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CONSTRAINED FRACTAL INTERPOLATION FUNCTIONS
WITH VARIABLE SCALING

A.K.B.CHAND, K.M. REDDY

ABSTRACT. Fractal interpolant function (FIF) constructed through ite-
rated function systems is more general than classical spline interpolant.
In this paper, we introduce a family of rational cubic splines with variable
scaling, where the numerators and denominators of rational function
are cubic and linear polynomial respectively. FIFs with variable scaling
offer more flexibility in fitting and approximation of many complicated
phenomena than that of in FIF with constant scaling. The convergence
result of the proposed rational cubic interpolant to data generating func-
tion in C' is proven. When interpolation data is constrained by piecewise
curves, we derive sufficient condition on the parameter of rational FIF
so that it lies between them.

Keywords: fractals, rational splines, constrained interpolation, rational
fractal interpolation function.

1. INTRODUCTION

The term fractal was coined by Mandelbrot [17] in 1975 to describe the geometry
of nature such as the shape of clouds, forests, coastlines, leaves, flowers, galaxies,
etc. Fractals are generally self-affine in nature and possess non-integer dimensions.
Iterated function system(IFS) is an ideal tool for construction of fractals [16]. Based
on IFS, Barnsley introduced the concept of FIF that has similarity with classical
splines [1, 2]. The main distinctions of FIF with the classical interpolants include
the construction by iteration of fractal interpolant instead of using an analytic
expression and the presence of scaling factors, which offer flexibility in the choice of
smooth or non-smooth interpolant in contrast to the unicity of a specific traditional
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interpolant. When the scaling factors are zero, a fractal interpolant reduces to the
corresponding classical nonrecursive spline. Barnsley and Harrington [3] introduced
the construction of a differentiable FIF or C"-FIF f that interpolates prescribed
data if the values of f*) |k =1,2,...,r are assigned at the initial end point of the
interpolation interval. Fractal polynomial splines with general boundary conditions
developed in constructive manner [4, 8, 20]. Using a-fractal functions, it is possible
to generalize some classical piecewise interpolants, see for instance [18, 19, 20]. A
data set under consideration for interpolation may have some fundamental shapes
like irregularity, positivity, monotonicity, convexity (concavity). The notion of shape
refers to the geometrical behavior of a function or approximant. The processes of
evaluating interpolant that mimic the shape properties associated with a data set
is called shape preserving or iso-geometric interpolation, and the corresponding
interpolant is referred to as shape preserving interpolant [5, 10, 11, 15, 21, 23, 24].
Using fractal methodology, our group has initiated the shape preserving fractal
splines in literature by restricting the scaling factors and shape parameters suitably
[6, 7]. The shape preserving a-fractal function with constant scaling are developed
recently in [26]. Constrained control of interpolating curve is a fundamental task
and is an important subject that we face in applications including computer aided
geometric design [13], data visualization, image analysis [14]. On the other hand,
there are practical situations wherein interpolating curves that lie completely above
or below a prefixed curve, for instance, a polygonal (piecewise linear and quadratic
function) are sought-after. To provide additional flexibility and diversity, and to
match intricate curves that show less self-similarity, FIF with variable scaling
functions has been introduced by Wang and Fan [27]. Later Wang and Shan [28]
studied analytical properties such as smoothness, stability and sensitivity of FIF
with function vertical scaling factors. In this paper, we introduce a novel class of
rational cubic FIFs with function vertical scaling factors and study its convergence,
and constrained aspects when data set satisfies the same constraints.

The paper is organized as follows, In section 2, we discuss the construction
of rational cubic FIF with variable scaling. In section 3, we derive an uniform
error bound between the rational cubic FIF and the original function in C! for
convergence result. In section 4, we deduce the sufficient conditions for the proposed
rational cubic spline with variable scaling so that it stays above or below of a
piecewise spline. The theoretical results of previous section are implemented in
section 5 to construct the desired constrained rational cubic spline FIFs with variable
scaling.

2. PRELIMINARIES

First, we discuss the construction of FIFs from a given data set which is generated
from a complex function, and the details can be found in [1, 2, 3|. For a fixed
N € N, we denote Ny as the set of first IV natural numbers. Let the prescribed set
of interpolation data be {(z;,y;) € I x R :4 € Ny}, where I = [z1, zn], N > 2.
For i € Ny_1, let L; : I — I; = [x;, 2;11] be contraction homeomorphisms that
obey

Li(z1) = xi, Li(rn) = Tit1. (1)
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Let F; : I x R — R be continuous maps such that

Fi(zlayl):yia Fi(IvaN):yi+l7 iENN—h (2)
|Fi(z,y) = Fi(z,y)| < aily =y, € I; y,9 €R; 0 <oy < 1.

For i € Ny_1, define functions w;(z,y) = (L;(z), F;(z,y)). The collection {I x
R;w; : i € Ny_1} is referred as an iterated function system (IFS). The following is
the most fundamental theorem in the field of fractal interpolation.

Theorem 2.1. [1] The IFS {I X R; w;,i € Ny_1} defined above admits a unique
attractor G, and G is the graph of a continuous function f : I — R which obeys
f(x;) =y; forie Ny.

The above function f is called a FIF corresponding to the IFS and its construction
is based on the following:
Let F ={g | g: I — R is continuous, g(z1) = y1 and g(zn) = yn}. Then F,
endowed with the uniform metric in a complete metric space. The Read-Bajraktarevié
operator T : F — F is defined by

(Tg)(x) = Fy(L7"(x),g0 L " (x)), € I;, i € Ny_1.

T is a contract in map with contractivity factor |a|ec=max{|a;|:i =1, 2,..., N —
1}. The fixed point of T is the FIF f whose functional equation is
f(x) = F(L;Y(x), folL;(x)) forxcI. (3)

The most extensively studied FIFs so far in the literature stem from the IFS:

U x R; wi(z, f) = (Li(x), Fi(x, f)),i € Ny_1},
Li(z) = az +b;,  Fi(z, f) = aif + qi(x),

where a; is a horizontal scaling factor, «; is a vertical scaling factor and a=(aq, as,
...,an_1) is the scaling factor of the IFS. The functions ¢;(x), i € Ny_; are
suitable continuous functions such that the conditions prescribed in (2) are satisfied.
Bransley[1] introduced generalization of a FIF by IFS (4) with ¢;(z)=f o L;(x) —
a;b(x), where b is a continuous function satisfy b(z1) = f(x1),and b(zn) = f(zN).
The corresponding FIF is called a-fractal function of f with respect to «, base

(4)

function b and partition A={z1,...,zn5}. The corresponding a—fractal function
fR = f< satisfy the functional equation[19]:
f(Li(z)) = a; f*(x) + foLi(x) —a;b(z), ze€l, i€ Ny_q, (5)

Viswanathan and Chand [26], developed a-fractal function f* with family of base
functions {b; : i« € Ny_1} to introduce shape parameters in the structure of FIF as

F@) = f(z) + 0i(f* = b) (L7 (x)), z € I, i € Ny_1, (6)

If in order to accommodate variable scaling and shape parameters in a-FIF, we
modify (6) as

fH¥(Li(2)) = ai(@) f*(2) + f(Li(2)) — ai(x)bi(x), xel, icNy_y, (7)

where a;(x) is a Lipschitz function. An upper bound for the uniform error between
f and its perturbation fractal function f is calculated in the following:

(f* = N@) = aa(L7 (@) (F)L7 (@) = bi(L7 (2))), @ € L, i € Ny,
= (L (@) (F% = bi) (L7 (@), @ € I;, i € Ny,
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From above expression, we have
I(f* = N@)| < lalloo |[f* = billoo, @ € 1i; i € Ny—1.
Hence, we obtain
1f* = flloo < max{|[ei||oc 14 € Ny—1} max{||f* —billoc : i € Ny_1},
< max{|eillec 1 i € Nv_1 H|[f* = flloo + max{|[f — billoc : i € Ny_1}.
[lexf|oo

Hfa _f||oo < 1 ‘7max{|‘f—bi||m 11 € NN—l},

= llefoo

®)

where ||a||co = max{||a||oo : 7 € Ny_1}.

3. CONSTRUCTION OF RATIONAL CUBIC FIF WITH VARIABLE SCALINGS

A Cl-continuous rational cubic spline with linear denominator was introduced
in [12], where each piece is defined over a subinterval. With a suitable change of
variable, we can rewrite this interpolant as

. . (1 — 0)3Tiyi + 9(1 — 9)2‘/; + 92(1 — Q)I/VZ + 93tiyi+1
f(Lz(-T)) - (1 — 0)7,1 + Hti

, 1€ NNfl, (9)

Tr—XT1
TN—T1’

Vi = (2ri + ti)ys +rihids, Wi = (ri + 2t3)yip1 — tihidiga.

where 0 = x € I, r;, t; are non-negative shape parameters and

The fractal perturbation f& to be C!- continuous, it suffices to choose the variable
scaling () such that |[al|ci () < % where ||a|ci(ry = {[|a]|oo, ™ = 0,1} [25].
In order to construct o-FIF with variable scaling of f, we need the base functions
{b; : i € Ny_1} so that each b; agrees with f at the extremes of the interpolation
interval up to the first derivative [26]. We choose
Bli(l — 9)3 + Bgze(l — 0)2 + B3i02(1 — 0) + B4i93
bi (JU) = ,
(]. — 9)7‘2 + Htl

where the coefficients By;, Bs;, Bs;, and By; are prescribed as

By = riy1, Bai = (2ri +t)y1 +ridi(zn — 21),

Bs; = (ri + 2t;)yn — tidn(vn — 1), Bai = tiyn.

(10)

Therefore, in view of (7), (9) and (10), the desired C'- continuous rational cubic
fractal spline with variable scaling is

£ (L)) = as(o)f () + 1, (1)
Ei(z) = (yi—oi(@)y)ri(1 —0)® + (yip1 — ai(@)yn )60 + {(2ri + t:)y;

+rihid; — o ()[(2r; + t3)yr + ri(en — x1)da] (1 — 6)?

H{(ri + 2t)yia

—tihidip — oy (z)[(r; + 2t)yn — ti(zy — 21)dN] 107 (1 - 0),
Fi(z) = (1—0)ri+6t;, 6= —"1 &

Hai||cl(1) < 1€ Ny_1.

N — X1 27
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Remark 3.1. If shape parameters r; = t; for all i € Ny_1, then the a-fractal
rational cubic spline reduces to the Ct-cubic Hermite FIF S®with variable scaling
vectors:

SP(Li(x) = ai(x)S5 (@) +rif{ (v — ai(@)y) (1 — 0)® + (yis1 — cu(2)yn)6?
+{(By;s + hid; — 0;(x)[3y1 + (xn — 21)da] }O(1 — 6)?
+{3yit1 — tihidis1 — a;(z)[Byn — ti(zn — 21)dn]}0*(1 = 0)},
9 — Tr — I 7

E— i€ Ny_1.
TN —T1

i
2 )
Remark 3.2. If variable scaling vectors a;(xz) = 0 and shape parameters r; = t;
for all i € Ny_1, the a-fractal rational cubic spline is same as the classical cubic
Hermite spline Ss, where

So(x) = ri{yi(1 = p)® + yir1p® + (Byi + hidi)p(1 — p)®
+ (3yit1 — hidiy1)p*(1 — p)},

a
||ai||61(1) <=

where p= ——*— x € I;,i € Ny_;.

i+1—T’
From (11), the derivative of f* satisfies the functional equation

(F*) (Li(x)) = ai(x)(f"‘)'(x) n a%(w)f“(f) _ (ay —m)ai(z)Ai(z) — Di(x)

@ @ hi(Fi(x))? ’
(12)

Ai(x) = 72y (1 —0)* + 2y 10" + {rf[?yl + (zy —x1)d1] + 2rit¢y1}9(1 —0)3
+{riyn +ritil2(y1 + yn) + (1 — 2n)(di — dn)] + 1y 07 (1 — 0)?
+{2ritiyn + £ 2un — (an — 21)dN]}0° (1 - 6),

Dj(x) = r2[hid; — aij(x)(xn — 21)d1](1 — 0) + t3[hidi 11 — ci(x)(xn — 21)dN]
x 0% + {Tiz{Q(yi-H —yi) — hid; — ai(x)2(yn —y1) — (xn — x1)dq]}
+ riti{d(Wir1 — yi) — 2hidit1 — ou(2)[A(yny — y1) — 2(zn — 21)dN]}}0
x (1= 0)” + {2riti{2(yis1 — i) — hidi — ai(2)[2(yny — y1) — (zn — 21)d1]}

+ 2{2(ir1 — ¥i) — hidiy1 — 04(@)[2(yn — y1) — (an — 21)dN]} }6%(1 — 6),

Fi(a) = (1 O)ry +0t;, 0= —"1
TN —

;17 ||ai||c1(1) < %, i € Ny_1.

Suppose the interpolation data {(x;,y;) : i € Ny} is generated by an unknown
function ® € C!(I) such that ®'(x) is very irregular in nature. Since the rational FIF
is not defined explicitly, it is difficult to get an error bound by direct procedures in
numerical analysis. But using the corresponding classical rational cubic spline, we
can estimate the error bound of f* with ® that can be used to get its convergence
result. Now, we need the following result which proposed in [9].

Proposition 3.1 ([9]). Let f(x) be the classical rational cubic spline associated
with the data {(x;,y;) : i € Ny}. Assume that the derivatives at the knots are given
or estimated by some linear approximation methods. Then the point-wise error is
given by

1B(2) — F@)] < hi cll® o, € L
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rip(1=p)*(142p)+tip> (1—p) (3—2p) T

T (l—p)+tip , P= Tiri—a1) xel;, 1eNy_.

where ¢; =

Theorem 3.1. Let f* be the corresponding rational cubic spline FIF for data
{(xi,y:) : i € NNy}, which is generated from ® € C1(I). Then,
llex]]oo 1
19— £ o <L oI+ maxlyal, low} + (bt
> (13)

(1 max{lda], [dn[})] + chl|@oo,

where ¢ := max{c; : 1 € Ny_1},|y|loc = max{|y;| : j € Ny}, |d|oc = max{|d;|:j €
Ny}, h =max{h; :i € Ny_1} ,and |I| =zn — 1.

Proof. From (9) and (10), it easy to compute the bounds for ||f||e and ||b;||cc as

h
floe < Iolee + 2l
I
bl < maxtlynl, o]} + 2 mac{las] ldn])
Using these estimates in (8), we have
al|eo h I
1~ < T e vl b+ 5] ol . (19

Using Proposition 3.1 and (14) in
12 = f¥lloo < I1® = flloo + [If = [ [lox

we obtain the desired estimate (13) of Theorem 3.1. O
Convergence result: Since |[aillc < 4 = m7 we have ||a]e < ﬁ

llelloo

and hence - < 2|I}\L7h' From (13), we get

[|® — f¥|oc = O(h) as h — 0.

Thus, f< converges uniformly to ® as the norm of the partition tends to zero.

4. Constrained rational cubic fractal splines

In this section, we deal with the selection of parameters associated in the rational
cubic spline FIF such that it satisfies the constrained nature of data with respect
to a given piecewise curve. Given data set {(z;,¥;) : « € Ny} and a function p
(piecewise linear or quadratic with joints at the knots x;) satisfying y; > p(z;) (or
yi < p(z;)), the problem is to construct a rational cubic spline FIF with variable
scaling f< such that f*(z) > p(z) (or f*(z) < p(x)) for all z € I. Since f¢
in defined implicitly, obtaining conditions for which f lies above (or below) a
piecewise defined function is comparatively difficult than that in the corresponding
classical counterpart. But, this can be solved by connecting f< with its classical
counterpart f© = f, and performing the analysis on f rather than on f< itself. Let
us commence by noting that

[ @) —p(x) = [f¥2) = f(z)+ f(z) —p(2),

[l loo
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where M = [yl + max{|yal. [yn|} + & (kld]oc + 7| max{|di]. ldx]}).
It follows that for f*(x) — p(z) > 0, it is sufficient to take

[leloo

f(x) > p(x) — K, where K = —————
( llerf|oo — 1

If we replace L;(z) by z in (9), the classical C!-rational cubic spline can be written

—

as f(z) = S;((;C), where

Ri(x) = (1= p)3ruyi + p(1 — p)2[(2r; + t:)ys + rihidi] + p*(1 — p)[(rs + 2t:)yis1
—tihidis1] + PP tiyita,
xr —x;
Si(x) = (1=p)ri+pti, p=—
1

Case - I Suppose the data set is constrained by a piecewise straight line p(z) with
joints at x;, i € Ny. If p; = p(x;) and p;41 = p(zi+1), then we have
p(z) = pi(l = p) + piv1p, T € I; = w4, Tit1].
Therefore f(x) > p(z) — K for all x € I is satisfied if
Ri(z) — [pi(1 = p) + piy1p — K]Si(z) >0, z€1;, i € Ny_;.
= Ri(x)[p:(1 — p) + pit1p)Si(z) + KS;(x) >0, x€l;, i € Ny_q. (15)
By using the technique of degree elevation, we are able to write
[pi(1 = p) + piy19]Si(x)
= [pi(1 = p) + piapl[ri(L = p)? + (ri + t:)p(1 = p) + tip?],
=ripi(1 = p)® + [ri(pi + pit1) + pitilp(1 — p)?
+ [ripir1 + ti(pi + pis1)]P*(1 = p) + p*tipiga,
Si(z) = (1= p)ri+ pt;
=11 =p)° + 2ri +t:)(1 = p)?p + (ri + 2:)p* (1 — p) + Pt
Using the above expressions, the condition (15) reduces to
ri(yi — pi + K)(1 = p)* + [ri(2y; + hid; — pi — pit1 + 2K)
+ti(yi — pi + K)]p(1 — p)?
+[ri(yis1 — pis1 + K) + :(2yis1 — hidiy1 — pi — pig1 + 2K)]p*(1 = p)
+ti(Yir1 — pig1 + K)p® >0, for all i € Ny_;. (16)

Since the canonical basis elements (1—p)3, p(1—p)?, p*(1—p), p® are non-negative,
we need to impose conditions on parameters of IFS so that each coefficient of the
cubic polynomial appearing in (16) is nonnegative. Given that y; > p; for all i € Ny
and M > 0. Thus, we need

Yji — Pj

Y —pi+K>0 < ol < —2 9
i) s 1

s J=1i+ 1,

for nonnegativity of the coefficients of (1 — p)3 and p3. Additionally, we need to
choose the shape parameters r; and t; such that the coefficients of p(1 — p)? and
p?(1 — p) are to be nonnegative. The discussion we had until now is summarized in
the following theorem.
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Theorem 4.1. Suppose that a data set {(x;,y;) : i € Ny} lies above a piecewise
linear function p with joints at knots x; such that y; > p; = p(xz;). Then the
rational cubic spline FIF f® stays above p, it is sufficient to choose the rational
IFS parameters as

(i) ||lallerry < % fori e Ny_1, and |[af|s < min{ Yi — Di (i€ NN},
Yi

—-pit+M
(ii) 7i(2y; — pix1 — pi + hidi +2K) +t;(y; —pi + K) >0, i € Ny_q,

(111) ri(Yit1 — Piv1 + K) +ti(2Yi41 — pig1 — i — hidip1 +2K) >0, i € Ny_q,
where M = lylo + max{lysl,lyl} + 3 (Aldlo + [ max{lds, ldxl}) and K =
ledle_ 3z

[leelloo—1 7"

If the given data set lies below a piecewise linear function p*(z), then we can
proceed in the same manner but with a reverse inequality to get the following result:

Theorem 4.2. Suppose that a data set {(x;,y;) : i € Ny} lies below a piecewise
linear function p* with joints at knots x; such that y; < pf = p*(x;). Then the
rational cubic spline FIF f* stays below p*, it is sufficient to choose the rational
IFS parameters as

(i) llallerry < & forie Ny_1, and ||a|o0 < min{% 1i € NN},

(ii) ri(pjyq +pf — 2y — hid; — 2K) + ti(pf —y; — K) >0, i € Ny_1,

(iii) ri(pyy1 — Yirr — K) +ti(piy1 + 1) — 2yip1 + hidip1 —2K) >0, i € Ny,
where M = lyloo + max{lya], lyl} + (hldloo + [T max{lds], ldn[}), and K =
ledle 3/

[leefloo =177

Case II Now let us consider u to be a piecewise quadratic polynomial with

T—x;

joints at @, i € Ny. If p(x;) = g, p () = pi and p = %%, then we have p(z) =

11 (1= p)? 4 (2pi + ;i) p(1 = p) + priy19%, @ € [, xi11]. Therefore f(z) > p(x) - K
for all x € I is satisfied if

Rl(l') — [ui(l—p)2+(2,ui-HL;hi)p(l—p)+ui+1p2—K]Si(9c) >0, z€el;, i€ Ny_q,
(17)

[1i(1 = p)* + (2ui + pihi) p(1 = p) + pig1p? — K]Si(x)
= (i1 = p)? + (25 + pihi) p(1 = p) + pisap® = K|[1 = p)ri + pti]
= ripi(1 = p)° + [rs(2ps + pihi) + patilp(1 = p)?
+ [ripien + 62 + piha)lp? (1= p) + p*tiptisr

(18)

Using the above expression and the cubic degree elevation form of S;(z) in (17), we
will get following inequality for a cubic polynomial :
riyi — pa+ K) (1= p)* + [ri(2ui + hids — 2p15 — ' hi + K) + 13 (ys — i+ K) ] p(1— p)?
+ [riirs — pier + K) + (291 — hadiga — 25 — pihi + K) | p? (1 = p)
+ti(yir1 — pip1 + K)p® >0, for all i € Ny_;.
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Now (17) is true for all values of x € I, when the coefficients of (1 — p)3, p(1 — p)?,
p%(1 — p), p? are non-negative in the above expression. This leads to conditions on
the parameters of the rational IFS as described in the following;:

Theorem 4.3. Suppose that a data set {(z;,y;) : i € Ny} lies above a a piecewise
quadratic function p such that y; > p; = u(x;),i € Ny. Then the rational cubic
spline FIF f* stays above p if the IFS parameters satisfy the following inequalities:

. v . . Yi — i .
(i) llellerry < % fori € Ny_1, and ||af|s < mln{m i€ Ny},

(’LZ) Ti(Q’yi — 2,U,i + h;d; — hl,LL; + 2K) + ti(yi — Wi+ K) > 0, 1€ NN—l;

(iii) 7i(Yix1 — pir1 + K) +6:(2yi41 — 20 — hidipq — hi/i; +2K)>0, ie€Ny_q,
where M = |yl + max{|y1],|yn|} + 5 (h|d|os + |[I|max{|di],|dn|}) and K =
llodles 3

[lexfloo =177

Similarly the following theorem gives the restrictions on rational IFS parameters
such that the fractal curve lies below the piecewise quadratic curve.

Theorem 4.4. Suppose that a data set {(x;,y;) : i € Ny} lies above a a piecewise
quadratic function p* such that y; < pf = p*(x;). Then the rational cubic spline
FIF f* stays below p* if the IFS parameters satisfy the following inequalities:

(i) llellerry < & fori € Ny_1, and ||af|o0 < mln{u"_yﬁ 1€ NN},

(i) 7i (i —Yirr — K) +t:2pf —2yip1 +hidia +hi(p;) —2K) >0, i€ Ny_q,
where M = |yloo + max{|y1|,lyn|} + §(hld|oe + [I|max{|d:],|dn]}) and K =

llerfloo =177

5. Numerical Examples

In this section, we implement our rational cubic spline FIFs that are contained
by piecewise linear or quadratic curves. Consider the dataset {(z;,y;,d;) : i =
1,2,3,4,5} = {(0,11,—1.8889), (4,7, —0.1111), (9,12, —0.0417), (13,8.5, —0.2711),
(20,14,1.8425)}. Note that the prescribed data set lies above the piecewise linear
function p with nodes at {(z;, p;)}_,=1{(0,9), (4,5), (9, 7), (13,6), (20, 10} and data
set lies below the piecewise linear function p* with nodes at {(z;, p;)}5_,={(0, 14),
(4,10),(9,15.5),(13,9.5), (20, 15) } are given by

—x+9 if 0<o <4, 14—z if 0<x<4,

) =T if 4<2<09, ey ) Mz if 4<2<09,
p)i=3 e gpgcpci3 0 P et gy
4210 if 13 < < 20. B30 13 <2 <20

respectively. By selecting the variable scaling and shape parameter according to the
conditions prescribed in Theorems 4.1-4.2 (See Tables 1-2), a rational cubic spline
FIF lying between p(x) and p*(x) is generated in Fig. 1(a). To illustrate the effects
of scaling factors, only the variable scaling «s(z) is changed with respect to the
parameters of Fig.1 (a). The corresponding constrained rational cubic spline FIF
between the piecewise lies in plotted in Fig. 1(b). Next, we have taken a different
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variable scale vector to generate a constrained rational cubic FIF in Fig. 1(c).
Finally, we have retrieved the classical constrained rational cubic FIF in Fig. 1(d)
by taking a;(z) as a zero function. Due to ||a[|c1(r) < % < 1, the difference in the
graphs of rational cubic FIFs are not visible. Denoting f{¥, fs*, f§* and f* as rational
cubic FIFs in Figs. 1(a), 1(b), 1(c) and 1(d) respectively, we have calculated the
uniform norms || f — f&]| = 0.0783 , || f — f$||= 0.1412 and ||f — f£||=0.1426.
It is clear that if ff* is an original function for given data, then f5* is a better

approximant to it in compare with the classical interpolant f{*.

Next, we consider the same interpolation data set lies above the piecewise quadratic
function p with nodes at {(x;, p;) }o_,=1{(0,8), (4,6.25), (9,12), (13,8.5), (20, 11} and
interpolation data set lies below the piecewise quadratic function p* with nodes at
{(z4, ) }2_1={(0,12.5), (4,10.75), (9,11.3), (13,11), (20, 15)} defined as follows.
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TABLE 1. Variable Scaling factors used in the construction of
rational cubic FIFs.

Figures Variable scaling a(x)

Fig.1a, 2a (W, %, —1 + e(=/(0)7 ), (ngl%)
Fig.1b, 2c ((20952.9’ \109(210/1(.19;!,-2)” ;o —1+ e(m/(20)2488)’ (5;?1(-%:24)
Fig.1c, 2d, (cosi(a;(;&-Q)’ sech(a:z-g2.222)7 si;g(f;g)’ I+(134.9>

Fig.1d, 2g (0, 0, 0, 0)

TABLE 2. Shape parameters used in the construction of rational

cubic FIFs.
Shape parameters
Figures r t
Fig.la-d 100(0.00002, 0.1, 1, 1) 40(0.0001, 1, 1, 2)
Fig. 2a-h (1,1, 0.01, 11) (10, 2000 , 0.1, 8)
48 if 0<z<4,
sos(@—4)? = L(x—4)+ 2 if 4<z<09,
p(x) =
Sz =92 + 45 (x—9)+ 7 if 9<a <13,
2o(x—13)2 — 2 (x —13) + 34T if 13 <2 <20,

@+ 7 if 0<z<4,

Pr(w—4)?—La—4)+2 if 4<z<0,
0 (@) =

Too (@ = 9% + 355 (z — 9) + 43 if 9<x<13,

M 13229 13)+ 11 if 13 <2 <20,

By selecting the variable scaling and shape parameter according to the conditions
prescribed in Theorems 4.3 and 4.4 the constrained rational cubic FIFs are constructed
in Figs. 2a, 2c, 2e lying below and above the quadratic splines p and p*. The same
choice of scaling factors of previous examples are satisfying the requirement in
Theorems 4.3-4.4 (See Table 1). But the shape parameters are taken differently as
per our requirement (See Table 2). When the scale vector is null, i.e. a(z)=(0,0,0,0),
we retrieve the classical rational cubic spline plotted in Fig. 2g. The effects of scaling
parameters on the proposed rational cubic FIFs can be seen by comparing Fig la
vs Fig. 2a, Fig. 1b vs Fig. 2c and Fig. 1c vs Fig. 2e. Denoting the constrained
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(¢) Biffect Ofl;‘f;z;lzi; i 2(x) In (d) Derivative of Fig.2(c).
rational cubic FIFs lying below and above the prescribed quadratic splines graphed
in Figs. 2a, 2¢, 2e, 2g as f$*, f§, f7 and f§ respectively, we have estimated the
uniform norms ||f& — f§*|| = 0.0019 , ||f& — f&||= 0.0509 and ||f& — f$]|=0.0183
to show the difference between these fractal curves. In order to notice the difference
between the shapes of constrained rational cubic FIFs in fractality, we have plotted
the derivative of them in Figs. 2b, 2d, 2f, 2h. Note that the first derivatives of these
rational cubic FIFs are typical fractal functions which are very much different in
shapes.

6. CONCLUSIONS

In this paper, we have proposed a novel rational constrained fractal function
with variable scaling.The parameters of the FIF are chosen such a way that the
graph of fractal interpolant lies above or below associated with rational FIF can a
prescribed piecewise linear or quadratic curve. This may find potential applications
in various nonlinear and non-equilibrium phenomena where the derivative of the
associated variable is irregular in nature.
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(e) Effect of change in all a(x)in
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(g) Classical rational cubic spline (h) Derivative of Classical rational
FIF. cubic spline FIF.

FiGc. 2. Rational cubic spline FIFs lying between piecewise

quadratic curves p and p*.
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