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FUNK-MINKOWSKI TRANSFORM AND SPHERICAL
CONVOLUTION OF HILBERT TYPE IN RECONSTRUCTING
FUNCTIONS ON THE SPHERE

S.G. KAZANTSEV

ABSTRACT. The Funk—Minkowski transform F associates a function f
on the sphere S? with its mean values (integrals) along all great circles
of the sphere. The presented analytical inversion formula reconstruct the
unknown function f completely if two Funk—Minkowski transforms, F f
and FVf, are known. Another result of this article is related to the
problem of Helmholtz—Hodge decomposition for tangent vector field on
the sphere S?. We proposed solution for this problem which is used the
Funk—Minkowski transform F and Hilbert type spherical convolution S.

Keywords: Funk—Minkowski transform, Funk—Radon transform, spheri-
cal convolution of Hilbert type, Fourier multiplier operator, inverse opera-
tor, surface gradient, scalar and vector spherical harmonics, tangential
spherical vector field, Helmholtz—Hodge decomposition.

1. INTRODUCTION

The paper is devoted to the analytical inverse of the Minkowski—Funk transform
(F-M transform). This transform was introduced by P. Funk [9, 10, 11], based
on the work [25] of H. Minkowski. In literature Funk-Minkowski transform is
known also as the Funk transform, Funk—Radon transform or spherical Radon
transform. F-M transform associates a function on the unit sphere S? in R? with
its mean values (integrals) along all great circles of the sphere. Funk—Minkowski
transform is a geodesic transform because the great circles on the sphere are
geodesics. In recent time many authors investigate the generalized Funk—Minkowski
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transforms (or nongeodesic Funk-Minkowski transforms) on the sphere S?, which
include nongeodesic paths of integration, such as circles with fixed diameter [28, 37,
46], circles perpendicular to the equator [15, 19, 28, 55] and circles, which obtained
by intersections of the sphere with planes passing through a fixed common point
a € R3, for example, through the northpole k € S? |2, 6, 18, 30, 33, 43].

Funk—Minkowski transform plays an important role in the study of other integral
transforms on the sphere and has various applications, for example, it is used in
the convex geometry, harmonic analysis, image processing and in photoacoustic
tomography, see (7, 20, 22, 23, 25, 32, 50, 54, 55].

Let B2 and S? be the unit ball and the unit sphere in R3, respectively, i.e.
B3 ={xeR?:|x| <1} and S? = 9B = {¢ € R3: |¢| = 1}, where | - | denotes the
Euclidean norm. Throughout the paper we adopt the convention to denote in bold
type the vectors in R3, and in simple type the scalars in R. By the greek letters 6,
1, & and so on we denote the units vectors S?. We will use for unit vector &€ on the
sphere S? usual angular coordinates (6, ¢)

E=¢&(0,p) =1isinfcosp+ jsinfsinp + kcos = (sin b cos ¢, sin f sin @, cos 6),

where 0 < 6 < 7 (the colatitude), 0 < ¢ < 27 (the longitude) and ¢ = cos @ — polar
distance.

The plane £+ = {x € R3 : x. & = 0} is spanned by the two orthonormal vectors
e1, ey with representations in polar coordinates

0
ei(6) = 5

The vectors e1(€), e2(€) and &€ form the so called local moving triad £ .e; = 0,
£€.e; =0, e; .e; = 0, where . denotes the inner product of two vectors in R3.
Let denote by feven and foqq the even and odd parts of function f on S2,

respectively, that is, we have
f(g) = feven(é) + fodd(£)7 feven(ﬁ) = W7 fodd(é) = M

The space of continuous functions on the sphere S? is denoted by C(S?) and is
endowed with the supremum norms

1fllo(sz) = supges: | £(€)].

C(S?), Cepen(S?) and C,bq4(S?) denote the space of continuous functions on S?, the
space of even continuous functions on S? and the space of odd continuous functions
on 2, respectively. The subset of Ceyen(S?) (Cogqa(S?)) that contains the infinitely
differentiable functions will be denoted by C22,,,(S?) (C25,(S?)).

even

L oe _
sinf@ dp

= (cos B cos @, cosfsin p, —sind), ez (&) = (—sin g, cos ¢, 0).

Definition 1. Let f be a continuous function on the sphere S?, f € C(S?). Then,
for a unit vector & € S? the Funk—Minkowski transform of a function f is a function
Ff on S?, given by

(1) {FfHE&) =Fef = % /027T f(el(ﬁ)cosw +ez(€) sinw) dw.

It is clear that the Funk-Minkowski transform is even, {Ff}(=€§) = {Ff}(£),
and F annihilates all odd functions.

The inversion of the Funk-Minkowski transform has been treated by many
authors and there are exist several inversion formulas in the literature, see [9, 17,
38, 39, 47]. In [9, 11] P. Funk proved that an even function can be recovered from
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the knowledge of integrals over great circles and presented two different inversion
methods: the first method is based on the spherical harmonic decomposition of the
functions f, Ff and the second one utilizes Abel’s integral equation, [28§].

The inversion formula after P. Funk was obtained by V. Semyanisty in [47,
formulas (9) and (11)],

1

in - W{Ff}(n)dm

(2) feven(e) = -

where the dn is the surface measure on S? with normalization fs2 dn = 47 and
integral is understood in the regularized sense.

In [17, p. 99] S. Helgason gives for (1) the inversion formula of filtered back-
projection type

B fon® = g [ [ R0 - VIR )an

)
u=1

where § denotes the the Dirac delta function.
Another example of inversion formula is due to B. Rubin [38, 39|

@ fan® = [ (FPdn+ 32 [ im0l (F 1) n)dn.

here Ag it the Laplace-Beltrami operator (31).
In our studies, an important role is played by spherical convolution operator S,
which is the spherical analogue of Hilbert transform, see [21, 41, 44, 45].

Definition 2. Let f € C(S?). The spherical convolution operator S is defined by,

_ 1 v(n) 2
(5) {Sv}(0) = Sgv = 2 0. dn, 0 € S=.
This transform is odd, {Sf}(—0) = —{Sf}(0), and S annihilates all even
functions.

The results of this paper are formulated below in Theorems 1 and 2.

Theorem 1. For any function f(0) € H(S?) the following identity take place

(6) 47r/{ff} dn+pu—/ o) i{z’v]f}(n) dn
= foo
= foo+ Se(n+96). []-",Vhf.

Here operators F and V are the Funk—Minkowski transform (1) and the surface
gradient (21), respectively. Through the square brackets [.,.] we, as usual, denoted

the commutator {.7-', V} f=FVf—-VFf, where the F-M transform F is applied

to vector function V f by componentwise.
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If we decompose identity (6) on even and odd parts then we can write,
feven(8) = /{ff} )dn — pv*/ 9 Wff} )dn
@ =4 [AF N man—0.5,9F7 .
(8) foda(8) = p.v. 417T / ’W dn = Sen .« FyV .

The inversion formulas for feyen and foqq follow from these equations and if two
F-M transformations g(n) = {Ff}(n) and h(n) = {FVf}(n) are known, then the
unknown function f can be reconstruct completely,

_ 1 1 [ 6.Vg(n) 1 [ n.h(n)
O 10 =5 Lot v [ S Ran ey [ Gk

The next problem that we will consider is the problem of Helmholtz—Hodge
decomposition for a tangential vector field on the sphere S2, see [12]. The Helmholtz—
Hodge decomposition says that we can write any vector field tangent to the surface
of the sphere as the sum of a curl-free component and a divergence-free component

(10) £(8) = Vou(8) + 0 x Vou(8),

where Vg is the surface gradient on the sphere, and rotated gradient 8 x Vg means
the cross-product of the surface gradient of v with the unit normal vector € to the
sphere. Here Vgu is called also as inrrotational, poloidal, electric or potential field
and Vjv is called as incompressible, toroidal, magnetic or stream vector field. Scalar
functions v and v are called velocity potential and stream functions, respectively.
In the next theorem we show that decomposition (10) is obtained by use of
Funk—Minkowski- transform F and spherical convolution transform S.

Theorem 2. Any vector field f € L27tan(82) that is tangent to the sphere can be
uniquely decomposed into a sum (10) of a surface curl-free component and a surface
divergence-free component with scalar valued functions u,v € H'(S?)/R. Functions
u and v are velocity potential and stream functions that are calculated unique up to
a constant by the formulas

u(6) = [sm.,f}ef = {sn : ff}(e) - {]—'n.Sf}(O)

(11) = S@’I’[.]‘—nf—.7:9’1’].3.,,f7
v(0) =6. [S,nx,]-"}ef =9. {Sn X ]-"f}(a) —0. {]-"n X Sf}(e)
(12) = 0.8om x Fyf — 0. Fon x Syf,

where through [A, B,C] we denote the generalized commutator,
[A,B,C] = ABC — CBA.

As a consequence of this theorem, we can obtain formulas for solving two important
problems on the sphere S?: Vu = f and Vv = g. Answers to solve these problems
are

u(0) = (Sen « Fyy — Fon « Sp)f for Vu =f € Ly 14n(S?)
and
v(0) = 0. (Sem x Fyy — Fon x Sp)g for Vv =g € Lo 14, (S?).
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2. BASIC METHODS AND TOOLS

2.1. Spherical harmonics (SHs). In this section we state some properties of
complex spherical harmonics. A spherical harmonic Yy, of degree N on S? is the
restriction to S? of a homogeneous harmonic polynomial of degree N in R3.
The Legendre polynomials of the first kind Py of degree N € Ny or simply
Legendre polynomials are given by the Rodrigues formula
1 ay
Pult) = Nigw @

We recall that Legendre polynomials of the first kind Py (t) are the orthogonal

polynomials on (—1,1) with weight function w(t) = 1. We define with C}(\if’)/2) the
Gegenbauer polynomial of degree N with parameter A = 3/2,

(t2 — 1)V,

d
OR'2(t) = ZPra(0).
The following formulas will be used in our calculations ([1])

(13) Poy(0) = (—1p LI £ (PRI =D

Vj! (25)
(14) (N +1)Pyn+41(0) = =N Pn_1(0),

—1)7(25 + 1) ,
(15 C$/P(0) = ()(;j‘;”) or C%/P(0) = NPy_1(0), N =2j+1.

The following usefull asymptotics holds as j goes to infinity

1 1 1 1
and — = — ~ . if 7 — oo.
VI CB ) T @ P (0) T V2L J
The associated Legendre functions of the first kind P§ for non negative ¢ > 0
are defined as

(16)  P»;(0) ~

I
0 _ 22 d
P(t) = (1= ) 2 Px(@),
where N,/ € Ny with ¢ < NV and for the negative order —/, PJQZ are given by
_ N —0)!
Pttty = (-1 =D ey o>,

When the order £ = 0, the associated Legendre function becomes a polynomial in ¢
and instead being written PY(¢) it is designated Py (t), the Legendre polynomial.
The complex SHs Y, are related to the associated Legendre functions as follows

Yae(€) = (—1) Nye'*? Py (cosb), || < N,
where Npyy is a normalization constant

2N+ 1(N -0
NN‘Z_\/ ir (N +0)!

and the extra factor (—1) is called the Condon-Shortley phase.
The Yy are complex-valued polynomials of the sines and cosines of § and ¢ and
for complex conjugate functions the following formula fulfil

Yive(€) = (1) Yn —e(€).
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The parity rule for spherical harmonic is
Yne(=€) = (=1)"Yne(8).

It is known that the subspace of all spherical harmonics of degree N, span{YNg}?’ , s
the eigenspace of the Laplace—Beltrami operator (31) corresponding to the eigenvalue
-\ =—-N(N+1),

AeYni(€) = =N(N + 1)Yne ().

The dimension of this subspace being 2N +1, so one may choose for it an orthonormal
basis in different ways.
o0
The collection of all spherical harmonics {YNz, Y| < N } forms an orthonormal
N=0

basis for Lo (S?;C)
(17) (YNlel ; YN252)L2(S2) = / YNIZI (£)YN2Z2 (5) d£ = 5%; 55;7
S2

where 6’ is the Kronecker symbol and the space Ly(S®) = L(S* C) is a Hilbert
space of square-integrable functions on S? with the hermitian inner product and
the finite norm,

(u, U)Lz(SQ) - /Sz u(§)v(§) d¢, ||UH%2(S2) = (u, “)Lz(S"‘)'

The Fourier coefficients for u € Lo(S?) are une = (u,Yn¢)r,.- Then, every
function u € Ly(S?) admits a spherical harmonics series expansion in Ly-sense

(18) u(€) =Y > uneYne(8),

N=0 ¢

(19) [l 00y = 303 funel.

N=0 ¢

We close this section with Funk—Hecke formula. It was first published by Funk
(1916) and a little later by Hecke (1918).

Theorem 3. [The Funk-Hecke Theorem| Suppose f(t) € L1(—1,1) is an integrable
function. Then for every spherical harmonics of degree N we have

(20) [ 1t€mynde)de =2mvitn) [ roopioar

where € .m denotes the inner product of unit vectors & and , Py denotes the Nth
order Legendre polynomial.

The Funk—Hecke formula is useful in simplifying calculations of certain integrals
over S? and plays an important role in the theory of spherical harmonics. For more
details on the Funk-Hecke formula see [3, 45], for example. A general overview
on spherical harmonics and the relevant problems can be found in the monographs
[1, 5, 12, 13, 27, 52].
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2.2. Surface differential operators on the sphere S2. Here we briefly recall
the definitions and some properties of surface differential operators.

The space Lo(S?) = Ly(S? C) is a Hilbert space of square-integrable vector
functions on S? with the inner product and the finite norm,

(W, V)L,2) = /52 u() . v(€) d¢, [Jullf, s = (W u)r, ).

Definition 3. The tangential gradient or the surface gradient, denoted by V = V¢
and the tangential rotated gradient (the surface curl-gradient), denoted by V+ =
Vé, are defined accordingly as

ou 1 Ou
(21) Veu = %91(5) + 781119%92(5)7
1 _ 1 O Ou
(22) vgu_ngﬁu_ Sln93¢e1(£)+ 89e2(£)7

where € = isin 6 cos ¢ + jsin Osin ¢ + kcos 6.

Obviously, we have . Veu(§) =0, §. Vé-u(ﬁ) =0 and Vu.V+tu =0, thus Vu
and V1 are will be tangential vector fields on the sphere S? with V* is rotation
by 7/2 in the tangent plane.

We must note here that integration by parts formulas on the sphere for operators
(21) and (22) are differ. Namely, for u,v € C1(S?), we have

@) [ w@Ver©de =~ [ v@Veuepg+2 [ euterote)ae,
@) [ ueviee e - - [ weviueae

SZ
Definition 4. In canonical coordinates, the surface divergence dive of vector-valued
function v(€) = vie (&) +v2eqy (&) + v3€ on the sphere S? is written as,

1
(25) legV = @ <889(U1 Sin 9) -+ £0U2> + 21}3 .
For tangent wvector field v we define the scalar surface rotation (or scalar curl
operator) curlg by

1 0 0
(26) curlev = —divg (€ x v) = pr ((v2 sinf) — 5’gpv1> .
If u € C(S?) and tangential vector field v € C!(S?), then we have integral
formulas, which are also understood as inner products

1) [ v ve@ae - - [ ugiivevie)ae
(28) or (v,Vu)p,s2) = —(divv,u)r,s2),
(29) [ v véu@ae - - [ u@euevie) ag
(30) or (v,Viu)p,s2) = —(curl v, u)p,s2).

Definition 5. Finally, we define the Beltrami operator, which is also called the
Laplace—Beltrami operator A = Ag as

(31) Agu(§) = divgVeu(§) ,
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i.e. the divergence of a gradient is the Laplacian.
One easily checks that
(32) Agu(€) = curle Vgu(€)
and also
curle Veu(€) =0, dngVéu(f) =0,

thus we say that Veu is the curl-free, but Véu is the divergence-free vector fields.

The next formula is Green—Beltrami identity or Green’s first surface identity, see
[3, Proposition 3.3|, [24, Theorem 4.12]: for any u € C1(S?) and any v € C?(S?) we
have,

(33) [ Veu© vergag = - [ u@ac@ae
(34) or (Vu, Vo), = —(u, Av)p,s2) -

For example, if we take u = Y, ¢, and v = Yy,¢,, then

(35) (VYlel ’ VYszz)Lz(Sz)

= /S2 V§YN1£1 (5) . V§YN2£2 (g) d§ = - /82 YNl‘el (£)A€YN242 (é)dﬁ

= NQ(N2 + 1) /82 YN1£1 (S)Yszz (E) d£ = NQ(NQ + 1)61133555 :

For more definitions and properties of these differential operators see e.g. [3, 12,
13, 29, 52|.

2.3. Two systems of vector spherical harmonics (VSHs). There are vectorial
analogues of scalar spherical harmonics called vector spherical harmonics. VSHs can
be defined in several ways. In this section we give definitions and properties of the
vector spherical harmonics, which are needed in our work. We refer to [8, 12, 26,
29, 52] for more details in this theme.

2.3.1. Pure—spin vector spherical harmonics. Let us now define a complete orthogonal
set of vectors in La(S?).
Definition 6. The vector spherical harmonics (or pure—spin VSHs) are arranged in

three families: yg\}z(ﬁ), yg\?}(ﬁ) and yg\?;%(ﬁ). For &€ € S? and given a scalar spherical
harmonic Yn¢(€) the unnormalized vector spherical harmonics are the set

(36) Y (€) = €Vau(€), N €OUN,
(37) Y (€) = VeYne(€), NeN,
(38) Y€)= € x yQ)(€) = VEVni(€), NeN.

The pure-spin VSHs form a complete set of orthogonal vector functions on the
surface of a sphere S? with the inner product of the Lo (S?) space, see |13, Theorem
5.2.7].

Clearly, ||y§\2”L2(52) = 1. To calculate the norms of vector functions yg\?z and
yﬁ%, we can use (35). Therefore, the normalizing vector harmonics or orthonormal
system of VSHs are

1 ~(2 2 ~(3 3
vy, v =y /VNIN 1), 35 =y /NN +1).
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Each vector function f € Ly(S?) has the Fourier expansion

f(¢) = fl,ooyoo )+ Z Z fl,Neyféi(é) + f2,Ne§§\2(§) + f3, Nﬁy( )(5)7
N=1 ¢

1112, s2) = |00 + Z S 1 funel® + el + [ fanel

N=1 ¢

The hermitian inner products are then given by

(£, h)1,(s2) = fr,00h1,00 + Z Z fi.neha ne + foneho,ne + f3 N0 Ne-
N=1 ¢

2.3.2. Pure-orbit vector spherical harmonics. An alternative orthogonal basis in the
space Lo (S?) is the system of pure orbit VSHs {h(()%), hg@, hg\z,)e, yg\:?()g, [l < N}y,
where vector functions h'¢ % and h  defined by

(39) hig = ~v60
(40) h{) = —(N+1)y\) +y$, NeN,
(41) h), = Ny§) +y0), NeN

The pure—orbit vector spherical harmonics also has a nice properties, in particular,
they are eigenfunctions for the vectorial Funk—Minkowski operator F in the space
Ls cven (S?) and for vectorial Hilbert operator S in the space Lo odd (S?), see Lemmas
1 and 2 in the section Proofs.

2.3.3. Tangent vector fields and Helmholtz—Hodge decomposition. Consider the tangent
vector field f € L27tan(82), it can be written uniquely as

Z Zf2 NeT o (0) + Z Zf?, NeT (O
¢

N=1 ¢ N=1

£(6)

the curl-free component the divergence-free component

Z f2,neVYNe(0) + f3,n00 X VYN(0).

Z\/N——i-l

Then formally we have

Z\/T_HZJEN@YNZ +VLZ\/N7_HZf3NeYNz 09),

where according to (10) the velocity potential and stream functions are

\/7 > faneYne(6),

oo

v(0) = 2 7N(T Z fa,neYne(0).
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Another evident approach consists in solving the Laplace—Beltrami equations on
the sphere
Agu(e) = dng f(0),
Agv(0) = curlg £(0).

They can be solved in integral form, for example, involving Green’s function with
respect to the Laplace—Beltrami Ag, see [13, Theorem 4.6.9].

2.4. Hilbertian Sobolev spaces on the sphere.

2.4.1. Sobolev scalar functions on S?. The Sobolev space H*(S?) with a smoothness
index s > 0 is defined by ([3, 24, 29, 32, 41])

o0

H*(S?) :={u € Ly(S%C): Y _(1+N(N +1)) Z lune|? < 00}
N=0

In other words u € H*(S?) if and only if (I — A)*/?2u € Ly(S?). The space H*(S?)
is a Hilbert space with the hermitian inner product

oo

(u, U)Hs(gz) = (1 + N N+1 ZUNZ'UNZ
N=0
and the induced norm
ullFregey = DL+ NN +1)* Y Junel® = ||(T = 2)*?ul|7, s -
N=0 0

Putting s = 0 we obtain H°(S?) = Ly(S?). If s = 1 then in addition to (18), (19)
we have

oo oo

Veu(€) = DY uneVe¥ne(€). = > VNI +1) Y (4, Yive) o)V es

N=0 ¢ N=1 J4

IVl ey = > NN+ 1) Junel”

N=0 ¢
Thus we can define the Sobolev space H'(S?) as (see [29, p. 14])

H'(S?) = {u € Ly(S?) : Vu € Ly(S?)}
with its inner product and the finite Sobolev norm
(va)Hl(S’L’) = (U’U)LQ(S% + (VU,VU)LQ(S% ||U|ﬁ11(s2) = HUHQLQ(sz) + ||VU||%2(§2) )

where V is the surface gradient on the sphere. Generally, if s = m which is a positive
integer, we can define the Sobolev norm via the following formula (V-definition of
Sobolev spaces)

||U\|?qs(s2) = (u,0)L,(s2) + Z (VFu, vkv)Lg(Sz)-
If we s consider a closed linear subspace Hl(SQ)/R) C H(S?),

HY(S*)/R = {u € H'(S?): /Su )dé =0},
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then due to a Poincaré inequality for all u € H'(S?)/R we can define an equivalent
norm for H'(S?)/R

||U|\?11(s2)/ua = ||VU||L2(S2) )
such that H1(S?)/R becomes a Hilbert space with the inner product
(u,v) 1 (s2) /R = (Vu, Vo), (s2) -
For more details on these spaces, we refer the reader to [3], [24, Theorems 4.12 and

6.12], [29, p. 41] .

2.4.2. Sobolev tangent vector fields on S?. For tangential vector fields we have the
vectorial Sobolev space H, , (S?), which is the set of all f € Ly ¢4, (S?) such that

||f||%1~;m(s2) = Z (I1+N(N+1))° Z | fovel® + | fanel?
N=1 ¢

For the scale of Sobolev spaces H, . (S?) there is a Helmholtz-Hodge decomposition
(|4, Theorem 4.1])

H;,,(8%) = V (H*"(8%)/R) @ ker(div) = Hjy, i (S%) + Hipp 40 (S%), 5 > 0.

tan,div
Here we denote by H? (S?) and H

tan,div tan,curl
subspaces of H3,_, (S?), respectively.

Another words vector field tangent to the sphere f € Hg,,, (S?) can be uniquely

tan
decomposed into surface curl-free and surface divergence—free components:

(S?) the divergence-free and curl-free

f:Vu+viv,/ud5= vd€ =0,
S2 S2

where functions u,v € H*T1(S?)/R. We can define its H® norm, among other
equivalent versions, as
||f||f{s(s2) = ||uH2HS+1(SQ) + |\U||§{s+1(s2) :

2.5. Fourier multiplier and spherical convolution operators.

2.5.1. Fourier multiplier operators. Here we define Fourier multiplication operators.

Definition 7. The operator A : Lo(S?) — Lo(S?) is called the Fourier multiplier
operator with corresponding sequence of multipliers {\n}35_, if operator A acts on
a function u € La(S?) by the formula

{Au}(€) = Agu =D An > uneVne(),
N=0 4

where uny denote the Fourier coefficients of u with respect to the spherical harmonics,

u(§) = Z ZUNZYNZ(g)-

N=0 ¢

The sequence of multipliers {\n } 3%_, gives complete information about properties
of operator A, especially the behavior and asymptotics of multipliers at infinity. It
is not hard to see that a multiplier operator on Lo (S?) is bounded if and only if its
sequence of multipliers is bounded. The works of many authors are devoted to the
study of such operators, see [5, 39, 44].
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2.5.2. Spherical convolution operators. An important example of the multiplier
operator will be a spherical convolution operator.

Definition 8. The spherical convolution K xu of K € Lo(—1,1) with a function
u € Lo(S?) is defined as

(Kxu)(@) = [ K(E-mun)dn, & 2,
dn is the rotation invariant measure, normalized so that fSQ dn = 4w — the surface
area of S?. We recall that 1. € is the usual pointwise inner product.

By the Funk—Hecke formula in Theorem 3 we have the sequence of multipliers
{ANIR=0

{K * YNE}(S) = 27TYN4(£) /_1 K({L‘)PN(I‘) dLL' = )\NYNZ(g)'

2.5.3. Funk’s inversion formula for the F-M transform. In [9] Funk showed that
Funk-Minkowski- transform (1) is the Fourier multiplier operator with multiplicators
Azj = P;(0),

{FYNe}HE) = P2;(0)Y2;,0(8),
and asymptotics \g; = P;(0) ~ (2§ + 1)7Y/2 if j — oo ([1]). Hence any even
function feyen, € C°°(S?) can be reconstructed explicitly from its Funk—Minkowski
transform by the formula

= ]:e'uenay 2(52)
Feren®) = 305 FosVaro(e) = 3 S0 2”” ) Yaia(8)

j=0 ¢ j=0 ¢

where

(]:fevena Y2j,Z)L2(S2) = P2j (0)f2j7€ :

The following mapping property of the Funk—Minkowski transform between Sobolev

spaces was shown by R.S. Strichartz in [51, Lemma 4.3] : operator
F:HS,, (S?) — HF2(S?), s>0

even even

is continuous and bijective, see also [16, 32].

2.5.4. The spherical convolution operator S. Now consider the spherical convolution
operator S, which defined by formula (5), we repeat it

{Sv}(€) = Sev = %{x xub(€ 471_/ €.

The operator S does not exist as an absolutely convergent integral and should
be understood in the principal value sense, see [41, 45],

£es?

1 v(n)
Sv = lim — dn =pv.—
{ }(E) e=0 47 |&m|>e £.m n=r AT Js2 £.m

The operator S is considered as operator from Ly(S?) into Ly(S?) and can be
regarded as the spherical analogue of the Hilbert transform, [41]. Evidently, that
for even spherical harmonics {SY3; ¢}(§) = 0, so we can consider this operator only
on the subspace of odd SHs, La ,qa(S?).
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Proposition 1 (|21, 41]). The spherical analogue of the Hilbert transform (5)
S i Lo.0ad(S?*) = Laoda(S?)

is a compact operator and a multiplier operator on La ,q44a(S?) with corresponding
oo

— 1 — 9,

= wpey V=% +1}

sequence of Fourier-Laplace multipliers { ,

1
e (0) Jj=0

(42)  {SYne}E) Yne() = wpgmy Yve(€)s N =2j+1

_ 1
eIl

and asymptotics

(43) LI ! L o
CS’/Q)(O) (2] + I)ng(O) \/2j +1 '

The operator S, as well as the operator F,
S Hyga(S?) = Hgy*(8%), s 20
is continuous and bijective in the scale of Sobolev spaces H?,;,(S?), see [41, Proposition

3.2].

2.5.5. Analytic family of fractional integrals and Funk—Minkowski transform. We
can write the F-M operator (1) in the form of spherical convolution operator as
follows

{Fu}(&) = % /027ru(e1(£) COS W —|—e2(£)sinw) dw
= % _11 4(t) /:Tru(el(ﬁ) coswy/1 — 2 + eg(ﬁ)MSinw) dwdt
1

1
=5 | 0(§+0)u(0)d0 = —{dxu}(&),

where ¢ is the Dirac delta function.
The papers [23, 32] give a definition of the generalized Funk-Radon transform
SU) for u € C°(S?) by

(SWu}(€) = %/SQ sY(¢.0)u(0)dd, jcOUN.

Here use the notation from [23, 32] and §) denotes the j-th derivative of the Dirac
delta function and operator S is the Funk—Minkowski transform F.

The spherical Hilbert type operator S in (5) as well as operators SU) are the
members of analytic family of fractional integrals {C*,C*} defined by

_2
(44) {130 = M [ 1@.o .
N 12
(45) GHOE M [ 56 oPsen(0.0) do

see [35, 41]. The operators C* and C* are called the A\-cosine transforms of f with
even and odd kernel, respectively. If f € C>(S?), they extend analytically to all

A € C with the only poles A = 0,2,4, ... for C* and A =1,3,5, ... for Cr .
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The limit case A = —1 corresponds to the Funk—Minkowski transform F and
Hilbert spherical transform S (see [41, Lemma 3.4])

FoAe1)(0) = 5= [ ss(e.man

S~ CNO =5 [ 5 i,

The integral operator in the inverse formula (2) by V. Semyanisty also belongs to
this family with A = —2,

s 31C)) 47T3/2 / f(n

The corresponding operator C~2 for C~2 is the generalized Funk—Radon transform
SW ~ {c? / )8'(6 . m) dn.
{C7f30) = 4 \F f(n n)

If for an analytic continuation we use formulas, see for example [14],

ﬂ — L (2m) o
46 Y by = @ M0 L2
2 sen(z) _ D™ m = D! oy B
(47) m’}\:—gm - (2m — 1)| 1) (l’), m = 172 3

then as the result, the following connection between S §Cm+1) and analytic
family {C*,C*} take place

(48)

S@m) L [e=2m=111(9) = 27(227” / flo )(0.0)do, m=0,1,2,.
(49)

S e py(0) = gmm T / f(e)8®m (0. ) dor, m=1,2,3, ...

According to the general theory of analytic family {C’\,CNA} on the sphere S%, we
can find inverse operators of C*, C* by the formulas (see [41, Proposition 3.1])

CANC A3 f=C23C N f = f, where \,-A—3#0,2,4,... f € %),

e’uen(
and

CA\C A3 f=C A 3C f = f, where A\, =\ —3#1,3,5,..., f € C%5,(S?).
—1

In the particular case A = —1 we have 7' ~ (C7™') " = €72 and it is
appropriate to formula (2) by V. Semyanisty, see also [40, Corollary 3.3]. If we
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apply (formally) the integration by parts formula (23) to (7), then we get

47T {ngi( ) 4 dn = — i;/szvei;{ff}(")dn %/ n{J;f};g( )4 dn

— 1 [ B man+ o [ Fn
- ﬁ/g W{ffmdw %/Sz{ff}(n)dn

= I Je @z S+ /S AF Y )dn

Thus, this formal calculations show that formula (7) corresponds to formula (2)
and serves as its regularization

: - 0 (V1)
‘5/( )z S S Hm)dn = /{]-'f} )dn — pvf/ —dn.

3. PROOFS

In this section we present the proofs of Theorems 1, 2, which will be based on
Lemmas 1 and 2. In vector case, as in the scalar case, the vectorial Funk—Minkowski
transform F : Lo cyen(S?) — L27even(82) and vectorial Hilbert type spherical
transform S : Lo pqa(S?) — La 0aq(S?) are multiplier operators and relevant mapping
properties between Sobolev spaces are valid. The accurate formulations are given
below.

Lemma 1. Vectorial Funk-Minkowski transform F : Lo cyen(S?) — Lo cpen(S?) is
a multiplier operator

(50) Fhl, = Py (00, N=2j+1,
(51) Fy$) = Py(0)yS), N =2j,
(52) Fhle) = Py 1 (00, N =2j+1,

where hg\i,)e, yg\?é, hg\% are pure—orbit vector spherical harmonics (39)-(41). We have

that in the scale of Sobolev spaces operator F : HE, ., (S?) — ngelr{Q(SQ), s> 0 is
continuous and bijective.

If we choose as a basis pure—spin vector spherical harmonics, then following
formulas take place

(2)

(53) fy%%:PN_l(o)]\ffl, N =2j+1,

@)
(54) Fy'?) = PN_l(O)(Ny(l) + A“;'ffl), N=2j+1,
(55) Fy)=Pn0)y5), N=2j.

Similar statements are valid for the operator S
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Lemma 2. Vectorial spherical convolution transform S : La 044a(S*) — L2 0da(S?)
is a multiplier operator

(56) Shig = hyy,

(57) Sh'e) = Wﬁ%, N = 2j,

(58) Shiy = - (N + 11)PN(0) N; lh%)f’ N'=2j.
(59) Sygszzmjﬁ% N=2j+1,

where h%)z,yg\?z,hs\?z are pure—orbit vector spherical harmonics (39)-(41). In the

scale of Sobolev spaces operator S : HE ;,(S?) — sztll/z(82), s > 0 is continuous
and bijective.

The images of pure—spin spherical harmonics under the action of operator S are
listed below

1 1
(60) SY(()O) = yg)o)’
2)
~1
(61) Sy\y) = INE N =2j,

Py(0) N(N +1)

(2)
62 Sv® W YNe N9
(3) 1y
63 Syh)=—— NN =2j41.
(63) YNO= Py 1 0) N J

Proof of Lemma 1. The pure—orbit VSHs are expressed through scalar spherical
harmonics with the help of three term relations, see for example [8],

(64) 0, = Ny Q&) +y &)

1 0 1
= Yn_101(&) | 1 ) +8iYNo1&) | O | +mYNo1ea(§) | -1,
0 1 0
(65) ) = —(NV + 1y $)(&) + yhu(©)
1 0 1
=aYnii-1(8) | 1 | +B82YNnr1(8) | O | +v2Yng1,e01(8) | -1 ],
0 1 0
) 1 0 1
(66) y'(&) = asYne (&) | 1 | +B8sYne®) [ 0 | +3sYnenn© | =i |,
0 1 0

where «;, 8,7 (i = 1,2,3) some coefficients. The values of this coefficients are
unimportant here, but their accurate expressions can be found in [8].

By applying the operator F to these three term relations we immediately obtain:
for N=2j+1

(67) Fhl), = Py (00, 7 = Py (0)h)
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and for N = 2j
Fyfr = Pu(0)y§)-

Because the multipliers have asymptotics P5;(0) ~ as j goes to infinity,

1

V25+1
we have that F : H? . (S?) — HE (S?) is a continuous operator in the scale of
Sobolev spaces, as in the scalar case.

The two equations (67) can be written as

ny + -Flee o NPNfl(O)YE\}% + PNfl(O)yng ,
—(N + 1)fy< J+ Fyl) = —(N+1)Pya(0)y\) + Pri1(0)y).

We need to solve this system with respect to ]-'y( and ]-"y . Subtracting the
second from the first equation, we obtain

2N + 1)Fy§) = (NPy_1(0) + (N + 1) Py11(0)y') + (Py—1(0) — Px41(0))yS)

_ (1) N 2)
2N +1 (9
:P _ .
~N-1(0) N1 Yne

Here we used the formula (14), (N + 1)Pn4+1(0) = —NPn_1(0), thus we have

@) @)
Fy§) = Pn-1(0) ]\?’1"1, Fy§) = Py (0)(Ny ) + ]\‘?N"l), N=2j+1.

Proof of Lemma 2. By applying operator S to three term relations, as well as
in the previous case, we obtain: for N = 2j

Shl) by, _ 1 N+1 o
NET (N —1)Py_2(0)  (N+1)Py(0) N —NO
h(e)
Sh§) = AL

(N +1)Pn(0)

and for N =2j5+1

Sy(3) ng;

NPy_1(0)"

In the first formula we used equality (N — 1) Py_2(0) = —N Py (0).
Continuity of the operator S in the scale H?,,(S?) follows from asymptotic

behavior (2j+1)P2]_(0) \/2].“ if j — 0.
The first two equations above are equivalent to the system
(2) _ v y e

NSyl + Sy =~y (0) ~ NPn(0)
L(N41)S <1>+3 @ Yuo Y

YN YNe T TPy(0) T (NFDPN(O) -

Solving this system, we obtain the desired
(2) (2)
-1 1 y
S (1) —YnNe Sy ( (1) i)
YNCT BrON(N T D)) YN T By YV T NV 1)
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3.1. Proof Theorem 1. We recall some of the basic properties that are implied
in our proof. The Funk-Minkowski transform is even, {Ff}(—¢&) = {Ff}(€), and
F foaa = 0, but spherical transform S is odd, {Sf}(—&) = —{Sf}(&), and S feven =
0. It is obviously that the surface gradient V, scalar (dot) product n. and vector
(cross) product nx change the parity. We also recall the parity rules for scalar and
vector spherical harmonics : Yyo(—€) = (—=1)NYye(€), y0) (=€) = (=1)N+1y(g),
Y (=€) = (CDN Ty (©), ya(—€) = (~DVy ().

Now we can proceed to our formula (6) and without loss of generality, we assume
that f(0) € H'(S?)/R, then we have

Ly (m+6) . {|7.V]r}m)

f(O):E n.0 dn
R ORI
4 Jse 7.0
=0 eveen
— —
7i/ n.]:anfn.V}',,ffO.anfd +ﬁ anfd
7471' S2 ?’].0 n 47 S2 7’].0 n
1 . —-0.
:Z/ NINT =0 NT0] 41 son. Fo V= So0 .V f.
T Js2 17-0

It is clear that ker(Sem . F,V) = HZ,.,,(S?) and ker(6.SgVF,) = HE,,(S?).
From the Lemmas 1, 2 we have Sn. F,V : H*(S?) — H*(S?) if s > 1, that looks
on the diagram

H*(S?) v HS-L(S?) n-Fn Ho1/2(8?) S H5(S?).

tan

Similarly, 8 . SoV.F : H*(S?) — H*(S?) if s > 1/2, which is also confirmed by the
diagram

HS(SQ) F HS+1/2(S2) v Hs—l/Q(Sz) 0.S¢ HS(SQ)

tan

For further calculations we take specifically f = Yy, then from (54) and (55) we
have

for N =2j : FyV¥ne =0, VF,Yne = Py(0)y'o)(n),

2
5 (n)
N +1

for N = 2j +1: FyV¥ne = Py-1(0)(Ny{)(m) + )s VEYie =0,

Consequently

—Py(0)0.y5)(n), N=2j
T VYN — 0.VFE Yy, = Ne(m),
e VN niNe { Py_1(0)NYye(n), N =2j+1

and finally, using formulas (42) and (62), we get

i/ ’I’]-}—UVYNZ—B.V}—"YN[d . YNg(a), NZ?j
A7 Jeo n.0 T=) Yne(0), N=2j+1.

So we proved that, if s > 1 then operator Sgn.F,V —Sg0.VF,, : H*(S?*) — H*(S?)
is identical operator.
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3.2. Proof Theorem 2. We have already mentioned two approaches to the solution
of Helmholtz-Hodge decomposition problem for f € Lg ;4 (S?). Now we proof
formulas (11) and (12) in Theorem 2 for the velocity potential u and stream
functions v of the Helmholtz—Hodge decomposition (10),

u(0) = Son « Fpf — Fon . Spf,
v(0) = 0.Sem x Fpf — 0. Fon x Spf.

For the proof it suffices to verify these formulas on the basis elements f = yﬁ%

and f = yg\%. Applying the scalar and cross products to the the formulas (54)—(55)
and (62)—(63), we obtain

for N =2j:n. Foy$) =0, nx Foy) = =Py (0)y$)(m),

(3)
for N =2j+1:0.Fy'2 = Py_1(0)NYwe(n), 1 x Foy'S) = Py_1(0) ‘?f”_ﬁ)
(3)
. -1 -1 yyni(m)
for N=2j:10.8,y2) = —V, S. v _ N¢
@ -1 yum

for N=2j+1:1.8y%), =0, X EYNEZ B0 N

Based on the above, we get

Sgn.fnyﬁz]'—on-snyg\%{ ?Zﬁgzg %zgiﬂ

Sen-fnyﬁz—fen-SnYE?ZZ{ 8 %Z§§+1,
0.Sgnxfny§3%—9-]:0nxsnyg\?27:{ 8’ %igiw%,
e

4. CONCLUSION

This paper is devoted to the study of Funk—Minkowski transform F and Hilbert
type spherical convolution S. We provide inversion formulas for two F-M transforms
F f and FV f. In this case both even and odd parts of the function f are determined.
Also, the formulas for decomposition of a tangent vector field on the sphere into
divergence—free and curl-free parts with the participation of operators F and S
are derived. In the process of obtaining and proving all formulas, the spherical
multipliers approach is used.
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