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ON 2m-TH ORDER PARABOLIC EQUATIONS WITH MIXED
BOUNDARY CONDITIONS IN NON-RECTANGULAR DOMAINS
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ABSTRACT. This article is devoted to the analysis of a one-space dimensional
high-order parabolic equation, subject to mixed boundary conditions.
The problem is set in a (possibly non-regular) non-rectangular domain
and the right hand side term of the equation is taken in a Lebesgue space.
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1. INTRODUCTION
Let © be an open set of R? defined by
Q={(t,z) eR*:0<t<T, o1 (t) <z <p2(t)},

where T is a finite positive number, while ¢; and ys are continuous real-valued
functions defined on [0, T, Lipschitz continuous on [0, 7], and such that

p (1) = pa(t) =1 (t) >0,
for every t € ]0,7T] and with the fundamental hypothesis ¢ (0) = 0. The lateral
boundary of €2 is defined by
Li={(t.pit) eR*:0<t<T},i=1,2.
We will then assume that

(1) (=)l (t) >0 ae. t€]0,T[, i=1, 2,

(2) o)™ (t) — 0 ast—0, meN*, i=1,2,

CHeRrFaOUIL, S., KeEssaB, A., KHELOUFI, A., ON 2m-TH ORDER PARABOLIC EQUATIONS WITH
MIXED BOUNDARY CONDITIONS IN NON-RECTANGULAR DOMAINS.

(© 2017 Cuerraoul S., KessaB A., KHELOUFI A.

Received October, 10, 2016, published February, 07, 2017.

73



74 S. CHERFAOUI, A. KESSAB, A. KHELOUFI

where N* is the set of all nonzero natural numbers. In 2, we consider the boundary
value problems

Opu+ (—1)"07"u = fi € L, (),
(3) ajguyrl =0,k=0,1,...,m—1,
8iu’1,2 =0,l=mm+1,....2m —1,

Ov + (—=1)m%™u = fo € L2 (Q),
(4) ol =0,k =0,1,...,m—1,
|, =0, l=m,m+1,..,2m — 1,

where L2 () stands for the space of square-integrable functions on € with the
measure w dt dz. Here the weight w is a real-valued function defined on [0,77],
differentiable on ]0, 7] and such that

(5) Ve e [0,T]:w(t) > 0.
We also assume that
(6) w is a decreasing function on ]0,7].

Observe that in the case m = 1, Problems (3) and (4) correspond to second-order
parabolic equations with Dirichlet-Neumann conditions and we can find studies
of such kind of problems in [20] and [9] both in bounded and unbounded non-
cylindrical domains. Note that the mixed type conditions

8’;u‘1,1 = 8iu|r2 =0, 8’;%2 = 8iv|rl =0, k=0,1,....m—1L;l=m,...,2m—1,

can be found in the case m = 2 in [3]|, where the existence of multiple positive
solutions for a nonlinear fourth-order two-point boundary value problem was proved.
In the case m = 3 corresponding to a sixth-order problem, we can find such
kind of boundary conditions in Dugundji [4] and in Shi et al. [21]. These specific
boundary conditions are important for the originality of this work. Indeed, to our
knowledge, results concerning higher-order parabolic equations on time-varying
domains, subject to such kind of boundary conditions, have not appeared in the
literature to date.

Another difficulty related to this kind of problems comes from the fact that the
domain § considered here is nonstandard since it shrinks at ¢ = 0 (¢ (0) = 0),
which prevents the domain €2 to be transformed into a regular domain without the
appearance of some degenerate terms in the parabolic equations, see for example
Sadallah [18]. On the other hand, the semi group generating the solution cannot be
defined since the initial condition is defined on a measure zero set.

It is well known that there are two main approaches for the study of boundary
value problems in such non-smooth domains. We can work directly in the non-
regular domains and we obtain singular solutions (see, for example [13] and [19] ),
or we impose conditions on the non-regular domains to obtain regular solutions (see,
for example [11] and [18]). It is the second approach that we follow in this work. So,
under the above mentioned conditions on the functions of parametrization ¢;, i =
1, 2 and on the weight function w, we will prove that Problem (3) (respectively, (4))
admits a unique solution with optimal regularity, that is a solution u (respectively,
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v) belonging to the anisotropic weighted Sobolev space

(‘3ku‘ = 8lu’ =0
1,2m Q _ 1,2m Q . x T ’
L) = e e H (O oy i am 1 [
(respectively,
8’“1)’ = 8lv| =0
1,2m 1,2m z r ’
) 0) = , Q) : r r
H(S,w ( ) {’UGHUJ ( ) k:07217...7m11§l:m7"'72m_1}),

with

HLP™ () = {we L2 (Q): dw, 0w € L2 (Q),j =1,2,...,2m} .

The space HL,?™ (Q) is equipped with the natural norm, that is

1/2

2m
[wllyz2m () = ||8tw||ig(9) + Z Haﬁ;wuig)(n)
=0

Whereas second-order parabolic equations in non-smooth domains are well studied,
the literature concerning higher-order parabolic problems in non-cylindrical domains
does not seem to be very rich. The solvability of the first boundary-value problem for
higher-order parabolic equations in non-cylindrical domains in Sobolev spaces was
considered in Mikhailov [16] and [17] both in one-dimensional and multidimensional
cases. The author considered a class of "backward"paraboloid for which the parabolic
boundary lies below the characteristic plane ¢t = 0. In the case of Holder spaces
functional framework, in [1] and [5], we can find solvability results of boundary value
problems for a 2m-th order parabolic equation for non-cylindrical domains (of the
same kind but which can not include our domain) with a non-smooth (in t) “lateral”
boundary. Further references on the analysis of high-order parabolic problems in
non-cylindrical domains are: Galaktionov [6], Grimaldi Piro [7], Kheloufi [§], [10],
[12] and Labbas et al. [14].

The organization of this paper is as follows. In Section 2, we begin by deriving
some preliminary results we need to develop further arguments. In Section 3, first we
prove that Problems (3) and (4) admit (unique) solutions in the case of truncated
domains. Then, we approximate 2 by a sequence (£2,) of such domains and we
establish (for T small enough) uniform estimates of the type

||Un||ni,v2'*l(n,,L) < K||f1||Lg(Qn)v ||Un||7{g2m(gn) <K ||f2HLg(Qn)7

where u,, and v,, are the solutions of Problems (3) and (4), respectively, in €2,, and
K is a constant independent of n. These estimates will allow us to pass to the limit
and we will prove a local in time result. Finally, by using a trace result, we show
in Section 4 that the obtained local in time result can be extended to a global in
time one.

2. PRELIMINARIES

Definition 1. The function u(t,z) € HL*™ (Q) (respectively, v(t,x) € HL?™ (Q2))
is called solution of the mized boundary value problem (3) (respectively, (4)), if it
satisfies the equation of Problem (8) (respectively, (4)) almost everywhere in 2.
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2.1. Uniqueness of solutions.

Proposition 1. Problem (3) (respectively, (4)) admits at most one solution.
Proof. Let us consider u € HY2™ (Q) (respectively, v € 7—[; 2™ () a solution of
Problem (3) (respectively, (4)) with a null right-hand side term. So,
dpu + (=1)™0*™u = 9w + (—1)"9*™v = 0 in Q.

In addition, u and v fulfil the boundary conditions
85“‘1“1 = 8lzu|1,2 =0; 8’;U|F2 = 8iv|rl =0,k=0,1,...m—-1,1l=m,..,2m—1.
Using Green formula, we have

Jo [0+ (=1)™02™u) u + (Jyv + (—=1)™2™v) v] w (t) dt dx

_faQ 52m k— 1u aku+a2m k— 11) ak )( 1)k+m1/ w(t) do
+ [og 2(ul® + [0 )vw () do + [, (|07 u]* + 1070w (t) dtde

fQ 3 |u| + |v\ Yo' (t) dt dz,

where v, v, are the components of the unit outward normal vector at 2. We shall
rewrite the boundary integral making use of the boundary conditions. On the part
of the boundary of 2 where ¢ = T, we have v, = 0 and v, = 1. Accordingly, the
corresponding boundary integral

e2(T) 1
[l oo (1) do
o 2

1(T)

is nonnegative. On the parts of the boundary where x = ¢; (t), i = 1, 2, we have
i+l
_ (D) e (#)

L (1 .
1+ (9)2 @) 1+ (@) )

Opu(t, o1 (1)) = Du(t, 92 (1)) = v (t, 02 (1)) = Py (t, 01 (1)) = 0,
k=01,..m-1;, I = mym+1,...,2m — 1. Consequently, the corresponding
boundary integral is

[ =20 e mewat [ A 0 wo @
Then, we obtain
Jol(Bu+ (=1)m82™u) u + (Opv + (—1)™02™v) v] w (t) dt da

and

=foT_@u2(tvwz()) D+ [0 4oy )w ()

2(T m m
f; 2 (T, 2) + 0 (T,2)] w (T) da + [ (|07 ul* + 070w (t) dt dz

— o Al + [Pl (t) dt da.
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Consequently
/ (Qpu+ (-1)™07™u) u w (t) dt do = / (v + (-1)"92™v) v w(t) dt du =0,
Q Q
yields

/Q (|8;nu|2> w(t)dt de = /Q <|8;nv|2> w (1) dt dz = 0,

22 2 Lo 2 2
[l v oPho@yde — [ Siluf + ol (6 dt do >
v 2 Q2

1(T)
thanks to the conditions (5) and (6) and

T ’ T
/ _%T(t)uz (t, 02 (1)) w (t) dt + / 2 v (tp1 (1) w (t) dt > 0,
0 0

because

2

thanks to the condition (1). This implies that [07u|* = [87v|* = 0 and consequently
92my = 2™y = (. Then, the hypothesis &u+( ™92y = Gpv+ (—1)™d2mv =0

m—1

gives dyu = Oyv = 0. Thus, u = Zk o arzt v =Y S bk, ag, by € R, k=
0,1,...,m —1. The boundary conditions imply that u=v=01in Q This proves the
uniqueness of the solutions of Problems (3) and (4). O

Remark 1. In the sequel, we will be interested only by the question of the existence
of solutions of Problems (3) and (4).

2.2. Technical Lemmas.

Lemma 1. There exists a positive constant Ky such that for each (u,v) € H3™ (0,1)x
HF™ (0,1)

Hu(j)‘ < K Hu@m)‘ and Hv(j)‘ < K H (QM)‘ )
L2(0,1) L2(0,1) L2(0,1) L2
7=0,1,...,2m — 1, where
(k) =u®(1) =
2m _ 2m . (0) =u(1) =0,
H’Y (O,l){uEH 0,1) : k=0,1,..m—1; 1= 2m—1 |’
and
(k) —0D(0) =
- B om o™ (1) =00 (0) =0,
Hj (0,1)—{’UEH (0,1): k=0,1,. —1; 1= 2m—1 |~

Here, w9, j =1,2,...,2m is the derivative of order j of w on (0,1) and w© = w.

Proof. Let hy,ho be arbitrary fixed elements of L?(0,1). Every solution of the
ordinary differential equation u(>™) = hy, (respectively, v(>™) = hy,) is of the form

T rTam—1 T2m—2 T 2m_1 (7) .
:/ / / / 1 (8) dsday ...dam —odwom 1 + Z - ( ),
0 0 0 0

J!

€ [0,1], (respectively,
2m—1

T2m—1 T2m—2 131 (J) .
. s)dsdxy....droy,—odTom—1 + Y ,(O)xj,
dsd d d '
- ]
J=0

x € [0,1]). The variables «U) (0), j = 0,1,...,2m — 1, (respectively, v() (0),5 =
0,1,...,2m — 1,) are to be determined in a unique way such that the boundary
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conditions u® (0) = u®(1) = 0, (respectively, v*) (1) = vM(0) = 0) k =

0,1,....m—=1;l=m;ym+1,...,2m — 1, are satisfied.
From the preceding representation of the solution and thus also its derivatives

x Tp—1 1 p—1 1
u®mP) (z) = / / . / hi(s)dsdxy ...dxp—1 + Z 7u(2m+q—p) (0) z,
o Jo 0 =0 &

x € [0,1], (respectively,

x Tp—1 Tl P*l 1
0?7mP) (1) = / / . / hg (s)dsdxy ...dx,—1 + Z 7v(2m+q—p) (0) 27,
o Jo 0 e

x € [0,1]) for p = 1,2,...,2m, and from the required boundary conditions, we
obtain the following system to be solved :
AX =0

with A = (ai;) is an upper triangular matrix, X = (X;),b = (b;) for i,j =
0,1,...,2m — 1, where

0 ifi<jiij=1,....,m—1
(jii)! ifi<j;i=0,....,2m—2; j=m,...,2m—1
Qi = —1 ifi:j; i:O,...,m—l
ifi=g;,i=m,...,2m—1
0 if i > j,

[ u9(1) ifi=0,...,m—1
T wD(0) ifi=m,...,2m—1

1 pwom—i-1 T1
bi:—/ / / hi(s)dsdzy ...dxom—i—1, 1=0,...,2m —1
o Jo 0

(respectively,

and

BY =¥
with B = (b;;) is a lower triangular matrix, Y = (Y;),b' = (b}) for,j =0,1,...,2m—
1, where

0 if i < j
~1  ifi=j;i=0,...,m—1
by ={ 1 ifi=j:i=m,...,2m—1
0 ifi>jii=1,....m—1;j=0,....m—1

= ifi>gi=m+1,....2m—1; j=m,...,2m — 2,

v @i =) ifi=0,...,m—1
P o@mei=h) ifi=m,...,2m —1

1 x; 1
b;:—// / ho (s)dsdxy...dz;, i =0,...,2m —1).
o Jo 0

Finally, the unique solution of the problem
wZm) — ha,
u® (0)=0, k=0,1,...,m — 1,
u(1)=0,1=m,...,2m —1

and

)
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(respectively,
@) = p,,
v (1) =0, k=0,1,...,m— 1,
v (0)=0,l=m,...,2m —1,)
is given by
R A 1 2m_1 . G) ()
) :/ / / / hi (s) dsdzxy....dx oy —odTa, 1 + Z ( )xj,
0 0 i ’ j=m '7
€ [0,1], (respectively,
m—1

v(a)

T T2m—1 T2am—2 T
= / / / / hQ (5) defZ?l....dLEQm_Qd"ZZQm_l +
0 0 0 0

€ [0,1],) where

p—1 1 Tp—k—1 x1
umP) (0) = Z(—l)’“’1 / / . / hi(s)dsdzy ... dxp—k—_1,
P o Jo 0

for p=1,...,m, (respectively,

p—1 1 Tp_k—1 1
v®m=P) (0) = Z(—l)’“‘1 / / .. / ho (s)dsdzy ...dzp_k_1,
o o Jo 0

for p = m + 1,...,2m). Using the Cauchy-Schwarz inequality, we obtain the
following estimates

7=0

[u®)(0)] < Clhall 200y k=mym+1,...,2m —1
|u(l) (1)‘ S C Hh1||L2(071) ) l = 07 17 ey — 17
(respectively,
‘v(k) (1)| < C||h2HL2(0,1) s k=m,m+1,...,2m—1
[0 (0)| < Cllhall200y» 1 =0,1,...,m = 1,)
where C' is a positive constant, which will allow us to obtain the desired estimates.

O

Lemma 2. There exists a positive constant Ko (independent of a and b) such that
for each (u,v) € H2™ (a,b) x HF™ (a,b)
,k=0,....2m—1

H (k)‘ < Ky (b— )2(2m k) H (2m)‘

L2(a,b) L2(ab)’
H <k>‘ < K (b—a)’®™ k)H <2m>‘ L k=0,...,2m—1
L2(a,b) L*(ab)’ 7 7
where,
®)(q) = M
2m _ 2m . ut(a) = u(b) =0,
Hy (avb){ueH (a,0) k=0,....om—-11l=m,....2m -1 [’

(k) _ () —
. B om o) =0 (a) =0,
(a,b)—{veH (a,b) : k=0,....m—1;l=m,....2m—1 [~
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Proof. 1t is a direct consequence of Lemma 1 by using the following affine change
of variable
0,1] — [a,b], z— (1 —2x)a+xb=y.

Indeed, we set w (z) = u (y). then if w € H>™ (0,1),u belongs to H2™ (a,b). We

have
Hw(k)H;(o,l) fol( ) (z)d
= (o )2(y b—a)? 2
f ( )2(y b— 2k Ldy
(b—a)*~t H“(k ||L2(a b)
where k € {0,1,...,2m — 1}. On the other hand, we have
ooy = fo ()" (@) de

S (™) () (b — a)™dy
= (b—a)m! Hu(zm)Hi2

(a;b)
Using the inequality

< K ||w®m™ 2

2
||w(k)||L2(0,l) ||L2(0,1)

of Lemma 1, we obtain the desired inequality

< K2 (b - U;)Q(Qm_k) Hu(Qm)HiQ(a,b) ) k= 0) 17 s a2m - 17

2
H“(k) HL’-’(a,b)
with Ky = K?. The inequality,

=,

< Ko (b )2(2m k) H (2m)

k=0,....2m—1
L2(a,b) Lz(ab)

can be proved by a similar argument. O

Remark 2. In Lemmas 1 and 2 we can replace ||.||;2 by |||l ;= -

3. LOCAL IN TIME RESULT

3.1. Case of a truncated domain (2,. In this subsection, we replace €2 by (,,,
neN*and L <T

Qn:{( x)€eQ: <t<T}

Theorem 1. For each n € N* such that % < T, the problem
Opun, + (_1)m8£mun = fin € Li (),

(1§ Wnl=z =0

oy, r, = %un‘m =0,k=0,....m—1;l=m,...,2m—1,
(respectively,

Apvn, + (=1)" 07 vy = fon € L, (),
(8) q Unh=t =0,

aj;vn|F2 = aivnlpl =0,k=0,....m—1;l=m,...,2m —1,)

admits a unique solution u, € HL*™ () (respectively, vn € HL2™ (). Here,

fin = filg, and Tin={(t,¢i(t)) € R?: —<t<T} i=1,2.
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Proof. The uniqueness of the solution is easy to check, thanks to the boundary
conditions. Let us prove the existence. The change of variables

T — t
O () (ty) = (t, ;2’;)()),
transforms €, into the rectangle R,, = |1, T[ x ]0,1[. Putting
Up (t,2) = w1 (tY), vn (t,2) =way (ty) and fin (6,2) = gin (t,y), i =1,2,
then Problems (7) and (8) become
Qywin + a(t,y) dywin + c(t) 02" w1 = g1,

:Ozaéwlm‘y:l:O, k=0,....m—1;1l=m,...,2m —1,

and

Qywam + a(t,y) dywan + (t) 02" wa 0 = goon,

w2 n =1 — Y,
8§w27n|y = 8zl}wg7n|y70 =0,k=0,....m—1;1l=m,...,2m —1,
(¢ G ™
where a (t,y) = —W and ¢ (t) = ;27”)(15) . The above change of variables

conserves the spaces L2 and H1?™ because the functions a and ¢ are bounded when
te } %,T[. In other words

fin €L2 () <= gin € L2 (R,), i=1, 2,

and
Up, Uy, € HEP™ () = w1, wa 0 € HEP™ (Ry).

Lemma 3. For each n € N* such that % < T, the following operator is compact
H'ly:im (Rn) — LE) (R’ﬂ) , Win = a (t7 y) ayujl,ny
(respectively, H(I;;im (Rn) — L2 (Ry), wa, — a(t,y) Oyws,y), where

HYZ" (Ry) = {wl,n € HL*™ (R,) :

_ A9k _ Al —
w17”|t:% - 8yw1»”|y=0 - aywlan’y=1 =0,
k=0,....m—1;l=m,...,2m—1

(respectively,

wg’n|t:% = 8§w2}n|y:1 = aiwg’n’yzo =0, )
k=0,....m—1l=m,...,2m—1

My 2" (Ry) = {wZ,n € HL?™ (R,) :

Proof. R, has the "horn property"of Besov [2], so

1
1—gb 2m—1

ay : H,];i)m (Rn) — Hw (Rn) , Win = aywl,nv
(respectively,
~ 1 ome
By Hy2" (Rn) — Hu 7" (Ry), wan v Oywan),

is continuous. Since R,, is bounded, the canonical injection is compact from

Hiﬁﬁ’szl(Rn) into L2 (R,,), (see for instance [2]), where

1—5L 2m—1 1 m— 17% 1
HL 7w (R,) = L? (n,T;Hg 1]0,1[) NH, ? (n,T;Li]O,l[)-
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For the complete definitions of the H™* Hilbertian Sobolev spaces, see for instance
[15]. Then, 9, is a compact operator from H}2™ (R,,) into L2 (Ry), (respectively,
from Hllgim (Ry,) into L2 (Ry,)). Furthermore, since a(.,.) is a bounded function,
the operator ad, is then compact from H1-2™ (R,,) into L2, (Ry) , (respectively, from
2™ (Ry) into L2 (Ry)). 0
(=n™

2m

So, it is sufficient to show that the operator 0; + 357" is an isomorphism

from H12m (R,) into L2 (R,), (respectively, from Hg 2™ (R,) into L2 (R,)). A

S,w

simple change of variable t = h (s) with A’ (s) = ©?™ (t), transforms the problems

=™

Owr 1 + 7m0 D2"MW1 i = g1

Winl—1 = 0,

a;jwl,n\yzo = a‘fjwl’n|y:1 =0,k=0,....m—1;l=m,....2m—1,
and

dywa p + D™ fom

(,02m (t) y W2n = 92.n,
w?,n',gzi = 07

6§w27n|y:1 = 8§lw2m| =0,k=0,....m—1;1l=m....2m—1,

y=0
into the following problems

8Sw’lll(s’y) + (_Umaimw}l(s’y) = 5%(8’9)7
1

9 ¢ Wnleporz) =0
k1 gl _ _ L7
3ywny:0—€)ywny:1—0,k— eeeom—1;1l=m,...,2m — 1,
and

Oswy (s,y) + (=)0 wy (s, y) = &5 (s, v),
2

(10) nlomporzy = 0
k)2 _ al,,2 _ — R
Oywy, y_ Oywy, y:O_O’ k=0,....m—1,1l=m,...,2m— 1,
with
i 7,n tu i .
€ (5) = 2t and w (5.) = wi (), 7= 1,2

Note that this change of variables preserves the spaces L2 and HL2?™. It follows

that there exists a unique w) € HL?™ (respectively, w? € HL>™) solution of the

problem (9) (respectively, (10)). This implies that Problem (7) (respectively, (8))

admits a unique solution u, € HL?*™ (Q,) (respectively, v, € HL*™ (Q,)). We

obtain the functions u,, and v, by setting

Up (t,x) = wiy, (ty) = w}b (h_1 (t) ,y) and vy, (t,x) = wa n(t,y) = wi(h_l(t),y).
O

We shall need the following result in order to justify the calculus of the next
section.

Lemma 4. For each n € N* such that % < T, the space

1 Upl,_1 = 3kun| = ﬁlun| =0
n €D ([=,T); H>™(0,1) )+ "t=w Y y=0 7 Tyily=1 7 2
{“ ([n s H™ ( )) k=0, .om—1l=m,....2m—1
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(respectively,

— Ak — Al —
{Un cD ([1’T]5Hf;m (07 1)> . Un‘t:% - ayvn‘y:1 - 6yvn|y:0 =0, })7
e, m ; .

n

is dense in
g r _ ok _ Al _
{Un e /Hi),Qm ( l,T « ]0,1[> : Un|t:% = ayun|y:0 = 8yun|y:1 = Oa }7
n =0,... ; ..

(respectively,

i _ 0
n € HLZ™ ,T| x10,1[) : =w |y:1 yly=0 " "7 Ly
{U @ (_ | ) [> k=0,....m—1;l=m,...,.2m—1 )

It is a particular case of Theorem 2.1 [15].

Remark 3. We can replace in Lemma 4 R, = ]%,T[ x 10, 1[ by Q,, with the help
of the change of variables defined above.

S|

3.2. Case of a triangular domain. Now, we return to the non-rectangular domain
) and we suppose that the function ¢; (respectively, y2) satisfies conditions (1)
and (2) in the case of Problem (3) (respectively, (4)).

For each n € N* such that 1 < T, we denote f;, = filg, € L2(W), i = 1,2
and u, € HL2™ (Q,) (respectlvely, Up € 7-[; 2 (Q),,)) the solution of Problem (3)
(respectively, (4)) in Q,. Such solutions exist by Theorem 1.

Theorem 2. For T small enough, there exists a constant C' > 0 independent of n
such that

2
||Un||H}ﬁm(Q”) < 2(Q,) = C||f1||L2 Q)

2
HUnHH}dv?m(Q”) <C ||f2,n||L3J(Qn) <cC Hf2||L§)(Q) :
In order to prove Theorem 2, we need some preliminary results.

Lemma 5. For every € > 0 satisfying (o2 (t) — 1 (t)) < €, there exists a constant
C1 > 0 independent of n, such that

< 0y em=i) ||g2m j=0,1,...,2m—1

. 2
Hagc“nHLg(Qn) “nHLg(an

1030a[}2 0,y < CLEE™ D [O2 00 |[32 )05 = 0,1, 2m — 1.

||L3(Qn)

Proof. Replacing in Lemma 2 u by uy,, v by v, and ]a,b[ by J¢1 (t), 92 ()], for a
fixed t, we obtain for j =0,1,...,2m —1
2

52((:) (ajun> dr < Ci(pa(t) — 1 (t ))2(2m 9 f;f(%) (02muy,)” dx
< CyeCmed) (220 (92m,,)” da,
and
556 @)’ dr < Ciloa () =i (07C" ) [750) (02000 o
< 0y 2med) f;alz(it (62%“) dzx,

where C is the constant of Lemma 2. Multiplying the previous inequality by w(t)
(which is positive) and integrating with respect to ¢, we obtain the desired estimates.
O
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Proof of Theorem 2 : Let us denote the inner product in L2 (Q,) by (.,.),
and set L = 9; + (—1)™9?™, then we have

2 2 m 2 m 92m
1172 @,y = Lttn, Lun) = [100unlz2 ) +H|02 ™ tnl| 2 0, ) +2(0rtn, (= 1)™ 0 "),
and

2 2 n 2 7
1f2nllZ2 2,y = (Lvns Lon) = [10¢0nll 72 0,0 103" 0nl 12 ) +2(0e0n, (~ 1) 02 0n).
Estimation of 2(d,u,,, (—1)"0*™u,) : We have

(—1)"0un. 02wy, = Sy O (05 0un. 02" ) (1) R 4 19, (0 uy,)? .

Then

2Dy, (—1)™ ™ u,, / Za (0% 0, 02™F 1y, ) (—1)™ Hruw(t)dtda
n k 0

—|—/ By (0™ uy)? w(t)dtdx

/ Z (0 Oy 02"+ 1, ) (—1)Hupo(t)do
o

n k=0

+ / (O un)? vyeo(t)dor — / (O o () dtde
oQ Q

where 14, v, are the components of the unit outward normal vector at the boundary
of Q,,. We shall rewrite the boundary integral making use of the boundary conditions.
On the part of the boundary of ,, where t = =, we have u,, = 0 and consequently
OFu, =0,k =0,...,2m — 1. The Correspondlng boundary integral vanishes. On
the part of the boundary where ¢t = T', we have v, = 0 and v; = 1. Accordingly the
corresponding boundary integral

2(T) )
/ (0 un)? (T, ) w (T) da
»1(T)

is nonnegative. On the parts of the boundary where = ¢; (t), i = 1,2, we have
1
_ (DT e )

S ) vy =
Y1+ (@) (1) Y1+ (@) (1)

and
OFup (t, 01 (1) = 0up (L2 (1) =0, k=0,....,m—1; l=m,...,2m — 1.
Differentiating 0%u,, (t, 1 (t)), k =0,. — 1 with respect to t, we obtain
00 (11 (1)) = 4, (¢ >a’““ (t o1 ().

The boundary conditions on I'y ,, lead to

0 ifk=0,...,m—2
=) (£) 0wy, (L1 (t) ifk=m—1.

Consequently, the corresponding integral is

Loy = — / & (8) [0y (1, o1 (£)] w(t)dt.

0wy, (t, 01 (1))
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Then, we have

(11) 2(0, (—1)™ 02 uy) > — [I1] .
Estimation of 2(d,v,,, (—1)™9*™v,) : We have

(—1)" 00,020, = S0 0y (050,0,.027 7 0,) (1) 4+ 10, (97 ,)?
Then

m—1
2(04vn, (—1)MP™0,) = 2/ Z 0y (080,021, (= 1) Thw(t)dtd
Q

7 k=0

+ / Ay (0 v,)? w(t)dtdz
Qp
1

2/ Z (050pv,.02m 1o, ) (= 1) Hyw(t)do
9 k=

+ / (07 0,)% vw(t)do — / (07 v,)% W' (t)dtda

oy, Qp
where 14, v, are the components of the unit outward normal vector at the boundary
of ©2,,. We shall rewrite the boundary integral making use of the boundary conditions.
On the part of the boundary of £2,, where t = %, we have v, = 0 and consequently
O%v, = 0,k = 0,...,2m — 1. The corresponding boundary integral vanishes. On
the part of the boundary where ¢t = T', we have v, = 0 and v; = 1. Accordingly the
corresponding boundary integral

w2(T) 5
/ (@7 0n)? (T, 2) w0 (T) da
©1(T)

is nonnegative. On the parts of the boundary where = ¢; (t), i = 1,2, we have

(=)™} (1)

J— 7

Vp = (_1)1 Vg
V14 (@) (1) V14 (@) (1)
and

kv, (t, 02 (1) = vy, (t,01 (1) =0, k=0,....,m—1; l=m,...,2m — 1.

Differentiating 9%v,, (t, 02 (t)), k=0,...,m — 1 with respect to t, we obtain

0 0vn (t, 02 () = — 3 () 0y on (£, 02 (1))
The boundary conditions on I's ,, lead to

. o ifk=0,...,m—2
0u0gon (b2 (1)) = {—sog<t>agzvn<t7go2<t>> if k= 1.

Consequently, the corresponding integral is

T
Lo = / 2 (£) [0 0 (1, 02 (02 w(t)dt.

n

Then, we have

(12) 2(0vn, (—1)™02™0,) > — |2 -
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Estimation of I, ;,k = 1,2 : There exists a constant K3 > 0 independent of n
such that

(13) 11| < Kse |07 and |I2| < Kye Haimvnuig(g )

2
“nHLg(Qn)

Indeed, we convert the boundary integral I,, ; into a surface integral by setting

= r=p3(t)
O un (b1 O] = = 05 0w 2|
t m
= — ;"12(2)) am{sﬂz(( z [gn Un]2}d$

_ p2(t) p2(t)—x qm m—41 wa(t) 1 m 2
2 ‘Pl(t) 2(,0(15 8513 a:v Und$+ 1 (t) <,0(t [a un] dﬁ[}

Then, we have

Lni = —[1 @5 () [0y (o1 ()] w(t) dt
(t,2))?

+2 fo UL (1) (0 un) (05 un) w (t) dida.
Thanks to Lemma 5, we can write

2(t m m 2 (t m 2
o o) de < Ko lp @)™ [220) [02mun)” da.

Therefore
t) ram : m— t . 12
29 o oy de < Ky lt] o (0™ 0 (0200, w0 (1) der
consequently

ol < Ka fo leil [0 0™ (32’%”)2 (t) dtdz
+2f§z |<P1H8mun|‘8m+1un| w (t) dtdz,

p2(t)—
()

since

X

21O |07 | < € (07 ) + L () (O
for all € > 0, we obtain
Tal = Ko Jo, 16411 (02 un) " g )dtdx
+Jqo, € (3;”*1un) w (t) dtde + ¢ [ ( )% (0 un) w () dida.

Lemma 5 yields

1
@ O e 0 deds < Kot [ ()7 0 (@) w0 (0 e,
€ Q € Q.
Thus,
m— m m 2
Taal < Ko fy, [l651 1" + L@ [0"] (02mun)w (1) dtda
+Ja, 6(8;”+1un)2w(t) dtdz
< K2+1)efQ (aimun)Qw(t) dtdzx,

since |g0’1<,0m (cpm L+ ol )| < e. Finally, taking K3 = K2 + 1, we obtain

[l < KBeHaimunHLg(szn)'

The inequality
|I n,2 |

IN

Ke Ha:%m”nHLg(Qn) ;
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can be proved by a similar argument.
Now, we can complete the proof of Theorem 2. Summing up the estimates (11),
(12) and (13), and making use of Lemma 5, we then obtain

Vv

HatunHia(Qn) + Hagmu”HQLa(Qn) — Kse ||a§m“"||ig(9n)
2
> HatunHng(Qn) + (1 = K3ze) Hagmu"HLz(Qn) ,

2
Hfl,nHLa(Qn)

and
||f2,n||ii(gn) > ”atUn”ZLi(Qn) + Hagmvnuig(nn) *IQ(?’EHa-"%mU"HQLZ(Qn)
> [0wallzz 0, + (1= Ks) |03 0n]| 3

V

where K3 is a positive number. Then, it is sufficient to choose € such that (1 — K3ze) >
0, to get a constant K4 > 0 independent of n such that

||f1,n||ig)(gn) > Ky ||“n||§-[}ﬁM(Qn) and Hf?v”Hii(ﬂn) > Ky an”i}ﬁm(gn) .
But
||f1,nHL3(Qn) < HleLg(Q) and HfQ,nHLg(Qn) =< ”fQHLi(Q)’
then, there exists a constant C' > 0, independent of n satisfying

2 2 2
||un||7-t};2m(9n) <C ||f1,n||L5(Qn) <C Hf1||La(Q)
and
2 2 2
||Un||9-1}dv2m(gn) <C ||f2,n||Lg}(Qn) <C Hf2||L3(Q) .
This ends the proof of Theorem 2.

Passage to the limit

We are now in position to prove the first main result of this work.

Theorem 3. Let us assume that the function of parametrization @1, (respectively,
w2) fulfils assumptions (1) and (2) and the weight function w verifies conditions
(5) and (6). Then, for T small enough, Problem (3) (respectively, Problem (4))
admits a unique solution u (respectively, v) belonging to H12™ (Q) (respectively,

¥,
Hs" (Q):
Proof. Choose a sequence (§2,,), . of the domains defined above. Then, we have
0, — Q, as n — +o0. Consider the solutions u,, v, € HL?™ (Q,) of the boundary
value problems

Oyt + (=1)m02™mu,, = f1, € L2 (),

un|t:l - 07

8’;un‘rl = 8iun‘r2 =0,k=0,....m—=1;l=m,....2m—1,
and

atvn + (71)m8§mvn = f2,n € LE; (Qn) )

Un|t=i - 07

6’;vn‘r2 = 8ivn’111 =0, k=0,....m—1;l=m,...,2m — 1,

T, , are the parts of the boundary of Q,, where x = ¢, (t), ¢ = 1,2. Such solutions
Uy, Uy, exist by Theorem 1. Let u,, and v,, the 0—extensions of u,, and v,,, respectively,
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to Q. In virtue of Theorem 2, we know that there exists a constant K > 0
independent of n such that
2

—

atun 81”71

2
< Kfillzzq)
L2

2 2m
LZ,(2) N Z

J=1

— 2
T3z 0 + |

and
2m

2

This means that u,, vy, B/t\d;, 871;“ My, v, for j =1,...,2m are bounded
functions in L2 () . So, for a suitable increasing sequence of integers ng, k = 1,2, ...,
there exist functions

12
by, <K ||f2H%3(Q) :
L2(Q)

||5;||2Lg(9) + HBTUJn

u,v,wl,wQ,w; and wjz», j=1,...,2m,
in L2 () such that
. —_~— 1 ] 1
Upy, = Uy Oppn, = w", Oxn, = wj, j=1,...,2m,
and
— 2 J 2
Uny — 0, Opvp, = w”, Ozvp, = wj, j=1,...,2m,

weakly in L2 (), as k — +oo. Clearly
w! = du, wjl» = &Ju, and w? = o, w]2 =0v, j=1,...,2m,
in the sense of distributions in . So, u,v € H?™ () and
Opu+ (=1)™0*™u = f1 and O + (—1)™0>*™v = fo,

in 2. On the other hand, the solutions u, v satisfy the boundary conditions

8’;u|rl = Biu’m =0, k=0,....m—1;l=m,...,2m—1
and
3§U|F2 = 6§CU|F1 =0, k=0,....m—1;l=m,...,2m—1,
since
Vn € N*, ulg = u, and v|g = vy,
This proves the existence of solution to Problems (3) and (4). O

4. GLOBAL IN TIME RESULT

In the case where T is not in the neighborhood of zero, we set 2 = D; UDyUI'p,,

where
Dy ={(t,z) e Q:0<t<Ti}, Do={(t,x) eQ:T1 <t <T},
and
Ip, = {(T1,2) eR*: ¢y (Th) <z < 2 (T1)},

with 77 small enough. In the sequel, k1, ko stand for arbitrary fixed elements of
LE) (Q) and kl,i = k1|D,; ,kg,i = k2|Di s Z = ].,2

Theorem 3 applied to the triangular domain D7, shows that there exist unique
solutions w1, wy € HL*™ (Dy) of the problems
{ Oywy + (—1)m8§mw1 = 1{31’1 € Li (Dl),

(14) Obwn|y, = |, =0, k=0, m—1L1=m, . 2m—1
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and
B — )92 wy = kyy € L2 (D
(15) { hwy + (1) wa = ka1 € L, (D1),

w
851112‘112’1 = 85311)2‘“‘1 =0,k=0,....m—1;1l=m,...,.2m—1,

I'; 1 are the parts of the boundary of D; where x = ¢; (t), i =1, 2.
Lemma 6. Ifu € 1™ (10, T[ x ]0,1[), then

m 1, 1- L
“|t=0 € Hj (70)7 U|x:0 €H, *? (7l)a and u\le €H, * (72)a
where o = {0} X ]Oa 1[7 "= ]OvT[ X {O} and y2 = ]OaT[ X {1} :
It is a particular case of Theorem 2.1 (|15, Vol.2). The transformation

(t,z) — (tl’ (E/) =Lpt)z+e1 (),
leads to the following lemma :

Lemma 7. If u € HL?™ (Ds), then

m 1—5L 1-5L
u|1"T1 € Hw (FT1)7 u| ) € Hy, * (F172)7 and U| ) €H, * (F272)7

=1 (t x=pa(t

where T'; o are the parts of the boundary of Dy where x = ¢; (t), i =1,2.

Hereafter, we denote the trace wl|FT1 by 1, and w2|FT1 by 1o, which are in

the Sobolev space H™ (I'r,) because wi,ws € HL?™ (D1) (see Lemma 7). Now,
consider the following problems in Dy

atwg + (*1)maﬁ%m’w3 = k172 S LE) (DQ) s
wslp, = Y1,

(16) dgws|p =0, k=0,...,m—1,
aiw3’1“22 =0,l=m,...,2m —1,

and
Oywy + (—1)m8§mw4 = k2’2 S LE; (DQ) s
w4‘1“T :¢27

(17) Ofwaly, =0, k=0, m—1,
%m“&z@l:mwuﬂm—L

I, o are the parts of the boundary of Dy where x = ¢; (t), ¢ = 1,2. We use
the following result, which is a consequence of Theorem 4.3 ([15], Vol.2), to solve
Problems (16) and (17).

Proposition 2. Let Q be the rectangle 10, T[ x 10,1[, l1,l2 € L2 (Q) and ¢1,¢2 €
H” (v0) . Then, the problems

O+ (=1)mo*mu =1, € L? (Q),

U\%:Qsh

Mu| =0, k=0,....m—1
Ty

Gi,u{w =0,l=m,...,2m—1,

and
O + (=1)m?my =1y € L2 (Q),
vl = o2,
%MWZkaqnqm—l
ai.vL“ =0,l=m,...,2m—1,




90 S. CHERFAOUI, A. KESSAB, A. KHELOUFI

where vo = {0} x ]0,1[, v1 = ]0,T[ x {0} and v =]0,T[ x {1}, admit (unique)
solutions u,v € HL?™ (Q) .

Remark 4. In the application of Theorem 4.3 ([15], Vol.2) we can observe that
there are no compatibility conditions to satisfy because Oy¢p1 and Oy are only in

LZ(’YO)~

Thanks to the transformation (¢,z) — (t,y) = (£, (t) x + ¢1 (t)), we deduce
the following result:

Proposition 3. Problems (16) and (17) admit (unique) solutions ws, wy € HL?™ (D3) .

So, the function u (respectively, v) defined by

U= w1 in Dl,
’ ws in DQ,

(respectively

wa in .D17
V= .
wy in Ds),

is the (unique) solution of Problem (3) (respectively, (4)) for an arbitrary T.
Our second main result is proved, that is,

Theorem 4. Let us assume that the function of parametrization 1, (respectively,
w2 fulfils assumptions (1) and (2) and the weight function w verifies conditions (5)
and (6). Then, Problem (3) (respectively, Problem (4)) admits a unique solution u
(respectively, v) belonging to HL2™ (Q) (respectively, ’H;:im ().
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