
S e⃝MR ISSN 1813-3304

СИБИРСКИЕ ЭЛЕКТРОННЫЕ
МАТЕМАТИЧЕСКИЕ ИЗВЕСТИЯ

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Том 16, стр. 1393–1409 (2019) УДК 517.956
DOI 10.33048/semi.2019.16.097 MSC 35R30,35K55

BEHAVIOR OF SOLUTIONS TO AN INVERSE PROBLEM FOR
A QUASILINEAR PARABOLIC EQUATION

S.E.AITZHANOV, D.T.ZHANUZAKOVA

Abstract. In this article we consider the inverse problem with an
integral condition by redefinition for a parabolic type equation. The
existence of a weak solution of the inverse problem is proved by the
Galerkin method.In a bounded domain with a homogeneous Dirichlet
condition, sufficient conditions for the destruction of its solution in a
finite time are obtained, and also the stability of the solution for the
inverse problem with the opposite sign on the nonlinearity of the power
type.
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1. Introduction

We consider in the cylinder QT = {(x, t) : x ∈ Ω, t ∈ (0, T )} the inverse
problem for the heat equation with a power nonlinearity: determine a pair of
functions (u(x, t), f(t)) satisfying the equation

(1)
∂

∂t

(
u+ a0|up−2u

)
−∆u+ a(x, t, u,∇u) = |u|p−2u+ f(t)ω(x), x ∈ Ω, 0 < t < T,

(2) u(x, 0) = u0(x),
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(3) u|∂Ω×(0,T ) = 0,

(4)
∫
Ω

(
u+ a0|u|p−2u

)
ω dx = φ(t), 0 < t < T.

Here Ω ⊂ Rn, n ≥ 1 is the bounded area, the border ∂Ω is sufficiently smooth,
p and a0 positive constants, that p ≥ 2. φ(t) is a differentiable function such that
0 < N0 < φ(t) < N1 and 0 < N0 < φ′(t) < N2 for some real constants N0, N1 and
N2. ω(x), a(x, t, u,∇u) and u0(x) satisfy the following conditions:

(5)
∫
Ω

ω2(x)dx = 1, ω ∈ H2(Ω) ∩H1
0 (Ω) ∩ Lp(Ω) ∩ L p

p−1
(Ω) ∩ L2(Ω), p ≥ 2.

(6)
∫
Ω

u0 · ωdx = φ(0), u0 ∈ H1
0 (Ω) ∩ Lp(Ω) ∩ L2(Ω), p ≥ 2.

and for a1 > 0, a2 > 0 constants are satisfied

(7) |a(x, t, u,∇u)| ≤ a1|∇u|+ a2|u|
p
2 .

The problem of existence of generalized solutions for parabolic equations with
double nonlinearity was devoted to the works [1]–[10]. We note the work of P.A.Raviart
[2] who first proved the existence of a generalized solution of the initial-boundary
value problem for parabolic equations with double nonlinearity.

In the work of [6] F. Kh. Mukminov and E. R. Andriyanova was considered the
first mixed problem for a parabolic equation with a double nonlinearity

(|u|α−2u)t +A(u) = f(t, x), α > 1, (t, x) ∈ D;

u(t, x)|s = 0, S = {t > 0} × ∂Ω;

u(0, x) = u0(x), u0(x) ∈ Lα(Ω).

Here

A(u) = −
∞∑
i=1

(|uxi |p−2uxi)xi , p > 1.

Existence of a global strong solution in time of a parabolic equation with double
nonlinearity in an unbounded domain is proved by the method of Galerkin’s approximations.
A lower bound is obtained for the rate of decrease norm of solutions of this equation.

The problems blow up of solutions of the form

∂

∂t
(u+

n∑
k=1

ak(x)|u|pk−2u)−∆(|u|q1u) = |u|q2u,

∂

∂t
(u+

n∑
k=1

ak(x)|u|pk−2u)− div(h(x, |∇u|)∇u) + g(x, u) = f(x, u),
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where the functions h(x, |∇u|), g(x, u), f(x, u) have nonlinearity conditions (see
[7]), have been investigated in many works [7]–[11]. In the work [7], [8] by the
modified method of Levin obtained sufficient conditions for the destruction of its
solution in finite time in a bounded domain.

The problem of determining the source for linear and nonlinear equations with
a final and integral over determination was considered by various methods by a
number of authors [12]–[20].

In the work [19] the inverse problem is investigated for a parabolic equation with
power nonlinearity of the form

ut −∆u− |u|pu+ b(x, t, u,∇u) = F (t)ω(x), x ∈ Ω, t > 0,

u(x, 0) = u0(x),

u|∂Ω×(0,∞) = 0,∫
Ω

u · ω dx = 1, t > 0.

In this work we obtain the conditions on known data that guarantee the global
absence of solutions of the inverse problem. And also the stability of the solution is
established on the bounded domain for the inverse problem with the opposite sign
on the nonlinearity of the power type

ut −∆u+ |u|pu = F (t)ω(x), x ∈ Ω, t > 0.

In the work [20] the inverse problem is considered for a quasilinear parabolic
equation with power nonlinearity of the form

ut − div
(
(k1 + k2|∇u|m−2)∇u

)
+ h(u,∇u)− |u|p−2u = f(t)ω(x), x ∈ Ω, t > 0,

with initial-boundary condition (2), (3) and the additional integral condition (4)
(when the function φ(t) = 1 at t > 0). The conditions are obtained for the
destruction of its solution in finite time.

The inverse problem of determining the right-hand side of a parabolic equation
with a non-standard growth condition is investigated in the work [18]. The existence
and uniqueness of a solution to this problem are proved. Sufficient conditions for
the destruction and disappearance of the solution in a finite time are obtained. The
asymptotic behavior of the solutions of the inverse problem for large values of time
is investigated.

In this work we use the following notation: ∥u∥ = ∥u∥L2(Ω) , ∥u∥p,Ω = ∥u∥Lp(Ω) ,

where L2(Ω) and Lp(Ω) of Lebesgue space, scalar product (u, v) =
∫
Ω
u · vdx.

Jung’s Inequality

ab ≤ βaq1 + C(β, q1)b
q′1 ,

1

q1
+

1

q′1
= 1, β > 0, C(β, q1) =

1

q′1(βq1)
q′1
q1

We give a well-known lemma of [21] V. Kalantarov-O.A. Ladyzhenskaya, which
is important in obtaining our results.
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Theorem 1. ([21]) Suppose that a positive, twice differentiable function ψ(t) satisfies,
for t ≥ 0 the following inequality

ψ(t)ψ′′(t)− (1 + α)(ψ′(t))2 ≥ −2C1ψ(t)ψ
′(t)− C2ψ

2(t),

where α > 0, C1, C2 ≥ 0 and C1 + C2 > 0. Then, if ψ(0) > 0 and ψ′(0) +
γ2α

−1ψ(0) > 0 then the function ψ(t) tends to infinity as

t→ t1 ≤ t2 =
1

2
√
C2

1 + αC2

ln
γ1ψ(0) + αψ′(0)

γ2ψ(0) + αψ′(0)

where
γ1 = −C1 +

√
C2

1 + αC2 and γ2 = −C1 −
√
C2

1 + αC2.

2. The existence of a solution

Lemma 1. Problem (1) - (4) is equivalent to the following problem for a nonlinear
parabolic equation
(8)
∂

∂t

(
u+ a0|u|p−2u

)
−∆u+a(x, t, u,∇u) = |u|p−2u+F (t, u)ω(x), x ∈ Ω, 0 < t < T,

(9) u(x, 0) = u0(x) in Ω, u|∂Ω×(0,T ) = 0.

here

(10) F (t, u) = φ′(t) +

∫
Ω

∇u∇ωdx+

∫
Ω

a(x, t, u,∇u) · ωdx−
∫
Ω

|u|p−2u · ωdx.

Proof. Indeed, from (1) it follows,

(11)
∫
Ω

∂
∂t

(
u+ a0|u|p−2u

)
ωdx−

∫
Ω
∆u · ωdx+

∫
Ω
a(x, t, u,∇u)ωdx =

=
∫
Ω
|u|p−2u · ωdx+ f(t)

∫
Ω
ω2(x)dx,

then if condition (4) and (5) is fulfilled, then

(12) F (t, u) = φ′(t)−
∫
Ω

u∆ωdx+

∫
Ω

a(x, t, u,∇u) · ωdx−
∫
Ω

|u|p−2u · ωdx.

Therefore, relation (10) issatisfied.
Now, we consider the problem (8)-(9). If relation (10) is satisfied, then equality (12)
follows from it in an obvious way.

Then

F (t, u) = φ′(t)−
∫
Ω
u∆ωdx+

∫
Ω
a(x, t, u,∇u) · ωdx−

∫
Ω
|u|p−2u · ωdx =

= φ′(t)−
∫
Ω
∆uωdx+

∫
Ω
a(x, t, u,∇u) · ωdx−

∫
Ω
|u|p−2u · ωdx.

By virtue of (11)we obtain that

φ′(t)−
∫
Ω

ut · ωdx = 0.

In this way, d
dt

(
φ(t)−

∫
Ω
u · ωdx

)
= 0. Denote by v(t) = φ(t) −

∫
Ω
u · ωdx.

Then the function v(t) can be found as a solution to the Cauchy problem: v′(t) =
0, v(0) = 0. (v(0) = 0 follows from the agreement condition (6)). The unique
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solution to the problem is the functionv(t) = 0, therefore,
∫
Ω
u · ωdx = φ(t).The

lemma is proved.
Denote by W (QT ) space

W (QT ) = {u : u ∈ L2(QT ) ∩ L∞(0, T ;L2(Ω)) ∩ L∞(0, T ;Lp(Ω)), ∇u ∈ L2(QT )}
and conjugated to him by W ′(QT ).

Definition 1. The weak generalized solution of problem (8)-(9) is the function

u(x, t) ∈ W (QT ), ut(x, t) ∈ L2(0, T ;L2(Ω)),
(
|u|

p
2

)′

t
∈ L2(QT ), satisfying the

equality ∫
QT

(
u′t + a0(p− 1) 2p |u|

p
2−2u

(
|u|

p
2

)′

t

)
ηdxdt+

+
∫
QT

∇u∇ηdxdt+
∫
QT

a(x, t, u,∇u)ηdxdt−
−
∫
QT

|u|p−2uηdxdt−
∫
QT

F (t, u)ω(x)ηdxdt = 0,

for all η(x, t) ∈W (QT ), ηt(x, t) ∈W ′(QT ).

Theorem 2. Let conditions (5) - (7) be fulfilled, then the problem (8), (9), and
therefore, the problem (1) - (4) have the weak solution on the interval [0, Tmax) ⊂
[0, T ).

We take in space
0

W 1
2 (Ω) a basis of eigenfunctions {ψk(x)} of the operator∆ :

(13) ∆ψk = λkψ
k, ψk

∣∣
Γ
= 0,

and we will assume it is normalized in L2(Ω).
We will build "approximate solutions"uN (t) = uN (x, t), N = 1, 2, ..., in the

form of a finite sum

(14) uN (x, t) =
N∑
i=1

CN
i (t)ψi(x)

with unknown coefficients CN
i (t), k = 1, 2, ..., N, t ∈ [0, T ]. These coefficients are

determined by solving the Cauchy problem

(15) Λ(CN
i )

dCN
i

dt
= Gi(t, C

N
1 , C

N
2 , ..., C

N
N ), CN

i (0) = (u0(x), ψi(x))L2(Ω);

here

Λ(CN
i ) =

∥∥akj(CN
i )

∥∥N
k,j=1

,

akj(C
N
i ) = δkj + (p− 1)

∫
Ω
|uN |p−2ψkψjdx,

δkj =

{
1, k = j,
0, k ̸= j,

Gi(t, C
N
1 , C

N
2 , ..., C

N
N ) = −λkCN

i +
∫
Ω
|uN |p−2uNψidx+ F (t, uN )

∫
Ω
ω(x)ψidx.

The Cauchy problem (16), by virtue of the Peano theorem, has a solution from
the class CN

i (t) ∈ C1[0, TN ] for some TN > 0 and i = 1, ..., N.
Multiply both sides of equality (15) byCN

i (t)and sum byi = 1, ..., N , we get
equality
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d
dt

(
1
2

∥∥uN∥∥2
2,Ω

+ a0
p−1
p

∥∥uN∥∥p
p,Ω

)
+

∥∥∇uN∥∥2
2,Ω

+

+
∫
Ω
a(x, t, uN ,∇uN )uNdx =

∥∥uN∥∥p
p,Ω

+ F (t, uN )
∫
Ω
uNωdx,

From this equality, taking into account the conditions on the functions (5)-(7),
we obtain the following inequality

d
dt

(
1
2

∥∥uN∥∥2
2,Ω

+ a0
p−1
p

∥∥uN∥∥p
p,Ω

)
+
∥∥∇uN∥∥2

2,Ω
≤

∥∥uN∥∥p
p,Ω

+ a1
∥∥uN∥∥

2,Ω

∥∥∇uN∥∥
2,Ω

+

+a2
∥∥uN∥∥ p

2

p,Ω

∥∥uN∥∥
2,Ω

+ |φ′| ∥ω∥2,Ω
∥∥uN∥∥

2,Ω
+

+ ∥∇ω∥2,Ω ∥ω∥2,Ω
∥∥uN∥∥

2,Ω

∥∥∇uN∥∥
2,Ω

+ a1 ∥ω∥22,Ω
∥∥uN∥∥

2,Ω

∥∥∇uN∥∥
2,Ω

+

+a2 ∥ω∥22,Ω
∥∥uN∥∥ p

2

p,Ω

∥∥uN∥∥
2,Ω

+
∥∥uN∥∥p

p,Ω
∥ω∥p,Ω ∥ω∥ p

p−1 ,Ω
≤

≤
(
3 + ∥ω∥p,Ω ∥ω∥ p

p−1 ,Ω

)∥∥uN∥∥p
p,Ω

+ 1
4 |φ

′|2 ∥ω∥22,Ω +
(
2a21 +

a2
2

4 + 1
)∥∥uN∥∥2

2,Ω
+

+ 1
2

(
∥∇ω∥2,Ω ∥ω∥2,Ω + a1 ∥ω∥22,Ω

)2 ∥∥uN∥∥2
2,Ω

+ 1
2

∥∥∇uN∥∥2
2,Ω

.

From this inequality follows

d
dt

(∥∥uN∥∥2
2,Ω

+ 2a0
p−1
p

∥∥uN∥∥p
p,Ω

)
+
∥∥∇uN∥∥2

2,Ω
≤

≤ C1

(∥∥uN∥∥2
2,Ω

+ 2a0
p−1
p

∥∥uN∥∥p
p,Ω

)
+ 1

4 |φ
′|2 ∥ω∥22,Ω .

Applying the Gronwall lemma we get

(16)
∥∥uN∥∥2

2,Ω
+ 2a0

p− 1

p

∥∥uN∥∥p
p,Ω

+

∫ t

0

∥∥∇uN∥∥2
2,Ω

dτ ≤ C2,

where constant C2 is independent of m.
Now multiply both sides of (15) by dCN

i (t)
dt and sum by i = 1, ..., N , we obtain

equality

∫
Ω
|uNt |2dx+ a0(p− 1)

∫
Ω
|uN |p−2|uNt |2dx+ 1

2
d
dt

∥∥∇uN∥∥2
2,Ω

+

+
∫
Ω
a(x, t, uN ,∇uN ) · uNt dx =

= 1
p · d

dt

∥∥uN∥∥p
p,Ω

+ F (t, uN )
∫
Ω
ω(x)uNt dx.

Integrating this inequality with respect to time, we obtain the equality

∫
Qt

|uNτ |2dxdτ + a0(p− 1)
∫
Qt

|uN |p−2|uNτ |2dxdτ + 1
2

∥∥∇uN∥∥2
2,Ω

+

+
∫
Qt
a(x, t, uN ,∇uN ) · uNτ dxdτ =

= 1
p ·

∥∥uN∥∥p
p,Ω

+
∫ t

0
F (τ, uN )

∫
Ω
ω(x)uNτ dxdτ.

Estimating the right side of the last equality, we get
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∫
Qt

|uNτ |2dxdτ + a0(p− 1)
∫
Qt

|uN |p−2|uNτ |2dxdτ + 1
2

∥∥∇uN∥∥2
2,Ω

≤
≤ 1

p ·
∥∥uN∥∥p

p,Ω
+ a1

∥∥uNτ ∥∥
2,Qt

∥∥∇uN∥∥
2,Qt

+

+a2
∥∥uN∥∥ p

2

p,Qt

∥∥uNτ ∥∥
2,Qt

+
∫ t

0
|φ′| ∥ω∥2,Ω

∥∥uNτ ∥∥
2,Ω

dτ+

+
∫ t

0
∥∇ω∥2,Ω ∥ω∥2,Ω

∥∥uNτ ∥∥
2,Ω

∥∥∇uN∥∥
2,Ω

dτ + a1
∫ t

0
∥ω∥22,Ω

∥∥uNτ ∥∥
2,Ω

∥∥∇uN∥∥
2,Ω

dτ+

+a2
∫ t

0
∥ω∥22,Ω

∥∥uN∥∥ p
2

p,Ω

∥∥uNτ ∥∥
2,Ω

dτ +
∫ t

0

∥∥uN∥∥p−1

p,Ω

∥∥uNτ ∥∥
2,Ω

∥ω∥p,Ω ∥ω∥2,Ω dτ ≤
≤ 1

p

∥∥uN∥∥p
p,Ω

+ 1
2

∥∥uNτ ∥∥2
2,Qt

+
(
3a21 + 3t ∥∇ω∥22,Ω ∥ω∥22,Ω + 3a21t ∥ω∥

4
2,Ω

) ∫ t

0

∥∥∇uN∥∥2
2,Ω

dτ+

+3 ∥ω∥22,Ω
∫ t

0
|φ′|2dτ +

(
3a22 + 3a22t ∥ω∥

4
2,Ω + ∥ω∥2p,Ω ∥ω∥22,Ω

) ∫ t

0

∥∥uN∥∥2p−2

p,Ω
dτ

This implies

(17)
∫
QT

|uNt |2dxdt+
∫
QT

|uN |p−2|uNt |2dxdt+
∥∥∇uN∥∥2

2,Ω
≤ C3(T ),

where constant C3(T ) is independent of m. The obtained estimates (17), (17)
allowustocarry out to the limit transition [7] at m→ ∞ and prove the existence of
a weak solution of problem (8), (9) in the sense of definition 1.

3. Blow-up results

Theorem 3. Suppose that conditions (5)-(7) are satisfied, and also

(18) −γ2α−1

(
σ

2p
+ C8

)
<

∫
Ω

|u0|2dx+
2a0(p− 1)

p

∫
Ω

|u0|pdx

where C8 > 0. Then for a finite time t1 the solution of the norm tends to infinity∫ t

0

∫
Ω
|u|2dxdτ + 2a0(p−1)

p

∫ t

0

∫
Ω
|u|pdxdτ + σ

2p + C8 → +∞ at t→ t1.

Proof. We make a replacement u = v · eλt, then the inverse problem (1) - (4) is
reduced to the form

(19)
∂v
∂t + a0e

λ(p−2)t ∂
∂t (|v|

p−2v) + λv + a0λ(p− 1)eλ(p−2)t|v|p−2v −∆v+
+e−λta(x, t, eλtv, eλt∇v) = eλ(p−2)t|v|p−2v + e−λtf(t)ω(x), x ∈ Ω, 0 < t < T,

(20) v(x, 0) = u0(x),

(21) v|∂Ω×(0,T ) = 0,

(22)
∫
Ω

(
v + a0e

λ(p−2)t|v|p−2v
)
ω dx = e−λtφ(t), 0 < t < T.

At first we multiply equation (19) by ω(x) and integrate over the domain Ω, we
obtain

(23)
e−λtf(t) = e−λtφ′(t)−

∫
Ω
v ·∆ωdx+

+
∫
Ω
e−λta(x, t, eλtv, eλt∇v) · ωdx− eλ(p−2)t

∫
Ω
|v|p−2v · ωdx.

Now, multiplying equation (19) by v and ∂v
∂t and integrating over Ω, then we

obtain the following identities
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(24)

1
2

d
dt

∫
Ω
|v|2dx+ a0(p−1)

p
d
dt

(
eλ(p−2)t

∫
Ω
|v|pdx

)
−

−a0λ(p−1)(p−2)
p eλ(p−2)t

∫
Ω
|v|pdx+ a0λ(p− 1)eλ(p−2)t

∫
Ω
|v|pdx+

+λ
∫
Ω
|v|2dx+

∫
Ω
|∇v|2dx+ e−λt

∫
Ω
a(x, t, eλtv, eλt∇v) · vdx =

= eλ(p−2)t
∫
Ω
|v|pdx+ e−λtf(t)

∫
Ω
vωdx.

(25)

∫
Ω
|vt|2 dx+ a0(p− 1)eλ(p−2)t

∫
Ω
|v|p−2 |vt|2 dx+ λ

2
d
dt

∫
Ω
|v|2dx+

+ 1
2

d
dt

∫
Ω
|∇v|2dx+ a0λ(p−1)

p
d
dt

(
eλ(p−2)t

∫
Ω
|v|pdx

)
−

+a0λ
2(p−1)(p−2)

p eλ(p−2)t
∫
Ω
|v|pdx+ e−λt

∫
Ω
a(x, t, eλtv, eλt∇v) · vtdx =

= 1
p

d
dt

(
eλ(p−2)t

∫
Ω
|v|pdx

)
− λ(p−2)

p eλ(p−2)t
∫
Ω
|v|pdx+ e−λtf(t)

∫
Ω
vtωdx.

Substituting equation (23) in the identities (24) and (25) we get the relation

(26)

1
2

d
dt

∫
Ω
|v|2dx+ a0(p−1)

p
d
dt

(
eλ(p−2)t

∫
Ω
|v|pdx

)
+

+ 2a0λ(p−1)
p eλ(p−2)t

∫
Ω
|v|pdx+

+λ
∫
Ω
|v|2dx+

∫
Ω
|∇v|2dx+ e−λt

∫
Ω
a(x, t, eλtv, eλt∇v) · vdx =

= eλ(p−2)t
∫
Ω
|v|pdx+

(
e−λtφ′(t)−

∫
Ω
v ·∆ωdx+

+
∫
Ω
e−λta(x, t, eλtv, eλt∇v) · ωdx− eλ(p−2)t

∫
Ω
|v|p−2v · ωdx

) ∫
Ω
vωdx.

(27)

∫
Ω
|vt|2 dx+ a0(p− 1)eλ(p−2)t

∫
Ω
|v|p−2 |vt|2 dx+ λ

2
d
dt

∫
Ω
|v|2dx+

+1
2

d
dt

∫
Ω
|∇v|2dx+ a0λ(p−1)

p
d
dt

(
eλ(p−2)t

∫
Ω
|v|pdx

)
−

+a0λ
2(p−1)(p−2)

p eλ(p−2)t
∫
Ω
|v|pdx+ e−λt

∫
Ω
a(x, t, eλtv, eλt∇v) · vtdx =

= 1
p

d
dt

(
eλ(p−2)t

∫
Ω
|v|pdx

)
− λ(p−2)

p eλ(p−2)t
∫
Ω
|v|pdx+

+
(
e−λtφ′(t)−

∫
Ω
v ·∆ωdx+

+
∫
Ω
e−λta(x, t, eλtv, eλt∇v) · ωdx− eλ(p−2)t

∫
Ω
|v|p−2v · ωdx

) ∫
Ω
vtωdx.

The following notations are introduced :

(28)

G(t, v) ≡ eλ(p−2)t
∫
Ω
|v|pdx ,

Lv ≡ λ
∫
Ω
|v|2dx+

∫
Ω
|∇v|2dx+ 2a0λ(p−1)

p eλ(p−2)t
∫
Ω
|v|pdx ,

J(t) ≡ 1−a0λ(p−1)
p G(t, v)− λ

2

∫
Ω
|v|2dx− 1

2

∫
Ω
|∇v|2dx,

Ψ1(t) ≡
∫
Ω
|v|2dx+ 2a0(p−1)

p eλ(p−2)t
∫
Ω
|v|pdx.

We write equations (26) and (27) by using upper notations

(29)

1
2
dΨ1(t)

dt = 2pJ(t) + 2a0λ(p−1)2−p
p G(t, v) + λ(p− 1)

∫
Ω
|v|2dx+

+(p− 1)
∫
Ω
|∇v|2dx− e−λt

∫
Ω
a(x, t, eλtv, eλt∇v) · vdx+

+
(
e−λtφ′(t)−

∫
Ω
v ·∆ωdx+

+
∫
Ω
e−λta(x, t, eλtv, eλt∇v) · ωdx− eλ(p−2)t

∫
Ω
|v|p−2v · ωdx

) ∫
Ω
vωdx.

(30)

dJ(t,v)
dt = 2λ(p−2)(1+a0λ(p−1))

p G(t, v)+

+
∫
Ω
|vt|2 dx+ a0(p− 1)eλ(p−2)t

∫
Ω
|v|p−2 |vt|2 dx+

+e−λt
∫
Ω
a(x, t, eλtv, eλt∇v) · vtdx−

−
(
e−λtφ′(t)−

∫
Ω
v ·∆ωdx+

+
∫
Ω
e−λta(x, t, eλtv, eλt∇v) · ωdx− eλ(p−2)t

∫
Ω
|v|p−2v · ωdx

) ∫
Ω
vtωdx



BEHAVIOR OF SOLUTIONS TO AN INVERSE PROBLEM 1401

Estimate the right –hand side of the identity (29):

(31)

∣∣∫
Ω
v ·∆ωdx

∫
Ω
vωdx

∣∣ ≤
≤

(∫
Ω
|v|2dx

) 1
2
(∫

Ω
|∆ω|2dx

) 1
2
(∫

Ω
|v|2dx

) 1
2
(∫

Ω
|ω|2dx

) 1
2 ≤

≤ C1

∫
Ω
|v|2dx.

(32)

∣∣e−λtφ′(t)
∫
Ω
vωdx

∣∣ ≤
≤ N2e

−λt
(∫

Ω
|v|2dx

) 1
2
(∫

Ω
|ω|2dx

) 1
2 ≤

≤ λ(p− 1)
∫
Ω
|v|2dx+

N2
2 e

−2λt

4λ(p−1) ∥ω∥
2
2,Ω .

(33)∣∣e−λt
∫
Ω
a(x, t, eλtv, eλt∇v) · ωdx

∫
Ω
vωdx

∣∣ ≤ a1
∫
Ω
|∇v| · |ω|dx

∫
Ω
|v||ω|dx+

+a2e
λ(p−2)t

2

∫
Ω
|v|

p
2 · |ω|dx

∫
Ω
|v||ω|dx ≤ a1 ∥∇v∥2,Ω ∥v∥2,Ω ∥ω∥22,Ω +

+a2e
λ(p−2)t

2 ∥v∥
p
2

p,Ω ∥v∥2,Ω ∥ω∥22,Ω ≤ p−1
2 ∥∇v∥22,Ω +

a2
1

2(p−1) ∥ω∥
4
2,Ω ∥v∥22,Ω +

+2a0λ(p−1)2−p
2p eλ(p−2)t ∥v∥pp,Ω +

pa2
2

4a0λ(p−1)2−2p ∥ω∥
4
2,Ω ∥v∥22,Ω .

(34)∣∣e−λt
∫
Ω
a(x, t, eλtv, eλt∇v) · vdx

∣∣ ≤ a1
∫
Ω
|∇v||v|dx+

+a2e
λ(p−2)t

2

∫
Ω
|v|

p
2 |v|dx ≤ a1 ∥∇v∥2,Ω ∥v∥2,Ω + a2e

λ(p−2)t
2 ∥v∥

p
2

p,Ω ∥v∥2,Ω ≤
≤ p−1

2 ∥∇v∥22,Ω +
a2
1

2(p−1) ∥v∥
2
2,Ω + 2a0λ(p−1)2−p

2p eλ(p−2)t ∥v∥pp,Ω +
pa2

2

4a0λ(p−1)2−2p ∥v∥
2
2,Ω .

(35)

∣∣eλ(p−2)t
∫
Ω
|v|p−2vωdx

∫
Ω
vωdx

∣∣ ≤
≤ eλ(p−2)t

∫
Ω
|v|p−1|ω|dx

∫
Ω
|v||ω|dx ≤

≤ eλ(p−2)t ∥v∥pp,Ω ∥ω∥p,Ω ∥ω∥ p
p−1 ,Ω

= C2e
λ(p−2)t ∥v∥pp,Ω .

We substitute the obtained estimates (31) - (35) in (29), then we get

(36)
1

2

dΨ1(t)

dt
≥ 2pJ(t)− C3Ψ1(t)−

N2
2

4λ(p− 1)
∥ω∥22,Ω e

−2λt,

where

(37) C3 = max

{
C1 +

a21(1 + ∥ω∥42,Ω)
2(p− 1)

+
pa22(1 + ∥ω∥42,Ω)
4a0λ(p− 1)2 − p

; C2

}
.

Now, estimating the right-hand side of (30):

(38)

∣∣∫
Ω
v ·∆ωdx

∫
Ω
vtωdx

∣∣ ≤
≤

(∫
Ω
|v|2dx

) 1
2
(∫

Ω
|∆ω|2dx

) 1
2
(∫

Ω
|vt|2dx

) 1
2
(∫

Ω
|ω|2dx

) 1
2 ≤

≤ C4(ε1)
∫
Ω
|v|2dx+ ε1

∫
Ω
|vt|2dx.
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(39)

∣∣e−λtφ′(t)
∫
Ω
vtωdx

∣∣ ≤
≤ N2e

−λt
(∫

Ω
|vt|2dx

) 1
2
(∫

Ω
|ω|2dx

) 1
2 ≤

≤ ε1
∫
Ω
|vt|2dx+

N2
2 e

−2λt

4ε1
∥ω∥22,Ω .

(40)

∣∣e−λt
∫
Ω
a(x, t, eλtv, eλt∇v) · ωdx

∫
Ω
vtωdx

∣∣ ≤
≤ a1

∫
Ω
|∇v| · |ω|dx

∫
Ω
|vt||ω|dx+

+a2e
λ(p−2)t

2

∫
Ω
|v|

p
2 · |ω|dx

∫
Ω
|vt||ω|dx ≤ a1 ∥∇v∥2,Ω ∥vt∥2,Ω ∥ω∥22,Ω +

+a2e
λ(p−2)t

2 ∥v∥
p
2

p,Ω ∥vt∥2,Ω ∥ω∥22,Ω ≤ a2
1

4ε1
∥ω∥42,Ω ∥∇v∥22,Ω + ε1 ∥vt∥22,Ω +

+
a2
2

4ε1
∥ω∥42,Ω eλ(p−2)t ∥v∥pp,Ω + ε1 ∥vt∥22,Ω .

(41)

∣∣e−λt
∫
Ω
a(x, t, eλtv, eλt∇v) · vtdx

∣∣ ≤
≤ a1

∫
Ω
|∇v||vt|dx+ a2e

λ(p−2)t
2

∫
Ω
|v|

p
2 |vt|dx ≤

≤ a1 ∥∇v∥2,Ω ∥vt∥2,Ω + a2e
λ(p−2)t

2 ∥v∥
p
2

p,Ω ∥vt∥2,Ω ≤
≤ a2

1

4ε1
∥∇v∥22,Ω + ε1 ∥vt∥22,Ω +

a2
2

4ε1
eλ(p−2)t ∥v∥pp,Ω + ε1 ∥vt∥22,Ω .

(42)

∣∣eλ(p−2)t
∫
Ω
|v|p−2v · ωdx

∫
Ω
vtωdx

∣∣ ≤ 1
a0
e−λt|φ(t)|

∫
Ω
|vt||ω|dx+

+ 1
a0

∫
Ω
|v||ω|dx

∫
Ω
|vt||ω|dx ≤

≤ N1

a0
e−λt ∥vt∥2,Ω ∥ω∥2,Ω + 1

a0
∥vt∥2,Ω ∥v∥2,Ω ∥ω∥22,Ω ≤

≤ ε1 ∥vt∥22,Ω +
N2

1

a2
0
∥ω∥22,Ω e−2λt + ε1 ∥vt∥22,Ω + 1

a2
0
∥ω∥42,Ω ∥v∥22,Ω .

The obtained estimates (38)-(42) substitute into the identity (30) and we obtain

(43)

dJ(t,v)
dt ≥

(
2λ(p−2)(1+a0λ(p−1))

p − a2
2

4ε1
∥ω∥42,Ω − a2

2

4ε1

)
G(t, v)+

+(1− 8ε1)
∫
Ω
|vt|2 dx+ a0(p− 1)eλ(p−2)t

∫
Ω
|v|p−2 |vt|2 dx−

−
(

a2
1

4ε1
+

a2
1

4ε1
∥ω∥42,Ω

)
∥∇v∥22,Ω −

(
C4(ε1) +

1
a2
0
∥ω∥42,Ω

)
∥v∥22,Ω −

−
(

N2
2

4ε1
∥ω∥22,Ω +

N2
1

a2
0
∥ω∥22,Ω

)
e−2λt.

Integrating by time the obtained inequality (43) from 0 to t and taking expression
1− e−2λt does not exceed 1, we get

(44)
J(t) ≥ J(0) + (1− 8ε1)

∫ t

0

∫
Ω
|vτ |2 dxdτ + a0(p− 1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2 |vτ |2 dxdτ+

+
(

2λ(p−2)(1+a0λ(p−1))
p − a2

2

4ε1
∥ω∥42,Ω − a2

2

4ε1

) ∫ t

0
G(τ, v)dτ−

−
(

a2
1

4ε1
+

a2
1

4ε1
∥ω∥42,Ω

) ∫ t

0

∫
Ω
|∇v|2dxdτ −

(
C4(ε1) +

1
a2
0
∥ω∥42,Ω

) ∫ t

0
∥v∥22,Ω dτ −D1,

where

(45) D1 =
N2

2

8λε1
∥ω∥22,Ω +

N2
1

2λa20
∥ω∥22,Ω .

Rewriting the identity (24) using the equation (28) as follows:
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(46)
1
2
dΨ1(t)

dt + Lv = G(t, v)− e−λt
∫
Ω
a(x, t, eλtv, eλt∇v) · vdx+

+
(
e−λtφ′(t)−

∫
Ω
v ·∆ωdx +

+
∫
Ω
e−λta(x, t, eλtv, eλt∇v) · ωdx− eλ(p−2)t

∫
Ω
|v|p−2v · ωdx

) ∫
Ω
vωdx

We estimate the right-hand side (46):

(47)

∣∣e−λ(p−1)tφ(t)
∫
Ω
v ·∆ωdx

∣∣ ≤
≤ N1e

−λ(p−1)t
(∫

Ω
|v|2dx

) 1
2
(∫

Ω
|∆ω|2dx

) 1
2 ≤

≤ λp
4 e

−λ(p−2)t
∫
Ω
|v|2dx+

N2
1

λp e
−λpt ∥∆ω∥2 .

(48)

∣∣e−λtφ′(t)
∫
Ω
vωdx

∣∣ ≤
≤ N2e

−λt
(∫

Ω
|v|2dx

) 1
2
(∫

Ω
|ω|2dx

) 1
2 ≤

≤ λ
∫
Ω
|v|2dx+

N2
2 e

−2λt

4λ ∥ω∥22,Ω .

(49)

∣∣e−λt
∫
Ω
a(x, t, eλtv, eλt∇v) · ωdx

∫
Ω
vωdx

∣∣ ≤
≤ a1

∫
Ω
|∇v| · |ω|dx

∫
Ω
|v||ω|dx+

+a2e
λ(p−2)t

2

∫
Ω
|v|

p
2 · |ω|dx

∫
Ω
|v||ω|dx ≤ a1 ∥∇v∥2,Ω ∥v∥2,Ω ∥ω∥22,Ω +

+a2e
λ(p−2)t

2 ∥v∥
p
2

p,Ω ∥v∥2,Ω ∥ω∥22,Ω ≤ 1
4 ∥∇v∥

2
2,Ω + a21 ∥ω∥

4
2,Ω ∥v∥22,Ω +

+eλ(p−2)t ∥v∥pp,Ω +
a2
2

4 ∥ω∥42,Ω ∥v∥22,Ω .

(50)

∣∣e−λt
∫
Ω
a(x, t, eλtv, eλt∇v) · vdx

∣∣ ≤ a1
∫
Ω
|∇v||v|dx+

+a2e
λ(p−2)t

2

∫
Ω
|v|

p
2 |v|dx ≤ a1 ∥∇v∥2,Ω ∥v∥2,Ω + a2e

λ(p−2)t
2 ∥v∥

p
2

p,Ω ∥v∥2,Ω ≤
≤ 1

4 ∥∇v∥
2
2,Ω + a21 ∥v∥

2
2,Ω + 4a0λ(p−1)

p eλ(p−2)t ∥v∥pp,Ω +
a2
2p

16a0λ(p−1) ∥v∥
2
2,Ω .

(51)

∣∣eλ(p−2)t
∫
Ω
|v|p−2v · ωdx

∫
Ω
vωdx

∣∣ ≤ 1
a0
e−λt|φ(t)|

∫
Ω
|v||ω|dx+

+ 1
a0

∫
Ω
|v||ω|dx

∫
Ω
|v||ω|dx ≤

≤ N1

a0
e−λt ∥v∥2,Ω ∥ω∥2,Ω + 1

a0
∥v∥22,Ω ∥ω∥22,Ω ≤

≤
(
1 + 1

a0
∥ω∥22,Ω

)
∥v∥22,Ω +

N2
1

4a2
0
∥ω∥22,Ω e−2λt.

Applying the estimates (47) - (51) to the identity (24), we obtain:
1
2
dΨ1(t)

dt + e−λ(p−2)t
∫
Ω
|∇v|2dx+ λp

2 e
−λ(p−2)t

∫
Ω
|v|2dx+

+a0λ(p− 1)
∫
Ω
|v|pdx ≤ G(t, v) + 1

4e
−λ(p−2)t

∫
Ω
|∇v|2dx+

+
(
a21 + a2

)
e−λ(p−2)t

∫
Ω
|v|2dx+N1N2e

−λpt+

+1
4e

−λ(p−2)t
∫
Ω
|∇v|2dx+ (a1N1)

2e−λpt ∥ω∥2 + λp
4 e

−λ(p−2)t
∫
Ω
|v|2dx+

+ (a2N1)
2

λp e−λpt ∥ω∥2 +
(
a0λ(p− 1) +

2a0(p−1)(a2
1+a2)

p

) ∫
Ω
|v|pdx+

+C6e
−λpt

∫
Ω
|ω|pdx+ λp

4 e
−λ(p−2)t

∫
Ω
|v|2dx+

N2
1

λp e
−λpt ∥∆ω∥2 +

+G(t, v) + C7e
−λpt

∫
Ω
|ω|q+2dx.

We strengthen the last inequality

(52)
1
2
dΨ1(t)

dt + 1
2

∫
Ω
|∇v|2dx ≤

≤ 2G(t, v) + C4Ψ1(t) +
(

N2
1

4a2
0
∥ω∥22,Ω +

N2
2

4λ ∥ω∥22,Ω
)
e−2λt.

We integrate the inequality (52) with respect to time from 0 to t and obtain
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(53)
1
2Ψ1(t) +

1
2

∫ t

0

∫
Ω
|∇v|2dxdτ ≤ 1

2Ψ1(0) + 2
∫ t

0
G(τ, v)dτ+

+C4

∫ t

0
Ψ1(τ)dτ +D2,

here

(54) D2 =
N2

1

8λa20
∥ω∥22,Ω +

N2
2

8λ2
∥ω∥22,Ω .

Multiplying the inequality (53) by 2, we obtain the following estimate

(55)
∫ t

0

∫
Ω

|∇v|2dxdτ ≤ Ψ1(0) + 4

∫ t

0

G(τ, v)dτ + 2C4

∫ t

0

Ψ1(τ)dτ + 2D2,

Applying the estimate (55) to the inequality (44), we obtain:

(56)
J(t) ≥ (1− 8ε1)

∫ t

0

∫
Ω
|vτ |2 dxdτ + a0(p− 1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2 |vτ |2 dxdτ+

+
(

2λ(p−2)(1+a0λ(p−1))
p − a2

2

4ε1
∥ω∥42,Ω − a2

2

4ε1
− 4

(
a2
1

4ε1
+

a2
1

4ε1
∥ω∥42,Ω

)) ∫ t

0
G(τ, v)dτ−

−2C4

(
a2
1

4ε1
+

a2
1

4ε1
∥ω∥42,Ω

) ∫ t

0
Ψ1(τ)dτ −

(
C4(ε1) +

1
a2
0
∥ω∥42,Ω

) ∫ t

0
∥v∥22,Ω dτ +D3,

where

(57)
D3 = J(0)−

(
a2
1

4ε1
+

a2
1

4ε1
∥ω∥42,Ω

)
(Ψ1(0) + 2D2)−D1 =

= J(0)−D1 −
(

a2
1

4ε1
+

a2
1

4ε1
∥ω∥42,Ω

)(∫
Ω
|u0|2dx+ 2a0(p−1)

p

∫
Ω
|u0|pdx+ 2D2

)
.

If the inequality is satisfied

(58)
C5 ≡ 2λ(p−2)(1+a0λ(p−1))

p − a2
2

4ε1
∥ω∥42,Ω −

− a2
2

4ε1
− 4

(
a2
1

4ε1
+

a2
1

4ε1
∥ω∥42,Ω

)
≥ 0,

then

(59)
J(t) ≥ (1− 8ε1)

∫ t

0

∫
Ω
|vτ |2 dxdτ + a0(p− 1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2 |vτ |2 dxdτ+

+C5

∫ t

0
G(τ, v)dτ − C6

∫ t

0
Ψ1(τ)dτ +D3,

where

(60) C6 = 2C4

(
a21
4ε1

+
a21
4ε1

∥ω∥42,Ω

)
+ C4(ε1) +

1

a20
∥ω∥42,Ω .

In the inequality (36) we use the obtained estimate (59), then

(61)
1
2
dΨ1(t)

dt ≥ 2pJ(t)− C3Ψ1(t)− N2
2

4λ(p−1) ∥ω∥
2
2,Ω e

−2λt ≥
≥ 2(1− 8ε1)p

∫ t

0

∫
Ω
|vτ |2 dxdτ + 2a0p(p− 1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2 |vτ |2 dxdτ+

+2C5p
∫ t

0
G(τ, v)dτ − 2C6p

∫ t

0
Ψ1(τ)dτ + 2D3p− C3Ψ1(t)− N2

2

2 ∥ω∥22,Ω e−2λt,
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We denote by

(62)
Ψ2(t) =

∫ t

0

∫
Ω
|v|2dxdτ + 2a0(p−1)

p

∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ

2p + C8,

J2(t) =
∫ t

0

∫
Ω
|vτ |2dxdτ + a0(p− 1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2|vτ |2dxdτ + C5

∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ,

where C8 > 0, σ =
∫
Ω
|u0|2dx+ 2a0(p−1)

p

∫
Ω
|u0|pdx.

Inequality (61) can be written through Ψ2(t)

(63)
Ψ′′

2(t) ≥ 4p(1− 8ε1)
∫ t

0

∫
Ω
|vτ |2 dxdτ + 4a0p(p− 1)(1− 8ε1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2 |vτ |2 dxdτ+

+4C5p(1− 8ε1)
∫ t

0
G(τ, v)dτ − 4C6pΨ2(t) + 4D3p− 2C3Ψ

′
2(t)−

− N2
2

2λ(p−1) ∥ω∥
2
2,Ω e

−2λt + 2C6p
(

σ
2p + C8

)
.

Now, estimating the expression [Ψ′
2(t)]

2, we apply the Cauchy-Bunyakovskii
inequality, we get

[Ψ′
2(t)]

2 ≤
(
2
∫ t

0

∫
Ω
vvτdxdτ + 2a0(p− 1)

∫ t

0

∫
Ω
e

λ(p−2)τ
2 |v|

p−2
2 vτe

λ(p−2)τ
2 |v|

p
2 dxdτ+

+λ(p− 2)
∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ

)2

≤

≤
(
2 ∥v∥2,Qt

∥vτ∥2,Qt
+ 2a0(p− 1)

(∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2|vτ |2dxdτ

) 1
2
(∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ

) 1
2

+

+λ(p− 2)
∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ

)2

≤

≤
(
4
∫ t

0

∫
Ω
|v|2dxdτ + 4a0(p− 1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ

)
×

×
(∫ t

0

∫
Ω
|vτ |2dxdτ + a0(p− 1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2|vτ |2dxdτ+

+λ(p− 2)
∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ

)
≤

≤ 2p
(

2
p

∫ t

0

∫
Ω
|v|2dxdτ + 2a0(p−1)

p

∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ

2p

)
×

×
(∫ t

0

∫
Ω
|vτ |2dxdτ + a0(p− 1)

∫ t

0

∫
Ω
eλ(p−2)τ |v|p−2|vτ |2dxdτ+

+C5

∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ

)
≤

≤ 2p
(∫ t

0

∫
Ω
|v|2dxdτ + 2a0(p−1)

p

∫ t

0

∫
Ω
eλ(p−2)τ |v|pdxdτ + σ

2p + C8

)
J2(t) =

= 2pΨ2(t)J2(t),

If substitute ε1 = 1
32 in the ratio (63) can be written the form

(64)

Ψ′′
2(t)Ψ2(t)− 3

2 [Ψ
′
2(t)]

2 ≥ −4C6pΨ
2
2(t)−

−2C3Ψ
′
2(t)Ψ2(t) +

(
4C6p

(
σ
2p + C8

)
+ 2C3

(
σ
2p + C8

)
+

+4pD3 − N2
2

2λ(p−1) ∥ω∥
2
2,Ω e

−2λt + 2C6p
(

σ
2p + C8

))
Ψ2(t).

It is necessary to choose C8 > 0 in such a way that the following inequality is
satisfied(

4C6p
(

σ
2p + C8

)
+ 2C3

(
σ
2p + C8

)
+

+4pD3 − N2
2

2λ(p−1) ∥ω∥
2
2,Ω e

−2λt + 2C6p
(

σ
2p + C8

))
> 0

.

that is
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C8 ≥
N2

2

2λ(p−1) ∥ω∥
2
2,Ω − (4pC6 + 2C3)

σ
2p − 4pD3 − C6σ

6pC6 + 2C3

then the inequality (64) reduces to the form

(65) Ψ′′
2(t)Ψ2(t)− (1 + α)[Ψ′

2(t)]
2 ≥ −2C̃1Ψ

′
2(t)Ψ2(t)− 2C̃2Ψ

2
2(t),

where α = 1
2 , C̃1 = C3, C̃2 = 2C6.

From the condition of the lemma Ψ′
2(0) + γ2α

−1Ψ2(0) > 0

−γ2α−1

(
σ

2p
+ C8

)
<

∫
Ω

|u0|2dx+
2a0(p− 1)

p

∫
Ω

|u0|pdx

then the function Ψ2(t) tends to infinity for t → t1. Thus, the solution of inverse
problem blows up in finite time. Thereby proved our theorem.

4. Stability of the solution

Consider the following problem

(66)
∂

∂t

(
u+ a0|u|p−2u

)
−∆u+ |u|p−2u = f(t)ω(x), x ∈ Ω, t > 0,

(67) u(x, 0) = u0(x),

(68) u|∂Ω×(0,∞) = 0,

(69)
∫
Ω

u · ω dx = φ(t), t > 0.

Here Ω ⊂ Rn, n ≥ 1 a bounded domain, the boundary ∂Ω is smooth enough, p
positive constant, which are p > 2. Functions ω(x), u0 satisfies the conditions (5)
and (6). φ(t) and φ′(t) the non-negative functions satisfy the conditions

(70) φ(t), φ′(t) ∈ L1(0,∞), φ(t) and φ′(t) wcich tend to 0 as t→ ∞.

Theorem 4. Let the conditions (5), (6) and (70) be fulfilled, then t→ ∞ the norm
of the solution of the inverse problem (66)-(69) tends to 0, that is

(71) lim
t→∞

(
∥∇u∥2 + ∥u∥pp,Ω

)
= 0.

Proof. The proof of this theorem is also applied by the method [19]. Multiply
the equation (66) ω(x) and integrate over the domain Ω, we obtain

(72) f(t) = φ′(t) +

∫
Ω

∇u · ∇ωdx+

∫
Ω

|u|p−2u · ωdx.

Substituting the ratio (72) in (66), then we get the equation

(73)
∂
∂t

(
u+ a0|u|p−2u

)
−∆u+ |u|p−2u =

=
(
φ′(t) +

∫
Ω
∇u · ∇ωdx+

∫
Ω
|u|p−2u · ωdx

)
ω(x), x ∈ Ω, t > 0,

Now multiply (73) u and and integrate over the domain Ω, we obtain
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d
dt

(
1
2 ∥u∥

2
+ a0

p−1
p ∥u∥pp,Ω

)
+ ∥∇u∥2 + ∥u∥pp,Ω =

=
(
φ′(t) +

∫
Ω
∇u · ∇ωdx+

∫
Ω
|u|p−2u · ωdx

) ∫
Ω
uωdx,

Estimating the right part, we find

d
dt

(
1
2 ∥u∥

2
2,Ω + a0

p−1
p ∥u∥pp,Ω

)
+ 1

2 ∥∇u∥
2
2,Ω + 1

2 ∥u∥
p
p,Ω ≤

≤ |φ′(t)φ(t)|+ 1
2 ∥∇ω∥

2
2,Ω |φ(t)|2 + 1

2 |φ(t)|
2
∫
Ω
|ω|

p
p−1 dx.

We apply the Poincare - Friedrichs inequality ∥∇u∥2 ≥ λ21 ∥u∥
2, we obtain

(74)
d
dt

(
1
2 ∥u∥

2
2,Ω + a0

p−1
p ∥u∥pp,Ω

)
+ C3

(
1
2 ∥u∥

2
2,Ω + a0

p−1
p ∥u∥pp,Ω

)
≤

≤ |φ′(t)φ(t)|+ 1
2 ∥∇ω∥

2
2,Ω |φ(t)|2 + 1

2 |φ(t)|
2
∫
Ω
|ω|

p
p−1 dx.

where C3 = min{λ1, 1} and λ1 is a first eigen value of the Laplace operator under
the homogeneous Dirichlet’s condition. Обозначим через:

E(t) ≡ 1
2 ∥u∥

2
2,Ω + a0

p−1
p ∥u∥pp,Ω ,

Φ(t) ≡ |φ′(t)φ(t)|+ 1
2 ∥∇ω∥

2
2,Ω |φ(t)|2 + 1

2 |φ(t)|
2
∫
Ω
|ω|

p
p−1 dx.

Then the inequality (74) is reduced to the form

(75)
d

dt
E(t) + C3E(t) ≤ Φ(t).

Consider the case when φ(t) ≤ C exp(−µt), µ > C3.
In the inequality (75), applying the well-known Gronwall lemma, and under

condition (5), (6) and (70) it follows

E(t) ≤ exp(−C3t)
(
E(0) + C

µ−C3

)
, µ > C3,

E(t) ≤ exp(−C3t) (E(0) + Ct) , µ = C3.

Thus proved that the solution decreases according to the exponential law.

References

[1] Zh.-L.Lions, Quelques mґethodes de rґesolution des probl‘emes aux limites non linґeaires,
Paris: Dunod de Gruyter, 1969. Zbl 0189.40603

[2] P.A. Raviart, Sur la rґesolution de certaines ґequations paraboliques non linґeaires,
Functional Analysis, 5:2 (1970), 299–328. MR0257585

[3] A.V. Ivanov, Quasilinear parabolic equations admitting a double degeneracy, Algebra and
analysis, 4:6 (1992),114–130, (in Russian); English translation: A.V. Ivanov, Quasilinear
parabolic equations admitting double degeneracy, St. Petersburg Math. J. 4:6 (1993), 1153–
1168. MR1199637

[4] G.I. Laptev, Weak solutions of second-order quasilinear parabolic equations with double non-
linearity, Algebra and analysis, 188:9 (1997), 83–112 (in Russian); English translation: G.I.
Laptev, Weak solutions of second-order quasilinear parabolic equations with double non-
linearity, Sb. Math., 188:9 (1997),1343–1370. MR1481665

[5] A. Bamberger, Etude d’une equation doublement non lineaire, J. Funct. Anal., 24:2 (1997),
148–155.

[6] F. Kh. Mukminov, E. R. Andriyanova, Stabilization of the solution of a doubly nonlinear
parabolic equation, Sb.math., 204:9 (2013), 1239–1263. MR3137132

[7] M.O. Korpusov, Destruction of solutions of the heat equation with a double nonlinearity,
TMF., 172:3 (2012), 339–343 (in Russian); English translation: M.O.Korpusov, Destruction
of solutions of the heat equation with a double nonlinearity, Theoret. and Math. Phys., 172:3
(2012), 1173–1176. MR3168740



1408 S.E.AITZHANOV, D.T.ZHANUZAKOVA

[8] M.O. Korpusov, Solution blow-up for a class of parabolic equations with double nonlinearity,
Math.sb., 204:3 (2013), 19–42 (in Russian); English translation: M.O.Korpusov, Solution
blow-up for a class of parabolic equations with double nonlinearity, Sb. Math., 204:3 (2013),
323–346. MR3088098

[9] H.A. Levine, S.R. Park, J. Serrin, Global existence and nonexistence theorems for quasilinear
evolution equations of formally parabolic type, J. Differential Equations, 142:1 (1998), 212–
229. MR1492883

[10] A. Samarskii, V. Galaktionov, S. Kurdyumov, and A. Mikhailov, Blow-up in quasilinear
parabolic equations, Berlin: De Gruyter, 1995. MR1330922

[11] A.B. Al’shin, M.O. Korpusov, A.G. Sveshnikov, Blow-up in nonlinear Sobolev type equations,
Berlin: Gruyter Ser. Nonlinear Anal. Appl., 15, de Gruyter, 2011. MR2814745

[12] A.I. Prilepko, D.G. Orlovsky, I.A. Vasin, Method for Solving Inverse Problems in
Mathematical Physics, Marcel Dekker: Monograths and Textbooks in Pure and Applied
Mathematics, 2000. MR1748236

[13] A. G. Ramm, Inverse problems, Mathematical and Analytical Techniques with Applications
to Engineering, New York: Springer, 2005. MR2838778

[14] R. Riganti, E. Savateev, Solution of an inverse problem for the nonlinear heat equation,
Commun. Partial Diff. Equations, 19:1 (1994), 1611–1628. MR1294473

[15] I.A. Vasin, On the existence and uniqueness of the generalized solution of the inverse problem
for the nonlinear non stationary Navier-Stokes system in the case of integral overdefinition,
Mathematical notes, 54:4 (1993), 34–44 (in Russian); English translation: I.A.Vasin, On the
existence and uniqueness of the generalized solution of the inverse problem for the nonlinear
non stationary Navier-Stokes system in the case of integral overdefinition, Math. Notes Phys.,
54:4 (1993), 1002–1009. MR1256605

[16] A.I. Prilepko, I.A. Vasin, Investigation of the uniqueness of solutions in some nonlinear
inverse problems of hydrodynamics, Differential equations, 26:1 (1990), 109–120, (in Russian).
MR1050366

[17] U.U. Abylkayrov, S.E. Aitzhanov, Inverse problem for non-stationary system of
magnetohydrodynamics, Boundary Value Problems, 2015:1, 173 doi: 10.1186/s13661-015-
0438-x, 2015.

[18] S.N. Antontsev, S.E. Aitzhanov, Inverse problem for an equation with a nonstandard growth
condition, Journal of Applied Mechanics and Technical Physics, 2:60 (2019), 93–106 (in
Russian); English translation: S.N. Antontsev, S.E. Aitzhanov, Inverse problem for an
equation with a nonstandard growth condition, Journal of Applied Mechanics and Technical
Physics, 2:60 (2019), 265–277. MR3969677

[19] A. Eden, V.K. Kalantarov, On global nonexistence of solutions to an inverse problem for
semilinear parabolic equations, J. Math. Anal. Appl., 307 (2005), 120–133. MR2138979

[20] S. Gur, M. Yaman, Y. Yilmaz, Finite time blow up of solutions to an inverse problem for
a quasilinear parabolic equation with power nonlinearity, J. Nonlinear Sci. Appl., 9 (2016),
1902–1910. MR3452687

[21] V.K. Kalantarov, O.A. Ladyzhanskaya, Formation of collapses in quasilinear equations of
parabolic and hyperbolic types, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov,
LOMI, 69 (1977), 77–102 (in Russian); English translation: J. Soviet Math. 10:1 (1978),
53–70. MR0604036

Aitzhanov Serik Ersultanovich
Al-Farabi Kazakh National University
71, Al-Farabi ave.,
Almaty, 050038, Kazakhstan
Institute of Mathematics and Mathematical Modeling
125, Pushkina str.,
Almaty, 050010, Kazakhstan
E-mail address: Aitzhanov.Serik81@gmail.com



BEHAVIOR OF SOLUTIONS TO AN INVERSE PROBLEM 1409

Dinara Taupikhovna Zhanuzakova
Al-Farabi Kazakh National University,
Department of Differential Equations and Control Theory,
71, Al-Farabi ave.,
Almaty, 050038, Kazakhstan
E-mail address: Dinara.Zhan07@gmail.com


