appears among
linear subspaces L1, ..., Ly,. Then the number of Boolean functions on Fg’“+m2
with the spectrum support S is exactly equal to

S
N(ry, L. e L) - 272 T [ ()

j=1

mao .

Proof. From the condition Y 2m1—dimLi — 9m1 and Lemma 2 it follows that for
i=1

each i, i € {1,...,ma}, the number of nonzero Fourier coefficients Fy (v) of the

. 1 s . .
odim Ly — gmi—dim L; ~Noreover, for any fixed 4

function ﬁ is exactly equal to
all nonzero Fourier coefficients of fl must be at all vectors of some translation of
L} and can be assigned there in exactly two ways. For any j, j = 1,...,s, the
components for r; different translations of L;, can be permuted in exactly ;! ways.
Lemma 4 and Corollary 5 guarantee that after any such assignment the spectrum

support will coincide with S. O

Remark 2. From Lemma 3 it follows easily that if in Theorem 7 all values dim L;,
i=1,...,ma, are equal to each other, then all Boolean functions with the spectrum
support S are plateaued. If dim L;; # dim L;~ for at least one pair (i/,4") of indexes
then all Boolean functions with the spectrum support S are not plateaued.

Example 1. Let my = 2™~ [, = ... = L, = {z € FJ'' |z = 0}, Ly =
coo = Ly, = {& € F3"' |29 = 0}. In this case we have s = 2, L; and Ly, are
all different linear subspaces; L = {0,e'}, L, = {0,e2}; ry = t, 75 = my — L.
For obvious reasons all vectors from Fj" are divided into 2™ =2 groups of four
vectors: {a,a + el a + €% a+ el + €?}. So, the vector @ must be covered either by
the translation Li+a or by the translation Li | +a. In the first case the translation
Li + (a + €?) must be taken into the partition of F3" together with Li + a. In
the second case the translation L, + (a + e') must be taken into the partition
of F5'! together with Lt%rl + a. Thus, any group of four vectors can be covered by
exactly two ways. It is necessary to choose t/2 groups of 2"1~2 that will be covered
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by two translations of Li-, all remained groups must be covered by two translations
of Lf;_l. Therefore, we have

27n172

N(taL#mz—t,Ltﬁrl):{ g t/2 ) if teven,

if todd

and the number of Boolean functions with the spectrum support S is exactly equal
to 0 for odd t and

S

(10) N(t, Lisme —t,Li,) - 27 [[ () = <

j=1

2m172

b )2

for even t, all these functions are plateaued.

2.3. On the number of functions whose spectrum support is a subset of S.
Let H(Lill, cee LZL) be the set of partitions of the subspace F3'' into translations

of linear subspaces Lf‘, ..., Lt
1 s

Theorem 8. Let L;,,...,L;_ be all different linear subspaces among Ly, ..., Ly,,.
Let r; be the number of times that the subspace L;; appears among linear subspaces
Ly,...,Lpy,. Let (I1(h),...,ls(h)) be the vector of numbers of occurrences of trans-
lations of subspaces Lf;, .. .,Li in the partition h € H(Li, - ,LZJ-) Then the
number of Boolean functions with the spectrum support inside of S is exactly equal
to

>ty S
Z 2/=1 ,r;.?(h).

h€H(LE ,...,LE) J=1

Proof. Any Boolean function with the spectrum support inside of S* is defined by
the set of Fourier coefficients {Fﬁ- ()}, i =1,...,mq, x € F3"'. By Proposition 5
for any « € Fy"
to £2™1F™m2 whereas others are equal to 0. By Lemma 2 for any v € F3*', b € L

the equality F7, (v+b) = (—1)<a[’b> - F7.(v) holds. It means that for given ¢ all

exactly one of Fourier coefficients Ffé (x),i=1,...,ma, is equal

Fourier coefficients of f; at some translation L + b of Li are defined uniquely
by the value Fz (b) where b is some representative of this translation of L}. On
the other hand, if for any i € {1,...,mz}, any b € Li-, any v € F4"' the equality
Fr(v+b) = (—1)<“1’b> - F'7 (v) holds, then by Lemma 4 the spectrum support of
the Boolean function will be inside of S.

So the vector space F5'' must be divided into translations of Lf;, ceey LZJ- For

any such partition h € H(Lill, ceey LZL) we can choose in two ways the sign + of

S
nonzero Fourier coefficient at the representative of each of ) I;(h) translations
j=1

and we can choose in r; ways the component ¢ where Fourier coefficients at this
translation of Lf; will be nonzero. O

2.4. Modifications of S. The spectrum support S can be modified with the
preservation of the number of (plateaued) functions with such spectrum support.

Let D C Fy, |D| = my and for any vectors a, b, c € D their sum a+ b+ ¢ does not

belong to D. Let 7: {1,...,m2} — D be a bijection. Let p: S* — F;"H'm/z be a
mapping such that p(ve') = vr(i) for any v € FJ'' i =1,...,ma.
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Define some real-valued function W (u) on S. Extend this function to F4* ™2
putting W(u) = 0 if u € F5" 7™\ S. Define the real valued function W’(u') on

F;nﬁm/2 as W' (u(w)) = 2m2=™2 W (u), W (u') = 0 if w’ # p(u) for any u € S.

Proposition 6. The set of values {W(u)} is the set of Walsh coefficients of some
Boolean function on Fy* 2 if and only if {W'(u')} is the set of Walsh coefficients
of some Boolean function on F;n1+m2.

Proof. It is easy to see that conditions from Titsworth’s Theorem for the set {W (u)}
are in one-to-one correspondence with the conditions for the set {W'(u)}. O

Remark 3. The words «real-valued» instead of «integer-valued» in the definition
of Walsh coefficients should not embarrass us. In fact, the proof of Titsworth’s
Theorem is correct even for real-valued coefficients but the set with at least one
non-integer coefficient cannot correspond to any Boolean function.

3. RECURSIVE CONSTRUCTION OF SPECTRUM SUPPORTS

In this section we generalize the recursive construction of spectrum supports from
[17]. It gives more possibilities to count new exact numbers of plateaued Boolean
functions with given specific spectrum supports.

Formally, in [17] the exact number of plateaued functions was found only for one
concrete infinite sequence of spectrum supports. At the same time Lemma 2 in [17]
can be applied to different initial spectrum supports in the recursive construction
(but neither another spectrum supports nor the proof of their existence were given).
In this Section we generalize Lemma 2 in [17] and prove the exact number of
functions with the combined spectrum support depending on the exact numbers of
functions with initial spectrum supports.

Let S' C Fy', S2 C Fy?, (0,...,0) € S, (0,...,0) & S2, |St| = |S?| = 4"—1.
Let A be the matrix of S, i.e. rows of A are exactly all vectors from S*. Let B be
the matrix of S2. Let p; and py be the exact numbers of plateaued functions with
the spectrum supports S and S2, correspondingly. Consider the spectrum support
in F3, n = ny + ng + 2, defined by the matrix

0...0 0 1
A .
0...0 0 1
0...0 1
A .
0...0 1
¢= 0...0 0 1
: B
0...0 0 1
0...0 1
B : :
0...0 1 0

Theorem 9. The number of plateaued functions with the spectrum support of car-
dinality 4" defined by the matriz C is exactly 2pips.
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Proof. We follow the proof of Lemma in [17] (the main difference is that in [17] the
matrices A and B were identical).

The number of rows in the matrix C is 4". So at any vector u, u € Sy, by
Parseval’s Identity we have W (u) = £2"~". Since we are interested only in signs +
of Walsh coefficients, we introduce auxiliary values ¢, p(u) = 27" "W (u); also we
introduce the similar values p(u) = 27" =1, (u) and @(u) = 2721 W (u)
for the spectrum supports S' and S2, correspondingly.

Thus, p(u) € {£1} if u € Sy and p(u) = 0 if u ¢ Sy. From Titsworth’s Theorem
it follows that

(11) S e(w)p(u+s) =0

ueFy

for all s € F§, s # (0,...,0). We call the vectors s in (11) the directions. It is
sufficient to consider only such directions s that there exists at least one vector u
provided ¢(u) # 0, p(u+s) # 0. For given s we call all pairs of vector (u, u+s) such
that @(u) # 0, (u + s) # 0 the bundle of parallel lines. We call the first quarter
of rows of the matrix C' the first band; we call the second, third, fourth quarters of
rows of C' the second, third, fourth bands, correspondingly. For brevity, we write I
instead of «the first band», analogously for the second, third and fourth bands.

Let o € I, 8 € III. Then, for the direction s = a® 4+ 8° it is easy to see from
the structure of the matrix C' that the bundle of parallel lines consists of only two
pair of vectors {(a?, %), (a*, 8*)} where a* € II, B* € IV, o’ + a* = B0 + p* =
(0,...,0,1,1). Thus, the formula (11) takes the form

(12) p(a?)p(8%) + p(a”)p(B*) = 0.

If p(a®)p(a*) = 1 then ¢(B°)p(B*) = —1. Fix p(a’) and o(a*). Then, going
through all 3° € IIT we obtain that ¢(8%)p(8*) = —1 for all 8 € III. Now fix
©(B8%) and (B*). Then, going through all a® € I we obtain that p(a®)p(a*) =1
for all a® € I.

If p(a®)p(a*) = —1 then p(B°)p(B*) = 1. Fix ¢(a) and ¢(a*). Then, going
through all 3° € IIT we obtain that ¢(3%)¢(8*) = 1 for all f° € III. Now fix
©(B8°) and (B*). Then, going through all a® € I we obtain that p(a®)p(a*) = —1
for all o € I.

Let o € I, 8° € IV. Then, for the direction s = a® + 8% it is easy to see from
the structure of the matrix C' that the bundle of parallel lines consists of only two
pair of vectors {(a?, 8%), (a*, %)} where a* € II, B* € III, a® + o* = B + B* =
(0,...,0,1,1). Thus, the formula (11) takes the form (12).

If p(a®)p(a*) =1 then p(B°)p(B*) = —1. Fix p(a’) and ¢(a*). Then, going
through all 8% € IV we obtain that ¢(5°)p(6*) = —1 for all 8° € IV. Now fix
©(B°) and ¢(B*). Then, going through all a” € I we obtain that p(a®)p(a*) =1
for all o € I.

If p(a®)p(a*) = —1 then p(B°)p(B*) = 1. Fix ¢(a’) and ¢(a*). Then, going
through all 3° € IV we obtain that ¢(5°)p(8*) = 1 for all 8 € IT1. Now fix ¢(3°)
and ¢(3*). Then, going through all a® € I we obtain that ¢(a®)p(a*) = —1 for all
ael.

Thus, we obtain two cases. In the first case the arrangements of signs + at first
and second bands are the same, whereas at third and fourth bands the arrangements
are the opposite. In the second case the arrangements of signs + at first and second
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bands are the opposite, whereas at third and fourth bands the arrangements are
the same.

We have already considered all directions s for which there exists a pair (a?, %),
o +p%=s5,a%€I,II, B° € IT1,IV. Let o° € I, % € I. Then, for the direction
s = a® 4 B0 it is easy to see from the structure of the matrix C that the bundle
of parallel lines consists of two sets of pairs of vectors {(«a, 8)}, {(a*, 5*)} where
a*ell,Brell,a+B=a*+p*=a+p° =5, a+a*=3+5*=(0,...,0,1,1).
Thus, the formula (11) takes the form

(13) Z(p ola+s)+ Z pla™)p(a®+5)=0
acl arell
for all s = % 4 B°.

In the preceding argument we have found that the arrangements of signs +
at the first and second bands must be either the same or the opposite. If the
arrangements of signs + at the first and second bands are the same, then both
sums in the expression (13) coincide. If the arrangements of signs + at the first and
second bands are the opposite, then both sums in the expression (13) coincide too.
Therefore,

(14) Z pla)p(a+s)=0
acl
for all s = a® + Y.

In the expression (14) only vectors from the first band participate. Obviously,
the equality in (14) holds if and only if the arrangement of signs + at the first band
is identical to some arrangement of signs + in the matrix A.

Let o € I, B° € II, s = a® + 8 = (0,...,0,1,1). Then, for the direction
s = a% 4+ B0 it is easy to see from the structure of the matrix C' that the bundle
of parallel lines consists of two sets of pairs of vectors {(a, 3)}, {(a*, 8*)} where
a* €Il B e€lV,a+B=a"+p"=a’+p"=5=(0,...,0,1,1). From the
preceding argument it follows that either p(a)p(a+s) =1, p(a*)p(axx+s) = —1
or p(a)p(a+s) = —1, pla*)p(a*xx+s) =1 for all @ € I, o € I11. Therefore,
the equalities (11) will be held.

Let o° € I, B° € II, s = o + B° # (0,...,0,1,1). Then, for the direction
s = a% + B0 it is easy to see from the structure of the matrix C' that the bundle
of parallel lines consists of two sets of pairs of vectors {(a, 8)}, {(a*, 5*)} where
a, el a*,Bell, ata*=L+5*=(0,...,0,1,1). Then, the formula (11) takes
the form (13). In the preceding argument we have found that the arrangements of
signs + at the first and second bands must be either the same or the opposite. In
both cases both sums in the expression (13) coincide. Therefore,

(15) Z pla)p(a+s) =0
acl
for all s = a® 4 B°.

In the expression (15) only vectors from the first band participate. We have that
the equality in (15) holds if and only if the arrangement of signs + at the first band
is identical to some arrangement of signs + in the matrix A.

The cases a® € IT, 89 € IT; a® € ITT, % € III; o® € ITI, B° € IV; a® € IV,
B° € IV are either included into already considered cases or into their tight copies.
Thus, we have analyzed all possible directions in the matrix C' and obtained the rule
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of the arrangement of signs +: either the arrangements of signs 4 at the first and
second bands are the same, whereas at the third and fourth bands the arrangements
are the opposite or the arrangements of signs + at the first and second bands are
the opposite, whereas at the third and fourth bands the arrangements are the same.
Moreover, the arrangements of signs 4+ at the first and second bands of the matrix
C must coincide or be opposite to the arrangements of signs + in the matrix A;
the arrangements of signs + at the third and fourth bands of the matrix C' must
coincide or be opposite to the arrangements of signs + in the matrix B. So we
can choose in p; ways the arrangement of signs + in the matrix A; in po ways the
arrangement of signs 4 in the matrix B; and in two ways at which of two pairs of
bands in the matrix C' the signs will coincide. Thus, the number of the arrangements
of signs & in the matrix C is exactly 2pips. a

Remark 4. We replaced all-ones sub-rows in [17] by all-zero sub-rows in our matrix
C to make arguments clearer. It is easy to satisfy conditions (0,...,0) & S! and
(0,...,0) € S? by an affine transformation or by the adding all-ones columns to
the matrices A and B (that adds a new linear variable in corresponding Boolean
functions).

Example 2. Consider the case |S¢| = 64. We have mentioned above (see Subsection
1.3) that the exact number of plateaued functions with the spectrum support of
cardinality 16 is 27, 3-27 or 7-2”. So Theorem 9 provides the spectrum supports
of cardinality 64 such that the exact number of plateaued functions with these
spectrum supports are 21°, 3.215 7.215 32.215 3.7.915 o 72.215,

Now in Example 1 take m; = 4, mg = 8, dimL; = m; — 1 = 3 for each 1,
i=1,...,8 Then |S¢| = 64. By the formula (10) we have that the exact number
of plateaued functions with such spectrum support is

32.5.7-215 if t=0,8;
32.5.215 if t=2,6;
3%.215 if  t=4.

Note that the number of bent functions of 6 variables (i.e. plateaued functions
with the spectrum support F$) is equal to 5425430528 = 7% - 31 - 109 - 215,
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