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ABsTRACT. This paper is a part of the ongoing program on analysing
the complexity of various problems in computable analysis in terms of the
effective Borel and Lusin hierarchies. We give an answer to the question
by A. Morozov and K. Weihrauch that concerns a characterisation of
image complexity of partial computable functions over computable Polish
spaces.
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1. INTRODUCTION

In this paper we work with an effectivisation of Polish spaces (see [12, 4, 17]
among others) which is compatible with the notion of a computable (recursive)
metric space [13].

We assume that a computable Polish space is a complete computable metric
space without isolated points. In this paper we consider the computable Polish
spaces as a proper subclass of the effectively enumerable topological spaces [9].

Computability theory has a long term tradition to study partial computable
functions. While the class of computable Polish spaces is one of the main objects
for investigation in the Effective Descriptive Set Theory [17] the class of partial
computable functions over computable Polish spaces has not been deeply investigated
yet. In this paper we address natural problems related to partial computable functions
over computable Polish spaces:
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e Does the class of partial computable functions have a universal partial
computable function?

e What descriptive complexity do images of partial computable functions
have?

We give positive answers to these questions. To construct a universal function we
establish the correspondence between partial computable functions and the classical
enumeration operators [14]. In order to study images of partial computable functions
we use the effective Borel and Lusin hierarchies on computable Polish spaces [12, 17].
In particular our proofs are based on the following properties of Borel and analytic
subsets of a computable Polish space X

e A set Bis a IIJ-set in the effective Borel hierarchy on X (a I19-subset of X)
if and only if B = A, for a computable sequence of effectively open
sets {Ap bnew-

e Aset A€ isa Xl-setin the effective Lusin hierarchy on X (a Xi-subset
of X) if and only if A = {y | (3x € X)B(z,y)}, where B is a II3-subset of
X xX.

The paper is organised as follows. Section 2 and Section 3 contain preliminaries
and basic background.

In Section 4 we introduce the class of effectively enumerable Th—spaces with
point recovering which contains computable Polish spaces among others and plays
an important role in the description of the images of surjective partial computable
functions.

In Section 5 we propose the notion of a partial computable function in the settings
of effectively enumerable spaces. On the computable Polish spaces this definition
agrees with the definition of a computable function introduced by K. Weihrauch for
computable metric spaces [20]. We show that this class is closed under composition
over effectively enumerable spaces.

Section 6 contains main results, where we work with computable Polish spaces.
After showing the correspondence between the partial computable functions and
the classical enumeration operators we prove the existence of a universal partial
computable function. Then we turn to our main goal that is an investigation of
images of partial computable functions. First we show the existence of a partial
computable surjection between any computable Polish space and any effectively
enumerable topological space with point recovering. Using this result we prove
that for any computable Polish spaces X and ), the images of partial computable
functions f : X — ) are precisely ¥}-subsets of Y. We conclude with the future
work.

new

2. PRELIMINARIES

We refer the reader to [14] and [15] for basic definitions and fundamental concepts
of recursion theory. We recall that, in particular, ¢, denotes the partial computable
(recursive) function with an index e in the Kleene numbering, ¢2 denotes the
computation of ¢, for s steps such that the function ¢? is uniformly primitive
recursive. In this paper we also use notations W, = dom(g.), WS = dom(¢2),
and m. = im(p.). A sequence {V;}ic., of computably enumerable (c.e.) sets is
computable (or uniformly computably enumerable) if {(n,7)|n € V;} is computably
enumerable. It is worth noting that this is equivalent to existence of a computable
function f :w — w such that V; = Wy.
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In the major part of our paper we work with the following notion of a computable
Polish space. A computable Polish space is a complete separable metric space X
without isolated points and with a metric d such that there is a countable dense
set B = {b1, ba,...} called a basis of X that makes the following two relations:
{(n,m,i) | d(bn,bm) < ¢, ¢ € Q} and {(n,m,i) | d(bn,bm) > %G 4 € Q}
computably enumerable (c.f. [13]). The standard notations B(z,y) and B(x,y) are
used for open and closed balls with the center  and the radius y. We consider this
concept in the framework of effectively enumerable spaces (see Section 3.1).

We use the Baire space N' = (w¥, 7pr) defined as follows.

w? = {1}, where L is the empty word,

w<w — U w",

ncw
W= {f | frw o w)
(informally, the set of all paths in the tree w<%).

The standard topology 7ar on w® is generated by the base that contains all clopen
sets of the type
Ay ={f € N| f[s] = w, s = length(w)},
where w € w<* and the interpretation of f[s] is as follows:
flo] =1,
fls] = {f(0),..., f(s = 1)).
We take a standard agreement [14] that a downward closed nonempty subset T' C

w<¥ is a tree and [T] denotes the set {f € N'| (Vs € w)f[s] € T'}. Further on we
use the Cantor space C = (2%, 7¢) with the standard topology 7¢ defined similar to

TN -
3. BASIC BACKGROUND

3.1. Effectively Enumerable Topological Spaces. Now we recall the notion of
an effectively enumerable topological space. Let (X, 7,a) be a topological space,
where X is a non-empty set, B, C 2% is a base of the topology 7 and « : w — B,
is a numbering.

Definition 1. [9] A topological space (X,T,a) is effectively enumerable if the
following conditions hold.
(1) There exists a computable function g:w X w X w — w such that

a(i) Na) = [ alg(i, j,n)).

new

(2) The set {ila(i) # 0} is computably enumerable.

For a computable Polish space (X, B, d) in a natural way we define the numbering
of the base of the standard topology as follows. First we fix a computable numbering
a* :w\ {0} = (w\ {0}) x Q. Then,

a(0) =0,
a(i) = B(by,r) if i > 0 and a*(7) = (n, 7).

For a*(i) = (n,r) later we use notation n = (i) and r = r;.
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It is easy to see that (X,7,«) is an effectively enumerable topological space.
Therefore we consider the computable Polish spaces as a proper subclass of the
effectively enumerable topological spaces. For details we refer to [9]. In this paper for
such effectively enumerable topological space (X, 7, ) we use the standard relations
on the indices of basic balls defined as follows:

i <x j = d(bug), bugy) + 18 <715,
) ‘X ] = d(bu(i)7bu(]~)) >+ 1y,

for details see, e.g., [16]. The relation <x is irreflexive and transitive and if ¢ <x
j then cl(a(i)) C «a(j). It is easy to see that these relations are computably
enumerable on the indices of basic balls. Below we use the following properties
of computable Polish spaces and these relations.

Theorem 1 (Nested Sphere principle). [5] A necessary and sufficient condition
that the metric space X be complete is that every sequence of closed nested spheres
in X with radii tending to zero have nonvoid intersection, moreover the intersection
1S a one point set.

Lemma 1. Let (X,7,a) be a computable Polish space. Suppose y ¢ B(b,q) and
{v} = Nhew Blan, ), where ry, — 00 and B(any1,7ns1) € B(an, ). Then, there
exists n € w such that B(ay, ) |x B(b, q).

Proof. Let us find n € w such that 2 - r, < d(y,b) — ¢. Then, d(a,,b) > d(y,b) —
d(an,y) > d(y,b) — rn > q + ry. By definition, B(ay, ) |x B(b,q). O

Lemma 2. Let (X,7,a) be a computable Polish space. Suppose y € B(b,q) and
{v} = Nhew Blan, ), where ry, = 00 and B(any1,7n41) € B(an, ). Then, there
exists n € w such that B(an, ™) <x B(b,q).

Proof. The proof is similar to the proof of Lemma 1. O
We recall the notion of an effectively open set.

Definition 2. [9] Let (X, 7, «) be an effectively enumerable topological space. A set
A C X is effectively open if there exists a computably enumerable set V' such that

A= U a(n).
nev

It is worth noting the set of all effectively open subsets of X is closed under
intersection and union since the class of effectively enumerable sets is a lattice.

4. EFFECTIVELY ENUMERABLE Ty—SPACES WITH POINT RECOVERING

In this section we introduce effectively enumerable Ty—spaces with point recovering.
Further on we will see that they play an important role in the description of images
of surjective partial computable functions.

Definition 3. Let X = (X, 7,a) be an effectively enumerable To—space. We say
that X admits point recovering if {A, | * € X} is a $i-subset of P(w), where
Ay ={n|x € B(n)}. Here P(w) is considered as the Cantor space C.

Proposition 1. Every computable Polish space X = (X, 7, ) admits point recovering.
Moreover, {A, | x € X} is a U—subset of C.



422 M.V.KOROVINA, O.V.KUDINOV

Proof. Let X = (X, 7,a) be a computable Polish space. We prove that the set
{A, |z € X} is a II3-set in the effective Borel hierarchy on C. For that let us show
that, for I Cw, (3z € X)I = A, if and only if the following conditions hold.

Cond 1: (k € w)(3m € w)(Fn € w)(3r € Q)A€ w) (3’ € Q*) (ke -
(0 (k) = (n,7) Aa*(m) = (I,r') Ar’ < g Am<x kAme I))
where o is defined on the page 2.

Cond 2: (7k € w)(¥m € w)((k € I Am € I) = a(k) Na(m) £0).

Cond 3: I # 0.

Cond 4: (VkEw)(VmEM)((kEI/\k<X m) %mEI).

Let us denote W(I) = Cond 1(I)ACond 2(I)ACond 3(I)ACond 4(I). By definition,
U is in I19-form.

If there exists € X such that I = A, then W(A,) holds by the definition of A,.
Assume now that, for I C w, ¥(I) holds. We are going to show that there exists
y € X such that (,.; a(l) = {y}. To construct y we start with some k& € I since,
by Cond 3, I is nonempty. Using Cond 1 we choose a chain of elements of I such
that k =Fky =x k2 =x -+ >x kn =x ... and, forall s € w, 74, < T;

By the property of the relation »x, a(ks) D a(ksy1) for all s € w. From
Theorem 1 it follows that their intersection is one point set. Put (1, a(ks) = {y}.

To show that I C A, assume k € I and a(k) = B(a,r). We check that y €
B(a,r). Suppose contrary that y &€ B(a,r), i.e., d(y,a) > r. Using Cond 1 we can
find m € I such that a(m) = B(b,q), where d(a,b) < r —q and ¢ < 5. It is clear
that B(b,q) C B(a,r) therefore y ¢ B(b,q). By Lemma 1, there exists s € w such
that a(ks) N B(b,q) = (. This contradicts to Cond 2. Therefore y € B(a,T).

To show that A, D I, assume n € A,. Then by Lemma 2 there exists s € w such
that ks <x n. By the condition Cond 4, n € I. Therefore, {A, | z € X} is a I13-set
in the effective Borel hierarchy on C. ]

Remark 1. It is easy to see than Cond 1(I) — Cond 4(I) in Proposition 1 can be
rewritten in the special form

Vk(n(k,I) v ®(k,I)),
where n is a disjunction of formulas of the kind k; ¢ I and ® is a computable
disjunction (possible infinite) of A—-formulas with positive occurrences of I i.e. ®
does not contain formulas of the kind k; & I. Indeed, for example, Cond 4(I) can
be rewritten as follows:

(Vkew)(Vmew)<k¢IVmer—|k-<Xm).

Since =k <x m = (VI € w)Q(m, k,l), where Q(m,k,l) defines computable subset
of w3, we have

Cond 4 (I) < (Vk € w)(¥m € w)(Vl € w) (k ZIvmelV Q(m,k,l)).

Later we use this form in the proof of Theorem 3.
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Proposition 2. There exists an effectively enumerable topological space that does
not admit point recovering.

Proof. Let us consider C as a subset of R and take Y C C such that {4, | z € Y}
is non-analytic. It is possible to do this since the number of subsets Y C C with
analytic {A, | * € Y} is no more than continuum. Then put X = R\ Y and
X = (X, 7x), where the topology 7x is induced by 7r.

It is clear that & is an effectively enumerable topological space since C is nowhere
dense in R. Taking into account that {4, |z € X} ={A,; |r e R} \ {4, |z €Y}
we conclude that X does not admit point recovering.

|

5. PARTIAL COMPUTABLE FUNCTIONS OVER EFFECTIVELY ENUMERABLE
TOPOLOGICAL SPACES

In this section we introduce the notion of a partial computable function f :
X — Y, where X = (X, 7x,q) is an effectively enumerable topological space and
Y = (Y, 7y, ) is an effectively enumerable Ty—space.

Definition 4. Let X = (X,7x,a) be an effectively enumerable topological space
and Y = (Y, 1y, B) be an effectively enumerable Ty—space. A function f: X — Y is
called partial computable if the following properties hold. There exist a computable
sequence of effectively open sets {On}new and a computable function H : w? — w
such that

(1) dom(f) =, e, On and
(2) £7H(B(m)) = Use,, @(H (m, i)) N dom(f).

In the following if a partial computable function f is everywhere defined we say
fis a total computable function.

Proposition 3. Let X = (X, 7,a) be an effectively enumerable topological space
and Y = (Y, )\, B) be an effectively enumerable Ty-space.

(1) If f : X = Y is a computable function, then [ is continuous at every points

of dom(f).

(2) A total function f : X — Y is computable if and only if f is effectively
continuous.

Proof. The claims are straightforward form Definition 4. (]

The following theorem shows that, for effectively enumerable Ty—spaces, the set
of partial computable functions is closed under composition.

Theorem 2. Let X = (X, 7x,a), Y = (Y,7v, ) and Z = (Y, 7z, 0) be effectively
enumerable Ty—spaces. If f : X — Y and g : Y — Z are partial computable functions
then the composition h = g o f is a partial computable function.

Proof. In the following, we check (1) and (2) properties of partial computability.
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dom(h) = dom(f) N f~"(dom(g)) =
=dom(f)Nf7(() Bum) =

mew

= dom(f) N (ﬂ fl(Bm>> =

mew

= dom(f)N (m Om>,

mew

where {O,,}mew is @ computable sequence of effectively open subsets of X and
{Bm }mew is a computable sequence of effectively open subsets of Y. So h satisfies
the property (1).

(2). It is easy to see that

h=Y(e(n)) = f~H (g™ (e(n))) = f~*(dom(g) N By) = dom(h) N f~1(Bn),
where B,, ia an effectively open subset of Y. Therefore h satisfies the property
(2). O

Proposition 4. Let X = (X,7x,a), Y = (Y, 7y, 8) be computable Polish spaces,
f: X — Y be a partial computable function and B be a 19-subset of Y. Then
the preimage f~(B) is a I19-subset of X.

Proof. Assume Yj is a II3-subset of V. By definition,

RS YO x4 U(y)a
where U = ﬂ A, and A, = U B(j) for a c.e. set T),.
ncw JET,

Let f: X — Y be a partial computable function. Then

re f1(B)
x €dom(f) ANU(f(x)) <

(
z € dom(f)A(Vnew)(3j e Tn)(f(gc) € ﬂ(]))

This is a I13-condition on X since, for z € dom(f), f(z) € B(j) <> = € f~H(B())) +
r € U, @(H(j,1)) for a computable function H. O

6. PARTIAL COMPUTABLE FUNCTIONS OVER COMPUTABLE POLISH SPACES

In this section we consider the partial computable functions over the subclass of
effectively enumerable topological spaces which is the class of computable Polish
spaces. We give a characterisation of partial computability in terms of classical
enumeration operators (see e.g. [14]). Then based on this characterisation we show
the existence of a universal partial computable function for the partial computable
functions f: X — Y, where X and ) are computable Polish spaces.
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6.1. Characterisation.

Definition 5. [14] A function T, : P(w) — P(w) is called enumeration operator if
I'.(A) =B+ B={j|Fic(i,j) € W, D; C A},
where We is the e-th computably enumerable set, and D; 1is the i-th finite set.
A function Ty : P(w) — P(w) is called reduced enumeration operator if
Lo(A) = B ¢+ B = {jI(3i € A) (i) € W.},
where W, is the e-th computably enumerable set.

Now we recall the notion of a computable function introduced in [9].

Definition 6. [9] Let X = (X, 7, a) be an effectively enumerable topological space
and Y = (Y, \, B) be an effectively enumerable Ty-space.
A partial function f : X — Y is called computable if there exists an enumeration
operator I'e : P(w) = P(w) such that, for every x € X,

(1) If x € dom(f) then

Fe({icwlzca(i)}) ={jcw]f(z)eB()}
(2) If x & dom(f) then, for ally €Y,

N{BG)NI € Te(4n)} # {86 € B,
JEw JEw
where Ay = {i € wl|z € a(t)}, By ={j € wly € B(j)}.
In this case we say that I'y completely defines the function f.

Remark 2. It is easy to see that if we work with effectively enumerable topological
spaces then a function is computable if and only if there exists a reduced enumeration
operator satisfying the requirements of Definition 6.

Proposition 5. Let I'. be an enumeration operator and X = (X, 7,a) and Y =
(Y, \,B) be computable Polish spaces. Then E = {z | U(T'.(A,))} is a 119-subset of
X, where ¥ is a 119-condition from Proposition 1. Moreover, the function f : X — Y
defined as follows: dom(f) = E and, for x € dom(f), f(z) =y ¢ T(Ay) = By is
a partial computable function.

Proof. Let us show that the condition W(I'.(A,)) defines a I19-subset of X. From
Remark 1 it follows that W(I) is a conjunction of some I19-formulas in the form

VE(\/ ki ¢ IV (k1))
ieD
where D is a finite subset of the indices of k and ® is a computable disjunction
of I-formulas with positive occurrences of I. Therefore, for i+ = 1,...,4 every
Condi(T'¢(A,)) defines the set

{z | Vkz € AL}, where
AL ={a| \/ kj € Te(As) V ®i(,Te(A))} =

jED

{a |\ ki & Te(A)} U {x | @i(k, Te(A))}.

jeD
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Let us make a close look at A?E' The first element of the union is a I19-subset of
X and the second one is a ¥9-subset of X according to the following observation.
By the definition of the enumeration operator I'.,

kel = J () ol

<k, j>€W, jEDy

Therefore it is effectively open and its complement is co-effectively closed. As a
corollary every set {x | Condi(T'c(A;))} is a I13-subset of X.

Let us show that f is a partial computable function. It is worth noting that
z € dom(f) <> Te(Ay) € {By |y €Y} <> U(Ie(A,)). So dom(f) is a [I3-subset of
X. For z € dom(f),

z € fTHB())  f(z) € BG) Tk (k € {ilz € a(i)} Ae(k, j) € We) &
\/ realk)xe U a(H(j,m))

c(k,j)EW. mew

for a computable function H : w X w — w. Therefore f is a partial computable
function.

O

Further on if I'. and f satisfy the conditions of Proposition 5 we say that I'.
defines f.

Theorem 3. Let X = (X, 7,«) and Y = (Y, \, 3) be computable Polish spaces. A
function f: X — Y is computable if and only if it is partial computable.

Proof. —) The claim follows from Proposition 5.

<) Now suppose, dom(f) = (), ¢, On and, for x € dom(f), f(x) € B(n) <
v € e, @(H(n,i)), where {Op }rew is a computable sequence of effectively open
sets such that 0,1 C O,, and H : w? — w is a computable function. It is worth
noting that, for all n € w and i € w, O, Na(H (n,)) is an effectively open set. So,
OnNa(H(n,i)) = Uer,, a(t), where n € w, i € w and {Tyi}n, icw is a computable
sequence of c.e. sets. Put

We ={c(t,n) | (Fi ew)t € Tni}

Let I'e be a reduced enumeration operator that corresponds to W,. By Proposition 5
this operator defines a function fr,. Let us show that f = fr_ . We first prove that
dom(f) = dom(fr,). If z € (,c,, On then, by construction, I'c(A,) = Bjy(y)-
Indeed, let n € w be such that f(x) € B(n). By definition, (3i € w)x € a(H(n,1)).
This means that x € «a(t) for ¢t € T,,;, therefore n € T'.(A;). Conversely, if n €
Ie(Ag) then (Fi € w)(3t € Tni) f(x) € B(n). So I'e(Az) = By(y) and x € dom(fr, ).
So dom(f) C dom(fr,).

If 2 € ,c,, On then there exists k € w such that x ¢ O,, for all n > k. In other
words, ¥ & J;er, , @(t) for all n > k. This means that, for all n > k, ~(3t € T),;) z €
a(t), i.e., n € T'¢(A,). Therefore T'.(A,) is finite and B = N{B(j) | j € Te(Az)} is
a finite intersection of basic open balls. Since we consider spaces without isolated
points, B # N{B(j) | j € By} = {y} for any y € Y. In particular, ¢ dom(fr,).

Now if z € dom(f) = dom(fr,) then, by the definitions of f and T,

Pe(As) = {j13s H(j,s) € A} = {jlz € f71(B()} = {jlf(2) € B()}-
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Therefore By () = By,._(z)- Since any point y is uniquely defined by the set of basic
neighborhoods, f(x) = fr,(x). So I'. completely defines f.
O

6.2. Universal Partial Computable Function. For computable Polish spaces
X and Y we denote the set of partial computable functions f : X — Y as PCF xy.

A partial computable function F': w x X — Y is called universal for PCF xy if
{F(n):X%y‘nEW}ZIPCny.

Theorem 4. There exists a universal partial computable function for PCF xy.

Proof. The claim follows from Proposition 5 and Theorem 3. Indeed, for every
partial computable function f : X — ) we can effectively construct an enumeration
operator I', which defines this function. Therefore e is one of the indices of f. Any
enumeration operator I', defines the function f.. So, define F'(e, ) = y iff fe(z) =y,
where f. is defined by I'.. From uniformity of the constructions in Proposition 5
and Theorem 3 it follows that F' is a partial computable function. (I

7. ON IMAGES OF PARTIAL COMPUTABLE FUNCTIONS

7.1. Images of Partial Computable Surjections. In this section we propose
a characterisation of effectively enumerable topological spaces that are images of
partial computable surjections from computable Polish spaces.

Theorem 5. Let X = (X, 7,a) be a computable Polish space and Y = (Y, \,3) be
an effectively enumerable Ty-space. Then the following assertions are equivalent.
(1) There exists a partial computable surjection f: X — ).
(2) The space Y admits point recovering.

Proof. 1) — 2). Assume f : X — Y is a partial computable surjection. It means
that dom(f) = ,c,, On = Npew Usew @(g(n,5)) and, for all x € dom(f), f(x) €
B(n) <> x € U;e, a(H(n,i)), where g : w? — w and H : w? — w are computable
functions. Recall that A, = {n |z € a(n)} and B, = {m | y € B(m)}. In order to
show that ) admits recovering let us prove that {B, | y € Y} is a Xi-subset of P(w)
considered as the Cantor space. Since f is a surjection, for I Cw, 3y € Y)I = B,
if and only if (3 € dom(f)) I = By(,). Let us make analysis. If I = By(,) then

nel<+ (Jredom(f))f(z)e p(n) <+ (Fr € dom(f))x € U B(H(n,i)) <
(3z € dom(f))(Fi € w) H(n,i) € As.

From Proposition 1 it follows that J € {A, | * € X} + ¥(J), where ¥(J) is
a I13-subset of C. It is easy to see that x € dom(f) <+ (Vn € w)x € O, ++ (Vn €
w)(Is € w)g(n,s) € A,. Finally, we have

(FyeY)I =B, < (3] Cw) (\I/(J)/\(Vnew)<n61<—> ((Eliew)H(n,z’) €A

(Ym € w)(Fs € w) g(n,s) € J)))

Now we can see that {B, | y € Y} is a X}-subset of C.
2) — 1). Let Y admit point recovering. We construct a required partial computable
surjection in few steps:

X - N —» C — C — ).
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Step 1. First we construct a homeomorphism F : N/ — X such that F~! : X —
N is a partial computable surjection (see e.g. [6]). It is worth noting that for
any ball B(z,7) one can choose two nonempty balls B(z1,7;) and B(xa,72) which
are inside of B(x,r) and don’t intersect each other. Continuing the process one
can effectively generate infinitely many disjoint nonempty balls which are inside
of B(z,r) therefore one can produce a computable infinite sequence of such balls.
Without loss of generality we could assume that, for all n € w, r, < 1. Now we
construct F' by stageb

Stage 1. Put B(zl,r}) = B(x,,7,) and make the correspondence between each
(n) € w<* and the ball B(z.,7}).

Stage s+1. Assume that on the step s we already constructed balls B(x%,,75),
where w € w<* and length(w) = s, and made the correspondence between each w
and the ball B(xf,rs). Next we proceed as follows. Inside of every ball B(z2,,r5)

we construct an effective sequence of disjoint nonempty balls B(x fj:&n) , rfutin)) such
s+1 < 1

that, for all n € w, 7y Uiny < 2 T Then we make the correspondence between each
wU (n) and the ball B(x iLl(n)’ rfu'&n))

Finally, we define

} = m B v[s]? 'u[s]
5>0

By the Nested Sphere principle (see Theorem 1), F' is correctly defined on A
since ry 5 — 0. Moreover {F(v)} = Nyso B(x;j[sl,rfj[s]) since, by construction,
By o) 2 B(z? v[s]u<n> i[t]lu(m)' Using this strict inclusion we show that
im(F) is a I19-set in the effective Borel hierarchy on X.

Indeed, assume, for all s € w, there exists a word w of the length s, x € B(z3,,r5).
By assumption,

x € U B(zSH x5t
w:length(w)=s+1

and, by construction, B(z$,rs) N B(z$,rs) = 0 for any different words v and v of
the length s. Therefore if x € B(x$,r3) then there exist n and a word w = v U (n)
of the length s + 1 such that x € B(a5™, rst!). So we construct a chain of words
w; C we E ... such that v[s] = w, for some v € N and z = F(v). Therefore
x € im(F") if and only if, for all s € w, there exists a word w of the length s such that
x € B(z%,,rs). This is a I13-condition. Therefore im(F) is a II3-set in the effective
Borel hierarchy on X. By construction, F,) = Bz w, rs) ﬂlm(F), where s =
length(w). Since X is a computable Polish space, F~' is a partial computable
function.
Step 2. A partial computable surjection g : N' — C is defined in the following
standard way g(f) = An.f(n) mod 2.
Step 3. A partial computable bijection A : C> — C is defined in the following
standard way A(I,J)={2n|nel}U{2n+1|ne J}.
Step 4. Let us construct a partial computable surjection h : C?> — ). Assume O
is a ¥{-condition that certifies point recovering of Y i.e. I = B, for some y € YV
iff (1) = (3J C w)®(I,J), where ®(I,J) is a I13-condition (see e.g. [12]). Put
D={(I,J)|®(,J)} CC

If (I,J) € D then I = B, for some y € Y. Since Y is a Ty-space, this y is
uniquely defined by I. Define h(I,J) = y. We have (I,J) € h=1(B(n)) + I =
B, for some z € B(n) <> ®(,J) An € I. So, dom(h) = D is a II3-subset of C?
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and h=1(B(n)) = DN ({I Cw|n €I} xC). Therefore h is a partial computable
surjection.
Step 5. A required partial computable surjection is the composition f = ho A~ o
goF~lie.

F-! g AL h
X - N - C —- (C* - ).
O

7.2. Complexity of Images of Partial Computable Functions. In this section
we characterise the images of the partial computable functions over computable
Polish spaces in terms of the effective Lusin hierarchy.

Proposition 6. Let X be a computable Polish space, ) be an effectively enumerable
Ty-space and Yo C Y. Then the following assertions are equivalent.

(1) Yy is the image of a partial computable function f: X — .

(2) {By |y € Yo} is a X} -subset of C.

Proof. 1) — 2). Assume Yj is the image of a partial computable function f : X — V.
For x € dom(f) and y = f(z) € Yy, we have

n€ By o f(z) € Bn) &z e | a(Hn,i) & {Hn,i) | i €w}n A, #0.
Then, for I C w, -
[e{B,|ye Yo} o
3 € {4, | o € dom(f)}(¥n € w)(n€ I {H(n,i) | i €w}n A, #0).
This is a ¥}-condition since
Je{A, |z edom(f)} < (Vvm € w)J N Jp £ 0,

where {Jp, }mew is a computable sequence of c.e. sets such that dom(f) =
and Oy, = Uy ali).

2) — 1). Let {B, | y € Yo} € ¥{. This means that J € {B, | y € Yo} +» (3] C
w) Q(I,J), where Q(I,J) is a II3-condition on C (see e.g. [12]). Put D = {({,J) |
Q(I,J)} C C% Let us construct a partial computable function h : C> — ) such
that dom(h) = D and im(h) = Y.

If Q(I,J) then J = B, for some y € Y. Since ) is a Ty-space, y is uniquely defined
by I. Define h(I,J) = y. We have (I,J) € h=*(B8(n)) ++ J = B, for some z €
B(n) <> Q(I,J)An € J. So, dom(h) = D is a II3-condition on C? and h=1(8(n)) =
DN {ICw|nel}xC). Therefore h is a partial computable function. Using
Theorem 5 we construct the composition of partial computable surjections f, g
and h as follows:

Om

mew

f g h
X - C —» C* — ).

This is the required function. (I

Proposition 7. Let Y be a computable Polish space, Yo C Y and Yy = {By|ye€
Yo}. Then Yy is a Xi-subset of Y if and only if Yy is a X1 -subset of C.
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Proof. —). Assume Yj is a $1-subset of ). By definition,
yeYoe (3zeY)U(y,z2),

where U is a II9-subset of Y. Let F' : C — Y be a partial computable surjection.
Then

Je{By|yeYo} &

Ty e Y)(J = B, A (3K € dom(F)) U(y, F(K))) o

(31 € dom(F))(3K € dom(F))(U(F(I),F(K)) A (¥n € w)(F(I) € B(n) ¢ n € J)).
From Proposition 4 and the note that, for z € dom(F), F(z) € B(j) + z €

F~Y(B(4)) <> 2 € U;e,, Bc(H (3, 7)) for a computable function H it follows that this

is a L1-condition on C. So Yj is a ¥i-subset of C.
). Let Yy be a Sl-subset of C. By definition, J € Yy <+ (31 € C)V(I,J). Let
G : Y — C be a partial computable surjection.

Then,

yEYo o
(AT e {By |y € Yo})(Vn e w)(y €B(n) <> ne I) &

(3z € dom(G))G(2) € {B, | y € Yo} A (Vn € w)(y €B(n) ene G(z)) o

(32 € dom(G))(3b € dom(G))(V(G(b), G(2)) A (Yn € w) (y € B(n) > ne G(z))).

By analogy, Y is a Xi-subset of Y.
O

Theorem 6. Let X and Y be computable Polish spaces and Yo C Y. Then the
following assertions are equivalent.

(1) Yy is the image of a partial computable function f: X — Y.

(2) Yy is a B -subset of Y.

Proof. The claim follows from Proposition 6 and Proposition 7.

8. CONCLUSIONS AND FUTURE WORK

We presented several results in the framework of the effective descriptive set
theory (EDST) on computable Polish spaces. Informally, for PCFyy we showed
the following:

e the existence of a universal partial computable function;

e the existence of a partial computable surjection between any computable
Polish space and any effectively enumerable topological space with point
recovering;

e the descriptive complexity of images of partial computable functions between
computable Polish spaces.

These results give a rise on new research directions:
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e Investigations of bounds on the descriptive complexity of the images of total
computable functions over computable Polish spaces. We make a conjecture
that bounds will be different for particular classes of computable Polish
spaces. For example, it is easy to see that for the total computable real
functions, the images range over intervals of special kind.

e Characterisations of complexity of index sets for important problems on
PCFxy. In the previous papers [8, 6] we already did few steps in this
direction. For the real-valued partial computable functions PCF yg defined
on the computable Polish space X we characterised the complexity of
important problems such as totality and root verification. We also showed
that for some problems the corresponding complexity does not depend on
the choice of a computable Polish space while for other ones the corresponding
choice plays a crucial role. It will be challenging to get similar results for
the general class PCFry.

e Generalisations of EDST on computable Polish spaces to EDST on the
wider class of effective topological spaces. One of the promising candidates
could be effectively enumerable topological spaces with point recovering.
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