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EIGENFUNCTIONS SUPPORTS OF MINIMUM CARDINALITY
IN CUBICAL DISTANCE-REGULAR GRAPHS

E.V. SOTNIKOVA

ABSTRACT. In this paper we focus on cubical distance-regular graphs and
for 10 of them we find eigenfunctions with the minimum number of non-
zero positions and provide the classification of their possible structures.
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1. INTRODUCTION

Let G = (V, E) be an undirected graph without loops and multiple edges with
a vertex set V =V(G) ={1,2,...,n} and an edge set £ = E(G). For u,v € V, if
there is an edge between vertices u and v, we will call them adjacent (or neighbors)
and denote u ~ v. The adjacency matrix A of order n is defined as follows:

4 1, when u ~ v
w {O, when u ~ v

G is regular if each vertex has the same number k of neighbors. This parameter
k is called the degree of a graph. For any vertices v,u € V the distance d(v,u) is
the number of edges in a shortest path that connects them. The greatest distance
between any pairs of vertices is called the diameter D of a graph. By G;(v) we
denote the set of vertices that are at distance i from v. A connected graph G is
called distance-regular if it is regular of degree k and for any two vertices v,u € V at
distance ¢ = d(v, u) there are precisely ¢; neighbors of  in G;_1(v) and b; neighbors
of w in Gj41(v); where ¢; and b; do not depend on the choice of vertices u,v but
depend only on d(u,v). Numbers b;,c¢;,a; = k — b; — ¢; are called the intersection
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numbers of G. A set {bp,...,bp_1;¢1,...,¢cp} is called an intersection array of a
distance-regular graph G.

For an adjacency matrix A, let A = {)\gml), A ,\,Emt)} be a set of its eigenvalues,
where m; is a multiplicity of an eigenvalue A;. A function f : V' — R that is not

constantly zero and satisfies the equation
M) M= Y f) Yuev
vEGH (u)

is called an eigenfunction of a graph G corresponding to the eigenvalue A. A support
supp(f) of a function f is defined as follows supp(f) = {v € V | f(v) # 0}.
Further we will refer to a support of an eigenfunction as an eigensupport. An

eigenfunction can be considered as a column-vector f = (f(1), f(2),...,f(n))T.
Under this notation (1) can be rewritten in the following form:
(2) Af =Af

in other words f is an eigenfunction of the adjacency matrix of a graph.

We are interested in finding eigenfunctions with supports of minimum cardinality
for different families of distance-regular graphs. The motivation for this problem
comes from the deep connection between eigenfunctions and important combinatori-
al configurations, since many combinatorial objects can be represented as eigenfunc-
tions on graphs. Therefore, one of the crucial problem of finding the minimum
possible difference between two combinatorial objects is strongly related to the
study of minimum eigensupports. More details regarding these relations can be
found in [8], where also the minimum support for the smallest eigenvalue of the
Grassman graph is described. For the Hamming graphs H(n,q) the problem of
finding minimum eigensupports is completely solved for ¢ = 2 and partially solved
in case of arbitrary g, see [6], [9]. Results for the Johnson graphs can be found
in [10]. In this work we focus on cubical distance-regular graphs. The goal of the
paper is to find the minimum cardinalities of the eigensupports and also classify its
possible structures.

The paper is organized as follows. In section 2 we provide the notation and several
simple statements. Sections 3, 4 are devoted to bipartite graphs and bipartite double
covering construction. In Section 5 we recall what a weight distribution is and how
it can be used to get the lower bound on the eigensupport cardinality. Sections 6,
7 describe the techniques that we use in our work. Main results are presented in
Section 8. Appendix contains the details of computer calculations performed.

2. PRELIMINARIES

e S(A) — an induced subgraph on the vertices from eigensupport supp(f)
corresponding to an eigenvalue \. In other words it is a subgraph of G with
a vertex set supp(f) together with any edges from E whose endpoints are
in this set.
e |S(N)| — the number of vertices in S(A), i.e. the cardinality of the vertex
set V(S).
e O(S)=V(G)\V(S).
Since the aim of this paper is not only to calculate the cardinalities of the
minimum eigensupports, but also to characterize their structures as the subgraphs
of the original graph, we introduce the following notation:
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o Kty + ... +1ts> — any graph that consists of s connected components
that are of cardinalities t1,...,ts correspondingly. For example, < 1> —
an isolated vertex; < 2> — an edge; < 1+ 1> — two isolated vertices;
<1+ 2> — an isolated vertex and an edge; < 3> — it can be either a
cycle C3 on three vertices, or two edges that share one vertex.

Now we provide several simple lemmas that will be useful further.

Lemma 1. S(\) has an isolated vertex if and only if X = 0. In other words,
LIl>CS\) e A=0.

Proof. Let v € S(\) be an isolated vertex. Since all neighbors of v in G do not
belong to the support S(\), we have Af(u) = 0. The left side of the equation can
be zero if and only if A = 0.

Lemma 2. There does not exist a vertez from O(S) that has only one neighbor in

SO).

Proof. Suppose the opposite. Let there exist z € O(S) such that G;(2)NS(A\) = {v}.
Then 0 =Af(z) = Y. f(u) = f(v) # 0. Contradiction.

ueG1(z)
Lemma 3. S§(0) does not have a vertex with a degree equal to 1.

Proof. Obvious.

The following proposition contains the results for some simple families of graphs:

Proposition 1. (1) The complete graph K,, whose eigenvalues are
{(n—1)D, 1=V has the following minimum eigensupports:
e S(n-1)=K,
e S(—1) =<K 2> and any two vertices with opposite non-zero values
yield the minimum eigensupport << 2>>.
(2) The complete bipartite graph K, j,, with eigenvalues {im(l), o(mth=2)1
has the following minimum eigensupports
i S(im) = Km,h
e S(0) =<1+ 1>, where any two non-adjacent vertices with opposite
non-zero values yield the minimum eigensupport <1+ 1>

Proof. Obvious. O

3. BIPARTITE GRAPHS

Well known is the following lemma about eigenvalues of a bipartite graph (see
[4], for example)

Lemma 4. If G is a bipartite graph, then its spectrum is symmetric with respect
to zero, in other words if A is an eigenvalue of G then —X\ is also its eigenvalue.

Vertices V of a bipartite graph G can be partioned into two disjoint sets X and
Y (called parts) in such a way that any edge connects a vertex from X to some
vertex in Y. Let v € X. Consider the distance partition {G;(v) | 0 < i < D} with
respect to the vertex v. It is clear that G;(v) consists only of vertices from the same
part, which is X if ¢ is even and Y if ¢ is odd.

The following lemma is true:
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Lemma 5. Let G be a connected bipartite graph and let f» be an eigenfunction
corresponding to the eigenvalue \. Suppose g~ is constructed in the following way:

(1) g(z) = f(z) for all vertices x € X
(2) gly) = —f(y) for all verticesy € Y
Then g~ is an eigenfunction for the eigenvalue —\.

Proof. For any x € X we have \f(x) = Y. f(y), wherey € Y. Forany y € Y

yEG1(w)
we have Af(y) = >, f(x), where z € X. Now consider the eigenvalue —\
z€G1(y)
and function g constructed as described above. For all x € X we have —Ag(z) =
=A(z) = = > fly) = > g(y) and for all y € Y we have —Agy) =
y€G1(x) y€G1 ()
“A=fly) = > flxz)= 3 g(x). Therefore, g is an eigenfunction for the
z€G1(y) z€G1(y)

eigenvalue —A\.

Corollary 1. For a bipartite graph G, minimum eigensupports for eigenvalues A
and —\ have the same cardinalities.

Proposition 2. Let G be a bipartite graph with parts X and Y. The following
statements are true:

(1) Eigensupport for X # 0 has vertices in both parts.

(2) Under the condition that both parts are of the same cardinality, the minimum
eigensupport for A = 0 is fully contained in one of the parts, therefore it
consists of vertices no two of which are adjacent.

Proof. (1) Suppose the opposite, let all vertices from S lie in X. Then for
a vertex © € X we have \f(z) = Y f(y) = 0 since Gi(z) C Y.
yEG1(w)
Contradiction.
(2) Without loss of generality we can assume that vertices are labeled in such
an order that: X = {1,...,n/2} and Y = {n/2 + 1,...,n}. Hence, the
adjacency matrix A will have the following form

0 B
A<BT 0>’

where B is a square matrix of order n/2. Consider any eigenfunction f and
denote

fx = (f(1)7f(2)77f(n/2))T
fy=(f(/2+1),.... f(n)*

Thus, we obtain:

- (3 ) (- (24)-

where 0™ is an all-zero column-vector of length n. Consequently, fy and f,
are eigenfunctions of B and B” correspondingly for eigenvalue A = 0. It is
clear that if (fy, f,) is the eigenfunction for A then (0, f,) and (f,,0) are
also eigenfunctions for the same eigenvalue A = 0. So the minimum support
is totally contained in one of the parts and, hence, consists of vertices non-
adjacent to each other.
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4. BIPARTITE DOUBLE COVER

Before we proceed to bipartite double covers of graphs we need to introduce
the concept of graphs tensor product, which is also called the Kronecker product of
graphs. Suppose we have graphs G and G’ with vertex sets V and V', correspondingly.
Their adjacency matrices are A and A’. Then the tensor product G ® G’ of these
graphs is defined as follows:

(1) The vertex set of G ® G’ is the Cartesian product V x V', ie. V(G V) =
{(v,v") | Vv e VYo' € V'}
(2) Any two vertices (u,u’) and (v,v’) are adjacent in G ® G’ if and only if
u ~ v in graph G and v’ ~ v’ in graph G'.
The adjacency matrix B of the obtained graph will be the Kronecker product of the
adjacency matrices of original graphs, i.e. B= A ® A’ (see [2]). Well known is the
following fact: if matrices A and A’ have eigenvalues {\1,..., A\, } and {p1,..., tm}
then their Kronecker product will have eigenvalues {A\;p; |i=1...n;5=1,...m}
(for example, [3]).

The bipartite double cover BDC(G) of some graph G is the tensor product
G ® Ko = BDC(G), where K3 is a complete graph on 2 vertices (edge), and can be
presented as follows: for each vertex i of G we build two vertices i® and i® of the
new graph BDC(G). If i ~ j in the original graph G then i® ~ j® and i® ~ j¢ in
the new graph. If a graph G has eigenvalues A = {\1,..., A, } then BDC(G) has
eigenvalues {£A1,..., £\, }.

Let f = (f(1),...,f(n))T be an eigenfunction of G. Now we define fgpc =
(fepc(1%), fepc(1®), ..., fepc(n®), fepc(n?))T as follows: fppc(i®) = fepc(i®) =

f @)

Lemma 6. (Bipartite Double Cover) For a graph G let \ be such an eigenvalue
that G does mot have —\ as its eigenvalue. Under the notation above f is an
eigenfunction of G corresponding to the eigenvalue A <= fgpc is an eigenfunction
of BDC(G).

Proof. = Obvious.

< For BDC(G) let g be an eigenfunction corresponding to A. According to Lemma
5 we build an eigenfunction g_ corresponding to —\. Thus we can write the following
equalities:

g+ (i) = g- (i) = g(i*) Vi*

g1 (i") = —g-(i") = g(i") Vi*

Now we build functions f+ and f,in the following way:
fr() = g1 (i) + - (1°) = g(i*) + g(i")

f- () = g- (i) + g (") = 9(i*) — 9(i")
Since g is an eigenfunction, we have
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Which gives us
M) = Agli®) + Ag(@®) = Y 9@+ > 9

JEN() JEN()
= > (UM +9G") = > £0)
JEN(4) JEN(4)

According to 1 this proofs that f* is an eigenfunction of G. Similarly we get
M@= )
JEN(3)
But —\ is not an eigenvalue of G. Hence, f_(i) = 0 for all ¢, in other words we
have g(i%) = g(i%). Therefore, f, (i) # 0 <= g(i%) # 0. As a result we obtain the
following: if g% is an eigenfunction of BDC(G) then f,, constructed as described
above, is an eigenfunction of G. O
Directly obtained from the proof is the following

Corollary 2. Suppose we have a graph G with an eigenfunction X\, provided that
—X is not an eigenvalue of G. Let S(N\) and Sgpc(N) be the minimum eigensupports
of G and BDC(G) correspondingly. Then |S(A)| = |Sepc(N)]

5. WEIGHT DISTRIBUTION BOUND

Let f* be an eigenfunction of a distance-regular graph G corresponding to an
eigenvalue \. By definition of an eigenfunction we can choose a vertex v such that
A (v) # 0. Without loss of generality, suppose that f’\ (v) = 1. Let

WP = Y flu
u€G;(v)

For distance-regular graphs the value W7 (f A) does not depend on the choice of a
vertex v or an eigenfunction f, therefore

WP (f) =Wi(A) Yo eV, vf

The recurrence takes place:

Wo(A) =1
Wi(A) = A

Wi(X) = AWiz1 () = bizaWiza(d) = aileiil(}\), rmei=2,...,..D
Ci

The set {Wy(A\), W1 (N),...,Wp(A)} is called the weight distribution, corresponding
to the eigenvalue A\. Well known is the following fact (see [7], for example):

Lemma 7. For the cardinality of a support S(\) the following estimation is true:
D
IS = ;)‘Wi(/\)"

If some of W;(A) values are not integral the bound can be improved:

Lemma 8. For the cardinality of a support S(\) the following estimation is true:
D
IS = ;}HWi(A)H'

We will refer to this bound as WDB. To avoid lengthy expressions further we will
write W; instead of W;(\) if the corresponding eigenvalue is clear from the context.
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6. METHOD

This paper is based on two techniques.
For graphs with a small number of vertices we are using a manual one that
consists of the following steps:

(1) Fix an eigenvalue A for a considered graph G
(2) Calculate A-conditions:

(a) Consider an eigensupport S(A) as a subgraph of G with its own eigen-
values {v1,vs,...,vs} (multiplicities are omitted) where A = v; for
some 4.

(b) If the minimum eigensupport S(\) is of cardinality k, then all possible
support structures can be represented with different compositions of
E<<l+1l4+.. . +1> <1+...+2>.. . Lk>

(c) Let S(A\) =<my + ma + ...+ my>>. This implies that each < m;>>
has A as its eigenvalue. Thus we can state the following:

Necessary A-conditions. Fach <m;>C S must have A among its
eigenvalues and there must exist a corresponding eigenfunction that is
non-zero on all vertices of < m;>>.

(3) Count Weight Distribution Bound.
(4) Considering A-conditions and WDB, list all structures that possibly can be
a support S(A) of some eigenfunction.
(5) Choose one of the possible structures of S(A). For all v € V' check the
eigenfunction equality (1). Here we have 2 cases:
e Case v € §(\): the equality holds since Step 2.(c) gives us necessary
A-conditions. All we need to do is to calculate the eigenfunction values.
e Case v € O(S): the equality needs to be verified. If it holds for all
v € O(S), the minimum eigensupport is found.
(6) Repeat Step 5 for the remaining structures.
(7) If no eigensupports are found, increase k and go to Step 2.(b)

For graphs with a big number of vertices the manual technique produces too
many cases to be considered, so the problem of finding minimum eigensupports
for them was solved with the help of computer calculations. For the details of the
algorithm the reader is referred to the Appendix at the end of the paper.

7. A-CONDITIONS: SUBGRAPHS

From all graphs with the number of vertices n < 6 (the full list of small graphs can
be found in [11]) we choose connected graphs that are feasible as induced subgraphs
of cubical distance-regular graphs and calculate their eigenvalues. Because of the
properties of cubical distance-regular graphs we do not consider subgraphs with
cycles of length less or equal to 4 and with the maximal degree greater than 3.
Listed below are the possible candidates.

Remark: in the table of subgraphs by X we denote an eigenvalue of some
complicated form that is out of our interest since the graphs considered in the
current work do not have it as an eigenvalue.
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o0—0O O—O—OO—O—O—OA

$2 s3 S4.1 $4.2
A = {£1} A = {£2,0} A= {55 A = {£V3,0}
‘Q 0—0—0—0—0 E—o—o
$5.1 $5.2 $5.3
A= {2,745} A = {£V/3,£1,0} A= {£V2%2,0}
Q E
S6.1 6.2 96.3
A = {42, 41} AoPoNDI= A= x/i6£5).0)
S6.4 $6.5 $6.6

A= {£2,4+1,0} A={X,3(V5£1),1} A={£V2+3 +1}

8. GRAPHS

8.1. Cubical distance-regular graphs. It is known [1] that up to isomorphism
there are only 13 cubical distance-regular graphs: Ky, K33, the Petersen graph,



EIGENFUNCTIONS SUPPORTS OF MINIMUM CARDINALITY 231
the cube, the Heawood graph, the Pappus graph, the Coxeter graph, the Tutte-
Coxeter graph, the dodecahedron, the Desargues graph, the Foster graph, the
Tutte 12-cage, the Biggs-Smith graph. In this section we find the cardinalities of
minimum eigensupports and describe their possible structures for first 10 graphs.
For any regular graph of degree k the maximum eigenvalue A\; is equal to k& and
its corresponding eigenfunction is an all-one vector 1" of weight n. For bipartite
regular graphs an eigenfunction for A = —k is also of weight n. So here and further
we study only eigenvalues |A| < 3.

The summary table of the results.

Graph Eigenvalues Minimum support
Ky {—1®,30} (2,4}
K3 {0@ +3MY {2,6}
Cube {+£1®), £3MY {4,8}
Petersen {—2® 1) 3y {6,4,10}
Heawood (£v27, 13001 (6,14}
Pappus {0, i\/§(6), +3(M} {6,8,18}
Dodecahedral | {—2(%,0 16), £/57 3001 | {12,8,8,16,20}
Desargues {£10) £20 43MY {8,12,20}
Coxeter {(=1++2)©®, -1 26 30} {16,12, 14, 28}
Tutte-Coxeter {0010) +-209) 31 {6,14,30}

8.2. Complete graph on 4 verices. K, graph has eigenvalues A = {3(1), —1()},
According to Proposition 1 we have S(—1) =< 2>> as the minimum eigensupport
and any two vertices with opposite non-zero values yield the minimum support.

8.3. Complete bipartite graph on 6 vertices. K33 graph has eigenvalues A =
{£3MW 0™ 1. According to Proposition 1 we have that S(0) =< 1 + 1> is the
minimum eigensupport. Any two non-adjacent vertices with opposite non-zero values
yield the minimum support.

8.4. Cube graph. The eigenvalues of Cube are A = {£3(1) £13)} It is known
that Cube graph is the bipartite double cover of K4 graph. So according to Lemma
6 we have S(1) =<2+ 2>>= {u ~ v,z ~ y}, where u, v are not adjacent to z, y
with f(u) = f(v) = —f(z) = ().

Using Lemma 5 we obtain the minimum eigensupport S(—1) =<2+2>= {u ~
v, T~ Yyt

8.5. The Petersen graph. The Petersen graph G has D = 2; eigenvalues A =

{3, 10), 2" and its intersection array is (3,2;1,1). Calculating WD, we get

the following: W(A) = {Wy = 1,W; = A\, Wy = A2 — 3}. Consider the following
cases:

e A = 1. We have WDB(1) = 4 and A-conditions give us < 1>, < 3>,

< 4>¢ S. So the only option to examine is < 2 4+ 2>. Let u ~ v and

x ~ y with the condition u,v « x,y. We have f(u) = f(v) and f(z) = f(y).

Since G is a strongly regular graph with parameters (10, 3,0, 1), each pair of

nonadjacent vertices (u, x),(u, y),(v, ),(v, y) has only one common neighbor

and all these neighbors are different because adjacent vertices do not have a

shared neighbor. From this we obtain f(x) = f(y) = —f(u) = — f(v). Note
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that degrees of u,v, z,y are already equal to 3, so the remaining 2 vertices
are adjacent to some vertices from 0. Result: the minimum eigensupport
is S(1) =< 2 + 2> with the structure described above. An example is
presented below, see Fig. 1:

-1 -1

Figure 1: Petersen graph,
S(1) =<x2+2>

e A\ = —2. For this eigenvelue we have WDB(—2) = 4. According to A-

conditions < 1>« 2> < 3> < 4> < 5>¢ S, therefore we have
|S(—2)| > 6. Suppose the equality holds. From the above it follows that
the only possible case is S(—2) =< 6>>, where S can have a form of Cg or
H-graph (see S6.1 and S6.4 in the table). We will now prove that both of
them are feasible as minimum eigensupports.

Case Cg: The cycle Cg is a regular bipartite graph with a degree 2. So
for an eigenvalue A = —2 there exists a corresponding eigenfunction with
6 non-zero values. Let Cs = {uo,...,us}, where u; ~ u;11 Vi € {0,...5}.
Note, that all calculations of indices here are considered as mod 6. It is easy
to show that (f(uo),..., f(us)) = (1,-1,1,—1,1,—1) up to multiplication
by a constant. Because of the Petersen graph being strongly regular with
parameters (10, 3,0, 1), we have the following:

— wu; and u;41 do not have a common neighbor

— wu; and u;42 have only one common neighbor that is u;41

— u; and u; 43 have one common neigbour v;, besides two different pairs
have different shared neighbors, otherwise there would be a vertex with

a degree more than 3. Note that v; = v;y3.

So we have six vertices u; that are adjacent to w;_1,u;11,v;; and three
vertices v; that are adjacent to u; and wu;3. We have the last remaining
vertex w that is obviously adjacent to all v; vertices. It is easy to see that
an eigenfunction equality (1) holds, so Cg can be a minimum eigensupport
for A = —2.

Case of H-graph: Let S(—2) has a vertex set {u,ua, us, uq, us, g},
where uy,us ~ uz; uz ~ uq; ug ~ us, ug. Denote f; = f(u;). We have the
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following system:

Afi=f3

Af2 = f3
As=fi+ fo+ fa
AMa=f3+ fs+ fo
Afs = fa

Ao = [a

From the above we easily get the solution

(f1, f2, 3, fa, f5, f6) = (f1, 1, —2f1,2f1, —f1, — f1).

Now we will prove that this support is feasible in the graph. The vertices ug
and uy are of full degree 3. Consider other four vertices from the support:
u1, U2, us, Ug. Bach pair (u;, u;) that consists of the vertices with the values
of different sign has one common neighbor and all of this neighbors are
different. As there are four such neighbors, they fully construct the set O.
If we consider a pair of different vertices (u;, u;) with the values of the same
sign, they obviously have one common neighbor which is ug or uy4. So for
any vertex v € O it has two neighbors u; and u; from S with the condition
that f; + f; = 0. So §6.4 is feasible as the minimum support.

Result: The minimum support S(—2) =< 6> with two possible structu-
res described above. Examples are presented below, see Fig. 2, 3:

Figure 2: Petersen graph, Figure 3: Petersen graph,
S(=2): cycle Cg S(—2): H-graph

8.6. The Heawood graph. The Heawood graph G has D = 3; A = {£3(1), i\/i(G)};
and its intersection array is (3,2,2;1,1,3). Consider the following cases:
e )\ = /2. Calculating WD we get: W(A\) = {Wy = 1,W; = \, Wy = A2 —
3, Wy = 22252} For A = +1/2 we have W(+v/2) = {1,412, -1,
+ /2}; that gives WDB = 6.
According to A-conditions < 1>>,< 2> < 4> <5>,<6>¢ S(V2).
Therefore, if WDB is achievable the minimum support can only be of the
following form S(v/2) =<3 + 3>>.



234 E.V. SOTNIKOVA

Suppose < 3 4+ 3>= {u1 ~ uz ~ ug;v; ~ v2 ~ v3}; where u; and v;
being not adjacent. As the Heawood graph is bipartite, we may color all
vertices in red and blue colors with the condition that vertices of the same
color are not adjacent. Let up,us be of red color and us of blue color. As
the graph is of degree 3 we have u; ~ x1,zo (blue), and us ~ x3, (red) and
uz ~ x4, x5 (blue). So by now we have 3 red vertices and 5 blue vertices.
Since the Heawood graph has 14 vertices in total, there remain only 2 blue
vertices y1, yo; it is easy to see that x3 ~ yq,y2. Because of non-existence
of Cy4 in the Heawood graph, y; and gy cannot belong to S simultaneously
and also they are not adjacent to w1, us. Granting this, y; ~ wi,ws and
Yo ~ w3, Wy, Where all vertices wy, wo, w3, wy are different. Without loss of
generality suppose x1 ~ wi. Therefore, x; » wy and xo » w; (otherwise
there would be Cy in the graph). Consequently, z1 is adjacent to ws or wy
and w.l.o.g. we can assume that x; ~ ws. In the same manner we obtain
x1 ~ wy and xo » ws. Hence, x5 ~ wsy, wy. By a parallel argument x4 and
x5 are adjacent to only one neighbor of y; and y» and all these neighbors
are different. Thus we can denote that x4 ~ wi,ws and x5 ~ ws, wy.

We will now prove that either {y;, w1, wa} or {ys,ws, ws} can be taken
as vertices {v1, v2, v3} from the support S(v/2). To show that Ss =< 3+3>>
is feasible, we need to verify the eigenfunction equality for all vertices. First
we consider vertices from the support. The following equalities hold for w;:

Af(ur) = f(uz)
Af(uz) = f(ur) + f(us)
A (uz) = f(uz)

For A = 2 we get f(u1) = f(uz) = f(uz)/v/2. Replacing u; by v;
and carrying out the similar arguments, we show that f(v1) = f(v3) =

flw2)/V2.
Now consider vertices from O(S). For x5 we get Af(z3) = f(u2)+f(y1)+
f(y2). Equations for remaining vertices have the following form:

Af(z1) = fur) + f(wi) + f(ws)
Af(x2) = flur) + fwz) + f(wa)
Af(za) = flur) + fwr) + f(ws)
Af(xs) = flur) + fwz) + f(wa)
It is easy to see that <3>= {y1, w1, wa} satisfies the system. The same is
also true for < 3 >»>= {yo, w3, ws}. Therefore, the eigenfunction equality
holds. By construction, the minimum support can only be of the form
described above.
e A = —/2. The minimum support for this case can be built according to

Lemma 5 and Corollary 1, it has the same cardinality, the same form and
differs only in signs.

Result: The minimum support S(+v/2) =< 3 + 3 > and has a structure
described above. Fig. 4 presents an example.

8.7. The Pappus graph. The Pappus graph G has
D=4, A={£30 £v37 oy,
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Figure 4: Heawood graph,
S(V2) =<3 +3>

and its intersection array is (3, 2,2,1;1, 1,2, 3). Calculations of WD give us: W(\) =
{1,\, 22 -3, ’\3§5A, ’\4’92‘2“2}. We have the following cases:

e )\ = 0. The Pappus graph is bipartite. Let us denote its parts as X and
Y. According to Proposition 2 the minimum support has the form <1 +
...+ 1> and consists of vertices from the same part. We will prove that
S(0) =< 1+1+1+1+1+1> is feasible as a support of an eigenfunction.
Since WDB = 6, it would be the minimum support we are looking for. Let
S consist of vertices {x1,x2, x3, x4, T5, ¢}, where x; € X. Without loss of
generality suppose that f(xz1) = 1. Consider the distance partition with
respect to x1. It is clear that G (z1) = {v1, v2, v3}, where all vertices v; are
different and v; € Y. Each v; has two other neighbors u;1,u;2 € X. The
girth of the Pappus graph is 6, therefore u;; # ;2. As the result, we get
Ga(z1) = {u11, u12,...,us}. It is clear that Gs(x1) consists of 6 different
vertices y; from Y and G4(x1) consists of 2 remaining vertices wy and ws
from X, where w; and wy do not have common neighbors (otherwise there
would more than 6 edges coming from G5(z1) to G4(x1)). So w.l.o.g we can
consider G1(w1) = {y1, y2,ys} as neighbors of w;. Note that for any j it is
true that ;1 is adjacent to some vertex from G(w;) and some vertex from
G1(ws), otherwise there would be a too short cycle. The same is true for

Uj2.

It is easy to show that up to enumeration we can take {zo,xs,24} =
{u1i, uz, us; } and {zs5, 6} = {wi, w2} to get the feasible structure; only
these structures are possible as minimum supports for A = 0. The correspon-
ding eigenfunction has the following non-zero elements:

{f(xl)a f(l'Q)a R f(l‘g)} = {17 -1,-,1,-1,1, 1}'
Result: The minimum support S(0) =<1 +1+14+1+1+1>
e )\ = /3. Here we have W(\) = {1,v3,0,—/3, 1} and WDB = 6. Our
A-conditions show that < 1>,< 2>>,< 3>,< 6 >¢ S(v/3). With the
help of computer calculations we found that < 7> and < 8>> cannot be
the minimum supports, while S =<« 4 + 4>, where each < 4> has the
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form S4.2, is feasible. Let S =<4 4+ 4>= {1, 22, x3, 24} U {21, 29, 23, 24},
where x1 ~ x9,x3,x4; and xo, 23,4 are not adjacent to each other; and
the similar conditions hold for z;. Hence, up to multiplication we have
(F(21). F(@2), f(ws), f(2a) = (V3. 1, 1,1) and (f(=1), f(z2), f(z), f(22)) =
(_\/ga _17 _13 _1)

e A\ = —/3. The minimum support is obtained with the help of Lemma 5
and Corollary 1.

Result: The minimum support S(£v/3) =<4+ 4>>, where each < 4>

is of type S4.2. Examples are presented below, see Fig. 5, 6:

-1

Figure 5: Pappus graph, Figure 6: Pappus graph,
S(0) =<1+ ..+1> S(HV3) =<4+ 4>

8.8. The Desargues graph. The Desargues graph G has D = 5; the set of

eigenvalues A = {+3(1) +2(4H) +10)}; its intersection array is (3,2,2,1,1;1,1,2,2,3).
Since the Desargues graph can be considered as BDC of Petersen graph (see [5]),

we get the following results:

e )\ = 1. The minimum support for this case has the structure < 2+2+2+42>>.

e A\ = —2. In this case there are two possible structures for the minimum
support. So §(—2) =< 6 4+ 6>> is either a pair of cycles Cg, or a pair of
H-graphs.

e The minimum supports for A = —1 and A = 2 is obtained with the help of
Lemma 5 and Corollary 1.
Result: The minimum support S(+1) =<k 2+42+2+2>>. An example is shown
on Fig. 7:
Result: The minimum support S(£2) =< 6 + 6 >>. Examples are shown on
Fig. 8, 9:

8.9. The dodecahedral graph. The Dodecahedral graph G has D = 5; A =
{31, i\/g(B), 16,04 21} and its intersection array is (3,2,1,1,1;1,1,1,2,3).
We obtain:

W) = {1, A, A2 -3 A3 - \2_5\+3, >\472>\355>\2+8>\7 ,\572,\47”3210,\%1%76}' The
cases of interest are:
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Figure 7: Desargues graph,
S()=<2+2+2+2>

Figure 8: Desargues graph, Figure 9: Desargues graph,
S(—2) =<6+ 6> S(—2) =<6+ 6>
cycles H-graphs

e )\ = 0. Here we have W(X) = {1,0,-3,3,0,—1} and WDB = 8. Suppose

that s; € S and f(s1) = 1. Consider the distance partition of the Dodecahed-
ral graph with respect to s;. Then we have Gi(s1) = {v1,v92,v3} and
Ga(s1) = {u11, u12,u91, U22, 31, uzz t. Without loss of generality suppose
that w11 ~ w21, uga ~ uz; and ugs ~ ujz (note that as = 1); then
we have Gs(s1) = {wi1, w12, w1, Wwa2, W1, w3z}, where u;; ~ w;; and
wi1 ~ w2 for any suitable ¢ and j. G4(s1) = {1, x2, z3} and w11, way ~ Z1;
W2, W31 ~ T2} Wiz, w3z ~ x3. And finally, G5(s1) = {y1}, where ; ~ 3,
for each suitable i.

We will show that < 14+ 14+1+1+1+1+ 14 1> is the minimum
support. For WDB to be achieved, there should be three —1 values in
G3(s1), three 1 values in G4(s1) and y; € S. We also need each vertex v;
to have a non-zero neighbor in Ga(s1). This implies that without loss of
generality we can suppose that i1, us2,uzs € S. This automatically leads
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to wi2,war, w31 € S. Thus, we constructed < 1 4 .. + 1> with f(s1) =
f(wij) = 1 and f(umr) = f(y1) for suitable indices. It is easy to check
that the eigenfunction equality holds for zero vertices. With additional
calculations it can be shown that this is the only possible structure for
the minimum support.

Result: The minimum support S(0) =< 1+14+1+1+1+14+1+1>.
See Fig. 10.
A = 1. For this eigenvalue W(X\) = {1,1,-2,-2,1,1} and WDB = 8. The
minimum support in this case is < 2 4+ 2 + 2 + 2 >; it is constructed as
follows. Using the notation above, we can choose any of s; ~ v; as the
first pair of adjacent vertices. Without loss of generality suppose s1,v; € S.
Since each vertex z of the Dodecahedral graph has exactly one vertex at
distance D from z and taking WD into the account, we can conclude that
z1,y2 € S (as they are antipodes to s; and vy correspondingly). It is easy
to show that either uoy,uzs,wo1,w3s € S or ugs,uz1,wir,wiz € S. Then up
to multiplication the eigenfunction with this support has values: f(s1) =
fur) = f(z1) = f(y2) = 1 and f(u21) = f(us2) = f(war) = f(ws2) = —1
(or fuzz) = f(us1) = f(wir) = f(wiz2) = —1).

Result: The minimum support S(1) =<2+ 2+ 2 + 2>>. See Fig. 11

Figure 10: Dodecahedral graph, Figure 11: Dodecahedral graph,
S0)=<x1+...+1> S(1)=<2+2+24+2>

e )\ = —2. In this case we get W(\) = {1,—-2,1,1,—2,1} and WDB = 8. The

minimum support S(—2) has cardinality 12 and can have only one of the
following structures:
— 8(—2) =<6+ 6>>, where both < 6>> stand for H-graph, see Fig. 12.
— 8(—2) =< 12>, where < 12> stands for a cycle C2, see Fig. 13.

e A\ = +/5. For this eigenvalue we have W(\) = {1,4/5,2, -2, 75, ~1}

and WDB > 12. The minimum support has cardinality 16 and can have
only one of the following structures:

— S(£V5) =< 16>, where < 16> stands for the graph from Fig. 14.
Let S consist of the vertices {s1, v1, u;j, Wij, Y2, z1 }. Then the correspon-
ding eigenfunction has values: f(s1) = —f(xz1) =1, f(v1) = —f(y2) =
A flunn) = fluz) = —f(we2) = —flws1) = 2, f(u21) = f(us2) =
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Figure 12: Dodecahedral graph, Figure 13: Dodecahedral graph,
S(—2) =<6+ 6>, S(—2) =< 12>,
H-graphs cycle

j{ﬁum) = —fws2) = 252, fuz) = fus) = — f(wi) = — f(w) =

Figure 14: Dodecahedral’s subgraph,
S(V5)

— S(v5) =< 16>, where < 16> stands for the graph from Fig. 15. Let
8 has Vertices {51, V1,V2,U11, U112, U271, U222, U331, W11, W12, W22, W31,
w32, Y2, Y3, 1 }. The corresponding eigenfuncnion will have the following
values {17 \/52+17 \/52_17 \/52+17 13 13 1_2\/57 71’ 17 \/52_1 ’ 717 _1;\/57 713 _1;\/57
=1-V5 ~1}.
2 Y

8.10. The Coxeter graph. The Coxeter graph has D = 4; A = {3(1) 2(8) _1(")
(—1++/2)©®}; and its intersection array is (3,2,2,1;1,1,1,2). Calculations of WD
give us the following: W(A\) = {1, A\, A2 — 3,3 — 5, %}
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Figure 15: Dodecahedral’s subgraph,
S(V5)

e )\ = —1. For this eigenvalue we have W(\) = {1, —1,—2,4, -2} and WDB =
10. Using computer calculations, we found that the minimum support has
cardinality 12 and can be one of the following structures:

- S8(-1)=<x2+4+24+2+2+2+2>.
— 8(—1) =<6 + 6>, where both < 6>> stand for H-graph.
Examples of supports are presented below on Fig. 16, 17:

Figure 16: Coxeter graph, Figure 17: Coxeter graph,
S(-1)=<2+..+2> S(—1) =<6+6>

e A\ = 2. In this case W(A) = {1,2,1,—2,—2} and WDB = 8. Computer
calculations showed that the minimum support has cardinality 12 and can
have only the following structure:

— 8(12) =<6 + 6>, where both < 6>> stand for H-graph.

e A\ = —1+ /2. Here W) = {1,\/§ —1,-2v2,-2,v2 + 2} and WDB =
44/2 4 4. The minimum support has cardinality 16 and can have only the
following structure:
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— 8(-1 +V2) =< 16 >, where < 16 > stands for a spider-graph,
see Fig. 18. Let S consist of vertices {si,...,ss,v1,...,vs} where
s; ~ v; for each i, v1 ~ vg ~ ... ~ vg ~ vy and there are no other
edges. In other words, vertices v; form the inner cycle Cgs. Then the
corresponding eigenfunction will have the values: f(s1) = f(s3) =
f(s5) =1, f(s2) = f(sa) = f(se) = —1, f(v1) = f(vs) = f(ve) =
f(vr) = A, f(v2) = f(va) = f(vs) = f(vs) = —A.

Figure 18: Spider-graph,
S(—1+2)

e A\ = —1 — /2. The minimum support has the same structure as in case of
A = —1+ /2, but with different values.

8.11. The Tutte-Coxeter graph. The Tutte-Coxeter graph has D = 4; A =
{£3MW £2) 0101 its intersection array is (3,2,2,2; 1,1, 1, 3); and its weight distri-
bution is W(A) = {1,1,A2 — 3, A% — 5, A=TX*46
e )\ = 0. Here we have W(\) = {1,0,-3,0,2} and WDB = 6. This border is
achievable with the support <1 +14+14+14+1+1>.
Result: The minimum support for S(0) =<1+1+1+1+ 141>, see
Fig. 19:
e A\ =2. WDB = 8. Computer calculations showed that the cardinality of the
minimum support is 14 and there are 3 possible structures:
— 8(2) =<7+ 7>, where both < 7>> stand for Y-graph (see Fig. 20).
Let < 7+7>> consist of {s, vy, va, v3, U1, us, uz JU{t, 1, T2, T3, Y1, Y2, Y3 };
where s ~ v1,v9,v3; v; ~ u; and t ~ y1,y2,ys3; y; ~ x; and there are
no other edges in this S. Then up to multiplication the eigenfunction
with this support has the following values: f(s) =1, f(v1) = f(v2) =
flvs) = 3, f(ur) = fluz) = fluz) = 3, f(a1) = f(x2) = f(x3) = 3,
fy) = fy2) = flys) = —3, f(t) = —1.
— 8(14) =<7+ 7>, where both < 7>> stand for I-graph (see Fig. 21).
Let < 7+7>> consist of {s1, $2, 83, V1, V2, U1, ug fU{t1, t2, t3, 1, T2, Y1, Y2 };
where s1 ~ v1,v9,82; So ~ S3; S3 ~ Yy1,¥y2 and t1 ~ T1,To,to; to ~
t3; t3 ~ y1,y2 and there are no other edges in this S. Then up to
multiplication the eigenfunction with this support has the following
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Figure 19: Tutte-Coxeter graph,
S(0)

values: f(s1) = f(s2) = f(s3) = 1, f(v1) = f(v2) = f(u1) = f(u2) =
3. f(t1) = f(t2) = f(ts) = =1, f(x1) = f(2) = f(x1) = f(y2) = —3
— 8(2) =< 648>, where < 8>> stands for a cycle Cg and < 6>> stands
for H-graph. Let <6 4+ 8>> consist of vertices {s1, s2,u1,ug, us, ug} U
{v1,v9,...,v8}; where 81 ~ uy,us, $2; So ~ uz, us and vy ~ vy ~ vz ~
vy ~ v5 ~ vg ~ v1; and there are no other edges in S. Then up to
multiplication the eigenfunction with this support has the following
values: f(s1) = f(s2) = 1, f(ur) = fluz) = fluz) = f(ua) = 3,
floi) = —3.
e The minimum support for A = —2 is obtained from the above case with the
help of Lemma 5 and Corollary 1.

Figure 20: Y-graph, Figure 21: I-graph,
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APPENDIX. ALGORITHM

Suppose S(\) with a vertex set {s1, ..., s¢} to be a support for some eigenfunction
f. Without loss of generality we can take f(s1) = 1 and consider the distance
partition with respect to s1. Denote L; = |G;(s1)| and

ti= Y 1, forallie{l,...D}
s;€Gi(s1)

D
Then we have > t; = t — 1, where t; < L; for all 4. In other words, at each
layer i there aré tli non-zero elements. The idea of the algorithm is pretty simple:
we consider all compositions of an integer ¢ — 1 into D parts and check if we can
build an eigenfunction with non-zeros corresponding to the considered composition.
Recall, that composition of an integer is its presentation as a sum of a sequence
of positive integers (note, that in some cases we also consider the sums of non-
zero integers). We are interested only in those that consist of D parts. Since the
weight disribution gives us a lower bound on the number of non-zeros in each layer
and the cardinality of the layer gives us an upper bound, we do not consider the
compositions that do not satisfy these bounds. Let Z be a total number of the
compositions that fulfil the condtions above.
So the algorithm can be described as follows:
(1) Initializing t = WDB(A).
(2) Build all compositions 779 = {tJ,...,},}, where

D .
dtl=t—1
=1

t] < L,
t] > W)
forall je{l,...,Z} andi € {1,...,D}.
(3) For each composition 77 we consider all possible combinations of vertices

that construct our eigenfunction support. In other words, at each layer 4
we choose the appropriate number ¢; of vertices. As a result we get S(X)

consisting of vertices {s1,...,$:}.
(4) Solving the system: consider a submatrix Sub of A that consists of the
columns of matrix A, that correspond to the vertices {s1, ..., s;}. Similarly,

let f’ be a column-vector that consists of non-zero elements of f’. In other
words, f' = (f(s1), f(s2),-..,f(s¢))T. Therefore, we obtain the system
Sub* f' = 0. If there is a non-zero solution the minimum support is found.

(5) If the system does not have a non-zero solution then increase ¢ and go to
Step 2.

For the purposes of this paper the described algorithm was implemented in
Matlab.
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