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ON GARLANDS IN χ-UNIQUELY COLORABLE GRAPHS
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Abstract. A graphG is called χ-uniquely colorable, if all its χ-colorings
induce the same partion of the vertex set into one-color components.
For χ-uniquely colorable graphs new bound of the number of vertex set
partions into χ+ 1 cocliques is found.
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1. Introduction

All graphs in this paper are considered to be finite and simple, i. e. they do not
contain loops and multiple edges. The main terminology is used with accordance
to [1].

Let G = (V,E) be a graph with a vertex set V and an edge set E. A coloring of a
graph G into t colors is a map ϕ : V → {1, 2, . . . , t}, such that ϕ(u) 6= ϕ(v) for any
two adjacent vertices u and v of a graph G. We will call numbers 1, 2, . . . , t colors. A
graph is called t-colorable if there is its coloring into t colors. A minimum integer t,
for which G is t-colorable, is called the chromatic number of a graph G and denoted
as χ(G). A number of colorings of graph G into t colors is denoted as P (G,λ). It is
well known (see, for example, [1]), that function P (G,λ) is a polynomial of variable
λ. Two graph G and H are called chromatically equivalent, if P (G,λ) = P (H,λ).
A graph G is called chromatically unique, if for any graph H graphs G and H are
chromatically equivalent iff they are isomorphic. Much attention of researches was
drawn to the problem of chromatic uniqueness of complete multipartite graphs
K(n1, n2, . . . , nt). List some results, a more complete list can be found in the
review [2] and the monograph [3].
1) A graph K(n1, n2) where n1 > n2 > 2 is chromatically unique (see. [4]).
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2) A graph K(n1, n2, . . . , nt) where n1 > n2 > . . . > nt > 2 is chromatically unique
if n1 − nt 6 4 or some other conditions are satisfied (see. [5, 6, 7, 8, 9]).
One of the main tools in studying chromatic uniqueness is chromatic invariants.

Let a number α(G) be defined for any graph G. A number α(G) is called a chromatic
invariant if for any two chromatic equivalent graphs G and H the equality α(G) =
α(H) is held.

By Zykov’s theorem (see, for example, [1]) a chromatic polynomial of a graph G
can be written as

P (G,λ) =

n∑
i=χ

pt(G, i)λ(i),

where λ(i) = λ·(λ−1)·. . .·(λ−i+1) and pt(G, i) is a number of partitions of its vertex
set into i cocliques, i. e. into i sets consisting of mutually non-adjacent vertices. It
follows from Zykov’s theorem, that integers pt(G, i) are chromatic invariants for all
i = χ, χ+ 1, . . . , n.

Consider an arbitrary t-colorable graph G with vertex set V , its t coloring, which
uses all t colors, and consider a vertex set partition into disjoint sets of vertices with
the same color. Note, that this partition is a vertex set partition into cocliques. A
graph is called t-uniquely colorable if its any t-coloring of this type induces the same
vertex set partition into cocliques. It is clear that complete t-multipartite graph is
t-uniquely colorable (note, that t is equal to its chromatic number).

At the same time, a bound of the number of partitions of the vertex set into t+1
parts is still an open problem. Such bounds play an important role in investigations
of chromatic uniqueness (see, for example, [10, 11, 9]).

Let G be t-uniquely colorable graph. We will denote the number of partitions of
the vertex set V into t+1 cocliques as pt(G). Every t-colorable graph can be obtained
by deleting some set of edges E from complete t-partite graph. Let graph G be
obtained from complete multipartite graph K(v1, v2, . . . , vt) by deleting set of edges
E. For convenience we will denote a complete multipartite graphK(v1, v2, . . . , vt) as
K(v), where v = (v1, v2, . . . , vt). We will denote parts of graph K(v) as Vi, |Vi| = vi
for i = 1, 2, . . . , t. Note, that every partition of the vertex set of the graph K(v)
into t+ 1 cocliques induces a partition in t+ 1 cocliques of the vertex set of graph
G. However, if set E is nonempty, then there are other partitions.

We will denote the number of partitions of the vertex set of graph G into t + 1
colciques, which are not the partitions of the vertex set of graph K(v) into t + 1
cocliques, as ∆pt(G,K(V )), i. e.

∆pt(G,K(v)) = pt(G, t+ 1)− pt(K(v), t+ 1).

In the article [10] Zou obtained the following bound

(1) |E| ≤ ∆pt(G,K(v)) ≤ 2|E| − 1.

In the article [9] a combinatorical interpretation of this expression was found.
We will discuss this interpretation in section 2. Bound (1) and its improvements
helped to promote investigations of chromatic uniqueness of complete multipartite
graphs (see [10, 9, 12]).

We will call a part Vi of a graph K(v) active, if there is a vertex from Vi, which
is incident with at least one edge from E. Let H be a subgraph of a graph induced
by the set of edges E. A subgraph H, isomorphic to a graph K(s, 1), where s > 1 is
called coordinated, if all s vertices of degree 1 lay in the same part of a graph K(v).
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The main result of this paper is the following theorem, which is an improvement of
the bound (1).

Theorem 1. Let every active part of a graph K(v1, v2, . . . , vt) contain at least three
vertices. Then if E induces a coordinated subgraph K(|E|, 1), then ∆pt(G,K(v)) =
2|E| − 1; otherwise,

∆pt(G,K(v)) ≤ 2|E|−1 + 1.

2. Auxiliary statements

A complete multipartite subgraph G1 of a graph K(v) is called an E-subgraph,
if every part of graph G1 is contained in the part of graph K(v) and the edge set
of graph G1 is contained in a set E. In the article [9] an arbitrary nonempty set of
disjoint E-subgraphs was called a garland.

We will say that a garland G′ destroys part Vi if every vertex of part Vi lays
in some E-subgraph of garland G′. We will call a garland containing exactly p
elements, which destroys exactly p−1 parts, interesting. The set of edges of garland
E-subgraphs is called an edge aggregate. In the article [9] the authors established
the following properties:
1) if the chromatic number of a graph G is equal to t, then every garland which

contains exactly p elements destroys at most p− 1 parts;
2) a garland is uniquely identified by its edge aggregate;
3) a number ∆pt(G,K(v)) is equal to the number of interesting garlands.

Let G′ = {G′1, G′2, . . . , G′p} be a garland. We will say, that a garland G′ is of
type H1∪̇H2∪̇ . . . ∪̇Hp, where {H1, H2, . . . ,Hp} is a set of graphs, if G′i ' Hi for
all i = 1, 2, . . . , p. All possible types of garlands, which edge aggregates contain at
most four edges, are shown in Fig. 1.

Fig. 1. The types of garlands, which edge aggregates contains at
most four edges

Denote as Eij the set of edges, such that one end is in Vi and another one is in
Vj .

Lemma 1. Let an edge e ∈ Eij, G′ is an interesting garland containing exactly
p ≥ 2 elements, e is in E-subgraph H ∈ G′ and H is of type K(s1, s2). Then
1) the garland G′ destroys at least one part from Vi and Vj;
2) if the garland G′ destroys exactly one part from Vi and Vj; then the garland

G′ \ {h} is an interesting garland.
3) if there are two E-subgraphs, which edges are in Eij and p ≥ 3, then G′ destroys

both parts Vi and Vj.

Proof. Since the garland G′ is an interesting garland, it destroys exactly p−1 parts.
Denote G1 = G′ \ {H}. It is clear that G1 is nonempty (it has exactly p − 1 > 0
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distinct E-subgraphs) and consists of E-subgraphs, therefore, it is a garland. Also
note that G′ contains exactly p− 1 elements.

Note, that all edges of the graphH are in Eij , since otherwise G′ is not a garland.
If garland G′ does not destroy any of Vi and Vj , then garland G1 destroy the same
parts as G′ does, so garland G1 containing exactly p− 1 elements destroys exactly
p− 1 parts, which is a contradiction.

Now we assume without loss of generality that garland G′ destroys part Vi, but
does not destroy part Vj . Then garland G1 destroy the same parts as garland G
does without part Vi, therefore the garland G1 destroys exactly p− 2 parts, so it is
an interesting garland.

We are to prove the last statement of Lemma. Let H1 and H2 be two distinct
E-subgraphs from garland G, which edges are in Eij and G2 = G′ \{H1, H2}. Note
that G2 is a garland containing exactly p − 2 elements. If garland G′ destroys at
most one part from Vi and Vj , then garland G2 destroys p − 2 parts, which is a
contradiction. �

Fact.An arbitrary edge of complete multipartite graphK(s1, s2, . . . , st), nonisomorpihc
to K(s1, 1), where t ≥ 2, lays in some cycle.

Lemma 2. Let e1 and e2 be two distinct edges from E. Assume that there exists a
set of edges Ê ⊆ E \ {e1, e2}, such that sets {e1}∪̇Ê and {e2}∪̇Ê induce garlands
G1 and G2 respectively. Then E-subgraph, which is the element of garland G1 and
which contains edge e1, is of type K(s, 1) for some positive integer s.

Proof. Assume by contradiction, that E-subgraph, which contains the edge e1 is
not of type K(s, 1). Denote its edge set as F . Since the edge e1 lays in some cycle,
which is induced by edges from F , then both its ends are in the graph induced by a
set of edges F \{e1}. Consequently, the set of edges F \{e1} is in the edge aggregate
of garland G2, therefore, the edge e1 is in the edge aggregate of garalnd G2, and
this is a contradiction. �

Definition. Let E1, E2 ⊆ Ê ⊂ E. A set E1 is called (interesting) continuable
outside of set E, if there is an (ineresting) garland with an edge aggregate Ê, such
that Ê∩E = E1. Sets E1 and E2 are called simultaneously interestingly continuable
outside of set Ê if there is a nonempty set of edges Ẽ ⊆ E \Ê, such that sets Ẽ∪E1

and Ẽ ∪ E2 are edge aggregates of interesting garlands.
The number of vertices in the largest clique is caled a clique number.
Let Ê ⊆ E be an arbitrary set of edges. Let Cnt(Ê) be a set of all subsets of Ê,

which are continuable outside of the set Ê. Construct a graph C(Ê) with vertex set
Cnt(Ê), where two vertices are adjacent, if they are simultaneously interestingly
continuable outside of a set Ê. Let C be the clique number of a graph C(Ê). Then,
there are at most C · (2|E|−|Ê| − 1) +N interesting garlands, where N is a number
of interesting garlands, which edge aggregatte lay in set Ê.

3. Case: the set E contains a triangle

Lemma 3. Let a set of edges {e1, e2, e3} = E1 ⊂ E induces a triangle. Then
there does not exist a nonempty set Ê ⊆ E \ E1, such that sets {ei}∪̇E1 generate
interesting garlands for all i = 1, 2, 3.
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Proof. By contradiction assume that there is a set of edges Ê ⊆ E \ E1, such that
sets Ê∪̇{ei} are edge aggregates of some interesting garlands for all i = 1, 2, 3.
Without loss of generality we may assume, that the edges lay in the way, shown in
Fig. 2.

V1 V2 V3

e3 e1

e2

Fig. 2. A triangle, which lays in a set E

Denote a garland with an edge aggregate Ê∪̇{ei} as Gi. By lemma 2 no edge
can be adjacent to all edges ei for i = 1, 2, 3. Therefore, each garland Gi contains
at least two elements, and all garlands Gi for i = 1, 2, 3 have the same number of
elements. Consequently, each garland Gi destroys the same number of parts among
parts V1, V2 and V3.

Note that each garland Gi cannot destroy a part Vi, but since it contains at least
two elements, it destroys at least one part from Vj and Vk, where i 6= j, k. As a result,
a garland {e1, e2, e3}∪̇Ê destroys more parts, than G1 does, by it is impossible, since
garland G1 is an interesting garland and garlands G1 and {e1, e2, e3}∪̇Ê have the
same number of elements. �

The next proposition follows from Lemma 3.

Proposition 1. If the set E contains a triangle, then there are at most 2|E|−1

interesting garlands.

Proof. Denote the set of edges of some triangle in E as E′ and let F = E \E′. For
an arbitrary nonempty set of edges F1 ⊆ F bound a number of interesting garlands,
such that an intersection of its edge aggregates with F is equal to F1.

Denote an intersection of an edge aggregate and E′ as E1. Note, that E1 can
be one of the five sets: empty, one of the three one-element subsets and E′. By
Lemma 3 there are at most four subsets E1 ⊆ E′, such that E1∪̇F1 is an edge
aggregate of some interesting garland. Therefore, the number of interesting garlands
which edge aggregates contain some edges from F does not exceed 4 · (2|F | − 1) =
4 · (2|E|−3 − 1)) = 2|E|−1 − 4.

Note that there are exactly 4 garlands, which edge aggregates do not intersect
with F , i. e. which edge aggregates are in E′. This garlands are triangle and three
garlands which edge aggregates contain exactly one edge.

Thus, there are exactly 4 interesting garlands which edge aggregates do not
intersect with F and at most 2|E|−1−1 interesting garlands, which edge aggregates
intersect with F , therefore, there are at most 2|E|−1 − 4 + 4 = 2|E|−1 interesting
garlands. �

4. Case: the set E contains a chain of length 3

Lemma 4. Let e1 = x1y1 and e2 = x2y2 be two nonadjacent edges, which are in
a set Eij for some i, j = 1, 2 . . . , t. Then there does not exist a nonempty subset
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Ê of a set E \ {e1, e2, x1y2, x2y1}, such that {e1}∪̇Ê and {e2}∪̇Ê simultaneously
generate interesting garlands.

Vi Vj

x1

x2 y1

y2

e1

e2

w

w′

Fig. 3. Two nonintersecting subgraghs, which are in a set Eij

Proof. By contradiction assume that there exist such subset Ê ⊆ E\{e1, e2, x1y2, x2y1},
that sets {e1}∪̇Ê and {e2}∪̇Ê are edge aggregates of interesting garlands G1 and
G2 respectively.

Let x1, x2 ∈ Vi and y1, y2 ∈ Vj .
By Lemma 2 we can deduce that E-subgraph from the garland G1, containing

an edge e1, is a coordinated subgraph of type K(s, 1).
Assume that no edges from E are adjacent to the edge e1 or to the edge e2. Then

garlands G1 and G2 contain at least two elements because the set Ê is nonempty,
therefore by Lemma 1 one can conclude, that each of them destroys some part of Vi
and Vj . On the other hand, no one of this garlands cannot destroy Vi or Vj , because
vertices x2 and y2 are adjacent to no edges from the garland G1 and vertices x1
and y1 are adjacent to no edges from the garland G2.

Without loss of generality, we can assume that there is an edge x1w ∈ Ê and
w 6= y2, since xy2 is not in Ê. Note, that edges e2 and x1w cannot be in the
same E-subgraph of the garland G2, therefore, it contains at least two elements,
consequently, it should destroy at least one part from Vi and Vj . Since it cannot
destroy a part Vj because no edges from the garland G2 are incident with the vertex
y1. Thus, the garland G1 should destroy the part Vi.

Denote the number of elements in G2 as p2.
If p2 ≥ 3, then by Lemma 1 the garland G2 should destroy parts Vi and Vj , but

it is impossible. Therefore, p2 = 2.
Since the garland G2 destroys the part V1 and |V1| ≥ 3, then there is an edge g

in Ê, which is incident with a vertex w′. Note that edges g and e1 cannot be in the
same E-subgraph of the garland G1 or the garland G2, therefore, edges g and e2
are in the same E-subgraph of the garland G2. Without loss of generality, we may
assume that the edge e connects vertices w′ and y2.

By analogy, one can obtain that the garland G1 should destroy the part Vj and
that the garland G1 contains exactly two elements. Note that a set {e1, e2}∪̇Ê
induces a garland G3, which destroys parts V1 and V2, but it contains exactly two
elements, and it is a contradiction. �

Lemma 5. Let E1 ⊆ E and E1 induce a graph of type K(2, 2). Then the following
pairs of sets (see Fig. 4)
1) {e1, e2} and {e2, e3},
2) {e1} and E1,
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3) {e1, e3} and E1,
4) empty and {e1, e3}
are not simultaneously interestingly continuable outside of the set E1.

e1

e2

e3

Fig. 4. Subgraph of type K(2, 2)

The proof is similar to the proof of Lemma 4.

Lemma 6. Let e1, e2, e3 ∈ Eij are three edges, which lay as shown in Fig. 5. Let
X = Vj \ {x1, x2}. Then if a nonempty set of edges E1 ⊂ E, such that sets of edges
E1 ∪ {e1} and E1 ∪ {e2, e3} induce interesting garlands, then E1 = {zx : x ∈ X}.

z x1

y x2

e1
e2

e3

Vi Vj

Fig. 5. A chain of length 3

Proof. Let G1 and G2 be interesting garlands with edge aggregates E1 ∪ {e1} and
E1∪{e2, e3} respectively. Using Lemma 2 one can obtain that edges from E1 cannot
be incident with x1 or x2. Note that the garland G1 cannot destroy the part Vj .

Assume that there are edges from E1 which are not incident with the vertex y.
Then the garland G1 contains at least three elements because it should destroy one
of parts Vi and Vj , but it cannot destroy the part Vj . Delete from this garland two
E-subgraphs, which edges are in Eij . Then the number of elements decreases by
two, and the number of destroyed parts decreases by one, and it is a contradiction.
Thus, no edges from E1 are incident with a vertex y, therefore, a garland G1 cannot
destroy any part from Vi and Vj , consequently, it contains exactly one element and
all edges from E1 are incident with a vertex z.

If for some x ∈ X an edge zx is not in the set E1, then the garland G2 destroys
no part from Vi and Vj , and it is impossible. �

Lemma 7. Let e1, e2 ∈ Eij be a pair of adjacent edges and 〈E〉 does not contain
a triangle. Let a set of edges Ê ⊆ E \ {e1, e2, x1y2, x2y1} and sets Ê ∪ {e1} and
Ê ∪ {e1, e2} simultaneously generate interesting garlands. Then Ê should be equal
to {zx1|z ∈ Vj \ {y1, y2}} or {wy1|w ∈ Vi \ {x1, x2}}.
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Vi Vj

x1

x2 y1

y2

e1

e2

w

w′

Fig. 6. To Lemma 7

Proof. Denote interesting garlands generated by sets Ê ∪ {e1} and Ê ∪ {e1, e2} as
G1 and G2 respectively.

Assume, that there is an edge e in the set Ê, which is incident with the vertex
x2. Then note that edges e and e1 are in different E-subgraphs of the garland
G1, therefore, the garland G2 contains at least two elements and there are two
distinct E-subgrpahs which edges are in the set Eij . Consequently, this garland
should destroy at least one part among Vi and Vj . Since there no edges in the set
Ê which are incident with the vertex y2, the garland G2 cannot destroy the part
Vj . Therefore, the garland G1 contains exactly two elements (if it contains at least
three elements, it contradicts Lemma 1). But in this case, the garland G1 cannot
destroy the part Vi, and this is a contradiction.

By analogy, there no edges in Ê which are incident with the vertex y2, therefore,
the garland G1 cannot destroy the part Vi or the part Vj , then the garland G1

contains exactly one element, i. e. all edges from Ê are adjacent to the edge e1.
Since the garland G2 contains exactly two elements, the garland G2 should destroy
one part from Vi and Vj , and the lemma statement follows. �

Proposition 2. If a graph 〈E〉 contains E-subgraph of a type K(2, 2), then there
are at most 2|E|−2 + 5 interesting garlands.

Proof. Denote an edge aggregate of the garland as Ê. Note that there is not a set
E1, which satisfies conditions of Lemma 6, since otherwise there is a garland with
exactly two elements, which destroys two parts, and this is impossible.

There are only 12 sets among all subsets of the set Ê, which can be continuable
outside of the set E: empty set, 4 one-edge sets, 2 pairs of nonadjacent edges, 4
pairs of adjacent edges and the set Ê. Let E′ be an arbitrary nonempty subset of
E \ Ê. By Lemma 4 and Lemma 6, there are no more than four subsets F of the
set Ê, such that a set E′ supF generates an interesting garland.

So it is sufficient to compute the number of interesting garlands, which edge
aggregates are in the set E1. There are exactly 9 such garlands, namely 4 one-edge
garlands, 4 garland of type K(2, 1) and 1 garland of type K(2, 2).

Therefore, there are no more than 4 · (2|E|−4 − 1) + 9 = 2|E|−2 + 5 interesting
garlands. �

Proposition 3. Let there be three edges in the set E, which are located as shown
in Fig. 5. Then the number of interesting garlands does not exceed 2|E|−1 + 1.

Proof. By Proposition 2, it is sufficient to consider a case, when the graph 〈E〉 does
not contain E-subgraph of type K(2, 2).

Let E1 = {e1, e2, e3}.
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Note, that by Lemma 6 at least one pair of sets {e1}, {e2, e3} and {e3}, {e1, e2} is
not simultaneously interestingly continuable outside of the set {e1, e2, e3} (otherwise,
there is a two-element garland, which destroys two parts, and it is impossible).

If no one of its pairs is not simultaneously interestingly continuable, then the
number of interesting garlands does not exceed 4 · (2|E|−3 − 1) + 5 = 2|E|−1 + 1.

Without loss of generality, assume that a pair {e1}, {e2, e3} is simultaneously
interestingly continuable. Let Ê be arbitrary nonempty subset of the set E \E1. If
Ê 6= {zx : x ∈ X}, then there are at most four subsets in E1, such that their union
with Ê is an edge aggregate of some interesting garland. If Ê = {zx : x ∈ X}, then
there is exactly 3 subsets of the set E1, such that their union with Ê is an edge
aggregates of some interesting garland, namely the following subsets: empty, {e1}
add {e2, e3}. Therefore, the number of interesting garlands, whose edge aggregates
contains edges outside of the set E1, does not exceed 4 · (2|E|−3 − 1).

Taking into account, that the number of garlands, which edge aggregates are
in the set E1, equals to 4, the number of interesting garlands does not exceed
4 · (2|E|−3 − 1) + 4 = 2|E|−1 + 1, �

5. A general case

Proposition 4. Let there not be E-subgraphs of type K(2, 2), edges e1 and e2 are
nonadjacent edges from Eij, and there not be a chain of length 3 in set Eij. Then
the number of interesting garlands does not exceed 2|E|−1 + 1.

Proof. Consider two cases.
Case 1. Let there be an edge e ∈ Eij \ {e1, e2} which is adjacent to the edge e1

or to the edge e2. Without loss of generality, we assume that the edge e adjacent
to the edge e1. Let k be the number of edges of the maximum with respect to the
number of edges coordinated subgraph of type K(k, 1), which contains the edge e1.
Then k ≥ 2. Denote its edge set as F .

Let Ê be an arbitrary proper nonempty subset of the set F . Assume that there
is a set E1 ⊂ E \ {e1, e2}, such that sets E1 ∪ Ê and E1 ∪ {e2} simultaneously
generate interesting garlands G1 and G2 respectively. Note that by maximality of
the subgraph 〈F 〉 and the fact that E1 does not contain subgraphs of type K(2, 2)
and chains of length 3, the garland G1 contains at least two elements, therefore, it
should destroy at least one part from Vi and Vj .

Denote ends of the edge e2 as x and y. Note, that edges from E1 are incident
with at most one vertex among x and y, since there is no subgraphs of type K(2, 2)
in Eij . On the other hand, there should be an edge e, which is incident with the
vertex x or the vertex y (otherwise, the garland G1 cannot destroy the part Vi or
the part Vj). Also note, that e ∈ Eij , which implies, that the garland G1 should
destroy parts Vi and Vj , which is impossible.

By analogy, one can prove that sets Ê and F ∪ {e2} are not simultaneously
interestingly continuable outside of the set F ∪ {e2}.

The number of interesting garlands, which edge aggregates are not in the set
F ∪̇{e2}, does not exceed 2k · (2|E|−k−1 − 1), the number of interesting garlands,
which edge aggregates are in the set F is equal to 2k+2−1 = 2k+1. So, the number
of interesting garlands does not exceed 2k · (2|E|−k−1− 1) + 2k + 2− 1 = 2|E|−1 + 1.

Case 2. Assume that there is not an edge e ∈ Eij \ {e1, e2} which is adjacent to
the edge e1 or to the edge e2. By analogy with the previous case, one can prove that
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Fig. 7. Mutual locations of two nonintersecting coordinated
subgraphs of types K(|E1|, 1) and K(|E2|, 1)

pairs of sets {e1}, {e1, e2} and {e2}, {e1, e2} are not simultaneously interestingly
continuable outside of the set {e1, e2}, and the proposition statement follows. �

Proposition 5. If the subgraph 〈E〉 does not contain a coordinated subgraph of
type K(2, 1) and a triangle, then the number of interesting garlands does not exceed⌊
4
3 |E|

⌋
.

Proof. Let an interesting garland contain p edges, note that it contains exactly p
elements. It should destroy p − 1 parts, so it should go through at least 3(p − 1)
vertices. Since p edges have 2p edges, 2p ≥ 3(p− 1). Therefore, p ≤ 3.

Note that a garland with exactly two elements cannot destroy any part (because
its intersection with any part contains no more than two vertices), so there are no
interesting garlands with two elements.

Next, we consider a garland with exactly three elements. It should be of
type K(1, 1)∪̇K(1, 1)∪̇K(1, 1) and should destroy 2 parts. Since for any i, j =
1, 2, . . . , t any two edges from the set Eij are not adjacent, any two such garlands
cannot have a common edge, therefore, there are no more than

⌊
|E|
3

⌋
such garlands.

Since there is exactly |E| one-element garlands and there are at most
⌊
|E|
3

⌋
three-

element garlands, there are at most |E|+
⌊
|E|
3

⌋
=
⌊
4
3 |E|

⌋
interesting garlands. �

Lemma 8. Let the set E be disjoint union of two sets E1 and E2 and the following
conditions held:
1) sets E1 and E2 generate coordinated subgraphs of types G1 = K(|E1|, 1) and

G2 = K(|E2|, 1) respectively;
2) graphs G1 and G2 do not have common vertices.
Then the number of interesting garlands does not exceed 2|E|−1 + 1.

Proof. All possible mutual locations of graphs G1 and G2 are shown in Fig. 7. The
lemma statement can be obtained by direct computing. �

Proposition 6. Let the graph 〈E〉 not contain triangle and the set Eij be empty or
generate coordinated subgraph of type K(eij , 1) for all i, j = 1, 2, . . . , t, i 6= j, If the
set E does not generate a coordinated subgraph of type K(|E|, 1), than the number
of interesting garlands does not exceed 2|E|−1 + 1.
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Proof. Note that if |E| = 1 the set E always generates a coordinated subgraph of
type K(1, 1) and it contains exactly 1 interesting garland.

Prove the proposition by induction on m = |E| ≥ 2.
Base case. Let m = 2. Then, it is obvious, that interesting garlands are

generated only by one-element subsets of the set E. So, there are exactly two
interesting garlands.

Step case. Assume that the proposition holds for |E| = m and prove it for
m+ 1.

Assume that there are two edges e1 and e2 from E, such that they have a common
vertex, and two other vertices x and y are in different parts and the edge xy is not in
the set E. Note that edges e1 and e2 can be in the edge aggregates of any interesting
garland, since otherwise the edge xy should be in the same aggregate, but it is not
in the set E.

Then note that at least one of the sets {e1}∪E1 and {e2}∪E1 does not generate
a coordinated subgraph of type K(m, 1), without loss of generality we may assume,
that the set E′ = {e2} ∪ E1 does not generate a coordinated subgraph of type
K(m, 1). Note that edge e1 is in at most 2m−1 interesting garlands, because edges
e1 and e2 cannot be in the same garland. The number of interesting garlands,
which edge aggregates are in the set E′, by the induction hypothesis, does not
exceed 2m−1 +1, which implies that the overall number of interesting garlands does
not exceed 2m + 1.

Now we assume that such edges do not exist.
Case 1. Assume that there is an active part Vi, such that for some vertex y ∈ Vi

there is no edge in E, incident to the vertex y.
Let z ∈ Vi, e ∈ E and the vertex z be incident to the edge e. Let k be the

number of edges of the maximum with respect to inclusion order of the coordinated
subgraph of type K(k, 1), which contains the edge e and denote its edge set as F .
Let E1 = E \ F

Consider the cases.
Case 1.1. Assume that k = 1, i. e. the edge e is not adjacent to any other edge

from E.
Case 1.1.1. Assume that the set E1 generates coordinated subgraph of type

K(m, 1). Then by Lemma 8 the number of interesting garlands does not exceed
2m + 1.

Case 1.1.2. Assume that the set E1 does not generate a coordinated subgraph
of type K(m, 1). If F1 ⊆ F and Ê ⊆ E1 are arbitrary subsets, then a set F1 ∪ Ê is
an edge aggregate of some interesting garland only if the set Ê is an edge aggregate
of some interesting garland. Also note, since e is not adjacent to any edge from E1,
the edge e are not in any two-edge garland. Therefore, the edge e are in at most
2m−1 + 1−m interesting garlands. The number of interesting garlands, which edge
aggregates do not contain the edge e, by the induction hypothesis, does not exceed
2m−1 + 1. Thus, there are at most 2m−1 + 1−m+ 2m−1 + 1 = 2m+ 2−m ≤ 2m+ 1
interesting garlands.

Case 1.2. Assume that k ≥ 2. Let F1 ⊆ F be an arbitrary subset and E′ ⊆ E\F .
Then, if a set E′∪F1 generates an interesting garland, then the set E′ also generates
an interesting garland.

Case 1.2.1. Let the set E \ F not generate a coordinated subgraph of type
K(m + 1 − k, 1). Then note that if we add an edge from E\ to the set F1, then
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the result set does not generate an interesting garland, so the number of interesting
garlands does not exceed

(2k − 2)(2m−k + 1− (m+ 1− k)) + 2 · (2m−k + 1) =

= (2k − 2)(2m−k − (m− k)) + 2m−k+1 + 2 =

= 2m − (m− k)2k − 2m−k+1 + 2(m− k) + 2m−k+1 + 2 =

= 2m − (m− k)(2k − 2) + 2.

Since m ≥ k+ 1 and k ≥ 2, then −(m− k)(2k − 2) + 2 < 0, and the bound follows.
Case 1.2.2. Let the set E \ F generate a coordinated subgraph of type K(m+

1− k, 1). The bound follows from Lemma 8.
Case 2. Now we consider a case when for any active part Vi and for any vertex

y ∈ Vi there is an edge e which is incident to the vertex y.
By Proposition 5, it is sufficient to consider a case, when the graph 〈E〉 contains

a coordinated subgraph K(k, 1) and k ≥ 2.
Consider an arbitrary coordinated subgraph of type K(s1, 1), where s1 ≥ 2.

Denote its edge set as F . Let a vertex x of degree s1 be in part Vi.
Case 2.2.1. Assume that all other vertices of the part Vi are not destroyed by

the single coordinated subgraph of type K(|Vi|−1, 1). Denote as T the set of edges,
which are incident to any vertex from Vi \ {x}. Note that |T | ≥ |Vi| − 1 ≥ 2.

Consider an arbitrary proper subset F1 ⊂ F . Let a nonempty set Ê ⊆ E \ F
and the set of edges Ê ∪F1 generate an interesting garland. Note that this garland
should destroy the part Vi, therefore, it should contain the set T , so there are at
most 2m+1−s1−|T | of such sets.

Also note that the set T ∪ F do not generate an interesting garland, since it
generates a garland with at least three elements and destroys at most one part.
The number of interesting garlands which are formed from elements of the set
E \ F does not exceed 2m+1−s1−1 + 1 = 2m−s1 + 1 (by the induction hypothesis).
The number of such sets Ê, that Ê ∪ F generates an interesting garland, does
not exceed 2m+1−s1 . Thus, the number of interesting garlands does not exceed the
number

(2s1 − 2)(2m+1−s1−|T | − 1 + 1) + 2m+1−s1 + 2m−s1 + 1 =

= 2m+1−|T | − 2m+2−s1−|T | + 2m+1−s1 + 2m−s1 + 1 = M.

If s1 = 2, then M = 2m+1−|T | − 2m−|T | + 2m−1 + 2m−2 + 1 = 2m−|T | + 2m−1 +
2m−2 + 1 ≤ 2m−2 + 2m−1 + 2m−2 + 1 = 2m + 1. If s1 ≥ 3, then M ≤ 2m+1−|T | +
2m+1−3 + 2m−3 + 1 ≤ 2m−1 + 2m−2 + 2m−3 + 1 < 2m + 1.

Case 2.2.2. Assume that all other vertices of the part Vi are destroyed by the
single coordinated subgraph Ĝ of type K(|Vi| − 1, 1). Consider a vertex of degree
one of the graph Ĝ. Let it be in a part Vj . If all other vertices of the part Vj are
not destroyed by single coordinated subgraph of type K(|Vj−1, 1), then repeat the
proof of Case 2.2.1.

If all other vertices of the part Vj are destroyed by single coordinated subgraph
of type K(|Vj − 1, 1), then consider a vertex of degree one of the graph Ĝ2 and
repeat arguments.
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If on every step all vertices except one are destroyed by single coordinated
subgraph of type K(s, 1), then in some step (denote the number of this step as
l) the process returns to the start part, but it means that there is an l-element
garland which destroys exactly l parts. This contradiction finishes the proof.

�

Now we are ready to prove the main result.

The proof of the theorem. Assume the the set E induces a coordinated subgraph
K(|E|, 1). Then every nonempty subset is an edge aggregate of an interesting
garland, therefore, there are exactly 2|E|−1 interesting garlands.

Now we assume that a set E does not induce a coordinated subgraph K(|E|, 1).
In this case, the proof follows from prepositions 1, 2, 3, 4, 6.

�

The author is grateful to his scientific advisor prof. V.A. Baranskiy for constnat
attention and remarks.
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