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ABSTRACT. We report on the classification of S-rings over the group
FEs4 up to scheme isomorphism. A total of 2082 schemes were found.
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1. INTRODUCTION

S-rings were introduced by I. Schur [9] in 1933 and further investigated by
Wielandt [11]. In the beginning they were used for purely group theoretic in-
vestigations.

More recently they have played a prominent role in the area of Algebraic Graph
Theory and in the isomorphism problem for certain classes of graphs and other
combinatorial objects. Information on the set of all S-rings over a given group H
helps in the solution of the isomorphism problem for Cayley graphs over H.

S-rings over all groups of order 63 have previously been classified [12]. The
subject of this text is the classification of S-rings over the elementary group Z$ of
order 64. From certain points of view, this is the most difficult group of this order.

2. PRELIMINARIES

We follow the exposition in [5].
Let H be a finite multiplicative group with neutral element e. We consider the
set C[H] of formal sums ), _, anh, a, € C.
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On the set C[H] we have the following operations:

D agg |+ (Z bhh> = > (an +bp)k;

g€H heH heH

Z agg | o (Z bhh> = Z (anbp)h (point-wise multiplication);

geH heH heH

Z agg | - (Z bhh> = Z Z (agbr)(gh) (ordinary multiplication).
geH heH geEH he H

For X C H we denote by X the sum of the elements of X. For a family of
subsets X = {X; }ier let X = {Xi}ier.
By X! we denote the set {x~!|x € X}. Similarly we define inverses on C[H].
Then we have
e (C[H],+,") is a ring with identity {e}.
e (C[H],+,0) is a ring with identity H.
A subring A of C[H] is an S-ring or Schur ring, if the following holds:
e There is a partition 7 of H with {e} € 7 and 7~! = T such that T is a
C-basis of A. o
One can show the following:

Lemma 1. A subspace A of C[H] is an S-ring if and only if
o A is a subring with identity @ with respect to ordinary multiplication;
o A is a subring with identity H with respect to point-wise multiplication;

o A1 = A

[P}

The basis 7T consists of the primitive idempotents with respect to “o”. In par-
ticular, 7 (and hence T) is uniquely determined. It is called the standard basis of
A.

Two S-rings A and A’ over a group H are isomorphic (“Cayley-isomorphic”) if
there is an automorphism ¢ of H which maps A to A’.

Association schemes [1] are relational systems defined on finite sets. Let Q be a
set, and R = {Ry,..., Rq} a partition of Q2. Then W = (Q,R) is an association
scheme if the following axioms hold:

(1) Ro = Idgq, the diagonal relation.
(2) For each R; € R, R;' = {(y,2)|(z,y) € R;} € R.
(3) There are numbers pfj such that for any (x,y) € Ry,

‘{z € Q|(;C,Z) € Ri?(z7y) € Rj}‘ :pfj‘

Note that we do not require an association scheme to be commutative (pfj = pfi

for all 4,7, k) or even symmetrical (Ri_1 = R; for all ). While these axioms were
originally included, most authors now use this more general notion. Compare the
investigation of non-commutative association schemes of rank six by Zieschang and
Hanaki [4].

Given any transitive permutation group H on 2, the set R of orbits of H on
2 forms an association scheme. Any association scheme that arises in this way is
called schurian.
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For a binary relation R on {2 its adjacency matrix A = A(R) is defined as follows:
Azy = 11if (z,y) € R, and A,y = 0 otherwise. We consider this as a matrix over
the complex numbers.

For the binary relations R;, set A; = A(R;). Then we get the following:

Lemma 2. The relations R; form an association scheme if and only if the A; form
the linear basis of a matriz algebra containing both identity matriz I and the all-one
matriz J.

The algebra (A;) is the adjacency algebra (or Bose-Mesner algebra) of the asso-
ciation scheme.

Two association schemes W = (Q,{R;}) and W' = (€', {S;}) are isomorphic, if
there are bijections ¢ : @ — Q" and p : {R;} — {5,} such that whenever (z,y) € R;,
then (¢(x),¢(y)) € p(R;). An isomorphism (¢, p) of a scheme W to itself is called
a color automorphism of W3 it is a (proper) automorphism if p is the identity, i.e.,
each relation is mapped to itself.

An algebraic isomorphism between two schemes W and W’ is an algebra iso-
morphism between the corresponding adjacency algebras. Such an isomorphism is
uniquely determined by a bijection between the two standard bases.

The sets of proper, color, and algebraic automorphisms of a scheme W form
groups which we will denote by Aut(W), CAut(W), and AAut(W).

3. PREVIOUS RESULTS

S-rings over a given group H can be seen as mergings of the group ring C[H] or
the corresponding coherent configurations W = (2, R). These mergings correspond
to partitions of the point set of the configuration. A general algorithm for the
enumeration of mergings of coherent configurations was described in [2]:

e Determine all subsets of €2 that can possibly form a part of such a partition
(“good” subsets).

e Enumerate all partitions of {2 consisting only of good subsets.

e For each such partition check whether it yields a merging.

Different criteria have been suggested for subsets to be good. We call a subset
coherent if it is in fact a basis set of some merging. In order to consider all relevant
sets we require each coherent set to be good. On the other hand the test for
goodness should be efficient and effective.

Usually small powers of a given set are computed, and it is checked that they
do not split the set. In the language of S-rings this means that the powers of T be
constant on T, i.e., for g,h € T,

If the number of good sets is not large, all partitions can be enumerated and checked
for coherence. However this fails for S-rings over most groups.

Several improvements have since been introduced. Since the coherence of a
partition depends only on the structure constants of the configuration, this property
is invariant under algebraic automorphisms. Hence we can use the group AAut(W)
for isomorph rejection [7]. An approach for the enumeration of non-isomorphic sets
is described in [6].
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Given any partition P of 2 we can efficiently compute the coarsest coherent
refinement of P using the algorithm of Weisfeiler-Leman (WL-Stabilization, [10]).
This reduces the number of sets that need to be considered, as well as the need to
look at all possible partitions.

There have been several previous efforts to enumerate all S-rings over small
groups: by Fiedler and Klin (up to order 31); by Pech and Reichard (up to order
47); and by Ziv-Av [12] (up to order 63). Ziv-Av stated: “For the groups of order 64
(especially for Fg4 ) an innovative approach is necessary, as the current algorithms
cannot finish the calculations in a reasonable time.”

There are at least two explanations why the orders 32, 48 and 64 posed particular
difficulties. For one, the number of different groups of these orders is particularly
large. On the other hand these orders have many small prime factors. This leads
to big search spaces, in particular in the case of products of elementary abelian
groups Fs3o, 3 X E16, Fgs4, where we have a great number of involutions.

For some groups the enumeration has first been performed using lots of com-
puting power. However, better algorithms and implementations allowed to speed
up the search. In the case of the alternating group As, the CPU time was reduced
from one month via 20 hours [12] to 20 minutes.

4. AN OUTLINE OF THE ALGORITHM

The traditional approach to enumerating S-rings fails for the group Fg4, since
the orbits of good sets are too large to be fully expanded and kept in memory. We
therefore introduced an intermediate step in which we enumerate compatible pairs
of coherent sets up to isomorphism. Here two coherent sets are compatible if they
appear together in a merging.

So we do the following:

(1) Enumerate good sets up to equivalence under AAut(W), using only the
condition on (T)2.
(2) For each good set check if it is coherent using WL-Stabilization.
(3) For each coherent set T' do the following:
(a) Enumerate coherent sets U compatible with T, up to equivalence under
the stabilizer of T' in AAut(W).
(b) Find the orbits of compatible coherent sets under the stabilizer.
(c) From these compatible sets, construct coherent partitions containing
T.

(4) Perform an isomorphism test on the results.
Some remarks on the implementation:

e The group operation is implemented using bit-operations on integers.

e To check that a set T is good we have to verify that its square, i.e., the
complex product T - T is constant on R. We build the set one element at
atime. If T C H and i € H\ T, then

(T+i)>=T*+T-i+i-T+i°

e Recall that the elements of the group ring are functions H — C. In fact,
for elements of an S-ring the images are integers. We evaluate both sides
of the previous equation at k € H and get

(T + ) (k) = (T*)(k) + > i+ Y vl + 1l

jEeT jeT
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In the case of S-rings we have that pfj = §;jk. So the equation above
simplifies to

(T +1)*)(k) = (T*)(k) + T(k™ ") + T(ik™") + k().

e In practice, we go through the sets T, T% and {i?’} and increment each
corresponding component of the product.

e We see that each entry of the product changes by at most 2 in each step.
This allows us to break off the search early if the differences of entries is
too great with respect to the number of possible elements to be added to
T. In general it is sufficient to consider only sets whose size is less than
|H]| /2.

e When constructing pairs of compatible sets starting from a set T, it is
sufficient to consider sets U with |U| < |T|. In order for U to be compatible,
it has to be a subset of a basic set of the smallest merging containing T'.

e The enumeration was performed by programs written in C++ by the au-
thor. The final isomorphism check was performed in GAP [3].

5. RESULTS

All computations were performed on a dual-core Intel i5 processor. The search
for good sets ran on a single thread for one week. It found 100 non-isomorphic good
sets of size at most 31. Of those, 61 are primitive; that is, they are not contained
in a proper subgroup. This part was implemented in C++ under Linux.

The search for pairs of compatible sets was performed using a variation of the
previous algorithm. Given one coherent set, we use Weisfeiler-Leman to find the
coarsest coherent partition containing it. Any compatible set needs to be contained
in a single class of that partition. The stabilizer of the given set was used for
isomorph rejection. A total of 1242 pairs was found.

Finally the pairs were extended to coherent partitions, which led to some 300,000
mergings. The resulting mergings were tested for scheme isomorphisms. As noted
before, two S-rings can be isomorphic as schemes, while not Cayley-isomorphic. In
total, 2082 non-isomorphic schemes were found. Some information can be found in
Table 1 on Page 448. The full data is available at [8].

Finally, the schemes were classified up to algebraic isomorphism. Here we find
1879 classes. Of those, 85 classes contain non-isomorphic schemes.

6. EVIDENCE FOR CORRECTNESS

As in any complex computer search there is the possibility of error in the algo-
rithm, the implementation or - unlikely - the hardware. Ideally we would like to
have independent confirmation of our result. However we performed two indepen-
dent sanity checks which revealed no immediate inconsistencies.

As we worked in two stages, enumerating coherent sets first, followed by the
construction of partitions, it is conceivable that sets which might have been missed
in the first stage appear as part of the partitions in the second stage. No such new
sets appeared, indicating that the first stage may be correct.

The second check depends on duality of S-rings over abelian groups. If H is such
a group, then its characters are one-dimensional and form a group H isomorphic
to H. Each character may be extended in a unique way to a ring homomorphism
C[H] — C.
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’ Rank H Total \ NS \ P \ NSP ‘

’ Rank H Total \ NS \ P \ NSP ‘

2 1 - |1 -

3 20 [10 [15] 10 ;‘1) ;g g ——
4 57 130 |23 18 55 73 3T -
5 74 | 27| 5 3 53 9 T -
6 106 | 29 | 1 - 51 36 T -
7 112 | 25 | - - 5% 6 —— -
8 142 | 20 | 1 - % 1 - - -
9 151 | 27| 1 - o7 1 T -
10 151 16 | - - 23 18 . - -
11 130 | 17 | - - 30 3 —— -
12 160 14 | - - 39 5 - - -
13 113 | 10 | - - 33 5 —— -
14 133 | 9 | - - 3 5 —— -
15 117 | 10 | - - 36 1 —— -
16 130 | 10 | - - 10 3 —— -
17 70 2 | - - 18 1 —— -
18 105 | 4 | - - o 1 —— -
19 47 3| - -

TABLE 1. Numbers of all, non-schurian and primitive schemes of
given rank

Let now be A an S-ring over H. Call two characters equivalent if they coincide
on A. Then the equivalence classes of characters form an S-ring A over H, the dual
S-ring to A. Due to the group isomorphism we get a ring isomorphic to the dual
over the original group H.

Hence the full set of non-isomorphic S-rings over H should contain with each
ring also its dual. We checked that our set of solutions has this property.

The two consistency checks described above give us some confidence in the cor-
rectness of our results.

7. CONCLUSION

All S-rings over the elementary abelian group of order 64 were determined up to
scheme isomorphism, a group that had previously been considered as difficult. 2082
mergings were found, among them several primitive and non-schurian. A number
of them can be explained on a theoretical level as certain products of smaller rings,
however the majority is still unexplained.

It would be desirable to find all S-rings over these groups up to Cayley isomor-
phism, however this has not yet been fulfilled.

We were able to use the large automorphism group present in this problem to
fulfill the task of enumeration of S-rings over the elementary abelian group. For
most groups this symmetry group is considerably smaller, making it difficult even to
consider other groups of order 64, let alone higher orders. Here one should probably
make use of the inherent parallelism in the search for coherent subsets. Some ideas
exist, however they will be saved for another article.
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Rank | Subdegrees | Schurian | Group rank Aut /Ega | Aut |/64
3 1,27, 36, — 5 1152
3 1,28, 35, — 8 96
3 1,28, 35, + Ss 40320
3 1,28, 35, — 6 Cs x As 120
3 1,14, 49, + 50803200
3 1, 18, 45, + (CgA@) : CQ 2160
3 1,28, 35, - 6 384
3 1,21,42, — 4 PSL(3,2) : Cy | 336
3 1,27, 36, — 9 Co x Ay 24
3 1,27, 36, — 6 Cs x As 120
3 1,27, 36, + 0(5,3) : Cy 51840
3 1,27, 36, — 7 160
3 1,28, 35, — 4 (Cia xC3):C3 | 84
3 1,28, 35, - 9 Co x Ay 24
3 1,21,42, + Ss x PSL(3,2) | 1008
4 [1,14,21,28, - 14 Cs 6
4 1,14,21, 28, — 16 Ss 6
4 1,14,21, 28, — 24 Cs 3
4 1,14,21, 28, — 6 Cha 14
4 1,14,21, 28, — 6 Cr:Cs 21
4 [1,14,21,28, - 12 Aq 12
4 [1,14,21,28, - 12 Ay 12
4 1,182,27, - 15 Dy 8
4 1,182,27, + 216
4 1,213, — 24 Cs 3
4 1,9,272, + 1296
4 1,213, - 10 Cy 7
4 1,182,27, — 16 Ss 6
4 1,182,27, — 14 Cs 6
4 1,142, 35, - 6 Cha 14
4 1,14, 21, 28, — 11 Sy 24
4 [1,14,21,28, - 12 Dis 16
4 1,14, 21,28, + PSL(3,2): Cy | 336
4 1,213, — 22 Cy 4
4 1,7,21,35, + St 5040
4 1,213, — 24 Cs 3
4 1,213, - 22 Cy 4
4 1,213, + C3 x (07 : 03) 63
5 1,7,14,212, + (C7:C3):Cy | 42
5 1,143 21, — 6 C1a 14
5 1,9%,18,27, + 108
5 1,143,21, - 10 Cy 7
5 1,143,21, - 10 Cy 7
6 1,94, 27, + 54
8 1,97, + Dig 18
9 1,77,14, + Dy 14

TABLE 2. Information on primitive schemes

449
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