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JIVMCTAHIIMOHHO PETVYJISIPHBIE T'PA®BI C MACCUBAMMU
IIEPECEYEHUM {69,56,10;1,14,60}, {74,54,15;1,9,60} 11
{119,100, 15;1, 20,105} HE CYIIIECTBYIOT

A.A. MAXHEB, M.M. ICAKOBA, M.C. HUPOBA

ABSTRACT. Distance regular graphs I' of diameter 3 for which the graphs
I's and I's are strongly regular, studied by M.S. Nirova. For Q)-polynomial
graphs with intersection arrays {69, 56, 10;1, 14,60} and {119,100, 15;1,
20,105} the graph I's is strongly regular and does not contain triangles.
Automorphisms of graphs with these intersection arrays were found by
A.A. Makhnev, M.S. Nirova and M.M. Isakova, A.A. Makhnev, respecti-
vely. The graph I'" with the intersection array {74,54,15;1,9,60} also
is @-polynomial, and I's is a strongly regular graph with parameters
(630,111,12,21). It is proved in the paper that graphs with intersection
arrays {69,56,10;1,14,60}, {74,54,15;1,9,60} and {119,100, 15;1, 20,
105} do not exist.

Keywords: distance-regular graph, triple intersection numbers.

BBEJEHUE

Mpsb1 paccMaTpuBaeM HEOPHEHTHPOBaHHBIE Ipadbl O3 meTeib U KPaTHbIX pebep.
Ecmu a,b — Bepmunst rpada I', To gepes d(a, b) 0603HaUAETCS PACCTOSHIE MEXKLY
a u b, a yepe3 I';(a) — nomrpad rpada I', unaynupoBaHHBII MHOXKECTBOM BEp-
[IMH, KOTOpble HaxXoudTcs Ha paccrosHuu ¢ B I' or Bepumubl a. Ioarpad I'i(a)
HA3BIBAETCS OKPECIHOCTNON SEPUIUHDL & U ODO3HAUAETCs Uepes [a).

MakHNEV, A.A., Isakova, M.M., Nirova, M.S., DISTANCE-REGULAR GRAPHS WITH
INTERSECTION ARRAY {69,56,10;1, 14,60}, {74,54,15;1,9,60} anp {119,100,15;1,20,105} po
NOT EXIST.
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Ecyin BepmuHbl 4, w HAXOAATCs Ha paccrosHuu ¢ B I, To 1wepes b;(u,w) (ue-
pe3 ¢;(u,w)) obozHaunM unciao BepmmH B nepecedernu I';1q(u) (B mepecedeHnn
I'i_1(u)) ¢ [w]. Tpad muamerpa d HA3BIBAETCS TUCTAHIMOHHO PETYIISIPHBIM C MACCH-
BOM Tepecevennti {bo, ..., bg—1; 1, ..., ¢4 }, ecom 3navenus b; = b;(u, w) u ¢; = ¢;(u, w)
HE 3aBHCHUT OT BBIOOpA BEPIINH U, W Ha PACCTOAHMH 1 Jjst jioboro ¢ = 0,1, ..., d. Io-
aoxum a; = k—b; —¢; u k; = |T;(u)| (3uavenue k; He 3aBUCUT OT BLIGOPA BEPIITUHBI

u [1)).

N3zydenne cnibHO PeryasapHBIX TpadoB 0e3 TPEYTOJHHUKOB SIBJIAETCA BaYKHOI,
HO O4eHb TPyHHOI 3amadeil. [lycrs A sBJsSIeTCS N3BECTHBIM CHJIBHO PEryJISPHBIM
rpacdom 6e3 TpeyroabHuKoB. Torma A —

(1) nonmbiii aBymoabHbil rpad Kixe (s moboro HarypajgbHoro ducia k > 2
CYIIECTBYET €JUHCTBEHHbIH rpad),

(2) rpacd Mypa ¢ mapamerpavm (k2 +1,k,0,1), k € {2,3,7,57} (nna k € {2,3,7}
CYIIECTBYeT €IMHCTBEeHHbIN rpad, st k = 57 cymecrBoBanue rpada HEU3BECTHO),
(3) rpad ¢ napamerpamnu (16,5,0,2), (56,10,0,2), (77,16,0,4), (100, 22,0, 6).

CymecrBoBanue rpacda Mypa cremenu k > 3 paBHOCHIBHO CYIIECTBOBAHUIO -
CTAHIMOHHO PEryJIgpHOro rpada ¢ maccuBoMm nepecedenuii {k—2,k—3,2;1,1, k—3}
(B caygae k = 7 mosyunm rpad CusbBecrpa ¢ MaccuBoM nepecedenmii {5,4,2;1, 1,

4}) [2].
IIycts I aBisieTcst IUCTAHIIMOHHO PETYJIAPHBIM rpadoM auamMeTpa 3 ¢ COOCTBEH-
HBIMU 3HaUYeHuAMU Oy > 01 > 05 > 03. Ecnu 0, = —1, To mo npemoxkenuro 4.2.17

u3 [1] rpad T's cuibho peryispen. Eciu kpome Toro rpad I's — cuibHO pery-
JISIpHBIA Tpad 0e3 TPEyroIbHUKOB U YucjI0 BepiuH v He bosbire 800, To ' mmeer
MaccuB mepecedennit {69, 56,10;1, 14,60} wm {119,100, 15;1, 20,105} (npu srom
I's — rpad ¢ napamerpamu (392,46,0,6) u (800,85,0,10) cooTBeTCTBEHHO).

B [3] nokazano, uro ecau I' siBJIsleTCsl IMCTAHIMOHHO PETYIIsIPHBIM TpadoM Jia-
merpa 3, rpadbr 'y, I's cunbro perynsipust u '3 — rpad 6e3 TpeyroJibHUKOB C
w(T'3) <11, To I' umeer maccus nepecedenuit {(r + 5)((r + 3)? — 3)/6,r(r + 3)(r +
8)/6,7+6;1, (r+3)(r+8)/6,r(r+5)(r+6)/6},r = 4,6, 10, 16, 19, 24, 28, 40, 46, 52, 58,
60, 70,79 wmm {119,100,15;1,20,105}. Jlns HAXOXKIEHUST HOBBIX CUJIBHO DETYJIISIP-
HBIX I'padoB 6€3 TPEeyroJIbHUKOB MOYXKHO IIOIBITATHCS IOCTPOUTH I'pad U3 3aKJIFO-
vyenust reopembl M.C. Huposoit. C sroii nenso B [4] u [5] Gbuin HafiieHbl BO3-
MOXKHBIE aBTOMOP(MU3MBI (Q-TIOJIMHOMUAJIBHBIX IPAMOB U3 3aAKIFOUEHUS TEOPEMBI
M.C. Huposoii, 1. e. rpados ¢ maccuBamu mnepecedenuii {69,56,10;1,14,60} u
{119,100, 15; 1,20, 105}. K coxasenunto, rpymisr aBTOMOpGhU3MOB 3THX TpadOB OKa-
3aJIUCh HEOOJIBITTNMH.

I'pad I' ¢ maccusom nepeceuennii {74, 54, 15; 1,9, 60} rakxe siisiercst Q-IOJIUHO-
MUAJIbHBIM, TipudeM ['3 — cusibHO peryssipubit rpad rpad ¢ napamerpamu (630,111,
12,21).

B nmannoit craThe n3yuenst rpadbl ¢ MaccuBamu iepeceuennii {69, 56, 10; 1, 14,60},
{74,54,15;1,9,60} u {119,100, 15;1, 20, 105}.

Teopema. J[ucmanyuonto peeysaprvle 2padvl ¢ MACCUSAMU Nepecererut
{69,56,10;1,14,60}, {74,54,15;1,9,60} w {119,100,15;1,20,105} ne cywecmey-
10m.

I'padwr u3 Teopemsr 1 popmaiibaO camoryasibabl. To ecTh MATPHUITBI COOCTBEHHBIX

snadenuit P u () coBIagaoT u pij = qu.
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Jloka3aTebCTBO TEOPEMBI 1 OMMPAETCs Ha BBIYMCJIEHAE TPOWHBIX THCEJT TIepece-
4geHuit [6].

IIycts I' — pumcranmumonno peryaspubiit rpad mguamerpa d. Ecmm wuq, uo, us —
Bepruubl rpada I'; 71,79, r3 — HeoTpHUIATEIbHDIE TeJIble YHuca, He 60binue d, TO

|:U1U2U3 UL U2U3

T17T27T3

:| Ha3bI-
T17T27T3

} — uneno BepmnH w € I Takux, aro d(w,u;) = r;. Yucia [

BAIOTCS TPOMHBIMU unciaMu Tepecedennii. JIms pukcupoBanHoit TPOHKN BepIImH
Ui1uU2U3

. } Gyzem mmcats [rirors]. B §4 us [6] nokaszano

Ui, u2,Us BMECTO [

IIpennoxenue 1. ITycmv I' — ducmanyuonmo peayaaproiti epag duamempa 3,
u,v,w — sepuwuns, 2paga T' ¢ d(u,v) = d(v,w) = d(u,w) = 1 wu [ijh] = [“J;L”}
Ecau [111] = «, [333] = 3, mo eephoi pasencmea:
(1) [211] = [121] = [112] = p}, — 1 — @, [221] = [212] = [122] = p}, — [211] =
pia—pi+1+a, [332] = [323] = [233] = piy -3, [322] = [232] = [223] = p}3—p33+5,
(2) [222] = p3o — [221] — [223] = p3y + P33 — Pby — DIz + P11 — 1 —a = B.

B §7 u3 [6] nokazaHo

Ilpensoxxenune 2. ITycmov I' — ducmanyuonno peeyaaprot 2pag duamempa 3,

u,v,w — sepwunt, epaga ' ¢ d(u,v) = d(u,w) = 1,d(v,w) = 2 u [ijh] = 73’;1” .
Ecau [111] = «, [333] = B, mo [011] = [102] = [120] = 1 u sepHv pasencmaa:

(1) [112] = [121] = p}; — «, [211] = p} — 1 — o, [122] = p{, — 1 - [121] =
P12 — pir — 1+ a, [221] = [212] = p3, — [112] = pf, —pi; + @,

(2) [332] = [323] = pis — B, [233] = p3; — B, [322] = p3, — [323] = p3y — P33 + B,
[232] = [223] = p3, — [332] = p3, — p3s + f,

(3) [222] = p3, — [221] — [223] = p3y + P33 — Phs — Pia + P11 — @ — -

1. HPE,ZLBAPI/ITEJIbeIE PE3VYJIBTATHI
B sroMm paszesnie npuBeeHbl BCIIOMOTATeIbHbIE PE3YIbTATHI.

Jlemma 1.1. Jlas wucen nepecevenuti QUCMaHUUOHHO DE2YAAPHO20 2pada ¢ mac-
cusom nepeceverut {69,56,10;1,14,60} sepro pasencmea

(1) p1y = 12, p3; = 56, p3 = 180, p3; = 40, p33 = 6;

(2) p%l = 14) p%l = 457 p%Z = 2OO> p%l = 10; p%Q = 307 p?’)3 = 6;

(3) ply = 60, p3, = 180, p3; =9, ply = 36, pi; = 0.

Zloxaszameavcmeo. 1lpsmble BbIYUCIEHUS. O

Jlemma 1.2. Jlasa wuces nepeceueruti QUCTMAHYUONHO PEYAAPHO20 2pada ¢ Mac-
cusom nepecevernud {74,54,15;1,9,60} sepro pasencmea

(1) piy =19, p3y = 54, phy = 300, p3, = 90, p3; = 21;

(2) p%l =9, p%l =50, p%2 = 318, p%l =15, p%Q =15, p§3 =21

(3) iy = 60, p3, = 300, p3; = 14, p3y = 84, pis = 12.

Lloxasameavcmeo. 1lpsmble BbIYACIEHUS. O

Jlemma 1.3. /Jlaa wucen nepeceuenuti QUCTMAHUUORHO PEYAAPHO20 2pagda ¢ Mac-
cusom nepeceuenuts {119,100, 15; 1,20, 105} seprun pasencmea

(1) pi; = 18, p3, = 100, p3, = 420, pi, = 75, pis = 10;

(2) p3, = 20, p3, = 84, p3, = 450, p3, = 15, p3, = 60, p3; = 10;

(3) Pty = 105, p3, = 420, p3; = 14, p3, = 70, p3; = 0.



JUCTAHIIMOHHO PEI'VJIAPHBIE T'PA®BI C MACCUBAMU IMEPECEYEHU 1257

Jloxazamenvcmeo. Ilpsivbie BbIYUCTIEHUS. (Il

Ilycts I' — numcranmumonno perynspubiit rpad guamerpa d. Ecmam wuq,uo, us —
BepmuHbl rpada [') 71,79, 73 — HeoTpULATEIbHBIE IIejIble YKCJia, He OoJibliue d,

u1u2u3}

TO [“1“2“3} — ygueyio sepuma w € I rakux, aro d(w,u;) = r;. Yucia {Tlrm

T17T2T3
Ha3bIBAIOTCsT TPOWHBIME YUCIaMU Ttepecedennit. [jist (GuKCMpoBaHHON TPOMKM Bep-

uru2U3

e } Gyzem nucath [rirors]. K coxasenuto, mis ances

e U1, U2, U3 BMECTO |:

[r17273] HET 06muUx bopmyn. OnHako, B [5] IpeyIoKeH MeTO, BEIYUCIEHNsT HEKOTO-
PBIX 9HCeN [117T273].

Mycrs u,v,w — Bepmunbl rpada I, W = d(u,v),U = d(v,w),V = d(u,w).
Tak Kak WMeeTcsl TOYHO OflHA BepIWHA T = u Takas, uTo d(z,u) = 0, To "mcmo
[0jh] paBmo 0 mnu 1. Otcioma [0jh] = 6;wdépy. Anmanormuno, [i0h] = 6;wlpy u
[i50] = d;z0;v .

JIpyroe MHOXKECTBO ypaBHEHMI MOYXKHO II0JIy YU Th, (DUKCUPYs PACCTOSIHUAE MEXK Ly
JIBYMs BepIMHaMU u3 {u, v, w} ¥ COCUNTAB YHUCJIO BEPIIHH, HAXOJAIINXCS HA BCEX
BO3MOXKHBIX PACCTOSHUSX OT TPETheil:

Sy [Lih] = pY, — [078], ST, [ith] = pY, — [0k, Y0, i) = plY — [i0).

ITpu oM HekoTOpBIe TPOliKK ncuesaoT. [pu |i — j| > W wim i + 7 < W umeem
pyjy = 0, mostomy [ijh| = 0 mast Beex h € {0, ...,d}.

ITostozxum Sijh(u,v,w) = Eis,t:O QriQsj Qe [ur?tv] Ecaun mapamerp Kpeitna
qlhj =0, To mo Teopeme 3 u3 [6] mmeem S (u, v, w) = 0.

2. TPA® C MACCHUBOM IIEPECEYEHUH {69, 56,10;1,14,60}

JlucraniuonHo pery spHblii rpad ¢ MmaccusoM nepecedenuit {69, 56, 10; 1, 14,60}
ABJIsIeTCs (Q-TIOIMHOMUATLHBIM ¢ i = 0 U ero jyajbHas MaTPHIA COGCTBEHHBIX
3Ha4YCHUIl paBHa

1 69 276 46

1 13 -4 -10
Q= 1 -1 -4 4

1 -15 24 -10

N3 npenmoxenus 1 u emmbl 1.1 ciemyer

JIemmMma 2.4. ITycmo I' asasemes Oucmanyuonto peeysapioim 2pagom ¢ Maccueom
nepecewerud {69, 56,10; 1, 14,60}, u, v, w — sepwuns epaga I' ¢ d(u,v) = d(v,w) =
d(u,w) =1 w [ijh] = |27 |. Ecau [111] = a, mo eeprow pasencmea:
(1) [211] = [121] = [112] = 11 — @, [221] = [212] = [122] = p1y — Pl + 1+ =
45+a, [332] = [323] = [233] = pis— = 6, [322] = [232] = [223] = pis—pis+B = 34,
(2) [222] =p3y +p33 —Pos — P12 +Ph —1—a— =101 —a.

Beuny pasencrsa Sii3(u, v, w) = 0 umeem —2744a + 2744 =0 u o = 1.
W3 npenoxkenns 2 n qemmbl 1.1 cremyer

JIemma 2.5. ITycmo I' asasemces ucmanyuonno pezyiaproim epadom ¢ Maccu-
som nepecevenuti {69,56,10;1,14,60}, u,v,w — sepwunn epaga T ¢ d(u,v) =
d(u,w) = 1,d(v,w) = 2 u [ijh] = [7;;;;’] Eeau [111] = a, [333] = 8, mo [011] =
[102] = [120] = 1 u sepHvl pasencmea:

1) [112] = [121] = p}, —a =12 —a, 211]] = p%, — 1 —a = 13 — @, [122] =
Pl —piy — L +a=43+aq, [221] = [212] = p}, —pl; +a =33+ q,
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(2) [332] = [323] = p33 — B =6, [233] = p33 — B =6, [322] = p3, —p3z + B = 34,
[232] = [223] = p3, —p33 + B =24,

(3) [222] = p3p + P33 — P33 — Pl +p1 —a - =123 - «a.

BBuay pasencrsa S113(u, v, w) = 0 umeem —2744a+ 8232 = 0 u a = 3. U3 iemm

2.1, 2.2 cnenyer, uto rpad A = [u] ABIAETCA CHIIBHO PETYISIPHBIM C TIAPAMETPAME
(69,12, 1, 3). IIporusopeune ¢ Tem, uro 12 - 10 # 56 - 3.

3. 'PA® C MACCUBOM IIEPECEYEHMI {74,54,15;1,9,60}

JIncTaHIIMOHHO peryisipHblil rpad ¢ MaccuBoM mepeceuennit {74,54,15;1,9,60}
aBjigercss Q-TIOJIMHOMUAILHBIM € ¢i3 = 0 U ero JlyajbHas MaTPHIA COOCTBEHHBIX
3Ha4YeHUl paBHa

1 74 444 111

1 20 -6 -15
@= 1 -1 -6 6

1 —-10 24 -15

13 npennoxenus 1 u jemmbl 1.2 ciemyer

JIemma 3.6. ITycmo I asanemces Oucmanyuonto pe2ysapivim 2padom ¢ Maccueom
nepecewenut {74,54,15;1,9,60}, u, v, w — sepwunv epaga T ¢ d(u,v) = d(v,w) =
d(u,w) =1 w [ijh] = | 55 |- Ecau [111] = «, [333] = B, mo eepno. pasencmea:

(1) [211] = [121] = [112] = 18 — @, [221] = [212] = [122] = piy —ph + 1+ =
36+, [332] = [323] = [233] = ply — B = 21 — §, [322] = [232] = [223] =
Py — Piz + B =69 + B,

(2) [222] =p3y + P33 —Pas — P2 +Ph —1—a— =19 —a—B.

BBuay pasencrsa S113(u, v, w) = 0 umeem —9261a — 17018 + 59535 = 0, § =
35 —49a/9 u a = 0, 8 = 35. IIporusopeune ¢ tem, uro [332] = 21 — .
4. TPA® C MACCUBOM IEPECEYEHMI {119,100, 15;1,20,105}

JlmcTaHIMOHHO perysspHBIil rpad ¢ MaccusoM mepeceuennii {119,100, 15; 1, 20,
105} sByisieTcss Q-TIOJMHOMHUABLHBIM TpadoM ¢ ¢i; = 0 U ero JyaibHas MaTPHIA
COOCTBEHHBIX 3HAYEHUN paBHA

1 119 595 85

1 19 -5 -15
@= 1 -1 =5 )

1 =21 35 -—15

13 npennoxenns 1 u emmbl 1.3 ciemyer

Jlemma 4.7. ITycmov I asasemea OucmanyuoHHo peeyiapHvLm 2pagdom ¢ MACCUBOM
nepecewernud {119,100, 15; 1, 20,
105}, u,v,w — eepwunsv epaga I' ¢ d(u,v) = d(v,w) = d(u,w) = 1 u [ijh] =
[’giﬂ Ecau [111] = a, mo seprol pasencmea:

(1) [211] = [121] = [112] = 1T—aq, [221] = [212] = [122] = ply —p}; +1+a = 83+
a, [332] = [323] = [233] = piy — B = 10, [322] = [232] = [223] = pi3 — pis + B = 65,

(2) [222] = p3o + P33 — Pz —Pla+p1 — 1 —a—B=2T2—a.

Buny pasencrsa S113(u, v, w) = 0 umeem —8000a + 16000 = 0 u o = 2.

W3 npennoxkenns 2 u jgemmel 1.3 ciemyer
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Jlemma 4.8. IIycmo T asasemesa ducmanyuonto peeyiaphovim 2papom ¢ maccu-
som nepecevenut {119,100, 15;1,20,105}, u,v,w — gepwunvs epaga I' ¢ d(u,v) =
du,w) = 1,d(v,w) = 2 u fijh] = "] Beau [111] = a, [333] = 8, mo [011] =
[102] = [120] = 1 u eeprwr pasencmea:

(1) 112 =121 =p}y —a =18 —a, [211] = p?, — 1 —a = 19 — a, [122] =
Pl — Pl — 14+ a = 81 + a, [213] = [231] = p?, — [013] = 15, [221] = [212] =
ply — [201] — [211] — [231] = 66 + «,

(2) [332] = [323] = p33— B = 10, [233] = p35 — B = 10, [322] = pi, —pis +5 = 65,
[232] = [223] = p3, — pis + B = 50,

(3) [222] = piy — [221] — [223] = 420 — 66 — o — 50 = 304 — .

Beuay pasencrsa S113(u, v, w) = 0 umeem —8000a+32000 = 0 u « = 4. U3 niemm
4.1, 4.2 caenyer, aro rpad A = [u]| ABIAgETCI CUIBHO PErYJSPHBIM € apaMeTPAMU
(119,18,2,4). IIporusopeune ¢ rem, yro 18 - 15 # 100 - 4.

Teopema mokazana.

REFERENCES

[1] A.E. Brouwer, A.M. Cohen, A. Neumaier, Distance-Regular Graphs, Berlin—-Heidelberg—New
York: Springer-Verlag, 1989. Zbl 0747.05073

[2] A. Jurisic, J. Vidali, Sylvester graph and Moore graphs, Europ. J. Comb., 80 (2019), 184-193.
Zbl 1415.05173

[3] M.S. Nirova, On distance-regular graphs with strongly regular graphs T's and T's, Siberian
Electronic Mathematical Reports, 15 (2018), 175-185.

[4] A.A. Makhnev, M.S. Nirova, On automorphisms of a distance-regular graph with intersection
array {69,56,10; 1, 14, 60}, Trudy IMM UrO RAN, 23:3 (2017), 182-190.

[5] M.M. Isakova, A.A. Makhnev, On automorphisms of a distance-regular graph with intersection
array {119,100, 15;1, 20, 119}, Siberian Electronic Mathematical Reports, 15 (2018), 198-204.
Zbl 1394.05046

[6] K. Coolsaet, A. Jurisic, Using equality in the Krein conditions to prove nonezistence of certain
distance-regular graphs, J. Comb. Theory, Ser. A, 115 (2008), 1086-1095. Zbl 1182.05132

ALEXANDR ALEKSEEVICH MAKHNEV

N.N. KraAsovskKY INSTITUTE OF MATHEMATICS AND MECKHANICS,

16, S. KOVALEVSKOY STR.,

EKATERINBURG, 620990, Russia

URAL FEDERAL UNIVERSITY NAMED AFTER THE FIRST PRESIDENT OF Russia B.N.YELTSIN,
19, MIRA STR.,

EKATERINBURG, 620002, Russia

E-mail address: makhnev@imm.uran.ru

MARIANA MALILOVNA IsAkOvA

KABARDINO-BALKARIAN STATE UNIVERSITY NAMED AFTER H.M. BERBEKOV,
175, CHERNYSHEVSKY STR.,

NavrcHIk, 360004, Russia

E-mail address: isakova2206@mail.ru

MARINA SEFOVNA NIROVA

KABARDINO-BALKARIAN STATE UNIVERSITY NAMED AFTER H.M. BERBEKOV,
175, CHERNYSHEVSKY STR.,

NaLcHIK, 360004, Russia

E-mail address: nirova_m@mail.ru



