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ON MAXIMUM ORDERS OF ELEMENTS OF SIMPLE
ORTHOGONAL GROUPS IN CHARACTERISTIC 2
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ABSTRACT. We give exact formulas for the two largest orders of elements
of the simple orthogonal group 5,,(¢), where ¢ € {+,—} and ¢ > 2 is
even.
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1. INTRODUCTION

Given a finite group G, we write 01(G) and 03(G), with 01(G) > 02(G), for
the two largest orders of elements of G. This paper was motivated by [1], where
for algorithmic needs, the exact values of 01(S) and 03(S) for S a simple group
of Lie type in odd characteristic were determined. As for the groups of Lie type
in characteristic 2, there are upper bounds on 01(S) [2, Lemma 1.3] and even
on o1(AutS) [3, Table 3], but determining the exact values encounters obstacles
related to orthogonal and symplectic groups (see [1, p. 808] for explanation). The
symplectic groups Spa, (2") were handled independently in [4] and [5] (the former
gives formulas for 01(S) and 05(.5), and the latter for 01(.S) and o1 (Aut S)).

Our main result is the exact values of 01(S) and 02(S) for S = Q5,,(2™), where
n > 4 and m > 1 (Theorem 1). In particular, we show that these numbers are
always odd and that o;(Aut S) = 0;(S) for i = 1,2 provided that S # Qf (2™).

The main difficulty with S = Q5,(2) is that even 01(5) is not always odd,
and so is not always an order of a semisimple element. The value of 01(95,,(2))
in some cases can be derived from the results of [4]: it turns out that at least
one of 01(Span(2)) and 09(Spaen(2)) is an order of an element of 3, (2) or Q5 (2).
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However, this does not resolve the problem since 01 (Sp2,(2)) and 02(Sp2,(2)) quite
rarely coincide with o1(€23,,(2)) and 01(£25,,(2)).

The main difficulty with determining the largest orders of elements in Aut(Qd (¢))
are triality automorphisms, since there are no method to calculate, or at least to
satisfactorily bound, the orders of elements in extensions by these automorphisms.

2. PRELIMINARIES

In this section we collect all necessary information about Q3 (2). Our number-

theoretic notation is mostly standard. In particular, we write [nq,...,ns] and
(n1,...,ns) for the least common multiple and greatest common divisor of integers
ni,...,Ns. Also we denote the highest power of 2 dividing a positive integer n by

(n)2 and define (n)o to be n/(n)s.

We write w(G) for the set of orders of elements of a group G and wy (G) for
the set of odd orders. For € € {+, —}, we replace €1 by ¢ in arithmetic expressions.
In Lemma 1 and Formula (2.1) below, + in [¢"* £ 1,...,¢™ £ 1] means that we
can choose + or — for every entry independently.

Lemma 1 ([6, Corollary 4]). The set w(€%,,(q)), where q is a power of 2 and n > 4,
consists of all divisors of the following numbers:
(i) [¢"* —71,...,q" — 7], where s 2 1, n; >0 and 7y € {+,—} for 1 <i < s,
n+--4+ns=n,and 1 ...Ts = €;
(ii) 2[¢"™ £1,...,¢" £1], where s 21, n; >0 for 1 <i < s, and 2 +n1 +
et ng=mn;
(iii) 2F[¢g™ £1,...,¢" £1], where k > 2, s > 1, n; >0 for 1 <i < s, and
262424y 44 ng=n;
(iv) 2[g+1,4™ —11,...,q™ — 75|, where s 2 1, n; > 0 and 7; € {+,—} for
1<i1<s,24n1+-+ns=n,and m,...Ts =&,
(v) 4lg — 7,¢"™ — T1,...,¢" — 75|, where s = 1, 7 € {+,—}, n; > 0 and
e{+ -} for1<i<s,3+n+--+ns=n,and 77 ...Ts = €;
(vi) 2% ifn =282 42 for k > 3.

By Lemma 1, the set wa/(€25,,(¢)) consists of all numbers of the form

n1

[q 77_1"“7(]774577_8]’

where ny +---+ngs =n and 7, ...7, = . In particular, it is a subset of the set
M (n, q) of all numbers of the form

(2.1) [ £1,...,¢" £1],
where ny + -+ - + ngs = n. Denote the maximum element of M (n,q) by m1(n, q).
Lemma 2. Let q be a power of 2. If n > 2, then

mi(n,q) < 01(Sp2a()) < ¢" /(g = 1).
Ifn>5, a € w(Sp2n(q)) and a is even, then a < 2mq(n,q)/3.

Proof. The first assertion is proved in [2, Lemma 1.3] or [3, Lemma 2.9]. The second
one is established in the beginning of the proof of [4, Proposition 4]. O

The next formulas are well-known.

Lemma 3. Let q be an even integer. Then
(1) (qn - 17qm - 1) = q(n,m) - ]-;'



ON MAXIMUM ORDERS OF ELEMENTS 407

.. n_ m — 1 f (Tl)z < (m)2 ;
(i) (¢" —1.¢"+1)= {q(n,m) +1, if (n)a > (m)s’
o . 1 if (n)2 # (m)2
(i) (¢" +1,¢™+1) {q(nam) +1, (n)2 = (m)y

To work with automorphisms of Qgin(Qm), it is convenient to regard these groups
as the fixed point sets of Frobenius endomorphisms. In the choice of Frobenius en-
domorphisms, we follow [7, pp. 70-71]. Let V be a 2n-dimensional vector space over
the algebraic closure of the binary field and let K = Q(V, f) be the connected com-
ponent of O(V, f), where f is the quadratic form z12_1+- - -+2,7_, and x; are co-
ordinates with respect to a basis of V' consisting of vectors v, ..., v1,0_1,...,V_p,.
Let v be the involution of O(V, f) that interchanges v,, and v_,, and fixes all other
basis vectors, and let ¢ be the endomorphism of O(V, f) induced by raising co-
ordinates to the second power. Then ~ and ¢ permute, and for ¢ = 2™, we have
QF,(q) = 5*(q) = Crele™) and ©3,(q) = 5~ () = Crel¢™).

We denote the automorphisms of S*(¢) and S~ (g) induced by v and ¢ by
the same letters. These automorphisms generate the group of order 2m, which has
the form {7) x (p) for ST(q) and (@) for S™(g). In the latter case ™ = v and

every subgroup of (p) is generated by either ¢™/* for some k or ¢™/*~ for some
odd k.
Lemma 4. Let n > 4, k divides m, ¢ = 2™ = ¢} and § = o™k Then

(i) w(S™(q)B) =k - w(5*(q0))s

(i) w(S*(a)B7) = k- w(S(q0) if k is even;

(iti) w(S*(q)87) = k- w(S* (o)) if k s odd;

(iv) w(S7(q)B) =k - w(S"(q0)7);

(v) w(S~(@)B7) = k- (S~ (q0) if k is odd.
Proof. Tt is similar to the proof of [8, Lemma 3.3]. O

3. TWO LARGEST ORDERS OF ELEMENTS

Throughout this section ¢ is a power of 2, ¢ > 2 and S = Q5,,(q). Since ¢ > 2,
we may expect that 01(S) and 02(S) are odd and, in particular, are contained in
M (n, q). Moreover, if n is sufficiently large, we may expect that they are contained
in its subset M¢(n,q) consisting of all numbers of the form (2.1) with pairwise
coprime entries ¢"* 4 1.

Since ¢* — 1 = [¢! — 1,¢' + 1], the representation of a € M(n,q) in the form
[¢" £ 1,...,¢" £ 1] is ambiguous. For definiteness, we assume that in each entry
q"™ — 1 the exponent n; is odd. With this assumption, Lemma 3 implies that every
element of M¢(n,q) can be written as

(3.1) (" +1)...(¢" +1), where ny +--- +ns =mn,
or
(3.2) (g™ +1)...(¢" +1)(¢"' — 1), where [ is odd and [ 4+ n; + --- + n, = n,

and in both cases (n1)2 < (n2)2 < -+ < (ng)a.
The expressions (¢ +1)...(¢g" +1) and (¢"™ +1)...(¢" +1)(¢' — 1) in (3.1)
and (3.2) can be viewed as polynomials of degree n in q. The condition

(n1)2 < (n2)2 < -+ < (ns)2
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implies that a sum of some of n; determines its summands uniquely, and hence
the coefficients of the first polynomial lie in {0,1}. Thus the coefficients of both
polynomials lie in {1,0,—1}. By assumption ¢ > 4, so

[ L e [N UL R B

It follows that the ordinary order on numbers of M¢(n, q) is defined by the lexico-
graphic order on n-tuples of their coefficients when they are regarded as polynomials
in g. In particular, this order does not depend on ¢ and each number a € M¢(n, q) is
represented by a unique polynomial, which we denote by a(g). These observations
allows us to determine largest elements of M¢(n, q), where n is small, by computer
calculations: it suffices to calculate elements of M¢(n,4). We will refer to this
technique as “computation with ¢ = 4”.

Let a € M¢(n,q). If the first ¢ coefficients (beginning with the leading one) of
a(q) are equal to 1, while the (¢ + 1)th coefficient is not, then we say that a has
height ¢ and write h(a) = ¢t. For example, h((¢" —1)(¢+1)) = 2 for n > 2. Clearly,
h(a1) > h(az) yields a1 > ay. Also define [(a) = 0if ¢ is as in (3.1) and l(a) =l if a
is as in (3.2). By Lemma 1, it follows that a € w(€25,,(¢)) if and only if e = (—1)*® or
n1 = l(a). Furthermore, in the latter case a lies in both w(Q3, (¢q)) and w(Q5,,(q))-
We set sgn(a) = (—1)* if ny # l(a) and sgn(a) = o otherwise.

The next lemma shows that for sufficiently large n, the numbers 01 (.S) and 02(5)
are contained in the set M (n, q) consisting of a € M¢(n, q) with odd n—I(a). Denote
the ith largest elements of M(n,q) and M(n,q) Nw(S) by mi(n,q) and ms(n,q)
respectively.

Lemma 5. Letn > 5 and a € w(S). If a divides an element of M(n,q)\ M¢(n, q)

or is even, then a < ¢". If n > 5 and a € M°(n,q) \ M(n,q), then a < b, where
b= (q"t —1)(q+1) for evenn and b = (¢* + 1)(¢®> + 1)(¢" 5 + 1) for odd n.

Proof. Let a be even. Since S < Spa,(q), it follows from Lemma 2 and the assump-
tion ¢ > 4 that

a 2m1 (n7 Q) 2qn+1
= 3 S 3(g—-1)

Let a divides [¢"™ — 71,¢™ — Ta,...], where (¢"* — 71,¢"* — 72) > 1, and set
ny

n

<q".

z=[¢" —7,q" — ). If m =7 =1, then
L@ =Dl 1) gmt
qg—1 g—1"
If at least one of 71, 75 is equal to —, then
(" +1) (¢ +1) L grtne
T < . (g+1) L gmtme +1) < )
P . (¢+1)<q (¢+1) o1
Thus
ni+nz qn—m—nz-‘rl q " "
a<x-mi(n—ng—ne,q) < | . po :(q_l)Q'q <q"

Let a € M¢(n,q) \M(n, q) and let a be defined by I(a), nq, ..., ns according to
(3.1) or (3.2). Since n — I(a) is even, all n; are even too, and so

(@™ + 1) (¢™ +1) <mi((n—1(a)/2,¢*) < g1 @2 441
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If n is even, then I(a) = 0 and we have
a<q"+q" P+ Fl<g"+q¢" —qg—1=b.
If n is odd, then
0 < (7@ g2 L )ghe)  gn g2 g8
The proof is complete. O
We proceed with determining m§(n,q) and m5(n,q). The result substantially

depends on parity of n, and we begin with the case of even n.
Let n be even. Then M (n, q) consists of the numbers of the form

(@ +1)-+ (" +1)(d - 1),

where 1 = (n1)2 < --- < (ns)2 and [ is odd.

Denote by C, the set of those element of ]TJ/(n7 q) for whichny =1, ne =2, ...,
N = 2™ and ny,q1 # 2™ Let a € Cy,. All numbers 7,41, ..., ng are divisible
by 2™ and not equal to 2™, therefore, we can write them as nj2™, ...n.,2™ for
some n; # 1. Define ¢ = ¢(a) =nf +---+nl,. Thenni+---4+ns =2"—1+4c¢-2™,
and hence

(3.3) (c+1)2™ < n.
Since (n}) are pairwise distinct, it follows that
(3.4) s =1for c< 4.

This shows that for every ¢ < 4, there is at most one a with such ¢ and we denote
this a by ap, .. Similarly,

(3.5) if c=5,6, then either s’ =1, or s =2,{n],ns} = {2,c— 2},

and we denote the corresponding a by ay, . and a,, ¢ .—2 respectively.
Next we show that

h(a) = min(2™,n — (c+1)2™ 4+ 1),

or equivalently,

2m if n > 2)2m
(3.6) h(a) = ifn > (c+2)2"
n—(c+1)2m+1 ifn<(c+2)2™
Since
a=(qg+1).. (" + D@ + -+ (g
and

(q—i—l)...(qyﬂfl—i-l):qu_l-1-5127"—2_|_..._~_17

the polynomial a(q) is the difference of two polynomial with non-negative coeffi-
cients of degrees n and (c+1)2™ —1. The first 2™ coeflicients of the first polynomial
is equal to 1, that is, the last of them is in term with ¢” 2" *!. Thus h(a) = 2™ if
n—2"+1>(c+1)2™ —1and h(a) =n — (c+ 1)2™ + 1 otherwise. It remains to
note that n +2 > (¢ + 2)2™ is equivalent to n > (¢ + 2)2™.
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TABLE 1. The numbers m;(n,q), 1 <i < 4, for even n > 10

mi(n,q), sgn | ma(n,q), sgn | ms(n,q), sgn | ms(n,q), sgn
5<n/2" <6 | firi(n,@), =7 | fir2(n,q), 7| gr(n@),  —7 | fr(ng), T
6<n/2"<T | fo2(niq), 7| forai(nq), =7 | gr(n@), =7 | frln,q), 7T
7<n/2F <9 | fir2(n,q), 7| frri(n@), =7 | gryr(nq@), T | gk(n,q), -7
9<n/2" <10 | fera(n,q), 7| frra(n,q), =7 | gre1(n,9), 7| frys(n,q), —7

Lemma 6. Let n be even and n = 10. Suppose that we choose k > 1 so that
5-2F <n <5281 put 7 = (—1)* and define

Fn(n,q) = (g+ (@ +1)... (%" +1)(g" 2"+ —1),

gm(nq) = (g+ D)@ +1)... (¢ + 1" +1)(g" " -1
for every m > 1. Then m;(n,q) and sgn(m;(n,q)) for 1 <i < 4 are as in Table 1.
In particular, {m;(n,q) | 1 < i < 4} = {m](n,q),m3 (n,q),m] (n,q),m5 (n,q)}
and my(n,q) > (q+1)(¢" = 1).

Proof. Since n < 10-2F, it follows from (3.3) that C,,, = @ for all m > k+3. Using
the properties of C), established above, one can easily verify Table 2, in which we
describe C 1, Cii2 and Cy3 depending on the integer part of n/2%. The column
“Ch” gives all elements of C,,, in decreasing order together with their signs. Observe
that f, = fm(n,q) and g = gm(n, q) defined in the statement of the lemma are
precisely the unique elements of C,, with ¢ = 0 and ¢ = 2 respectively (see (3.4)).
By h,, we denote the unique element of C, with ¢ = 3.
Consider the set C = Ci41 U Cig2 U Cias.

TABLE 2

n/2% | Crr Cr+2 Ch+s

[57 6) fk+1 fk+2
h(fitr) = 287 h(fes2) =n =242 41 )

2L > B(frie) > 2F

6,7) | fet1 > gkt Jrto
h(fry1) = 28+ h(frt2) =n—2F2 41 > 2FH1 1%
h(grt1) =n—3- 281 41 < 2k

[7,8) | fot1 > grt1 Jrt2
h(frs1) = 281 h(fere) =n—2FF2 41 > 2kH! @
h(gkt1) =n—3- 281 41> 2k

8,9) | fr+1 > gr41 > hisa frt2 fr+3
h(frs1) = h(grer) = 2841 h(fitz) = 2+2 h = h(hk+1)
h(hgg1) =n — 283 41 < 2F

[9,10) | fog1 > grt1 > hrtr Srt2 Srts
h(frs1) = h(grer) = 2841 h(furz) = 2°F2 h = h(hk+1)
h(higg1) =n — 283 41 > 2F
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Let 9-2F < n < 10-2*. Then C consists of five elements, all of them having
height larger than 2, and hence C contains the desired elements. The least height
of an element of C is that of hx41 and fiy3, so it remains to compare these numbers.
Since .

fers (@@ + (" +1)
- Ok+1 > 17
P41 @+ 1
we see that frio > fre1 > gr+1 > frrs are the four largest elements, as claimed.
Note that [(m;(n,q)) = I(fxs3) =n —8-2¥ +1 > 1, and hence sgn(m;(n,q)) # o.
Suppose that n < 9-2F. If5-2F <n < 7-2F (or 7-2F < n < 9-2F), then
C contains only two (or three) elements whose height is larger than 2*, therefore,
we need the two (or one) largest elements of Cj. We claim that these are g, and
fr (or gi). Since h(fx) = h(gx) = 2%, it suffices to compare g, and f; with other
elements of height 2¥. Let a € Oy, ¢ = c(a) > 2 and h(a) = 2¥. By (3.6), we
have that (c + 2)2¥ < n and, in particular, ¢ < 6. By (3 4) and (3.5), we need to
consider the elements hy, = ay 3 (for all n), ag 4 (forn >6- 2F), ar 5 and ag 23 (for
n > 7-2%), age and ag 24 (for n > 8-2%). The inequality ¢°+1 < (¢>+1)(¢° 2 +1)
yields ap, < ag2,—2 and so eliminates a5 and a; . Define I = n — 2k +1 and

dr = (q+1)(¢*+1)...(¢" " +1). Then

fr —dk(q —-1),
gk = du(¢®? +1)(¢"2 — 1),
hy, = di(q 3.2F + )(ql 32% _ 1 1),
ak,4:dk( 421 ),
k23 = di(¢?2 +1)(*2 +1)(¢52" — 1),
apza = dp(@®? +1)(¢*? +1)(¢=02" - 1).

Since (¢* + 1)(ql_“ — 1) decreases with respect to a, we see that gi > hy > ap4
and ag23 > ag24. Also 4- 2k <1 < 8. 2”“, and hence [ —2-2% > 2.2% and
1 —5-2% < 3.2F which yields gr > fr and gr > ap2,3. Thus g; is the largest
element of C}, for all n with 5-2% < n < 9-2%. Now let 5 < n/2¥ < 7, or equivalently,
4-28 <1 <6-2F Thenl—3-2F <3-2% and 1 —5-2F < 2.2% so fi > hy > ag23,
and hence fj is the second largest element of Cy.

Thus if 5-2F < n < 6- 2%, then the desired elements are fyr1 > fus2 > gk > fi-
Similarly, for 6-2F <n < 7-2F or 7-2F < n < 9-2F, they are frio > fogr > gr > fr
or fria > fi+1 > gr+1 > gk respectively. It is easy to see that ¢ — 1 divides none
of these elements, and so their signs are not o.

In all cases, we have either h(mg4(n,q)) = 2%, in which case m4(n,q) > fx, or
h(ma(n,q)) > 2*. Since h((q+1)(¢" " — 1)) = 2 and (¢ +1)(¢" " — 1) = fi(n,q),
the last inequality of the lemma also follows. O

Now let n be odd. Then M(m q) consists of the numbers of the form
(@™ + 1)+ (¢"™ +1),

where 1 = (n1)2 < -+ < (ng)2. Put ¢, = \M(n,q)\ and denote by J\Z(n,q) the set
of those elements of M (n,q) for which n; = I. Note that the smallest element of
Mi(n,q) is (¢ + 1)(g" ! +1). Tt is clear that

(3.7) My(n,q) = (¢' + 1)M((n — 1)z, ¢"D2),

and hence M(n, q) contains t(,_y,, numbers.
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Lemma 7. Let n > 3 be odd and n’ = (n — 1)a,. Then
mi(n,q) = (g +1)-m; (n’,q(” D2 ) fori=1,.
If in addition n = 9 and (n — 3)2 = 2, then
e, in,0) = (@ + D@ + 1)1 (0= 5)2, ") fori =1, ts), -

Proof. If a € Ml(n q), then h(a) > 2, while for a € Ml(n q) with [ > 3, we have
h(a) = 1. Thus M, (n,q) > Ml(n q) for all I > 3, and so the first assertion follows
from (3.7).

Let n > 9 and (n — 3)2 = 2. Then (n — 3)» = (n — 3)/2 > 3. Since

Ms(n,q) = (* + )M ((n = 3)/2,¢°)
and ((n—3)/2—1)2 = (n—5)a, it follows from the first part that the ¢,,_s), , largest
numbers of Mj(n, q) are exactly the elements of (¢3+1)(¢2+1)M ((n—>5)y, ¢"=92).
It remains to check that a < (¢* + 1)(¢®> + 1)(¢"~° + 1) for any a € M;(n,q) with
[ > 5. Indeed, we have
l 1 n—Il+2 _ 1 5 1 n—3 __ 1
ag(q+)(2q )g(qu)z(q )
q*—1 q*—1

where the strong inequality follows by comparing coefficients in term with ¢"=3. O

< (@ +D(+1)("°+1),

By Lemma 5, if the number m; *((n — 1)2/, ¢) exists, then
(3.8) m;(n,q) = (q+ 1)m; = ((n — 12, ¢%).
So, if (n — 1)y is not very small, then all the numbers mi (n,q) and mi (n,q) are

contained in (g+ 1)M((n —1)a,¢%) and, therefore, can be found by induction. The
basis of induction is provided by the next lemma.

Lemma 8. Let n be odd and suppose that (n—1)o < 5. Then mi(n,q) fori=1,2
are as in Tables 3-6.

Proof. For n < 13 and n = 17,21, the desired numbers are found by computation
with ¢ = 4 and given in Table 3. Assume from now that n > 15 and n # 17,21.
The condition (n — 1) < 5 is equivalent to the fact that n is of the form 2! + 1, or
3:28+1,0or5-2"+1.

Let n = 2'+1. Sincen # 9,17, it follows that ¢ > 5, and in particular (n—3)s = 2.
By (3.8), we have

mi(n,q) = (¢ + Vi (l,¢*) = (¢ +1)(¢* +1) = mf (n.q),

and this is the only element of Ml(n, q). Lemma 7 implies that the next largest
elements are contained in

(3.9) (¢° + D)(¢* + DM ((n — 5)2.¢").
Furthermore, since (n—5)y > 7, all the numbers mi ((n—>5)2r, ¢*), Mz ((n—5)ar, ¢*)
exist, and we can choose three of them with necessary number of factors. to obtain
my (n,q) and 777,2i (n,q). Using the expansion

(n—5)y =2"2-1=7-2" 42076 1 ... 11

and repeatedly applying Lemma 7, we result in

(3.10) mi((n—5)2,q") = (@* +1)...(¢  + Dmi(7,q

21,—3

).
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TABLE 3. The numbers i (n,q) and mi(n,q) for small odd n

n mi (n,q) my (n,q)

1 —

3 (¢+1)(¢*+1) -

5 (¢+1)(¢* +1) (¢* +1)(¢* +1)

7 (q +1)(¢°+ 1) (¢° +1)(¢* +1)

9 +1)(¢®+1) (¢"+1)(¢* +1)

11 (q +1)(¢" +1) (¢° +1)(¢* +1)

13 (¢+1)(¢”+1) (¢" +1)(¢* +1)

17 (¢+1)(¢"° +1) (@ + (@ +D(¢* +1)(¢® +1
21 (q+ 1)((12 +1) (" +D(¢* + D (¢* +1)(¢* +1
n my (n,q) g (1, q)

1 qg+1 —

3 e +1 —

5 @ +1 -

7| (g D@+ 1)+ 1) ¢ +1

9 | (@+D(@+1)(¢"+1) ¢°+1

1] (g+1)(+1)(¢®+1) (g+D)(¢" +1)(¢° +1)

13| (¢+D(¢* +1)(¢* +1) (@ +1)(®+1)(¢*+1)

17 | (¢® +1)(¢* + 1)(¢"* + 1) (¢" +1)(¢® +1)(¢* +1)
21| (¢+1)(¢* +1)(¢"° +1) (¢+1)(®+1)(¢"?+1)

Table 3 says that m} (7,q) = (¢+1)(¢° +1) and m (7,q) = (¢+1)(¢> +1)(¢* +1).
Combining this with (3.9) and (3.10), we conclude that the set {mJ (n, q), my (n,q)}
consists of

@+ D@+ + D+ D+ ),

t—1

@+ 12 +1).. (@ + D@+ + D@ ).

Similarly, m4 (n, q) is equal to

(@ +1)(*+1)...(q

2t74

+1)(™ T+ 1)

or
ot—4

(q3 + 1)(‘]2 + 1) . (q + 1)(q5~2t*3 4 1)(q2t72 L 1)

depending on the parity of ¢.
Let n=3-2"+ 1, where t > 3. By (3.8), we have
1

(3.11) s (n,q) = (¢ + 1) *(3.¢° ),

and there are no other elements in Ml(n, q). Since (n — 5)y > 5, both numbers
mi((n—5)y,q) exist and by Lemma 7

m5(n,q) = (¢ +1)(¢* + D)mi((n — 5)2.q").
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TABLE 4. The numbers mi (n,q) and mi(n,q) forn =2t +1,¢t>5
mi (n,q)
(¢+1)(¢* +1)
my (n,q),my (n,q),m; (n,q)
todd | (P +1)(@+1)...(¢>  +1(@ "+ 1> +1),
t—4 t—3 t—2 t—1
(@ +D)(P+1)...(¢> +D(*  +D(*  +1)(¢*  +1),
t—4 t—3
(@ +D(+1)... (¢ +1)(q"? +1)
teven | (@ +1)(@+1)...(¢*  + 1)@ + 1+ +1),
t—4 t—3 t—2
(@ +D(P+1)...(¢* +D(*  +1)(** +1),
q + q + B q t—4 q t—3 t—2 +
(@+1)(@+1)...(¢*  +1)(¢°? +1)(2 1)
TABLE 5. The numbers mi (n,q) and M3 (n,q) forn=3-2"+1,t >3
mi (n,q),my (n,q)
(@ + 1) +1),
@+ 1) + 1)@ +1)
mi(n,q),my " (n,q), Where T=(-1)"
q q .. (q q o
@+ D2+ (¥ + D@+ D +1)
@+ D)+ (D@ +1)
TABLE 6. The numbers i (n,q) and mi(n,q) forn =5-2" +1,¢>3
mf(n,q),my (n,q),m5 (n,q)
(g+ 1) (g>¥+ +1),
(@+1)(@® +1)(¢*" +1),
g+ 1) + 1) +1)
( 1)(¢*?
m3 (n,q)
todd | (@+1)(®+1)...(¢>  +1(®  +1)( +1)
teven | (¢ +1)(>+1)...(¢  +1(* +1)(¢* +1)(¢* T +1)
Since (n —5)y =3-2172 —1=5.2t"3 4+ 2074 4 ... 4 1 it follows that
t— L (_1)t—1 t—
(3.12) w5 ((n—5)2,¢") = (¢ +1)...(¢"  +Dm{ (5,42 ).

It remains to take the values of T?Lli(?),qzt_
substitute them into (3.11) and (3.12).
Similarly, if n = 5- 2% 4 1, where t >

3, then

= (g + )iy (5,¢%)

1) and mi (5, el

") from Table 3 and

for i = 1,2,3 and thus we determine ﬁ@li(n, q) and my (n,q). Also

my (n,q) =

(@* +1)(¢” + 1) ((n = 5)2,¢*).
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Since (n —5)y =5-272 - 1=9.2!73 + 274 ... 1 1 it follows that

~ t—2 o (—1)t—1 t—1
it ((n=5)2.q") = (@ +1)... "+ D (9,67,
and substituting the relevant values form Table 3 completes the proof. O

Lemma 9. Let n > 7 be odd, n = ny + --- 4+ ng be a binary expansion of n with
ns>--+>ny =1and 7= (—1)°. Then m$(n,q), where e € {+,—} and i € {1,2},
s as follows.

(i) If ng = 2'ng_1, wheret > 3, then

mi(n,q) = (¢" +1)...(¢" 2+ )m57 (2" + 1,¢™1).
(ii) If ng = 2ns_1 and ns_1 = 2'ns_o, then
mi(n,q) = (¢" +1)...(¢"°+1)m; °7(3-2" +1,¢"2).
(iii) If ng =4ns_1 and ns_1 = 2'ng_o, then

ms(n,q) = (¢" +1)...(¢"* + D)m; <7 (5-2" +1,¢"2).

(2

In particular, M3 (n,q) > (¢* +1)(¢> + 1)(¢"° + 1) forn > 21.

Proof. Since n > 7, Lemma 8 implies that ﬁz;t(c <2t 4+1,q), with ¢ = 1,3, 5, exist.
So the formulas for m$(n, q) follow from (3.8). If n > 21, then these formulas and
Lemma 8 guarantee that both mj (n,q) and m, (g) are divisible by either ¢ + 1 or
(¢>+1)(¢*+1), and hence they are greater than or equal to (¢>+1)(¢>+1)(¢" > +1)
(cf. the proof of Lemma 7). O

Now we are ready to determine 01 (S) and 02(.5).

Theorem 1. Let S = Q5,(q), wheren > 4, ¢ = 2™ > 4, ¢ € {+,—}, and let
1 =1,2. If n <9 or (n,e) = (11,4), (13, +), then 0,(S) is as in Tables 7 and 8.
Otherwise, 0;(S) = mi(n,q), and so its value is given in Lemmas 6, 8 and 9. In

both cases, o;(Aut S) = 0;(S) provided that S # Q4 (q).

Proof. Let n = 4. By Lemma 1, the set w(.S) consists of all divisors of the following
numbers:

¢t —1,¢*+1,2(¢> £ 1),4(¢ £ 1),8 for e = +,
' £1,(¢* £ 1) (g F 1),2(¢* +1)(g£1),4(¢° - 1),8 for e = —.

It is easily seen that two largest numbers in these lists are ¢* — 1, ¢ + 1 and
(¢ — 1)(q + 1), ¢* + 1 respectively. Also it is clear that every proper divisor of
(¢ —1)(g+ 1) is less than ¢* + 1, and so for ¢ = — we are done. Since ¢* — 1 is
divisible by 3 and (¢* —1)/3 > ¢® + 1, for ¢ = + the assertion follows too.

Let n > 5. Then M¢(n,q) Nw(S) consists of at least two numbers greater than
q". Thus 0;(S) > ¢", and so Lemma 5 implies that 0;(5) divides some element of
M¢(n,q), say a;. If 0;(S) # a;, then
a; gt
3 " 3(g-1)
which is a contradiction. Hence 0;(S) = a;, and it remains to find the two largest
elements of M¢(n,q).

For all n < 21, we found these numbers by computation with ¢ = 4. It turns
out that they are contained in M (n,q) if n > 10 and (n,e) # (11,+4), (13,+). For
other n and ¢, they are given in Tables 7 and 8.

n

Ol(S)g <q,
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TABLE 7. S = QF (), n small, ¢ > 4 even

01(9) 02(9)
n=4 ¢t -1 (¢*-1)/3
n=>5"791(¢g+1)(¢" ' +1) (@ +1D(g"2+1)
n=6 (+D(+1)(¢® 1) | (@®+D(¢"+1)
n=3 (¢+1)(@+1)(¢°—1) | (g+1)(¢* +1)(¢* 1)
n=11,13 | (¢+1)(¢" +1) (¢ +1)(¢* +D(¢"° - 1)
TABLE 8. S =Q5,(q), n small, ¢ > 4 even
01(9) 02(9)
n=4,6|(g+1)(¢"t—-1) q"+1
n=>5 | (@+1)(¢~-1) ¢ +1
n="79|(+D("+1(¢"°+1) | (®+D(¢"*-1)
n=8 |(qg+1)(¢"—1) (¢* +1)(¢° - 1)

Suppose that n > 21. By Lemmas 5, 6 and 9, there is a number b such that
m§(n,q) > b, while all elements of M¢(n,q)\ M(n, q) are less than b. Thus 0,(5) =
mg(n,q).

Now assume that S # Qf (q). Then Aut S = Sx{(yp,v), where ¢ and 7y are defined
before Lemma 4. Let S; = S x (). It is clear that we/(S1) = wa/ (S). Furthermore,
Sy is isomorphic to the general orthogonal group 05, (¢) and O3,,(¢) < Sp2n(q). So
arguing as in the proof of Lemma 5, we see that the even elements of w(S7) are less
than ¢". Thus 0;(S1) = 0;(.9).

Let g € Aut S\ S;. Then g € Sa, where (a) is equal to (™/*) or (p™/F~),
where k > 1 divides m. Writing go = ¢/, we deduce from Lemma 4 that w(Sa) =
k- w(Sp), where Sy is one of QF, (go) and Qi (qo)y. Thus |g| < k- g2 /(g0 — 1),
and so

9] < kgp™ < g5" = ¢ < 0i().
The proof is complete. O

We are grateful to the referee for thorough and helpful comments.
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