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ABSTRACT. The paper deals with the regularity criterion for the weak
solutions to the 3D Boussinesq equations in terms of the partial derivatives
in Besov spaces. It is proved that the weak solution (u, 6) becomes regular

.1
provided that (Vhu, V450) € L%(O, T; Boo 0o (R?)). Our results improve
and extend the well-known results of Fang-Qian [13] for the Navier-Stokes
equations.
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1. INTRODUCTION AND MAIN RESULT

This paper is devoted to the study of the Cauchy problem for the Boussinesq
equations in R3 x (0,7):

Ou — Au+u - Vu+ Vi = fes,

00 — A0 +u-VO=0,

V-u=0,

u(xz,0) = up (), 0 (x,0) =6y (),

(1.1)
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where u = u(z, t) is the velocity of the fluid, 8 = 6(x, t) is the scalar quantity such as
the concentration of a chemical substance or the temperature variation in a gravity
field, 7 = 7w(x,t) is the scalar pressure, while uy and 6, are given initial velocity
and initial temperatture with V-uo = 0 in the sense of distributions. e3 = (0,0, 1)”
denotes the vertical unit vector.

The Cauchy problem (1.1) for the Boussinesq equation, has been studied extensi-
vely by many authors (see, for example, [1, 2, 3, 5, 6, 7, 10, 11, 12, 14, 19, 20, 21,
22, 23, 24] and references cited therein).

When 6 = 0, (1.1) is the well-known incompressible Navier-Stokes equations,
which the global regularity is an outstanding open problem, as well as the famous
millennium prize problem. Since the global existence of weak solutions is well-known
and strong solutions are unique and smooth in (0,7), it is an interesting problem
on the regularity criterion of the weak solutions if some partial derivatives of the
velocity satisfy certain growth conditions (see, e.g. [4, 13, 15, 16, 18, 25, 30, 32, 33]).
One of the most significant achievements in this direction is the celebrated Fang and
Qian criterion [13]. More precisely, they showed that a weak solution with H!—data
is a strong solution provided that

-1
(1.2) Viu € L5(0,T; By o (R?)).
-1
where Vj, = (01,02) denotes the horizontal gradient operator and B o denotes
the homogeneous Besov space. For details see [31].
Recall that the weak solutions satisfy the following energy inequality

t
(1.3) fJu(®)lz2 + 1672 + 2/O(HW(T)IIiz +[IVO(r)[72)dr < lluol7= + 160ll7: ,

forall0<¢t<T.
Motivated by the reference mentioned above, our aim of the present paper is to
improve and extend the above regularity criterion (1.2) to the Boussinesq equations

(1.1).

Our main result reads as follows.
Theorem 1.1. Suppose T > 0, (ug,6p) € H'(R3) with divug = 0 in R3, in the
sense of distributions. Let (u, ) be a weak solution of (1.1) in (0,T). Assume that
-1
(1.4) (Vhu, Vib) € L5 (0,T; By oo (R)),
then the weak solution (u,0) is regular on R x (0,T).

Remark 1.1. In the case 8 = 0, the above theorem reduces to the well-known Fang
and Qian result [13] for the Navier-Stokes equations.

1.1. Proof of Theorem 1.1. In this section, we shall give the proof of Theorem
1.1, we first need to prove the following lemma.

Lemma 1.2. Let (u,0) be a smooth solution to (1.1). Then, there exists a positive
universal constant C' such that the following a priori estimates hold :

/ (u-V)u- Audr —|—/ (u-V)0- Abdx
R3 R3

(1.5)< c/ |vhu\|vu|2dx+c/ |th||V9\2d:z:+C’/ VL8| |Vu| V6| da.
R3 R3 R3
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Proof: Due to the divergence-free condition V - u = 0, one shows that

3 3
1
E /Rz uiaiakuj‘akujdx 5 g /RS uiai(akuj)2d'r

i,j,k=1 i,5,k=1
1 3 3
_ 2 _
= 7,k=1
3
> / u;0;0,001,0dx = 0,
i k=17 R?
Hence,
I = / (u~V)u-Audx/ (u-V)0 - Abdx
R3 R3
= — [ Vw-Vu-Vudz— [ V(u-V)f- Vldx
R3 R3
3 3
= - / Opu;Ogu;Opujde — | 0pu;0,00,0d.
ij k=17 R ik=1"R3

In order to estimate the right hand side of I, we split each of the above integrals
according to the following rules :

Case 1 : when 1 <k <2or1<1i<2, then the integral I has at least Vju or
V10 in the integrand and can be dominated by

(1.6) I < c/ |th||Vu|2dx+C/ IVl |V9|2dx+C/ V8] [V | V6] da
R3 R3 R3

Case 2 : when k =i = 3, then we use the divergence-free condition to rewrite
Ozuz = —O1u1 — Daua,

then the integral can be controlled by (1.6). Hence the proof of Lemma is complete.
O

1.2. Proof of Theorem 1.1. Before going to the proof, we recall the following
inequality established in [8] :

r r=2 r=2 r=2
Al < CUFIE N0uflIE 0201 Z N0sfIl %

6—r r—2 r—2
(1.7) < ClAE IVRfllgs IVALE

for every f € H*(R?) and r € [2,6].

Now we are ready to present the proof of Theorem 1.1.
Proof: Since the initial data (ug, 6y) € H*(R?) with divug = 0 in R?, there exists
a unique local strong solution (u,#) of the 3D Boussinesq equations on (0,7") (see
[2, 6, 7, 23]). By using a standard method, we only need to to show the following a
priori estimate

(18) swp (V- 1)l7: + V6, 0)l3: )
0<t<T

8 8
< (IVuolZs + IV60l12: + C [ Vauol . + C [Fadol 2 ) 5,
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where
T
k@) - | (nvhu(s)%_l +IVa0(s) >ds.
A B o B
Let
t
T = [IVru®lze + IVr0@)I7e + / (IVVau() I3 + IV Va0l ) dr,
0
t
0 = [ (1D 41900 ) (1Pl + 19601 ) dr
J . .
t
20) = IVl + 196601 + [ (18,1 + 1260, 7)]3:) dr

0

0,00

wie = [ (vhumnil VRO )(||w<f>||iz+||ve<f>||iz)dr

We start with the estimates of ||Vjul|;. and ||V,0|| ;.. Multiplying the first
equation of (1.1) by (—Apu), where Ay = 0101 + 920, is the horizontal Laplacian

and integrating by parts and using the divergence free condition V - u = 0 into
account, we get

1d
L hu)) + [VVul?s = / (- V)u - Apudz — / fes - Apudz
3 2 2
= / Z Z u;Oju - Ofudz — / Z fes - Ofudx
R? =1 1=1 R3 921
3 2 2
= —/ ZZ Oyu;0judiude +/ Z 0y (Pe3)Oyudx
R3 510=1 R3 21
(1.9) = - Viu - Vu- Vyudr + Vi(bes) - Vyude,
R3 R?
where we have used
3 2
/ Z Zujajﬁlu - Oyudxr = 0.
R3

j=11=1

Similarly, multiplying the second equation of (1.1) by (—A8), we obtain

3 2
/(u-V)H-Athx: > w050 - 070da
R3

R? 521 1=1

1d

> INRO@)|I72 + IV V40|72

(1.10)

3 2

—/ >N 0u;0,000dr = — [ Vyu- V- V,0da,
R 521 1= k3

wher we have used

3

/.

J

> u;0;0,0 - 9,0da = 0.
11=1
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Combining (1.9) and (1.10) yields
ld
2dt

= — Viu-Vu - Vyude — Viu- VO - V,0dx + Vi(bes) - Vyudx
]R3

R3 R3
(1.11%2 Ry + Ry + R3,

Atention is now focused on bounding these terms; we start with R;. Using Hélder
and Young’s inequalities, one has, for Ry,

(IVau®)lzz + 1VR8(D72) + IV Vaullza + [V V467

[Ri| < C|Vaull7a | Vull -
< ClVVaull [Vaul -+ [Vl
1
< IVl + CIIVaul - [Vl

Here we have used the following inequality due to Meyer-Gerard-Oru [28] (see also
[17]) :

(112) 17175 < CIVFllga IF1] -

For R,, analogously, using Holder and Young’s inequalities, we deduce from (1.12)
that

| Ra|

IN

ClIViullLa VO]l L2 (VO] s

CIVVRull g2 Vhull2 o VOl IV Va0 - IIVh9IIBfl

00,00 00,00

2 i 2 2 % 2
¢ (1vvnuls) (19w’ 19815:) " (199015

4
< (19012 19 )

0,00

[SE

IN

1
1

1 1
< S IVVulie + 5 IVVAOI: + C [ Vaul® = VO]

0,00

+ CIVRI 1 V6l

00,00

For R3, by means of the Hélder and Cauchy inequalities, it follows that
|Rs| < CVib| 2 [Vhull e
2 2
< CUIVROIL2 + [IVhullL2)-

Inserting the above estimate into (1.11), we derive that
d 2 2 2 2
25 UIVnuls O)lize + [IVR0C,D)llz2 ) + IIVVRul, Oz + VYR )]l

2 2 2 2
< (IO + 198601 ) (IVat 01+ 196,015 ).
Integrating the above inequality in time variable over 0 < 7 < ¢, we get

J(#) < |Vauollze + I Vabol 7z + CX (D).
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Next, we derive the bounds of ||Vul||,» and || V]| ;.. Multiplying the two equations
of (1.1) by (—Aw) and (—A#), repectively, integrating and applying the incompressibility
condition, we have by (1.5)

1d
2dt

= / (u-V)u- Audzr + / (uw-V)0 - Abdx + / (fes) - Audz
R3 R3 R3

(IVu@®)|l22 + [IVO)][72) + [|Au(t) |72 + [|AO(E)][7

(1L13) < c/ |th||Vu\2d:v+C/ V| V6] da
R3 R3
4 [ 194811Vul [98]dz -+ C 6] | Au]
8
1
(L14) < Ki+ Ko+ K+ o | Aufpa +C6]]7.

Now we deal with K;. It follows that, from the Holder inequality and (1.7)

2
ClIVaul gz [[Vullzs

1 1
ClIVaull 2 IVl 22 [VVaull 2 |Au] £2 -

K,

IN

AN

For K5, Holder inequality and (1.7), together give,

Ky

A

ClIVhul 2 V]34
C[Vnull 2 VO] 22 [V V40 12 |00 2

IN

Arguing similarly as the estimate of K7, thanks to the Holder inequality and (1.7),
one has

K3

IN

C 19461l [Vl V0] .
V8l = (I9ull s 1NVl [8ul L) (190115 IV V0115 186115, )

IN

Combining the above estimates of K7, K3 and K3 and inserting into (1.14), we get

L ITuC, 0l + 1900, 0]2) + |Auls + 202
< O Vaull 2 IVl 2 IV Vsl 2 Al 2,
+ OV null = V6112 VY4612 1262,
+ C V40 o [Vl i 9V hul 2o 1Al VO] L [V V48] 2 [1A6] 2 + C 11012

Integrating the above inequality in time variable over 0 < 7 < ¢, one shows that

2) < (s IVl 410+ (sup (Va2 ) Aatt)
0<r<t 0<r<t
40 ( sup 194612 ) (4a(0) x Ase) + [Tl + V60
<7<t
2 2 2 2
< O (IVauol3s + [ Vaboll3z + X(8)) x As(t) + [Vuoll 3= + [IV00]32
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where we denote

e
SIS

( | Au(r ||L2d7>
</|A6 IIdeT)
0
( |Au(r ||de7>
( [1a63- dT)
0

t
Art) = / IVu(r)|Z dr / IV hu(r |L2d7)
0
t
a0 = | (190013 dr / IVV,6(r ||L2dr>
0
t
Aty = | [Ivul3dr / IV hu(r |L2d7)
0
t
Adt) = / IV0(r)|2. dr / IVV46(r ||L2d7>
0

Ast) = | [ (18uC Iz + 186,73 d )

0

i
N|=

Bl

o—_

oo

ool
NG
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By virtue of the Holder and Young inequalities and energy inequality (1.3), we
get

8 8
Z(t) < |[Vuoll7. + V60|72 +C (||vhuo||22 + theougz)

t 4
3
so [ (nvhu i ||Vu<¢>||22d7)
0

e / (nvhu i ||ve<f>||ier>
0

+c/(||vh9 | o ||V0(7-)||2Lgd7-)
0

+ / (”Vhﬂ(T)HBOOlm IVu(r)]2 dr) 3
0

8 8
IVuol|Z2 + IV80l 72 + C [ Vauoll32 + C [ Vibol i
t
2 2
L |Vu<7>|L2dT> / IVu()|2 dr
0

+C/ <||th NIE
e / (nvhu( >||§1 |v0<7>izd7> / IV6(r)|2 dr
0

0

t
e / <||vhe
0
t t
v [ (nvhemn;l Vu(r)3- dr) [Ivu@3dr
0 o 0

Thanks to the energy inequality (1.3), we get

IN

tg wloo

N ~— N——
ol ol cols

t
. ||va(7)|2pdr> /||va(7)||2pd7
0

U;; "ol

N————
wl=

8 8
Z(t) < |[Vuollzz +IV6oll72 + C | Vhuol 72 + C | Vabo| 3> + CW(2).
Taking the Gronwall inequality into consideration, we arrive at
8 8
2(t) < (IVuolz + I900]13: + C [ Vnuo £ + C [ Vaboll 2 ) e,
for any t € [0,T), which implies that

(1.15) sup (IVu(, )= + 1V, )32 < oo.
0<t<T

In the end, by the standard arguments of continuation of local solutions, we complete
the proof of Theorem 1.1. (I



(1]
2]
3]
(4]
[5]
(6]

(7]

(8]

(9]
[10]
(11]
(12]
(13]
(14]

[15]

[16]

(17]

(18]

(19]

20]

21]
22]
23]
[24]

[25]

A REGULARITY CRITERION TO THE 3D BOUSSINESQ EQUATIONS 1803

REFERENCES

A.M. Alghamdi, S. Gala, M.A. Ragusa, A regularity criterion of weak solutions to the 3D
Boussinesq equations, AIMS Math., 2:3 (2017), 451-457. Zbl 07130028

H. Abidi and T. Hmidi, On the global well-posedness for the Boussinesq system, J. Differential
Equations, 233:1 (2007), 199-220. MR2290277

L. Brandolese and M.E. Schonbek, Large time decay and growth for solutions of a viscous
Boussinesq system, Trans. Amer. Math. Soc., 364:10 (2012), 5057-5090. MR2931322

L. C. Berselli, On a regularity criterion for the solutions to 3D Navier-Stokes equations,
Differential Integral Equations, 15:9 (2002), 1129-1137. MR1919765

J. R. Cannon and E. Dibenedetto, The initial problem for the Boussinesq equation with data
in LP, Lecture Notes in Mathematics, 771 (1980), 129-144. MR565993

D. Chae and H. S. Nam, Local existence and blow-up criterion for the Boussinesq equations,
Proc. Roy. Soc. Edinburgh. Sect. A., 127:5 (1997), 935-946. MR1475638

D. Chae, S.-K. Kim and H.-S. Nam, Local existence and blow-up criterion of Hdélder
continuous solutions of the Boussinesq equations, Nagoya Math. J., 155 (1999), 55-80.
MR1711383

C. Cao and J. Wu, Two regularity criteria for the 3D MHD equations, J. Differential
Equations, 248:9 (2010), 2263-2274. MR2595721

B. Dong, S. Gala and Z. Chen, On the regularity criteria of the 3D Navier-Stokes equations
in critical spaces, Acta Mathematica Scientia, Series B, 31:2 (2011), 591-600. MR2817117
B. Dong, Y. Jia and X. Zhang, Remarks on the blow-up criterion for smooth solutions of the
Boussinesq equations with zero diffusion, Commun. Pur. Appl. Anal., 12 (2012), 923-937.
J. Fan and T. Ozawa, Regularity criterion for 3D density-dependent Boussinesq equations,
Nonlinearity, 22 (2009), 553-568. MR2480102

J. Fan and Y. Zhou, A note on regularity criterion for the 3D Boussinesq systems with partial
viscosity, Appl. Math. Lett., 22:5 (2009), 802-805. MR2514915

D. Y. Fang and C. Y. Qian, Regularity criteria for 3D Navier-Stokes equations in Besov
space, Comm. Pure Appl. Anal., 13:2 (2014), 585-603. MR3117362

S. Gala, On the regularity criterion of strong solutions to the 3D Boussinesq equations, Appl.
Anal., 90:12 (2011), 1829-1835. MR2847491

S. Gala, A remark on the regularity for the 3D Navier-Stokes equations in terms of the two
components of the velocity, Electronic J. Differential Equations, 2009 (2009), paper 148.
MR2565890

W. Chen and S. Gala, A regularity criterion for the Navier-Stokes equations in terms of the
horizontal derivatives of two velocity components, Electronic J. Differential Equations, 2011
(2011), paper 6. MR2764323

Z. Guo and S. Gala, Remarks on logarithmical regularity criteria for the Navier-Stokes
equations, J. Math. Phys., 52:6 (2011), 063503. MR2841759

S. Gala ans M.A. Ragusa, A new regularity criterion for the Navier-Stokes equations in
terms of two components of the velocity, Electronic J. of Qualitative Theory of Differential
Equations, 2016 (2016), No. 26. MR3498744

S. Gala, M. Mechdene and M.A. Ragusa, Logarithmically improved regularity criteria for the
Boussinesq equations, AIMS Math., 2 (2017), 336-347. Zbl 07130020

S. Gala and M.A. Ragusa, Logarithmically improved regularity criterion for the Boussinesq
equations in Besov spaces with negative indices, Appl. Anal., 95:6 (2016), 1271-1279.
MR3479003

S. Gala, Z. Guo and M.A. Ragusa, A remark on the regularity criterion of Boussinesq
equations with zero heat conductivity, Appl. Math. Lett., 27 (2014), 70-73. MR3111610

Z. Guo and S. Gala, Regularity criterion of the Newton—Boussinesq equations in R3,
Commun. Pure Appl. Anal., 11:2 (2012), 443-451. MR2861791

T. Y. Hou and C. Li, Global well-posedness of the viscous Boussinesq equations, Disc. Cont.
Dyn. Syst., 12:1 (2005), 1-12. Zbl 1274.76185

N. Ishimura and H. Morimoto, Remarks on the blow-up criterion for the 3-D Boussinesq
equations, Math. Model. Meth. Appl. Sci., 9:9 (1999), 1323-1332. MR1725820

I. Kukavica and M. Zinae, Navier-Stokes equation with regularity in one direction, J. Math.
Phys., 48:6 (2007), 065203. MR2337002



1804 A.M. ALGHAMDI, I. BEN OMRANE, S. GALA, M.A.RAGUSA

[26] A. Majda, Introduction to PDEs and Waves for the Atmosphere and Ocean, Courant Lecture
Notes in Mathematics,9 (2003). MR1965452

[27] M. Mechdene, S. Gala, Z. Guo and A.M. Ragusa, Logarithmical regularity criterion of the
three-dimensional Boussinesq equations in terms of the pressure, Z. Angew. Math. Phys.,
67:5 (2016), Art. 120. MR3545480

[28] Y. Meyer, P. Gerard and F. Oru, Inégalités de Sobolev précisées, in Séminaire sur les
Equations aux Dérivées Partielles, 1996-1997, Exp. IV. MR1482810

[29] J. Pedlosky, Geophysical Fluid Dynsmics, New-York : Springer Verlag, 1987.

[30] Z. Skalak, Criteria for the regularity of the solutions to the Navier-Stokes equations based on
the velocity gradient, Nonlinear Anal., 118 (2015), 1-21. MR3325602

[31] H. Triebel, Theory of Function Spaces, Basel: Birkhaduser, 1983. Zbl 0546.46028

[32] Y. Zhou, A new regularity criteria for weak solutions to the Navier-Stokes equations, J. Math.
Pures Appl., 84 (2005), 1496-1514.

[33] Y. Zhou and M. Pokorny, On the regularity of the solutions of the Navier-Stokes equations
via one velocity component, Nonlinearity, 23:5 (2010), 1097-1107. MR2630092

AHMAD MOHAMMAD ALGHAMDI

DEPARTMENT OF MATHEMATICAL SCIENCE , FACULTY OF APPLIED SCIENCE,
UMM ALQura UNIVERsITY, P.O.B. 14035,

MAKKAH 21955, SAUDI ARABIA

E-mail address: amghamdi@uqu.edu.sa;

INEs BEN OMRANE

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, IMAM MoOHAMMAD IBN SAUD,
Istamic UniversiTy (IMSIU), P. O. Box 90950,

RivapH, 11623, SAuDI ARABIA

E-mazil address: :imbenomrane@imamu.edu.sa

SADEK GALA

DEPARTMENT OF MATHEMATICS, ECOLE NORMALE SUPERIEURE DE MOSTAGANEM,
UNIVERSITY OF MOSTAGANEM, Box 227,

MosTAGANEM 27000, ALGERIA,

DIPARTIMENTO DI MATEMATICA E INFORMATICA, VIALE ANDREA DORIA, 6,
95125- CaTANIA, ITALY

E-mail address: sgala7930gmail.com

MARIA ALESSANDRA Racusa

DIPARTIMENTO DI MATEMATICA E INFORMATICA, VIALE ANDREA DORIA, 6,
95125- CaTANIA, ITALY

RUDN UNIVERSITY,

6, MIKLUKHO - MAKLAY STR.,

Moscow, 117198, Russia

E-mail address: maragusa@dmi.unict.it



