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ABSTRACT. The article is focused on finding conditions that imply small
theories of linear order have the maximum number of countable non-
isomorphic models. We introduce the notion of eztreme triviality of non-
principal types, and prove that a theory of order, which has such a type,
has 2%° countable non-isomorphic models.

Keywords: countable model, linear order, omitting types.

1. INTRODUCTION AND PRELIMINARIES

The description of cases, in which complete theories have the maximal, that
is 2% number of countable non-isomorphic models, is an important question in
studying the countable spectrum of those theories. For instance at first, L. Mayer
sufficient conditions an o-minimal theory to have the maximal number of countable
non-isomorphic model of; and only after that she moved to proving the Vaught
conjecture for o-minimal theories [1]. Another example is the work [2] by S. Sudopla-
tov and B. Kulpeshov, in which the authors indicated the conditions of maximality
of countable spectrum, and proved the Vaught conjecture for quite o-minimal
theories.

Like the study of o-minimality, we restrict to theories whose models are linearly
ordered. But rather than the global hypothesis that all definable subsets are definable
with just the order, we posit conditions on particular types and on the underlying
linear order which imply the existence of continuum many countable models.
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In the article [3] M. Rubin investigated theories of pure linear orders and its
expansions by finite or countable set of unary predicates. He proved that number
of countable non-isomorphic models of such a theory T is either finite or 2*, and
if the language of T is finite, then T is either w-categorical, or it has 2% countable
non-isomorphic model. Thus M. Rubin solved the Vaught Conjecture for linear
orders expanded by unary predicates. In our paper there will be no restriction on
language.

Further in the article we will consider small theories, that is, theories T" with
| U Sn(T)] = w. By Gothic letters (91, N, etc.) we will denote structures, and by

n<w
capital letters (M, N, etc.) — universes of those structures. Given a finite subset

A C M of amodel M =T , we will denote T'(A) := Th(9M, a)sca. Note that if a
theory T is small, then the theory T(A) is small as well. Also the condition of T
being small implies existence of a prime model, MM(A), of T over the finite set A,
and of a countably saturated model of T [4]. If a4, as, ..., @, € M, n > 1, are some
tuples of elements of M, then M(ay,as, ...,a,) will stand for a prime model of T
over the set of all elements belonging to those tuples. Given a type p, by p(M) we
will denote the set of elements ¥ € M with 4 |= p in 9.

2. VARIANTS OF TRIVIALITY

Definition 2.1. Let T' be a small complete theory, p(z) be a non-principal type
over a finite subset A of some model of T

1) The type p is extremely trivial, if for every natural number n > 1 and every
sequence of realizations By, Bz, .Bu of p, P(M(By, Bay s Bus@)) = {B1, BowB},
where a is some enumeration of the set A.

2) The type p is almost extremely trivial, if for every n > 1 and every
sequence of realizations By, B2, ...Bn of p, D(M(B1, Bay ..., Bn,@)) is finite.

3) The type p is eventually extremely trivial, if for every n > 1 there
exist m > n and realizations By, B2, ...Bm of p such that p(M(B1, Ba, ..., Bm,a)) =

{/617627 7/8m}

It is obvious that every extremely trivial type is almost extremely trivial, and
every almost extremely trivial type is eventually extremely trivial.

Example 2.2. Let £ = {=, P;};<w, where the P; are unary, and T be an L-theory
and that the P; are a decreasing sequence of sets with each P; — P;;; infinte. It can
be axiomtized as follows.

(1) Vz (Piy1(z) = Pi(2)) for all i < w;
(2) 32"z (Py(z) A =Piyi(z)) forall n < w, i < w.
Then the type p(x) := {P;(z) | i < w} is extremely trivial, and the theory T has
Ry countable models.

Example 2.3. Let £ = {=, P;, R};<,, with the P; unary and R binary, k¥ > 2 be
an integer, and T}, be an L-theory that asserts the P;’s are a descending sequence of
set and R is an equivalence relation with infinitely many classes, all of cardinality
k and such no equivalence class can be split by a P;. Axioms:

(1) v ( Pii1(x) — Pi(x)) for all i < w;
(2) 32"z (Py(x) A —Pga(z)) for all n < w, i < w;
(3) Vx R(
(4) Vz

x,T);
Yy (R(z,y) = R(y,z));
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(5) Vavyvz ((R z,y) AR(y,2)) — R(x,z));
(6) Yo3=*y R(,y);
(7) Vavy (( (z,y) A Pi(z)) %Pi(y)) for all i < w.

Let p(x) := {Pi(z) | i < w}.The type p(z) is almost extremely trivial, but is not
extremely trivial. This theory has Ry countable models: for every natural number
n, a model with exactly kn realizations of p.

Example 2.4. Let £ = {=;<; P;}i<y, with the P; unary and T be an L-theory
with the following axioms:

(1) < is a dense linear order without endpoints;
(2) P;’s are dense codense disjoint predicates.

The type p(z) := {—=Pi(x) | i < w} is extremely trivial. This theory has 2%°
countable non-isomorphic models.

Question 2.5. Are there any examples of theories with an eventually extremely
trivial type, which is not almost extremely trivial?

The following example including a unary function shows that our results extend
those of [3].

Example 2.6. Modify Example 2.4 by adding a constant symbol 0 and a unary
function f satisfying f2(x) = z, f(0) = 0 and = > y > 0 implies f(x) < f(y) <0

The type p(z) := {=Pi(x) | i < w} is extremely trivial. By Theorem 3.6 this
theory has 2% countable non-isomorphic models.

Definition 2.7. 1) An A-definable formula ©(Z, 91,2, -, Un,a), @ € A, is said to
be p-n-preserving, if for every realizations By, Ba, ..., Bn of the type p,
( ﬁhBQa' aﬁrm ) ( )

2) Let q(§1, ..y Tn) (n < w) be an A-type such that |J p@)U{ A @ #
1<i<n 1<i#j<n

Ui} € q. An A-definable formula ©(Z,1,Y2,....,Un,a@), @ € A, is said to be p-
g-preserving, if for every realizations Bi, Ba, ..., Bn of the type p, we have:
tp(ﬁla . 75”) =4q ’melZES 80(1: 617527 . 7/8n? ) (i)

3) A p-n-preserving (p-q-preserving) formula ©(Z, 1, Y2, ---, Yn, @) is non-trivial,
if for every model M = T and every realizations B;, 1 < i < n, of the type p in
M (with tp(Bi, ..., Bn/A) = q) the set o(M, By, Ba, ..., Bn,@) contains at least one
element other than B1, Ba, ..., Bn.

Proposition 2.8. Let T be a countable complete theory, p(Z) € S(A) be a non-
principal type over a finite subset A of some model of T. Then the type p is extremely
trivial if and only if for every n > 1 every p-n-preserving A-definable formula is
trivial.

Proof. Further by a we denote a tuple enumerating the set A.

(=) Let p be extremely trivial, 51, B2, ..., Bn (n > 1) be realizations of p,
and (T, 1, Y2, .-, Yn, @) be a p-n-preserving A-definable formula. Directly from the
definitions it follows that

<)0(M(5:17ﬁ:23' aﬂna )ﬂ _1 B _7 (_12
p((M(Bl,ﬂ%“'aﬁvw ) = ﬂ ﬂ

w—ilm
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Therefore, the formula ¢ is trivial.

(<) Now suppose that for every n > 1 every p-n-preserving A-definable formula
is trivial. Take a finite number of arbitrary realizations of p, namely, 81, 5o, ...,
Bn. Towards a contradiction let us suppose that there exists a realization 3 €
p((M(B1, B2y -, B, a)) other than By, Ba, ..., Bn. Let o(Z, 1, B2, ..., Bn,a@) be an
isolating formula of the principal type p’'(z) := tp(8/61, B2, .-, Pn,a). Since p(z) C

p'(x), ¢ is p-n-preserving. And since ( A T # ;) € p'(x), ¢ is non-trivial. This
1<i<n
is a contradiction. O

Proposition 2.9. Let T be a countable complete theory, p(Z) € S(A) be a non-
principal type over a finite subset A of some model of T. Then the following state-
ments are equivalent:

1) The type p is almost extremely trivial;

2) For every n > 1, and every A-type q(y1, ..., Un) such that |J p(g;)U

1<i<n
{ A ¥ # g;} C q, there exists no more than finite number of non-equivalent
1<i#j<n

non-trivial p-q-preserving A-formulas, and for every realizations By, ..., By, with
tp(B1, ..., Bn/A) = q, and every p-q-preserving A-formula ©(Z,§1, Y2, .-, Jn,a), the
formula ©(Z, By, B2, ..., Bn, @) is algebraic;

3) For every n > 1, and every A-type q(§1, ..., Jn) such that |J p(g;)U
1<i<n

{ AN 9 #y;} Cq, there exist m > n and a type ¢'(y1,...,Ym) 2 q such that for
1<i#j<n

every 617 ceey Bm |: q/7 p(M(Bh 7577“6/)) = {Bla aBm}

Proof. Further by a we denote a tuple enumerating the set A.
1) = 2) Let p be almost extremely trivial. Let ¢(Z, 91, %2, ..., Jn, @) be a non-
trivial p-g-n-preserving A-definable formula (n > 1), where (g1, ...,yn) is some

A-type such that | p(z:)U{ A 7 #7;} Cq, and 51, B, ..., B, be arbitrary
1<i<n 1<iZ£j<n

realizations of p. Since
QO(M(517527"'7Bna&)751a627"'7Bnaa) gp(M(BlaB27"'7Bnaa))7

and p is almost extremely trivial, this set is finite, and @(f,Bl,Bg, wees Bn,s a) is an
algebraic formula.

Now towards a contradiction suppose that there exist n > 1, an A-type q(g1, .., Jn)
with U p@)U{ A @ # 7;} C ¢, and an infinite family ® of pairwise

1<i<n 1<i#j<n

non-equivalent non-trivial p-g-preserving A-definable formulas. Take arbitrary n
realizations, f1, B2, ..., B, of the type q. For every o(Z, 71, G, .., Un,a) € ® we
have

@(M(Blvﬂ_Qa ceey B’nv d)a 817527 ~~~»Bn7 d) g p(M(Blﬂ 827 -~'7Bna d))

And since the set ® is infinite, and all the formulas from ® are pairwise non-
equivalent, p(M(B1, B2, ..., Bn, @)) should be infinite, what is impossible because of
almost extreme triviality of p.

2) = 3) Let n and ¢ be as in 3), and i, ..., 3, be realizations of q. If every p-g-
preserving formula is trivial, then the desired type ¢’ is q itself, and the proof is done.
If not, then take an arbitrary element 7 € p(M(Bl,Bg,...,Bmd))\{ﬁl,g%...7Bn}.
Denote by ¢(Z, B1, B2, ..., Bn, @) an isolating formula of the principal type
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tp(3/B1, B2, ..., Bn,@). Since o(Z, B, Ba, ..., Bn, @) F p, for every formula 1 (Z,a) € p

we have = V:‘c(cp(:?, B1, Bay ey Br,a) — U(T, &)). And therefore, the formula
V:i’(gp(f, Y1, U2y ooy Un, @) — (T, d)) belongs to the type tp(B1, B2, ..., Bn, @). Since the
last holds for every formula ¢ (z, @) from the type p, we have that o (zZ, g1, 92, ..., Yn, @)
is non-trivial p-g-preserving. By 2) this formula is algebraic, and therefore the set
ap(M(ﬁl, B2, ey By @), B1, P2y -y Bn, EL) C p(M(Bl, B2, ..., Bn, ZL)) is finite. This holds
for every element 5 € p(M (B, Bz, -, B, d))\{Bl,Bg, ..., Bn}, and since by 2) there
exists only finite number of non-equivalent non-trivial p-g-preserving formulas, the
set p(M(Bl,BQ, ...,Bn,a)) is finite, and is equal to {B1, B2, ..., Bm }, Where m > n,
and B3; = p for all i, n < i < m. Denote ¢’ := tp(B1, o, ..., Bm /@), it is easy to see
that ¢’ is the desired type.

3) = 1) Let we are given arbitrary n > 1 and realizations fi, fa, ..., B, of the
type p. Denote by ¢ the type tp(Bi, B2, ..., 3n/@). By 3) there are m > n and a
type ¢ (U1, -, Jm) 2 q such that for every 3, ..., 8. = ¢, p(M (B}, ..., 3,,,a)) =
{B1, ., BL,}. If m = n, then the proof for this n is finished. Now take arbitrary
realizations 3,41, Bn+2, -y Bm = p such that B; # B; for all 1 <4 < n and n +
1 < j <m. We have that p(M(f1,..., Bn,a)) € p(M(B1; -, Bm, @) = {B1, s Bm},
Therefore p(M (51, ..., Bn,a@)) is finite, and, since the proof is done for arbitrary n,
p is an almost extremely trivial type. O

An obvious corollary from the proof of Proposition 2.9 is the following.

Proposition 2.10. Let T be a countable complete theory, p(Z) € S(A) be a
non-principal type over a finite subset A of some model of T. Then the following
statements are equivalent:

1) The type p is eventually extremely trivial;

2) For every n > 1, there exist m (n < m), and an A-type q(y1, ..., Ym) Such

that U p(@i)U{ A 9 #7;} Cq, there exists no more than finite number of
1<i<n 1<i#j<n

non-equivalent non-trivial p-q-preserving A-formulas, and for every B1s ey B with
tp(B1; -, Bm/A) = q, for every p-q-preserving A-formula o(Z,91, 2, s Ym,a) the
formula (&, By, B2, ..., Bm, @) is algebraic;

3) For every n > 1, there exists an A-type q(y1, ..., Yn) such that |J p(g;) U
1<i<n

{ A 7i#7;} Cq, there exist m > n and a type ¢'(§1, ..., m) 2 q such that for
1<i#j<n

every /617 sy Bm ': q/7 p(M(/Bh 7677“&)) = {Bla 7Bm}

3. NUMBER OF COUNTABLE MODELS

Theorem 3.1. Let T be a small complete theory. If there exists a finite subset A of
some model of T and an eventually extremely trivial non-isolated type p(z) € S(A),
then I(T Utp(a/0),w) > w, where a is a tuple enumerating the set A.

Proof. Since p is eventually extremely trivial, there are m; > 1 and m; realizations
B1s B1s - Bm, of p which are the only realizations of p in the prime model 9y :=
IM(B1, B2, -, By, a@). We have [p(M;)| = my. By the same consideration, for every
i > 1 there is a model 9; (prime over a finite set) with [p(M;)| = m; > m;—1+1. All
those models are non-isomorphic, so we have at least countable number of models
of I(T' Utp(a/0)). O
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Definition 3.2. [5, 6, 7] Let M be a linearly ordered structure, A C M, M be
|A| " -saturated, and p € S1(A) be non-algebraic.

1) An A-definable formula ¢(x,y) is said to be p—stable if there exist a, 71,
15 € p(M) such that p(M) N [p(a, M)\ {a}] # 0 and 31 < p(a, M) < 75,

2) A p-stable formula p(x,y) is said to be convex to the right (left) if there
exists o € p(M) such that p(M) N @(a, M) is convex, « is the left (right) endpoint
of the set p(a, M), and o € p(a, M).

3) A p-stable convez to the right (left) formula p(z,y) is a quasi-successor on
p if for any a € p(M) there exists 5 € (o, M) Np(M) such that

p(M) N [p(B, M)\p(a, M)] # 0.
We use the following result from [7].

Theorem 3.3. (7| Let T be a theory of (an expansion of) linear order, A be a
finite subset of a model of T, and p(x) € S1(A). If there exists an A-definable
quasi-successor on p, then T has 280 countable models.

Lemma 3.4. Let T be a small complete theory of (an expansion of) linear order,
which has less than 280 countable non-isomorphic models. Let A be o finite subset
of a model of T, and p(x) € S1(A) be a non-principal 1-type over A. Then for every
pair of realizations of p, B |= p the set of formulas

{a <z < B} Up(x)
is consistent.

Proof. Let us assume the contrary. Then there exists a finite subset ® C p(z) which
is inconsistent with the formula {o < z < 8} in T Denote 0(z,a) := A ¢(z).
ped

Take a countable saturated model 9 =T with a, 8 € M, and A C M. By our
assumption we have M = —Jz (a <z < BA0(x,a)).

Now take an elementary monomorphism which maps « to 5. This monomorphism
can be extended to an automorphism f € Aut 4 (91). Since a < 3, 8 = f(a) < f(B),
and so on: f*(3) < f"*1(B), n € Z. By this we obtain that #(M,a) contains an
infinite discretely ordered chain

On the set §(M,a) we introduce a binary relation <*, defined by the following
formula: © <* y:=z <y Af(z,a) A0(y,a) A —3z(0(z,a) Az < z < y).

Consider the following set of formulas:

p(z) Up(y) U {:z: < y/\Vz((:z: <z<yAb(z,a) —
FurFug (0(ur,a) A O(ug, @) Ao < uy <* 2 <*ug < y)) }U

{Hulﬂug...ﬂun< N O(uj,a) Nz <up <*ug <*...<*u, < y)}
1<i<n
This set is consistent, therefore, it can be completed to a 2-type over A. Fix some
realization, 1, y2, of the obtained type in the model 9.
Let r(x) be a completion of the formula v1 < & < 2 to a type over AU {y1,72}.
Then the formula

p(r,y,a) =rx=yVae <y

is a quasi-successor on the type r.
Therefore by Theorem 3.3 the theory T U tp(a, 8,71, 72,a) has 2% countable
models. Any model of the theory T has only w countable non-isomorphic models of



FINDING 2%0 COUNTABLE MODELS FOR ORDERED THEORIES 725

TUtp(a, B, 1,72, a), consequently, I(T,w) = 280, which contradicts the hypothesis
of the theorem. (I

Lemma 3.5. Let M be a model of a small countable complete theory T, where A
and D be finite subsets of M, and B is a countable subset of M. For each (AUBUD)-
formula, o(x,a,b,d), where @ enumerates the set A, b € B, and d € D, there exists
a type q, = q € S1(AU B U D) such that

1) @(wv a, Bv (j) €4q;

2) B can be written as union of finite subsets By, such that for every n, q | By,
is principal.

Proof. Enumerate B as {by, b, ..., b;,...}. For i < w denote b; := (b, ba, ...b;), and
let d’ be a tuple enumerating the set D. Because the theory T is small, there exists
a formula g (z, @, b,,d’) that implies ¢(x, @, b,,d) and generates a principal type
over (AU {b,} U D). In turn there is a principal subformula over (A U {b,.1} U
D) that implies @o(z,a,b,,d’). Repeating this procedure, we obtain a consistent

infinite decreasing chain of principal over parameters formulas o;(x, @, by1i,d'): ...

g @i+1(N7a,Bn+i+1,J/) g Spi(NvaaBn-‘riaCZ,) g g QOO(N7 a’a Bnale g (ID(N,ZL,BH,C{),

where M is an arbitrary model of T with (AU BU D) C N. Let b,, enumerate B,,,
we have defined the desired complete type over (AU B U D). O

Theorem 3.6. Let T be a countable complete theory of (an expansion of) linear
order. If there exists a finite subset A of a model M | T and a non-principal
extremely trivial type p(x) € Si(A), then T has 2%° countable non-isomorphic
models.

Proof. Since every theory which is not small has 2% countable non-isomorphic
models, it remains to prove the case, when the theory T is small.

Denote by 91 an X;-saturated elementary extension of 9.

During the proof, for an arbitrary infinite sequence of zeros and ones, 7 :=
(1(1),7(2), ooy 7(4), - )icw, T(2) € {0,1}, we will construct a countable model 9, <
N such that for any 7 # o, M., Z M.,.

Until the end of the proof fix such a sequence, 7.

Denote by Q, the following subset of rational numbers: Q, := J (2n,2n +
n>0

HU U 2n-32n-2}u U {2n—12n—2,2n— 2} -
n>1, n>1,
7(n)=0 T(n)=1

Now, pick from the set ¢(IV) a subset, ordered by the type of Q.. If such a subset
does not exist, then by Lemma 3.4 T has 2% countable models, and the theorem
is proved. Denote this subset by B := {b1, ba, ..., b;, ... }i<w,. Also, for each n < w let
b, denote (b1, b, ..., b,). For the constructed model M, we will have p(M,) = B.

We will use Tarski-Vaught criterion in order to show that the set M is a universe
of an elementary substructure of 91. On each step of the construction we will be
fixing a set of parameters and promising to realize each satisfiable 1-formula over
it. We must keep coming back to the same set of parameters and deal with another
formula. So the different sets of parameters are being attacked in parallel. We will
choose the realizations in a certain way, which, together with extreme triviality of
the type p, will imply that the only realizations of this type will be the elements of
the set B.

Step 1. Denote by ®; the set of all A-definable unary formulas, ®; := {p}(z,a)|i <
w}, where a is a tuple enumerating the set A. Choose the least ¢ such that 90 |=
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Jxpl(z,a). To satisfy the Tarski-Vaught property, we must find a witness for
¢} (z,a). Since the sets A, B and the formula ¢} are as in Lemma 3.5 (consider the
set D to be empty), there exists an A U B-type g, satisfying conditions 1) and 2)
from the lemma. And since the model 91 is N;-saturated, this type is realized in 9
by some element, denote it by d;. Thus, d; is principal over A.

Step 2. Choose the least j such that the formula cp} (z,a) € ®; was not considered
before and N f= Jzj(x,a). We find a special witness for ¢ (x,a), which will satisfy
the Tarski-Vaught condition but not realize p. Apply Lemma 3.5 to the sets A, B
and {d;}, and the formula cp}(x, a), to find a realization ds of the type ot which
exists by the lemma. We can arrange that ds is principal over Abyd;.

Now take b; and consider the set of all (AU {b1} U {d;})-definable 1-formulas
Oy = {¢?(z,a,b1,d1)][i < w}. Choose the least index i such that the formula
©2(z,a,by,d;) € Py was not considered previously, and N = Jzp?(z, a, by, dy), and
find a realization d3 by applying Lemma 3.5 to A, B, {dy,dz}, and ©?.

By the end of step k& we will have the following sets:

e Nested sets D1 = {d1}7 D2 = {dl,d27d3}, D3 = {dl,dQ,...,dG}, ceey Dk =
{di1,da,...,dwt1r }, where D; is constructed on step i by adding ¢ new
realizations to2 the set D;_;. It is possible that d; = d; for some ¢ and j
with 1 <i<j < (k+21)

e The family of all A-definable 1-formulas ®1, and for every m, 2 < m < k,
a family of (A UA{bm-1}U Dm_l)—deﬁnable 1-formulas, ®,,

Further we will use the usual notation d; = (dy,ds, ...,d;), i < w.

Step k + 1. Firstly we realize one formula from each of the families we defined
earlier. To do this, for each m, 1 < m < k, find smallest index i,, such that the
formula " € ®,, was not considered before, and definable set of which in the
model 91 is not empty. Apply Lemma 3.5 to the sets A, B and {JWMn—l}’ and

the formula ¢} , to find realization d(k+1)k of the type Qprn -

+

Now denote by @1 the set of all (A U {bx.} U Dy)-definable 1-formulas, find a

smallest index 7 such that 91 = Elxgo Y@, @, by, d get2)0e11) ). And choose d(k+1)k+k+1
2

as before, as a realization of a type Gt which exists by Lemma 3.5 apphed to the

sets A, B, {d(k+1)k+k} and formula ¢; R+ et D41 be the set {dy, do, ... d(kJrl)k

We can arrange that each new d; is principal over Ab, and the d;’s for j < 1.

Denote M, := AUBU | D;.

1<w

Suppose that there exists a realization § € p(IN)\B. Since the type p is not
principal, § € A, then for some k < w, § = d},. For every n < w the type tp(dy./ab,,)
is non-principal. Otherwise, it should be realized in 9t(a, b,,) by some element not
from b,,, which is impossible since the type p is extremely trivial. Also, for every
i < w, by choosing d; to be as in Lemma 3.5, the type tp(d;/a, b,,d;_1) is principal.
From the last statement it easily follows by induction that the type tp(dy/ab,) is
principal, and therefore tp(dy,/ab,,) is also principal. This is a contradiction, and we
have p("M,) = B.

The Tarski-Vaught criterion implies that the obtained structure 97 is an ele-
mentary substrucutre of 91. Since the number of different infinite sequences 7 of
zeros and ones equals to 2%, [(T U tp(a),w) = 2%°. As the theory T is small it

+k+1}
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has at most countably many distinct complete extensions by realizing an n-type,

T U tp(a); consequently, I(T,w) = 2%0. O
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