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WIENER INDEX OF SUBDIVISIONS OF A TREE

A.A. DOBRYNIN

ABSTRACT. The Wiener index W(T) of a tree T is defined as the
sum of distances between all vertices of T. The edge k-subdivision T,
is constructed from a tree T by replacing its edge e with the path on
k + 2 vertices. Edge k-subdivisions of each of edges e1,e2,...,e,—1 of a
tree with n vertices generate a family containing n — 1 trees. A relation
between quantities W (Te,) + W(Te,) + -+ + W(Te,_,) and W(T) is
established.
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1. INTRODUCTION

In this paper we are concerned with finite undirected connected graphs G with
vertex set V(G) and edge set E(G). Degree of a vertex v is denoted by deg(v). If
u and v are vertices of G, then the number of edges in a shortest path connecting
them is said to be their distance and is denoted by dg(u,v). Distance of a vertex v
is the sum of distances from v to all vertices of a graph, da(v) = 3, cv(q) d(v, u).
The Wiener index is a graph invariant based on distances between all vertices of G:

W(G) = Z d(u,v):% Z dg(v).

w,weV(Q) veV(Q)

It was introduced as a structural descriptor for tree-like molecular graphs [17] and
found numerous applications in organic chemistry. Details on the mathematical
properties and chemical applications of the Wiener index can be found in books
[1, 7, 8,9, 14, 15] and reviews [2, 3, 12, 13]. One of the directions in the research
of the Wiener index is comparing the index of a graph and its derived graphs such

DoBryNIN, A.A., WIENER INDEX OF SUBDIVISIONS OF A TREE.

© 2019 DoBrYNIN A A.

This work is supported by the RFBR (grants 17-51-560008 and 19-01-00682).
Received July, 26, 2019, published November, 5, 2019.

1581



1582 A.A. DOBRYNIN

Fi1G. 1. k-subdivision of edge e in a tree T'.

as the line graph, the total graph, thorny and subdivision graphs of various kinds
[4, 5, 6, 11, 16].

Denote by P, the path with n vertices. The edge k-subdivision T is constructed
from a tree T by replacing its edge e with path Pyio as shown in Fig. 1. Vertices
V1, Vg, ..., v are called the subdivision vertices. The k-subdivision S is constructed
from n-vertex tree T' by replacing of each of edges eq,es,...,e,_1 of T with path
Py1o. All edge k-subdivisions form a family containing n — 1 trees T,, e € E(T). In
this paper, relations between Wiener indices of subdivisions of a tree are presented.

2. MAIN RESULT

Let tree T, be an edge k-subdivision of n-vertex tree T' (see Fig. 1). Define two
vertex sets with respect to endvertices of edge e = (z,y): V, = {w € V(T) | d(w, z) <
d(w,y)} and Vy = {w € V(T) |d(w,y) < d(w,z)} with cardinality n, = |V,| and
ny = |Vy|, ny + ny = n. Edge k-subdivisions of T" are (n + k)-vertex trees. Wiener
indices of a tree and its edge k-subdivisions are connected by the following relation.

Theorem 1. Let T,,,T,,,...,T., , be edge k-subdivisions of a tree T with edges
€1,€2,...,en_1. Then

W(T€1) + W(T62) +o W<T€n71) =

- (3k+n1)W(T)+(”1)<k;rl> +2<§> <Z)

Note that (kgl) is the Wiener index of path Pj. We will use the same numbering
of subdivision vertices for all edges. The sum of distances between vertices from T’
in new trees can be also expressed through the Wiener index of 7.

Corollary 1. LetT,,,T,,...,T., , be edge k-subdivisions of a tree T with subdi-
vision vertices vy, Vs, ..., V. Then

W(To) 4 W)+ 4 W(T ) = 3 (d, () + -+ + d, (11)) =
—(k+n—D)W(T) - (n— 1)(]“;1).

It is known that for Wiener indices of an n-vertex tree T and its k-subdivision
S with n’ = k(n — 1) 4+ n vertices the following equality is valid [2]:

W(S) = (k+ DPW(T) + (”; 1) - 1)3(”; 1).

This implies a relation between S and edge subdivisions of T
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Corollary 2. For k-subdivision S of an n-vertex tree T with edges ey, ea, ..., €,_1,

W(S) = s (WL, 4 W)+ 4 W, ) -
(k=1 (k+1)%(k+3n+1)

3k+n—1

_ ék(k—i—l)(n—l)( +(k+1)(3n—1)+2>.

The simplest edge subdivisions correspond to the case k = 1.

Corollary 3. For edge 1-subdivisions of a tree T,
W(Te,) + W(Te,) + -+ W(Te, ) = (n + 2)W(T).
From the above results it follows that the sum of the distances of subdivision
vertices is twice the Wiener index, dr, (v1) +dr,, (v1) +- +dr, _ (v1) =2W(T).
Then W(T) is close to the average value of Wiener indices of 1-subdivisions without

distances of v;.

Corollary 4. For Wiener indices of edge 1-subdivisions of a tree T,
1
W(T) =~ (W(T,) + W(T.,) + -+ W(T,, )
—dr, (1) —dr,, (1) = —dr, _ (v1)).

As an illustration, consider tree T' with 10 vertices and its 2-subdivisions shown
in Fig. 2. Wiener indices are indicated near diagrams of the corresponding trees,
W (Te,) + W(Te,) + -+ W(Te,) =3-230+ 22224 234 + 214 + 2 - 226 = 2034
and W (S) = 2682. By Theorem 1,

W(Te)+W(Te,)+- -+ W(Tey) =15-1294+9- 142145 = 2034,
and by Corollary 2,
9 2-3:9

W(S) = 172034 — —¢ (

1-9-33
15

+3~29+2) = 2682.

3. PROOF OF THEOREM 1

The distance between two subsets X,Y C V(G) of a graph G is defined as
da(X,Y) =3, cx 2 yey da(@,y). Let T be an n-vertex tree and e € E(T). Then
the Wiener index of T, can be presented as follows

1) W(T) = > > dr(ww)+ Y dr(ww)+ Y dr(uw)

u€Vy weVy u,wEVy, u,weVy,
k 1 k
+ Y dr(vi) - 3 > dr, (vi,v;)
i=1 ij=1
= Z Z (dT(uvw> + k) + Z dT(ua w) + Z dT(ua w)
u€Vy weVy u,weVy u,wEVy

k
+ ZdTe (v;)) — W(Pg)
i=1

k
= W(T)+kngny+ Y dr,(v;) — W(P).
i=1
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W(T) =129 W(S) = 2682

W(T}) =230 W(T;) = 230

W(Ty) = 230 W(T,) = 222

W(Ty) =222 W(T,) =234

W(T,) =214 W(T,) = 226

FFEEF
FEFF

W(T,) = 226

-

Fi1G. 2. 2-subdivision S and edge 2-subdivisions of a tree T'.

For subdivision vertex v; € T,

k
dr, (vs) > dr(viw)+ Y dr,(vi,w) + Y dr, (vi,v5)
j=1

weVy weV,

= Y (dr,(vi,2) +dp(z,w) + Y (dr, (vi,y) + dr(y, w)) + dp, (v;)

weVy weVy,
= dp(z,Vy)+dr(y,Vy) +nai+ny(k—i+1)+dp,(vs).

Summing the later equation for all subdivision vertices v;, we get

k
Sdr(v) = k(dr(e,Ve) + do(y, Vy)) + k(k + 1)(ng +n,)/2 + 200 (Py)
- =k (dr(@, Vi) + dr(y, Vi) + nk(k +1)/2 + 2W (Py).
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Express dr(z, V) + dr(y, V,) through distances of vertices z and y. We have

dT(x) = dT(x7 Vz)+ Z (dT(x7y)+dT(y7w))

weVy

= dT(J?,Vw) +ny + dT(yvvy)v

dT(y) = dT(:U? Vy) + Z (dT(yvx) + dT({L‘7U)))
weVy

= dT(Z/) Vy) +ng + dT(J?, Vw)
Then dr(z,Vy) + dr(y,Vy) = (dr(z) + dr(y) —n)/2 and

k
(2) > dr, (v:) = k(dr(z) + dr(y) —n) /2 + nk(k +1)/2 + 2W (Py).

Inserting (2) back into equation (1), we obtain
(3) W(T.) = W(T)+ kngny+k (dr(z) + dr(y) —n) /24+nk(k+1)/2+ W (Py).
Wiener’s formula for a tree T states that [17]
wW(T) = Z Mg Ny
(z,y)eB(T)
Then, summing equations (3) for all edges of T', we can write

S W) = o)W E Y memg b gk Y (drle) +dr(y)

e€E(T) (z,y)EE(T) (z,y)EE(T)

— (n—=1nk/2+ (n—nk(k+1)/2+ (n — )W (P%)

= (ktn- )W)+ ok Y dea(o)dr(v)
veV(T)

(4) + (n—=1)W(P) + k*n(n —1)/2.

The Wiener index of path Py is equal to (k?;l). Klein et al. proved that [10]

(5) > deg(v)dr(v) = AW (T) — n(n — 1).
veV(T)

Substitution this sum into equation (4) completes the proof. O

Equalities (2) and (5) lead to a relation for distances of subdivision vertices

V1,3, ...,V in k-subdivisions of an n-vertex tree T":
n—1 1
Z (dTei (v1) + - +dr,, (vk)) =2kW(T) + 6 kE(k—1)(n—1)(2k + 3n+2).
i=1

Corollary 1 follows from this equation and Theorem 1.
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