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BEHAVIOR OF SOLUTIONS TO AN INVERSE PROBLEM FOR
A QUASILINEAR PARABOLIC EQUATION

S.E.AITZHANOV, D.T.ZHANUZAKOVA

ABSTRACT. In this article we consider the inverse problem with an
integral condition by redefinition for a parabolic type equation. The
existence of a weak solution of the inverse problem is proved by the
Galerkin method.In a bounded domain with a homogeneous Dirichlet
condition, sufficient conditions for the destruction of its solution in a
finite time are obtained, and also the stability of the solution for the
inverse problem with the opposite sign on the nonlinearity of the power
type.

Keywords: inverse problems, blowing-up solutions, stability, integral
overdetermination condition.

1. INTRODUCTION

We consider in the cylinder Qr = {(z,t) : = € Q, t € (0,7)} the inverse
problem for the heat equation with a power nonlinearity: determine a pair of
functions (u(z,t), f(t)) satisfying the equation

(1)

0
g (u+aoluP~?u) — Au+ a(z, t,u, Vu) = [ufP2u+ f(tw(z), 2€Q, 0<t<T,

(2) u(x,O) = uo(x)7
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(3) U|an(0,T) =0,

(4) / (u+aolufPu)wdz = p(t), 0<t<T.
)

Here @ C R™, n > 1 is the bounded area, the border 92 is sufficiently smooth,
p and ag positive constants, that p > 2. ¢(t) is a differentiable function such that
0 < Ny < p(t) < Nyand 0 < Ny < ¢'(t) < Ny for some real constants Ny, Ny and
No. w(z), a(z,t,u, Vu) and ug(z) satisty the following conditions:

(5) /QwQ(x)da::l, w6HQ(Q)ﬂH&(Q)ﬂLp(Q)ﬂL#(Q)ﬂLQ(Q), p>2.

(6) /Quo wdr = ¢(0), ug € HY(Q) N L,y(Q) N La(), p>2.

and for a; > 0, as > 0 constants are satisfied

(7) la(@, t,u, Vu)| < a1|Vul + as|ul?

The problem of existence of generalized solutions for parabolic equations with
double nonlinearity was devoted to the works [1]-[10]. We note the work of P.A.Raviart
[2] who first proved the existence of a generalized solution of the initial-boundary
value problem for parabolic equations with double nonlinearity.

In the work of [6] F. Kh. Mukminov and E. R. Andriyanova was considered the
first mixed problem for a parabolic equation with a double nonlinearity

(Ju|*2u); + A(u) = f(t,z),a > 1,(t,z) € D;
u(t,x)|s = 0,5 ={t >0} x 9

(0, z) = up(x), uo(x) € La(£2).
Here

o0
Aw) = =3 (lu,
i=1
Existence of a global strong solution in time of a parabolic equation with double
nonlinearity in an unbounded domain is proved by the method of Galerkin’s approximations.
A lower bound is obtained for the rate of decrease norm of solutions of this equation.
The problems blow up of solutions of the form

p_Qumi)xi,p > 1.

n

0
g7 (1t D an(@)lul™2u) = A(jul ) = [ul =,
k=1

ot 3 an(@)al ) — dio(h, VU V) + gla,u) = (),
k=1
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where the functions h(z,|Vul), g(x,u), f(x,u)have nonlinearity conditions (see
[7]), have been investigated in many works [7]-[11]. In the work [7], [8] by the
modified method of Levin obtained sufficient conditions for the destruction of its
solution in finite time in a bounded domain.

The problem of determining the source for linear and nonlinear equations with
a final and integral over determination was considered by various methods by a
number of authors [12]-[20].

In the work [19] the inverse problem is investigated for a parabolic equation with
power nonlinearity of the form

ur — Au — |ulPu+ b(z, t,u, Vu) = F(t)w(z), 2 €Q, t>0,
u(z,0) = uo(x),
U|emx(o,oo) =0,

/u~wdm:1, t > 0.
Q

In this work we obtain the conditions on known data that guarantee the global
absence of solutions of the inverse problem. And also the stability of the solution is
established on the bounded domain for the inverse problem with the opposite sign
on the nonlinearity of the power type

uy — Au+ |ulPu = Ft)w(z), x € Q, t > 0.
In the work [20] the inverse problem is considered for a quasilinear parabolic
equation with power nonlinearity of the form

uy — div (k1 + k2| Vu|™ %) Vu) + h(u, Vu) — [ufP?u = f(tw(z), 2 €Q, t >0,

with initial-boundary condition (2), (3) and the additional integral condition (4)
(when the function ¢(t) = 1 at ¢ > 0). The conditions are obtained for the
destruction of its solution in finite time.

The inverse problem of determining the right-hand side of a parabolic equation
with a non-standard growth condition is investigated in the work [18]. The existence
and uniqueness of a solution to this problem are proved. Sufficient conditions for
the destruction and disappearance of the solution in a finite time are obtained. The
asymptotic behavior of the solutions of the inverse problem for large values of time
is investigated.

In this work we use the following notation: [|ul| = ||ull.,q), llull, o = lull; )
where Ly(Q) and L,(Q) of Lebesgue space, scalar product (u,v) = [, u - vdz.

Jung’s Inequality

, 1 1 1
abgﬁaql+o(67ql)bQ17 7+7/:17 6>07 C(ﬁ7q1):7qi
oo ¢;(Bgr) ™

We give a well-known lemma of [21] V. Kalantarov-O.A. Ladyzhenskaya, which

is important in obtaining our results.
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Theorem 1. ([21]) Suppose that a positive, twice differentiable function 1(t) satisfies,
for t > 0 the following inequality

()" (8) = (1 + @) (¥ (1) > —2C1(6)¢' (t) — Cotp?(t),
where o > 0, C1, Co > 0 and C; + Cy > 0. Then, if ¥(0) > 0 and ¢'(0) +
e~ t1h(0) > 0 then the function 1(t) tends to infinity as

1 g 1% (0 )+m//(0)
/T Tl " 720(0) + 4w (0)
where

71 =-C1+/C?+aCs and vo = —Cy — /C? + aCs.

2. THE EXISTENCE OF A SOLUTION

t—1t <ty=

Lemma 1. Problem (1) - (4) is equivalent to the following problem for a nonlinear
parabolic equation

(8)

g (u+ aolulP~?u) —Auta(z, t,u, Vu) = [ulPPu+F(t,uww(z), 2€Q, 0<t<T,
(9) u(x,0) = up(x) in £, u|89X(O7T) =0.

here

(10)  F(t,u) = ¢'(t) —|—/ Vqud:v—i—/ a(x,t,u, Vu) - wdz —/ |ulP~%u - wdz.
Q Q )

Proof. Indeed, from (1) it follows,

Jo 2 (u+ aglufP~2u )wd;z: - fQ Au wdm + [qa(z, t,u, Vu)wdz =
f |u|P~2u - wdx + f(t fQ

then if condition (4) and (5) is fulfilled, then

(11)

(12)  F(t,u)=¢'(t) — / uAwdz +/ a(z,t,u, Vu) - wdx — / |ulP~?u - wdz.
Q Q Q

Therefore, relation (10) issatisfied.
Now, we consider the problem (8)-(9). If relation (10) is satisfied, then equality (12)
follows from it in an obvious way.

Then

F(t, u) — JquAwdz + [, a(z,t,u, Vu) - wdz — [, [u]P~?u - wdz =
=¢/( fQ Auwdm + [ a(z,t,u, Vu) - wdz — [, [ulP~2u - wdz.
By virtue of (11)we obtain that

o'(t) — / ug - wdx = 0.
Q

In this way, 4 (p(t) — [, u-wdz) = 0. Denote by v(t) = ¢(t) — [,u - wdz.
Then the function v(¢) can be found as a solution to the Cauchy problem v'(t) =
0, v(0) = 0. (v(0) = 0 follows from the agreement condition (6)). The unique
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solution to the problem is the functionv(t) = 0, therefore, [, u - wdx = ¢(t).The
lemma is proved.
Denote by W(Qr) space

W(Qr)={u: v € La(Qr) N Log(0,T; L2(2)) N Lo (0, T5 Lp(2)), Vu € La(Qr)}
and conjugated to him by W’ (Qr).
Definition 1. The weak generalized solution of problem (8)-(9) is the function

u(z,t) € W(Qr), ui(z,t) € Lo(0,T;La(2)), (|u|%) € Lao(Qr), satisfying the
equality

t

S (1w + ao(p = D2 [ulf2u (jul¥), ) ndwdt-+

+ fQT VuVndzdt + fQT a(x, t,u, Vu)ndxdt—

= Jo, P Pundzdt — [, F(t,w)w(z)ndedt = 0,
fOT all W(fvt) € W(QT)a nt(x7t) € W/(QT)

Theorem 2. Let conditions (5) - (7) be fulfilled, then the problem (8), (9), and
therefore, the problem (1) - (4) have the weak solution on the interval [0, Ty es) C
[0, 7).

0
We take in space W4 (Q) a basis of eigenfunctions {1/*(z)} of the operatorA :

(13) Aﬁ’k = )\I&/fk» 'l/]k|1-* = Oa
and we will assume it is normalized in Lo (92).

We will build "approximate solutions"u¥(¢t) = u™(x,t), N = 1,2,..., in the
form of a finite sum

N
(14) wV(a,t) = 30 O (Owila)

with unknown coefficients CN (t), k=1,2,..., N, t € [0,T]. These coefficients are
determined by solving the Cauchy problem

doN
(15) A(CzN) dt = Gi(tvc{\]7 Cévv X C%)’ CzN(O) = (uo(x)vwi(x))lrz(ﬂ);

here

ACY) = [lars(CM) 1y
ki (CF) = 0k + (p = 1) Jq [uN P2y der,
S — 1, k=j,
L0, k#
Gi(t,CY, CY, ..., CN) = = MCF + [ [uN [P 2uNyda + F(t,u?) [, w(z)¢ide.
The Cauchy problem (16), by virtue of the Peano theorem, has a solution from
the class CN(t) € C*0,Ty] for some Ty >0 and i = 1,..., N.
Multiply both sides of equality (15) byC (t)and sum byi = 1,...,N, we get
equality
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dt( || NH2Q+a el H“NH )+||V“N||;,Q+
+ [ alz, t,u, Vul¥ ) Ndg = ||uNH§Q—&—F(t7uN)fQuNwalac7

From this equality, taking into account the conditions on the functions (5)-(7),

we obtain the following inequality

i (5l Mz 0+ a0 [ ) TN g < a7+ an lu ] g [V ]+

+as HUNH Q [|u™]], ot o'l ||w||2 Q [u™]], 0+ Q
+IVollyqllwlls, Q H“NHz Q HVUNH2 ot HwH? Q HUNHQ £ HVUNHQ Q

K +uM o @l llwl e, o <

Q2 H“Nuz Q
+ 1P wlZg + (2a1 + 1) ] o+

+az [l ||
< (34 Wwlpq lwl_e, o) w12,

+1 (IVelag lwlyq+ar llde) [[u¥]]5 o+ 3 [TVl o

From this inequality follows

2 — 2
e (13,0 + 20025 ™7 o) + 913 <

< O ([[uM|ly 0 + 20025 w2 o) + 11 el 0

Applying the Gronwall lemma we get

2 p—1 ¢ 2
(16) ¥+ 200 [+ [ V0 <

where constant C5 is independent of m.
N
Now multiply both sides of (15) by %t(t) and sum by ¢ = 1,..., N, we obtain

equality

Ja |u1]sv|2dx+ao(p fgz [uN P2 [Pde + 5 5 HVUNHQQ
—|—fQ :I: t,ulV, VulN) - ulNde =

NHp +Ftu fQ r)ulNdz.
Integrating this inequality with respect to time, we obtain the equality
- 2
th |u 2dzdT + ap(p — 1) th (NP2l 2dzdr + § HVUNHQ)Q +

+ Jo, @, t,ul, Vul) - ul dedr =
= L[| o+ fy F(ru®) fow(z)ud dedr.

Estimating the right side of the last equality, we get
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Jo, [ Pdzdr +ao(p — 1) [o, [u™P=2u Pdwdr + 3 [|Vu
<5 el g, V6™l 0, +
taz [u[| o 6 [l 0, + Jo 191 Iwlly g [ | g dr+

+fo [Vwllg.q llwll,, Q HUNHQ Q ||V“N||2 odT+a fo ||w||2 Q ||UN||2 Q HVuN||2 QdTt

taz fo ”WHQ Q H“NHp Q H“NHz Qdr + fo H“NHp Q H“N”z ol g llwlla g dr <

Mzq <
—+ a1 ||u

< NP o+ 3] o, + (3a1 +3t | Vlq lwl g + 303t Hw\lm) I Hvu”Hi,n dr+

2 2
+3]1wl3.0 Jy |2 + (303 + 303t |wlls o + 0l Nwll3.0) Jy [l 125

This implies

(17) / i Pddt + /Q W P2l 2dadt + [V |2, < Cu(D),
T T

where constant C5(7T') is independent of m. The obtained estimates (17), (17)
allowustocarry out to the limit transition [7] at m — oo and prove the existence of
a weak solution of problem (8), (9) in the sense of definition 1.

3. BLOW-UP RESULTS

Theorem 3. Suppose that conditions (5)-(7) are satisfied, and also

2
(18) —Y20” <2 +Cg> /|u0|2dx+ ao(p /|u0|pdac

where Cs > 0. Then for a ﬁmte time t1 the solution of the norm tends to infinity
fo Jo lul?dedr + 2“‘)(” ) fo Jo lulPdzdr + 55 4 Cs — +oo at t — t1.

Proof. We make a replacement u = v - e\, then the inverse problem (1) - (4) is
reduced to the form

(19)
%Y+ agerP=DED (u[P~20) + Ao + agA(p — 1) P2 |u[P~2y — Av+
+eMa(z, t, Mo, MVv) = AP y|P=2y £ e M f(Hw(z), 2€Q,0<t < T,

(20) v(z,0) = up(z),

(21) ”|aszx(0,T) =0,

(22) / (U + aoe’\(p72)t|v\p72v) wdz =e Mp(t), 0<t<T.
Q

At first we multiply equation (19) by w(z) and integrate over the domain €, we
obtain

e ME(t ) e Mo/ ( — [ov - Awdz+

(23) + [ e Mal(x,t, e“v eMVY) - wdx — NP2t Jo |v]P~2v - wd.

Now, multiplying equation (19) by v and % and integrating over (2, then we
obtain the following identities
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%% fﬂ |v|2dx—|— ao(P—Ui( )\(p—2)tf |,U|pd$) -
P
_aoA(p— 1)(17 2) eMp— 2)tf |U|pd1‘—|—a0>\( )6 A(p— 2)tf |U|pdz+

24
@4 +A fQ |v|2dx—i—fQ \Vv|2dz + e [, a(z,t, eMv, e} V) - vde =
= =2t [ |vPdz + e M f(2) [, vwda.
fQ |Ut\ dx + ap(p — ),\(A(pl)Q Jo 0P foe* dx + 5 3 [, o+
(25) +3 4 o |VoPda + ©=2=2 i (X2 [ vlPda) —

oo )(@=2), pl)(p 2 Ap— Q)tf [u|Pdaz + e [, az,t, e M, eMV) - vda =

= zluliit ( Ap—2)t f |U|pd1') )\(:Dp 2) Ap— 2)tf |v|pdx+e*>‘tf f vrwda.

Substituting equation (23) in the identities (24) and (25) we get the relation

3 Jo lWPde + ao(p ok i (P [ Jolpda) +
aoAlgp 1) eXMp—2)t f |,U‘pdl,+
(26) 4+ Jo [vPPdz + [, |VolPde + e [ a(x,t,eMv, e} V) - vde =
Dt [0 olPda + (e M (8) — [ v - Awdaz+
+ [ e Ma(z, t, eMv, eMV0) - wda — AP [ [uP~2y - wdz) [, vwdz.

+

Jo |vt|2 dx + ag(p — 1)erP=2)t f |v[p—2 |vt| dx + 2 £ fQ |v]2dx+

+34 [ [Vo2de + 2Xe=Dd (A2t [y |Pdz) —

—&—7“0)‘2@_;)@_2) erp=2)t Jo lv|Pdx + e~ Jo alz,t, eMv, eMV) - vdr =
— 14 (DU o) — AR [

+ e_>‘t<p’(t) Jo v+ Awdz+

+ [ e Ma(z, t, eMu, eMV) - wde — AP [ 0P~y - wdz) [, vwd.

The following notations are introduced :

G(t,v) = X1 [ v|Pda,

Lo= X[, |U\2da:+f9|v”|2d$+2a0)\(p Derp-2)t f v[Pdz,
<>z%ﬁ””a<tv 3 Jolifide =y [Voldz,

Uy (t) = [, |v]2dew 4 202D 1) Ap=2)t [0 |v[Pd.

We write equations (26) and (27) by using upper notations

(28)

%d\h()_Q J(t) + Mg(t v) + Ap — 1) [ |v]*da+

(29) +(p—1) [, |Vo*dz — e [, a(x,t,eMv,eMVv) - vda+
—|—( _’\tcp'(t) Jov- Awdw—l—
+ [ e Ma(z, t, eMv, eMV0) - wde — AP [ [oP~20 - wdz) [, vwdz.

dJ(t v) _ 2XM(p=2)(A+aoA(p= 1))G( v)+

P
+fQ vy dx—i—ao( — )=t [ jo[P=2 [v,|* da+
(30) e [ alx,t, e v, eMV) - vpdr—
— (e ”\tap’(t) va Awdx+
+ [q e Ma(z,t,eMu, eMV) - wdz — AP [ 0P~ - wdz) [, viwda
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Estimate the right ~hand side of the identity (29):
}fQ v - Awdx le vwdx| <
1 1 1
(31) < (Jo WPdz)® (fo [Awl?dz)® ([ [vPdz)® ([ wl?dz)® <

< Ci fQ |v|?dz.

N

le= M/ (t) [ vwda] <1
< Noe™ (fﬂ |U|2dx) (fQ |w|2dx)

Nl

<Ap-1) Jy |’U\2diﬂ+m”w”29

e f(Qa z,t,eMv, eMVv) - wdz [ vwdz| < ay [, [V - lwldz [, |v]|w|dz+
A(p—2)t 2

Faae S ol olds o lelfa +
Alp 1

ta2e™ T ol g Iollaq wl3.q < 252 ||VU||2 Q + T D lwllz,q 10156, +

2a0\ 1)°—
+2002B=1) 2P A(p-2)t ||v||5,g+mnwnm 036

(34)
e [ ala,t, e, eNV) - vda| < a [, [Vollvlda+

A(p—2)t P A(p—2)t P
tage” 7 [ [v]2olde < ay [[Volly g l[vllyq +aze™ 2 [lvlly g vl Q <

200\ (p=1)"=p A(p—2)t
2p

ot 74%,\(,; Sy v ||29

—1 2 2 2
< 23 |Voll} o + sl ol 0 + (B

eMp=2)t f [P~ 2owdz [, vwdz| <
(35) < XDt [0 [P Hwlda [, [v]|wldz <
< A2 |f g lwll, g W]z, o = C2e* @2 |Ju]} g

We substitute the obtained estimates (31) - (35) in (29), then we get

1dVy(t) N3 2 __oxt
- > 2 — (O3 -
(36) 5 2 W0~ O~ et el e,
where
2 4 2 4
ai(l+lwllyq)  pas(l+ [lwllyq)
(37) 03 = max{C’l + 2(])— 1) + 4@0)\(])— 1)2 — 20 -

Now, estimating the right-hand side of (30):

UQU . Awdxf Utwdx‘ <
g = Ul (luPde) (fyluPds)? (], o)’ <

< Caler) [ v|?da + ey [, |ve]*da.
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|e_)‘t "(t) Jq vtwdx| <
< Nye= M (fQ |vt\2da:) (fQ \w|2dm)

1
2

(39)
2 _—2At
<1 fo lvelPde + 22— w3 g -
’e"\t Jo a(z, t,eMv, eMVv) - wdz [, vtwdm‘ <
<ay [, Vo] - wldz [ [ve]|w]dz+
X( p 2)t 2
(40)  faze fg |U| wldz [, |Ut||w\d9€ < a1 [|[Vollyqllvells g lwllzo +
M
+aze )2 2ol llwlls o < 451 lwllz.q IVl o + 1 llvell o +
+E lwll.q P2 V)P o + &1 loell5q -
e [, alz,t, Mo, eMV) - vtdx’ <
) < ay J,, |Vol|osda + age ™" Jo o] [vrlde <
A(p—
2 ||U||p,9 [vellg o <
Z 2
> 451 ||VU||2 Q +51 ||Ut||2 ot 451 eMp=2)t ||U||§,Q te ||Ut||2,Q~
}e P= Q)tf |v|P~20 - wdxfgvtwdm| e Mp(t) ) [o lve||w|dz+
) += fQ [v|w|dz [, |vt||w|dx <
< 2701 e M o]y, 9 wllg.q + 25 lvellaq ||U
<eilvilzg+ ||w||z o€ P ||W||2 alvl;

The obtained estimates (38)-(42) substitute into the identity (30) and we obtain

— a — a2
it > (RO - ol = ££) Glt o)+

+(1 —8¢1) fQ ve|? dz + ag(p — 1)eXE=2 [ [0[P=2 v, | daz—

(43) af 4 2
— (4 el | Ciler) + 2 Iwli3g) Ivlq -

N. N 2 _
— (R 1wl 0+ 3 Iwlg) e

Integrating by time the obtained inequality (43) from 0 to ¢ and taking expression
1 — €72 does not exceed 1, we get

44
(J()t)zJ(O) + (1 —8¢1) fo fQ v, |? dxd7+a0 f [y 7 [0[P=2 o, | dadr+
+ 2/\(p*2)(1;ao>\(p 1)) _ 451 |w ||2Q 451 fo (7, v)dT—
(o) Ji S IVeldzdr — (Cater) + & lllso) fi loll2q dr — Dy,
where
(45) Dy = D ol + oy ol

0

Rewriting the identity (24) using the equation (28) as follows:
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z dlpdlt(t) + Lv = G(t,v) — e [, a(z,t,eMv,e*Vv) - vdz+
(46) 4+ (e M/ (t) — [ v Awdz +
+ [ e Ma(z, t, eMu, eMV) - wde — AP [ 0P~y - wdz) [, vwdz

We estimate the right-hand side (46):

le=2P=Dteo(t) [ v - Awdz| <
1
47 < Nje -1t v|?dz)? Awl?dz)? <
Q
< Ae=Ap=2t [ |v|2dm + Se ! || Awl?.

le™ ! (t) [ vwda| <
1

< Noe™ ™ (fg [v]?da)? ([q wlPdz)* <

Nl=

<A J [oPda + 22 w2,

e M [ a(z,t, M, eMVo) - wda [ vwdz| <
<ay [o|Vol - fwlda [ |vllwldz+
A(p—2)t
(19)  taze 7 [oloff - Julda [
A(p—2)t D 2 9 1 5
Taze 10l Hg”zg [wllz,0 < i Vol +af llwllq vilzq+
A= o+

‘e_At fﬂ a(xa t7 e)\tv7 ektvv) : Udl“ S a1 fQ |VU||’U|d$+
A(p—2)t e

(50) +aze” z [, [v|% |v|dz < ay [Vollyqllvlloq + aze

2 2 4aoA(p—1
< Vol + a2 ol g + 22D A2t o 4 edp

II"UIIEQ ||v||m =

AP=E o o0 wda [ vwda| < EemMp(t)] [, [v]|w|de+
1) fQ [vl|w|dz [, |v]lw|de <
< Nle_)‘t ||U||QQ||W||QQ+ ||”||QQ||W||QQ =

- 2
< (14 2 1l 0) ol + 2 Il e

Applying the estimates (47) - (51) to the identity (24), we obtain:
éd\ln(t) + e~ Mp-2)t f |V'U|2d$+ )\Pef)\(p 2)t f |U|2d$—|—
+agA(p — 1) [, [v|Pdz < G(t,v) + 16_’\(1’ 2t [ Vo2 dz+
+ (af + ag) -2t Jo [vPda + NlNge_’\pt—I—
LA [ T0Pdr + (0 N)2e P o 4 Yo NO2 [ oot
_~_(a2)1\\f1)2 —AptHwH2_|_ (ao)\( _ )+ an(;v—l)(af-&-az))f |,U|pdx+

+Cse Mt [ |w[Pdz + 2Le= A=D1 [ |y[2de + 3 16_/\pt | Awl|® +
+G(t,v) + Cre™ " [, |w|q+2dx
We strengthen the last inequality

%d\p;t(t) +3 Jo [VulPde <
(52) < 2G(t CaUy (1) + (5 lwl? o + 22 w2, ) e 2
< 2G(t,v) + Cy¥ (1) + a2 kuzﬂ + ||W||2§2 € .

We integrate the inequality (52) with respect to time from 0 to ¢ and obtain
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10 (t) + 2 fo Jo IV dadr < 104(0 —|—2f0 (1,v)dT+

53
(53) +C4f0 W\ (r)dr + Dy,
here
N? 2 2
(54) Dy = W wll3,0 + ﬁ w2, -

Multiplying the inequality (53) by 2, we obtain the following estimate

t t t
(55) / / \Vo|2dzdr < \1:1(0)+4/ G(T,v)dr+2C’4/ Uy (7)dr + 2Dy,
0 Q 0 0

Applying the estimate (55) to the inequality (44), we obtain:

(56)
J(t)Z(l—&sl)fOth lv.|? dadT + ag(p —1 f f >‘(1’_22)T|v|1’_2 v, |? dzdr+
2 (p—2 1+a)\ —1 a? aj
+ (leREer ) _ 2 ) — - (481+451 nwnm))fo (. v)dr -

204 (5 + 2 [wlsq ) Jy T(r)dr = (Caler) + F Iwlizg) fy 0] g d7 + Ds,
where
(57)
Dy = J(0) — (5 + & kuz ) (W1(0)+2Dy) — Dy =
= J(0) ~ D - (451 + i lwlly.a) (Jo lwolPda + 2280 [ jug|Pdz + 2Dz)

If the inequality is satisfied

Cs = 2A(p—2)(1+apA(p—1))

= » — 2 |l o -

(58) ag ay
—f —a(E o+ elig) 20,

then
(59)

J(t) > (1 —8e) fo Jo |vT| da:dT +ao(p—1) fg Joy XP=D7|p|p2 (o2 |2 dadr+

+C’5f0 Tvd7—06f0 7)dT + D3,
where

af 1 4

(60) Cs = 2Cy ey + E ||w||2 o)+ Culer) + 2 [wllg,q -

In the inequality (36) we use the obtained estimate (59), then

(61)
2
3 > 2pJ () — CaWa (1) — g w3 g e >
> 2(1 — 8¢ pfo o [v-|? daedr + 2a0p(p — 1) fo Jo P 2)T|v|7” 2\UT| drdr+

+205pf0 (1,v)dT — QCﬁpfO Wy (7)dr 4 2Dsp — Cs Wy (t) — —2At

)
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We denote by

(62)

\I’Q fo Jo [vPdzdr + 2a0(p L f f NPTy [Pdzdr + & >+ Cs,

Jo( |v,[2dzdT + ag(p — 1) eAMP=2)7 |y|P=2|q dedT + Cf L AP |y|PdndT + o,
0 Q 0 o€ 0Ja

where Cs >0, o = [, Juo|*dz + % Jo luo|Pd.
Inequality (61) can be written through Uy(t)

(63)
WY(t) > 4p(1 — 8eq) fo Jo |UT\ dxdr + dagp(p — 1)(1 — 8¢1) fo Jo € AMp=2)7 |y|p—2 |U7—| dxdr+
+4C5p(1 — 851 fO ’7' 7) dT — 406]9\:[/2( ) + 4D3p 203\11/( )
W ||(A)||2 Q 6_2>\t + 206]) (* + Og)

Now, estimating the expression [W5(¢)]?, we apply the Cauchy-Bunyakovskii
inequality, we get

[w5(1)? < (2 fot Jo vvrdadT 4+ 2a0(p — 1) fo Jye AT p22vTeMp5 o) 1B dudr
A —2) [ [, AP |u|Pdadr + 0) <
: (2 el g lIorllz @, +2a0( (f Ja /\(p72)7|v|p72|0r\2dxdT)% (fot Ja e’\(”*2)7|v|pdmd7>% +
AP — fo Jo D7 vPdadr + a') <

(4f0 [y [oPdadr + dag(p — 1) [ [, ’\(p_2)7|v|pdmd7+a>
(fo Jo [vrPdadr 4 ao(p fo Jo PI7w[P=2 |0, |2dadT+
+A(p—2) fo Jo P~ 2)T|v|pdzd7'—|—cf) <
< 2p (2 fot Jo [vPdadr + M ft Jo P27y |Pdadr + 2%) X
(fo Jo [vrPdadr + ao(p fo Jo €®I7Tw[P=2 |0, |2dadT+
+C5 fo Jo e 2)T|v|pdacd7'+o> <
< 2p (fy Jo loPdudr + 2220 7 [ A2 ufpdudr + £ + Cs) Ja(t) =

= QP\IJQ(t)JQ (t),

If substitute €; = 3—12 in the ratio (63) can be written the form

() W(t) — 5[05(1)]* > —4Csp¥3(t)—
(64) —2C5 Wy(1) Vs (1) + (4Cep (21 +Cs) +2C3 (& +Cs) +
+4pDs — oyt Il 0 €N + 2Cop (£ + Cs) ) Wa(t).

It is necessary to choose Cg > 0 in such a way that the following inequality is
satisfied

<4C6p ( n 08) + 205 (l + 08)

2
+4pDs — 55y |wll3 €72 + 2C6p ( + 08))
that is
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2
o Wl 0 — (4pCs + 2C5) £ — 4pDs — Coo

6pCs + 2C's
then the inequality (64) reduces to the form

Cs >

(65) W3 () Wa(t) — (1+ a)[W5(1)]* > —201 Wy (1)Ua(t) — 2C2 W5 (1),

where a = %, Cy = Cs5, Cy =2C5.

From the condition of the lemma W5 (0) + y2a =1 W¥2(0) > 0

2ap(p—1
—ypa <20 JrOs) </ |uo|*dz + M/ |uo|Pdz
p Q p Q

then the function Wq(t) tends to infinity for ¢ — ¢;. Thus, the solution of inverse
problem blows up in finite time. Thereby proved our theorem.

4. STABILITY OF THE SOLUTION

Consider the following problem

(66) % (u+ a0|u|p_2u) — Au+ [ulP2u = f(w(z), z€Q, t>0,
(67) u(z,0) = uo(x),

(68) a0 (0,00) = 05

(69) /Qu-wdx:go(t), t>0.

Here Q C R™, n > 1 a bounded domain, the boundary 92 is smooth enough, p
positive constant, which are p > 2. Functions w(z), uo satisfies the conditions (5)
and (6). ¢(t) and ¢’ (¢) the non-negative functions satisfy the conditions

(70) o(t), ¢'(t) € L1(0,00), ¢(t) and ¢’ (t) weich tend to 0 as t — oo.
Theorem 4. Let the conditions (5), (6) and (70) be fulfilled, then t — oo the norm

of the solution of the inverse problem (66)-(69) tends to 0, that is
. 2 p _
(71) Jim  (IVul® + Jul,g) = 0.

Proof. The proof of this theorem is also applied by the method [19]. Multiply
the equation (66) w(x) and integrate over the domain Q, we obtain

(72) f®=¢@+AWrWM+AWW%wm

Substituting the ratio (72) in (66), then we get the equation

g o (et aoful2u) — Aut fuf2u =
= (¢'(t) + Jo Vu - Vwdz + [ [ulP?u - wdz) w(z), =€ Q, t>0,

Now multiply (73) u and and integrate over the domain €2, we obtain
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|

2 —1 2
(31l + a0 252 Julll g ) + 9l + lull g =
= (¢'(t) + Jo Vu- Vwdz + [, [ulP~2u - wdz) [, uwdz,
Estimating the right part, we find

<8

2 —1 2
% (3 luldg + a0t ull ) + 3 IVull} o + 3 llull g <
2 _p_
<@ () (®)] + 5 [Vwlls.q ) + 51®)]? fq w7~ da.
We apply the Poincare - Friedrichs inequality ||Vu||2 > )2 HUHQ, we obtain

2 -1 2 —1
- % (3l g+ a0t ull o) + Cs (& Il g + a5t lullg) <

< o' Dp(®)] + 3 IVl 0 e + $le®)]? [ lw] 7 da.

where C3 = min{\;, 1} and A; is a first eigen value of the Laplace operator under
the homogeneous Dirichlet’s condition. O6o3ra4unm depes:

2 —
B(t) = 3 ||ully o + a0 %7t [lull} o p
2
() = |¢' (et + 5 [Vellz 0 keI + 3o Jq lw|77 da

Then the inequality (74) is reduced to the form
d
(75) @E(t) + C3E(t) < ®(t).

Consider the case when ¢(t) < Cexp(—put), pu > Cs.
In the inequality (75), applying the well-known Gronwall lemma, and under
condition (5), (6) and (70) it follows

E(t) < exp(~Cst) (EQO) + 55 ) > s,

E(t) < exp(~Ct) (B(0) + Ct), 1= C.

Thus proved that the solution decreases according to the exponential law.
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