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TRANSVERSE-LEGENDRIAN LINKS

I.A.DYNNIKOV

Abstract. In recent joint works of the present author with M.Prasolov
and V. Shastin a new technique for distinguishing Legendrian knots has
been developed. In this paper the technique is extended further to pro-
vide a tool for distinguishing transverse knots. It is shown that the equiv-
alence problem for transverse knots with trivial orientation-preserving
symmetry group is algorithmically solvable. In a future paper the triv-
iality condition for the orientation-preserving symmetry group will be
dropped.
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1. Introduction

Rectangular (or grid) diagrams of links provide a convenient combinatorial frame-
work for studying Legendrian and transverse links. Namely, there are the following
naturally defined bijections, each respecting the topological type of the link:

R/
⟨−→
I ,
←−
I
⟩ ∼= {

ξ+-Legendrian link types
}
,

R/
⟨−→
II ,
←−
II
⟩ ∼= {

ξ−-Legendrian link types
}
,

R/
⟨−→
I ,
←−
I ,
←−
II
⟩ ∼= R/

⟨−→
I ,
←−
I ,
−→
II
⟩ ∼= {

ξ+-transverse link types
}
,

R/
⟨−→
I ,
←−
II ,
−→
II
⟩ ∼= R/

⟨←−
I ,
←−
II ,
−→
II
⟩ ∼= {

ξ−-transverse link types
}
,

where R/⟨T1, . . . , Tk⟩ means ‘oriented rectangular diagrams viewed up to exchange
moves and (de)stabilizations of oriented types T1, . . . , Tk’ (we use the notation of [5]
for the oriented types of stabilizations and destabilizations; see also Definition 3.2
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and Figure 3 below), ξ+ is the standard contact structure of S3, and ξ− is the mirror
image of ξ+. A proof of these facts can be found in [10].

With the notation above at hand, the elements of the sets

R/
⟨−→
I ,
−→
II
⟩ ∼= R/

⟨←−
I ,
←−
II
⟩ ∼= R/

⟨−→
I ,
←−
II
⟩ ∼= R/

⟨←−
I ,
−→
II
⟩

are naturally interpreted as braids viewed up to conjugacy and Birman–Menasco
exchange moves defined in [1] (these entities are called Birman–Menasco classes
in [5]), and elements of

R/
⟨−→
I ,
←−
I ,
−→
II ,
←−
II
⟩

as topological types of oriented links in S3, see [3, 4].
The elements of R/⟨∅⟩ are so called exchange classes, which mean rectangular

diagrams viewed up to exchange moves. The number of possible combinatorial
types of diagrams in each exchange class is finite, so the equivalence problem for
exchange classes is trivially decidable. This fact and the results of [6] are used
in [7] to solve the equivalence problem for Legendrian knots of topological types
having trivial orientation-preserving symmetry group. It is noted in [7] that the
equivalence problem for transverse knots of the same topological types can be solved
in a similar manner, once we are able to solve the equivalence problem for the

elements of R/⟨
−→
I ⟩, R/⟨

←−
I ⟩, R/⟨

−→
II ⟩, and R/⟨

←−
II ⟩ (see [7, Remark 7.1]).

In this note we give a topological interpretation to the elements of these sets
and solve the equivalence problem for them, thus extending the method of [6, 7] to
transverse knots.

2. Notation

We denote by T2 the two-dimensional torus S1 × S1, and by θ, φ the angular
coordinates on T2, which run through R/(2πZ). Denote by pθ and pφ the projection
maps from T2 to the first and the second S1-factors, respectively.

We regard the three-sphere S3 as the join S1 ∗ S1 of two circles, and use the
associated coordinate system θ, φ, τ :

S3 = S1 × S1 × [0; 1]/
(
(θ′, φ, 0) ∼ (θ′′, φ, 0), (θ, φ′, 1) ∼ (θ, φ′′, 1)

∀θ, θ′, θ′′, φ, φ′, φ′′ ∈ S1
)
.

(Observe that τ is set to 1 on the first copy of S1, on which the angular coordinate
is θ, and to 0 on the second one, where the angular coordinate is φ.)

The map pθ,φ : S3 \
(
S1τ=1 ∪ S1τ=0

)
→ T2 defined by pθ,φ(θ, φ, τ) = (θ, φ) is

referred to as the torus projection.
For two distinct points x1, x2 ∈ S1 we denote by [x1;x2] (respectively, (x1;x2))

the closed (respectively, open) interval in S1 starting at x1 and ending at x2.

3. Rectangular diagrams of links

Definition 3.1. By an oriented rectangular diagram of a link we mean a non-
empty finite subset R ⊂ T2 with a decomposition R = R+ ⊔R− into disjoint union
of two subsets R+ and R− such that we have pθ(R

+) = pθ(R
−), pφ(R

+) = pφ(R
−),

and each of pθ, pφ restricted to each of R+, R− is injective.
The elements of R (respectively, of R+ or R−) are called vertices (respectively,

positive vertices or negative vertices) of R.



1962 I.A.DYNNIKOV

Pairs (u, v) of vertices of R such that pθ(u) = pθ(v) (respectively, pφ(u) = pφ(v))
are called vertical (respectively, horizontal) edges of R.

With every oriented rectangular diagram R of a link we define the associated

oriented link R̂ ⊂ S3 as the closure of the preimage p−1θ,φ(R) oriented so that τ

increases on the oriented arcs constituting p−1θ,φ(R
+) and decreases on the oriented

arcs constituting p−1θ,φ(R
−).

A planar diagram of a link topologically equivalent to R̂ can be obtained as
follows. Cut the torus T2 along a longitude and a meridian not passing through a
vertex of R to obtain a square. Connect the vertices in every edge by a vertical or
horizontal straight line segment, and make all verticals overpasses at all crossings.
Orient the obtained diagram so that each vertical edge is directed from a positive
vertex to a negative one, and each horizontal edge from a negative to a positive
one. For an example see Figure 1, where positive vertices are black and negative
ones are white.

T2

R a knot equivalent to R̂

Figure 1. A rectangular diagram of a link and a planar diagram
of the corresponding link

In this paper, all links and their diagrams are assumed to be oriented, so we
omit ‘oriented’ in the sequel.

Definition 3.2. Let R1 and R2 be rectangular diagrams of a link such that, for
some θ1, θ2, φ1, φ2 ∈ S1, the following holds:

(1) θ1 ̸= θ2, φ1 ̸= φ2;
(2) the symmetric difference R1△R2 is {θ1, θ2} × {φ1, φ2};
(3) the intersection of the rectangle [θ1; θ2] × [φ1;φ2] with R1 ∪ R2 coincides

with R1△R2;
(4) one, two, or three consecutive corners of the rectangle [θ1; θ2] × [φ1;φ2]

belong to R1, and the other(s) to R2;
(5) the orientations of R1 and R2 agree on R1 ∩ R2, which means R+

1 ∩ R2 =
R1 ∩R+

2 (equivalently, R−1 ∩R2 = R1 ∩R−2 ).
Then we say that the passage R1 7→ R2 is an elementary move.

An elementary move R1 7→ R2 is called:

• an exchange move if |R1| = |R2|,
• a stabilization move if |R2| = |R1|+ 2, and
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• a destabilization move if |R2| = |R1| − 2,

where |R| denotes the number of vertices of R.

We distinguish two types and four oriented types of stabilizations and destabi-
lizations as follows.

Definition 3.3. Let R1 7→ R2 be a stabilization, and let θ1, θ2, φ1, φ2 be as in
Definition 3.2. Denote by v an element of R1 ∩ ([θ1; θ2] × [φ1;φ2]), which is
unique. We say that the stabilization R1 7→ R2 and the destabilization R2 7→
R1 are of type I (respectively, of type II) if v ∈ {(θ1, φ1), (θ2, φ2)} (respectively,
v ∈ {(θ1, φ2), (θ2, φ1)}).

Let φ0 ∈ {φ1, φ2} be such that {θ1, θ2}×{φ0} ⊂ R2. The stabilization R1 7→ R2

and the destabilization R2 7→ R1 are of oriented type
−→
I (respectively, of oriented

type
−→
II ) if they are of type I (respectively, of type II), and (θ2, φ0) is a positive

vertex of R2. The stabilization R1 7→ R2 and the destabilization R2 7→ R1 are of

oriented type
←−
I (respectively, of oriented type

←−
II ) if they are of type I (respectively,

of type II) and (θ2, φ0) is a negative vertex of R2.

Elementary moves are illustrated in Figures 2 and 3, where the shaded rectangle
is supposed to contain no vertices of the diagrams except the indicated ones.

↔ ↔

↔ ↔

Figure 2. Exchange moves

The set of all rectangular diagrams of links will be denoted by R. For any

subset {T1, . . . , Tk} of {
−→
I ,
←−
I ,
−→
II ,
←−
II}, we denote by ⟨T1, . . . , Tk⟩ the equivalence

relation on R generated by all stabilizations and destabilizations of the oriented
types T1, . . . , Tk and exchange moves. For a rectangular diagram of a link R ∈ R,
we denote by [R]T1,...,Tk

the equivalence class of R in R/⟨T1, . . . , Tk⟩.
The following statement is nearly a reformulation of [3, Proposition on page 42 +

Theorem on page 45] and [4, Proposition 4] (the three versions use slightly different
settings and sets of moves, but their equivalence is easily seen).

Theorem 3.1. The map

R 7→ the topological type of R̂

establishes a one-to-one correspondence between R/⟨
−→
I ,
←−
I ,
−→
II ,
←−
II ⟩ and the set of all

link types.
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↔ ↔

type
−→
I type

−→
I

↔ ↔

type
←−
I type

←−
I

↔ ↔

type
−→
II type

−→
II

↔ ↔

type
←−
II type

←−
II

Figure 3. Stabilization and destabilization moves

4. Decidability for the equivalence of transverse knots

Here is the main technical result of the present paper:

Theorem 4.1. For any T ∈ {
−→
I ,
←−
I ,
−→
II ,
←−
II}, there is an algorithm for deciding,

given two rectangular diagrams of a link R1, R2, whether or not [R1]T = [R2]T .

To prove Theorem 4.1 we need some preparations.
For a rectangular diagram of a link R, denote by Γ−→

II
(R) the following union of

closed immersed staircase-like curves in T2:

Γ−→
II
(R) =

 ∪
(θ0,φ1)∈R+, (θ0,φ2)∈R−

{θ0} × [φ1;φ2]

∪
 ∪

(θ1,φ0)∈R−, (θ2,φ0)∈R+

[θ1; θ2]× {φ0}


oriented by demanding that the sum θ + φ locally increase on every straight line
segment in this union. These straight line segments will be referred to as the edges
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of Γ−→
II
(R). Thus, the pair of endpoints of an edge of Γ−→

II
(R) is an edge of R, and

vice versa.
An example is shown in Figure 4. The union of curves Γ−→

II
(R) can also be

T2

R Γ−→
II
(R)

Figure 4. A rectangular diagram of a link R and the curve Γ−→
II
(R)

described as the torus projection of the link R̂ε obtained from R̂ by replacing each
arc in the domain τ ∈ [0; ε] (respectively, τ ∈ [1 − ε; 1]) by an arc on which the
coordinates φ and τ are constant, and θ is increasing (respectively, θ and τ are
constant, and φ is increasing), where ε ∈ (0; 1/2).

With every rectangular diagram of a link R we associate a triple of integers,
which we denote by ω−→

II
(R), as follows: ω−→

II
(R) = (k, l,m), where m is the number

of double points in Γ−→
II
(R), and (k, l) ∈ Z2 = H1(T2;Z) is the homology class

of Γ−→
II
(R), that is,

k =
1

2π

∫
Γ−→

II
(R)

dθ, l =
1

2π

∫
Γ−→

II
(R)

dφ.

Lemma 4.1. If [R]−→
II

= [R′]−→
II
, then ω−→

II
(R) = ω−→

II
(R′).

Proof. To simplify the notation we put Γ = Γ−→
II
(R) and Γ′ = Γ−→

II
(R′). It suffices to

consider the case when R 7→ R′ is an exchange move or a type
−→
II stabilization. One

can check that, for any of these moves, the closure of the symmetric difference Γ△Γ′

is the boundary of a rectangle r (which is not necessarily the one mentioned in
Definition 3.2), with the bottom and right sides of r belonging to one of Γ and Γ′,
and the top and left sides to the other. Moreover, if Γ and Γ′ are viewed as 1-chains,
then Γ−Γ′ = ∂r for some orientation of r. The cases are sketched in Figure 5. Thus,
the homology class of Γ in H1(T2) is the same as that of Γ′. Let (k, l) ∈ H1(T2;Z)
be this class.

Since both multi-valued functions θ and φ are locally non-decreasing on every
edge of Γ and Γ′, each meridian {θ0} × S1 (respectively, longitude S1 × {φ0}) not
passing through a vertex of R intersects each of Γ and Γ′ exactly k (respectively, l)
times.

Let θ1, θ2, φ1, φ2 be as in Definition 3.2. Denote the rectangle [θ1; θ2]× [φ1;φ2]
by r0. The following three cases are possible:

• r = r0,
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r ↔ r r ↔ r

r ↔ r r ↔ r

Figure 5. The change of Γ−→
II
(R) under allowed elementary moves on R

• r = [θ2; θ1]× [φ1;φ2], or
• r = [θ1; θ2]× [φ2;φ1].

By the assumption of Definition 3.2, the intersection of r0 withR is a subset of the
set of vertices of r0. Therefore, any vertical edge of Γ that intersects (θ1; θ2)×{φ1}
intersects also (θ1; θ2)× {φ2}, and vice versa. Let k0 be the number of such edges.
These edges are the same in Γ′.

Similarly, let l0 be the number of horizontal edges of Γ (equivalently, of Γ′) that
intersect {θ1} × (φ1;φ2) (equivalently, {θ2} × (φ1;φ2)).

Γ and Γ′ have exactly the same set of double points outside ∂r. From the
arguments above it follows that the number of double points of Γ and Γ′ at ∂r is
also the same and is equal to

• k0 + l0 if r = r0,
• k − k0 − 1 + l0 if r = [θ2; θ1]× [φ1;φ2],
• k0 + l − l0 − 1 if r = [θ1; θ2]× [φ2;φ1].

The claim follows. �

Lemma 4.2. Let R and R′ be rectangular diagrams of a link such that the clo-
sure of the symmetric difference Γ−→

II
(R)△Γ−→

II
(R′) has the form of the boundary

of an embedded disk or an annulus F ⊂ T2 such that the interior of F is disjoint
from R∪R′, and ∂F is disjoint from the set of double points of Γ−→

II
(R) and Γ−→

II
(R′).

Then [R]−→
II

= [R′]−→
II
.

Proof. We again put Γ = Γ−→
II
(R) and Γ′ = Γ−→

II
(R′). Suppose that F is a disc. It

follows from the hypothesis of the lemma that:

(1) F is co-bounded by two staircase arcs α and β such that α ⊂ Γ and β ⊂ Γ′

(on which the functions θ and φ are locally non-decreasing);
(2) the set of corners of F coincides with R△R′.

See Figure 6(a) for an illustration.
The proof is by induction in the number m of corners of the polygon F . The

smallest possible number is m = 4. In this case, one easily finds that R 7→ R′ is an

exchange move or a type
−→
II stabilization or destabilization.

Suppose thatm > 4 and the claim is proved in the case when F has fewer corners
than m. Small perturbations of a rectangular diagram of a link are achievable by
means of exchange moves, so, without loss of generality, we may assume that no
meridian or longitude of the torus T2 contains four points of R ∪ R′, for this can
be resolved by a small perturbation of R or R′.
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α

β

F γ

F2

F1

(a) (b)

Figure 6. Induction step when F is a disc

There is an arc γ of the form [θ1; θ2]× {φ0} such that:

(1) γ ⊂ F ;
(2) γ ∩ ∂F = ∂γ;
(3) one of the endpoints of γ belongs to R ∪R′.
Without loss of generality we may assume that (θ1, φ0) ∈ α and (θ2, φ0) ∈ β as

this is the question of exchanging the roles of R and R′. The arc γ cuts F into
two discs, which we denote by F1 and F2. We number them so that F1 is above γ
and F2 is below γ, see Figure 6(b).

Let C1 (respectively, C2) be the set of corners of F1 (respectively, F2). One can
see that there is a rectangular diagram of a link R′′ such that R△R′′ = C1 (which
is equivalent to R′△R′′ = C2) whose orientation agrees with that of R on R ∩R′′.
We then have

(1) Γ△Γ−→
II
(R′′) = ∂F1, Γ′△Γ−→

II
(R′′) = ∂F2.

Each of F1 and F2 has fewer corners than m, hence, by the induction hypothesis,
we have [R]−→

II
= [R′′]−→

II
and [R′]−→

II
= [R′′]−→

II
. The induction step follows.

Now suppose that F is an annulus. Then it can be cut by two straight line
segments, one horizontal and one vertical, into two discs so that condition (1) will
hold (possibly after exchanging R and R′), which again will imply [R]−→

II
= [R′′]−→

II
and [R′]−→

II
= [R′′]−→

II
by the proven case of the lemma. The idea is illustrated in

Figure 7. We skip the easy details. �

Lemma 4.3. Let R and R′ be rectangular diagrams of a link such that:

(1) Γ−→
II
(R) and Γ−→

II
(R′) have the same set of double points, which we denote

by X;
(2) there is an isotopy from Γ−→

II
(R) to Γ−→

II
(R′) in T2 fixed on an open neigh-

borhood of X.

Then [R]−→
II

= [R′]−→
II
.

Proof. As before, we put Γ = Γ−→
II
(R) and Γ′ = Γ−→

II
(R′) and assume that no longi-

tude or meridian contains four points of R ∪R′.
The closure α of a connected component of Γ \ X (respectively, Γ′ \ X) will

be called an arc of Γ (respectively, Γ′) if α ∩ X ̸= ∅. There is a natural one-to-
one correspondence between the arcs of Γ and those of Γ′, defined by demanding
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F1

F2

Figure 7. Cutting the annulus F into two discs F1 and F2

that arcs α ⊂ Γ and α′ ⊂ Γ′ corresponding to each other have the same start-
ing (equivalently, terminal) portion. Let α1, α2, . . . , αN be all the arcs of Γ, and
let α′1, α

′
2, . . . , α

′
N be the respective arcs of Γ′.

Some connected components of Γ (and hence of Γ′) may be disjoint from X,
and thus be simple closed staircase-like curves, which are pairwise disjoint and
homologous to each other. Let γ1, γ2, . . . , γK be all these components numbered
using the following recipe. Choose a point x0 ∈ X if X is non-empty, and x0 ∈
T2 \ (Γ ∪ Γ′) otherwise. Choose also an oriented loop β ⊂ T2 based at x0 that
intersects each γi exactly once. The numbering of γi’s is chosen according to the
order in which the points γi ∩ β follow on β.

Let γ′1, γ
′
2, . . . , γ

′
K be the closed components of Γ′\X numbered so that an isotopy

bringing Γ to Γ′ and being fixed on X ∪ {x0} brings γi to γ′i, i = 1, . . . ,K.
We proceed by induction in

(2) c(R,R′) = (K + 1)
(∑
β,β′

χ(β ∩ β′)−N
)
+
∣∣{i = 1, . . . ,K : γi ̸= γ′i}

∣∣,
where χ denotes the Euler characteristics, and the sum is taken over all connected
components β of Γ \X and all connected components β′ of Γ′ \X.

The equality c(R,R′) = 0 means that R and R′ coincide. This is the induction
base.

Suppose that c(R,R′) > 0 and
∑

β,β′ χ(β ∩ β′) = N . This means that all the

arcs of Γ′ coincide with the respective arcs of Γ, and, for any i, j ∈ {1, . . . ,K}, the
curves γi and γ

′
j are either coincident or disjoint.

Let k be the minimal index such that γk ̸= γ′k. Then γk and γ′k cut the torus T2

into two annuli. Let A be the one of these annuli that does not contain the point x0.
The interior of A is disjoint either from Γ or from Γ′. Without loss of generality
we may assume the former. There is a rectangular diagram of a link R′′ such
that Γ−→

II
(R′′) = (Γ\γk)∪γ′k. We have [R]−→

II
= [R′′]−→

II
by Lemma 4.2 and c(R′′, R′) <

c(R,R′), which gives the induction step.
Now suppose that

∑
β,β′ χ(β ∩ β′) > N , which means that, for some i ∈

{1, . . . , N}, we have αi ̸= α′i or, for some i, j ∈ {1, . . . ,K}, we have γi ∩ γ′j ̸= ∅,
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γi ̸= γ′j . In both cases, we claim that either c(R,R′) can be reduced by a small
perturbation of R or R′ keeping the set of double points of Γ fixed, or there is a
disc d ⊂ T2 co-bounded by two staircase arcs β, β′ such that

d ∩ Γ = β ⊂ Γ \X, d ∩ Γ′ = β′ ⊂ Γ′ \X.

Take this claim for granted for the moment. In the former case, the induction
step is obvious. In the latter case, there is a rectangular diagram of a link R′′

such that Γ−→
II
(R′′) = (Γ \ β) ∪ β′. By Lemma 4.2, for such a diagram, we again

have [R]−→
II

= [R′′]−→
II
. The first summand in (2) decreases byK+1 when R is replaced

by R′′, whereas the second summand may increase by at most K (as a result of
possible renumbering of γi’s). Hence c(R′′, R′) < c(R,R′), and the induction step
follows.

Now we prove the claim. A disc in T2 disjoint from X and co-bounded by a
subarc of Γ \X and a subarc of Γ′ \X will be referred to as a bigon of Γ and Γ′. If
these subarcs are the only intersections of the bigon with Γ and Γ′, then the bigon

will be called clean. We use a similar terminology for the full preimages Γ̃ and Γ̃′

of Γ and Γ′, respectively, under the projection map R2 → T2 = R2/(2πZ2). The

set of double points of Γ̃ (equivalently, of Γ̃′) is denoted by X̃.
Suppose that αi ̸= α′i for some i ∈ {1, . . . , N}. Choose preimages α̃i and α̃

′
i of

these arcs in R2 so that ∂α̃i = ∂α̃′i. (The arcs αi and α′i may form closed loops
based at a point from X, in which case α̃i and α̃′i are defined as the closures of
preimages of αi \X and α′i \X, such that ∂α̃i = ∂α̃′i.)

By the hypothesis of the lemma, the staircase arcs α̃i and α̃
′
i are isotopic relative

to X̃ and coincide near ∂α̃i = ∂α̃′i ⊂ X̃. This implies the existence of a bigon d̃

of Γ̃ and Γ̃′ with ∂d̃ ⊂ α̃i ∪ α̃′i such that d̃ ∩ X̃ = ∅. However, this bigon is not

necessarily clean. If the interior of d̃ has a non-empty intersection with Γ̃ or Γ̃′,

then a subarc of Γ̃ \ X̃ or Γ̃′ \ X̃ cuts off a smaller bigon from d̃. Let d̃0 be a

minimal bigon of Γ̃ and Γ̃′ contained in d̃, that is, such that there is no smaller

bigon contained in d̃0.

Let β̃ ⊂ Γ̃ \ X̃ and β̃′ ⊂ Γ̃′ \ X̃ be the arcs co-bounding d̃0. By construction,

the interior of d̃0 is disjoint from Γ̃ and Γ̃′. If β̃ has a non-empty intersection

with Γ̃′, or β̃′ has a non-empty intersection with Γ̃, then this intersection can be
resolved by a small perturbation of R or R′, which results in decreasing of c(R,R′).

If β ∩Γ′ = ∅ = β′ ∩Γ, then the bigon d̃0 is clean, and so is its image d0 in T2. The
claim follows.

Now suppose that αi = α′i for all i = 1, . . . , N . Let i, j ∈ {1, . . . ,K} be such
that γi ∩ γ′j ̸= ∅, γi ̸= γ′j . If γi ∩ γ′j is a single point, this intersection can be
resolved by a small perturbation of R or R′, which results in decreasing of c(R,R′).

Otherwise we find a bigon d̃ of Γ̃ and Γ̃′ co-bounded by some β ⊂ γ̃i and β
′ ⊂ γ̃′j ,

where γ̃i and γ̃′j are preimages of γi and γ′j , respectively, in R2, and proceed as
above. �

Two rectangular diagrams of a link R and R′ (or, more generally, any two

pairs (R+, R−), (R′
+
, R′
−
) of finite subsets of T2) are called combinatorially equiva-

lent if there are orientation-preserving self-homeomorphisms f, g of S1 such that (f×
g)(R±) = R′

±
.
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Definition 4.1. Two rectangular diagrams of a link R and R′ are said to be of the

same
−→
II -homology type if there is a rectangular diagram of a link R′′ such that R′

and R′′ are combinatorially equivalent, and Γ = Γ−→
II
(R) is isotopic to Γ−→

II
(R′′)

relative to the set of double points of Γ. This is clearly an equivalence relation.

Remark 4.1. The term ‘homology type’ is justified by the fact that the
−→
II -homology

type of a diagram R is determined by the homological information about Γ−→
II
(R),

which can be encoded by the function ψ : H1(T2, X;Z)→ Z defined by

ψ(z) =
∣∣{α ⊂ Γ \X : [α] = z}

∣∣,
where Γ = Γ−→

II
(R), and X is the set of double points of Γ.

Lemma 4.4. The coincidence of the
−→
II -homology types of rectangular diagrams R

and R′ implies [R]−→
II

= [R′]−→
II
.

Proof. This follows from Lemma 4.3 and the fact that any two combinatorially
equivalent rectangular diagrams of a link are related by a sequence of exchange
moves. �

Proof of Theorem 4.1. Due to symmetry it suffices to prove the assertion for any

of the four types of stabilizations. We choose T =
−→
II .

We claim that, for any k, l ∈ N and m ∈ N ∪ {0}, there are only finitely many

pairwise distinct
−→
II -homology types of diagrams R such that ω−→

II
(R) = (k, l,m).

Indeed, if ω−→
II
(R) = (k, l, 0), then Γ−→

II
(R) is a union of lcd(k, l) simple closed

curves in T2 having homology class (k, l)/lcd(k, l). This means that the
−→
II -homology

type is completely determined by k, l.
Suppose ω−→

II
(R) = (k, l,m) with m > 0. Denote by X the set of double points

of Γ = Γ−→
II
(R). Let θ1, θ2, . . . , θK ∈ S1 (respectively, φ1, φ2, . . . , φL ∈ S1) be all the

points in the projection pθ(X) (respectively, pφ(X)) numbered according to their
cyclic order in S1. We have K,L 6 m.

Pick an ε > 0 smaller than one half of the length of the shortest interval among
those into which S1 is cut by pθ(R) ∪ pφ(R). Then whenever (θi, φj) ∈ X, we will
have

(3) Γ∩[θi−ε; θi+ε]×[φj−ε;φj+ε] =
(
[θi−ε; θi+ε]×{φj}

)
∪
(
{θi}×[φj−ε;φj+ε]

)
.

Denote the set
∪K

i=1{θi−ε, θi+ε} ⊂ S1 by Θ and
∪L

j=1{φj−ε, φj+ε} ⊂ S1 by Φ.

Due to the choice of ε, we have Θ ∩ pθ(R) = ∅ = Φ ∩ pφ(R) since pθ(X) ⊂ pθ(R)
and pφ(X) ⊂ pφ(R). Therefore, whenever θ0 ∈ Θ (respectively, φ0 ∈ Φ), the
meridian {θ0}× S1 (respectively, the longitude S1×{φ0}) intersects Γ in exactly k
(respectively, l) points.

Denote by Y the set of all such intersection points:

Y =
(
(Θ× S1) ∪ (S1 × Φ)

)
∩ Γ.

We claim that the
−→
II -homology type of R can be recovered from X and Y . Indeed,

we can recover the subsets Θ and Φ as they are the projections pθ(Y ) and pφ(Y ).
Now let r be the closure of a connected component of T2 \

(
(Θ×S1)∪ (S1×Φ)

)
.

By construction, r is a rectangle which is either disjoint from X or contains exactly
one point from X. In the former case, we can recover Γ ∩ r up to isotopy relative
to ∂r since ∂r ∩ Γ ⊂ Y and Γ ∩ r is a union of pairwise disjoint staircase arcs on
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which the functions θ, φ are non-decreasing (some of these arcs may be degenerate
to a single point). In the latter case, the intersection Γ∩ r is completely known due
to (3).

The number of points in Y is bounded from above by a function of k, l,m:

|Y | = 2Kk + 2Ll 6 2m(k + l).

Therefore, for any fixed triple (k, l,m) there are only finitely many combinatorial
types of pairs (X,Y ) that can arise in this construction, and hence, the number of
−→
II -homology types or rectangular diagrams R with ω−→

II
(R) = (k, l,m) is also finite.

In a similar fashion one can show that, for any fixed triple (k, l,m), the number of

pairs of
−→
II -homology types (Z,Z ′) of rectangular diagrams such that, for some R ∈

Z, R′ ∈ Z ′, we have ω−→
II
(R) = ω−→

II
(R′) = (k, l,m) and R 7→ R′ is either an exchange

move or a type
−→
II stabilization, is also finite.

Thus, an algorithm to decide wether or not [R]−→
II

= [R′]−→
II

proceeds as follows.

First, compute ω−→
II
(R) and ω−→

II
(R′). If ω−→

II
(R) ̸= ω−→

II
(R′), then [R]−→

II
̸= [R′]−→

II
by

Lemma 4.1.
If ω−→

II
(R) = ω−→

II
(R′) = (k, l,m) we construct a graph G whose vertices are

−→
II -

homology types of all rectangular diagrams of links R′′ with ω−→
II
(R′′) = (k, l,m),

and the edges are all pairs (Z1, Z2) of vertices such that there exists an exchange

move or a type
−→
II stabilization R1 7→ R2 with R1 ∈ Z1, R2 ∈ Z2. As we have seen

above, this graph is finite. It is also clear that a procedure to construct this graph
as well as to find its vertices Z, Z ′ with Z ∋ R and Z ′ ∋ R′ can be described in a
purely combinatorial way. Now, by Lemma 4.4, the equality [R]−→

II
= [R′]−→

II
holds if

and only if the vertices Z and Z ′ belong to the same connected component of G,
which is easily checkable. �

Corollary 4.1. The equivalence problem for transverse links of a topological type
that has trivial orientation-preserving symmetry group is decidable.

Proof. Recall that equivalence classes of positively ξ+-transverse links can be viewed
as ξ+-Legendrian links modulo Legendrian isotopy and negative stabilizations, and

also as elements of R/
⟨−→
I ,
←−
I ,
−→
II
⟩
, whereas equivalence classes of ξ+-Legendrian

(respectively, ξ−-Legendrian) links are identified with elements of R/⟨−→I ,←−I ⟩ (re-
spectively, R/⟨−→II ,←−II ⟩) (see [7, 10]).

The proof of the corollary is parallel to that of [7, Theorem 7.1]. Namely, for any
two topologically equivalent positively ξ+-transverse links we can find their presen-
tations by rectangular diagrams R1, R2 such that [R1]−→II ,←−II = [R2]−→II ,←−II . If, addi-

tionally, the links R̂1 and R̂2 have trivial orientation-preserving symmetry group,
then by [7, Theorem 4.2], we have

[R1]−→II = [R2]−→II ⇔ [R1]−→I ,
←−
I ,
−→
II

= [R2]−→I ,
←−
I ,
−→
II
.

An application of Theorem 4.1 completes the proof. �

5. Transverse–Legendrian links

For an introduction to contact topology and the theory of Legendrian and trans-
verse knots the reader is referred to [8] and [9]. Here we consider links which
are Legendrian with respect to one contact structure and transverse to another,
simultaneously.



1972 I.A.DYNNIKOV

Namely, let ξ+ and ξ− be the cooriented contact structures on S3 defined by the
1-forms

α+ = sin2
(πτ

2

)
dθ + cos2

(πτ
2

)
dφ and α− = sin2

(πτ
2

)
dθ − cos2

(πτ
2

)
dφ,

respectively, that is ξ± = kerα±. One can see that ξ+ is nothing else but the
standard contact structure, and ξ− is a mirror image of ξ+.

Definition 5.1. A smooth link in S3 is called transverse-Legendrian of type
−→
II (or

simply transverse-Legendrian) if it is positively transverse with respect to ξ+ and
Legendrian with respect to ξ−.

Two transverse-Legendrian links are equivalent if they are isotopic within the
class of transverse-Legendrian links.

Let L be a transverse-Legendrian link. The contact structures ξ+ and ξ− agree,
if their coorientations are ignored, at the union S1τ=0 ∪ S1τ=1, since we have α+ =
±α− on this subset. Therefore, L misses the circles S1τ=0 and S1τ=1, and the torus
projection pθ,φ is well defined on the whole of L. One can also see that the restriction
of both forms dθ and dφ on L are non-degenerate and, moreover, positive with
respect to the orientation of L.

Any transverse-Legendrian link L can be uniquely recovered from its torus pro-
jection similarly to the way in which a Legendrian link is recovered from its front
projection. Indeed, since α−|L = 0, the following equality holds for the restrictions
of the coordinates θ, φ, τ on L:

(4) τ =
2

π

√
arctan

dφ

dθ
.

This means that we can describe the set of transverse-Legendrian links completely
in terms of torus projections. Namely, the following statement holds:

Proposition 5.1. The torus projection map gives rise to a one-to-one correspon-
dence between transverse-Legendrian links and subsets Γ ⊂ T2 such that the follow-
ing holds:

(1) Γ is the image of a smooth immersion S1 ⊔ S1 ⊔ . . . ⊔ S1 → T2,
(2) the slope of Γ is everywhere positive, and
(3) Γ has no self-tangencies.

A subset satisfying Conditions 1–3 of this proposition will be referred as a (pos-
itive) torus front.

A torus front is said to be almost generic if it has no self-intersections of multi-
plicity higher than two, and generic if, additionally, no meridian or longitude of T2

contains more than one self-intersection points of the front. An example of a generic
torus front is shown in Figure 8. We use a convention that, at every crossing point,
the arc having larger slope is shown as overcrossing. Due to (4), this agrees with
the position of the corresponding transverse-Legendrian link in T2 × (0; 1) ⊂ S3.
We also indicate the orientation of the corresponding transverse-Legendrian link.

Proposition 5.2. Two almost generic torus fronts define equivalent transverse-
Legendrian links if and only if they are obtained from one another by a sequence
of continuous deformations in the class of almost generic torus fronts, and type III
Reidemeister moves.
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Figure 8. A generic positive torus front

Proof. This follows from the obvious fact that the main, codimension-one stratum
of the set of non-almost generic torus fronts consists of torus fronts having a triple
self-intersection point. �

With every rectangular diagram of a link R we associate an equivalence class,
denoted TL−→

II
(R), of transverse-Legendrian links by demanding that a torus front

representing an element of TL−→
II
(R) can be obtained by an arbitrarily small (in the

C0-sense) perturbation of Γ−→
II
(R). See Figure 9 for an example.

Γ−→
II
(R) torus projection of TL−→

II
(R)

Figure 9. Producing a transverse-Legendrian link from a rectan-
gular diagram of a link

Proposition 5.3. (i) Every equivalence class of type
−→
II transverse-Legendrian links

has the form TL−→
II
(R) for some rectangular diagram of a link R.

(ii) Let R and R′ be rectangular diagrams of a link. Then the equality TL−→
II
(R) =

TL−→
II
(R′) implies [R]−→

II
= [R′]−→

II
.

Proof. Statement (i) follows from the approximation argument: any generic positive
torus front Γ can be approximated by a union of immersed staircase-like closed
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curves of the form Γ−→
II
(R), where R is a rectangular diagram of a link, so that Γ−→

II
(R)

and Γ have the same set of double points.
To prove statement (ii), let Γ and Γ′ be generic torus fronts obtained from Γ−→

II
(R)

and Γ−→
II
(R′), respectively, by a C0-small perturbation. The equality TL−→

II
(R) =

TL−→
II
(R′) means that there is a continuous 1-parametric family Γt, t ∈ [0; 1] of

torus fronts such that Γ0 = Γ, Γ1 = Γ′. Such a family can be chosen so that
there are only finitely many moments t = t1, t2, . . . , tm at which the torus front Γt

is not generic, and at these moments the genericity of Γt is unavoidably broken
in one of the two simplest ways: either there are two double points of Γt at the
same meridian or longitude, or Γt has a triple self-intersection. We may assume
that t1 < t2 < . . . < tm. We also set t0 = 0, tm+1 = 1.

For each t ∈ [0; 1] \ {t1, . . . , tm}, let Rt be a rectangular diagram of a link such
that Γ−→

II
(Rt) is isotopic to Γt relative to the set of self-intersections of Γt. By

construction, the
−→
II -homology type of Rt is constant on each of the intervals [0; t1),

(t1; t2), . . ., (tm−1; tm), (tm; 1], and thus, by Lemma 4.4, so is [Rt]−→II . At any critical
moment ti the torus front Γti can be approximated in two different ways by unions of
staircase curves Γ−→

II
(R′ti) and Γ−→

II
(R′′ti), where R

′
ti and R

′′
ti are rectangular diagrams

of a link such that:

(1) R′ti 7→ R′′ti is an exchange move;

(2) the
−→
II -homology type of R′ti (respectively, R′′ti) coincides with that of Rt

for t ∈ (ti−1; ti) (respectively, t ∈ (ti; ti+1)).

This is illustrated in Figure 10.

(a)

Γti Γ−→
II
(R′ti) Γ−→

II
(R′′ti)

(b)

Γti Γ−→
II
(R′ti) Γ−→

II
(R′′ti)

Figure 10. Approximating a non-generic torus front: (a) when
two double points appear on the same longitude; (b) when a triple
self-intersection occurs

The claim follows. �

The converse to the assertion (ii) of Proposition 5.3 does not hold in general.
Namely, the equality [R]−→

II
= [R′]−→

II
does not always imply TL−→

II
(R) = TL−→

II
(R′).

However, the elements of R/
⟨−→
II
⟩
can be classified in terms of transverse-Legendrian

links and their exchange moves, which we now define.

Definition 5.2. Let Γ and Γ′ be two generic positive torus fronts such that there
are three smooth arcs α ⊂ Γ, α′ ⊂ Γ′, and β ⊂ Γ ∩ Γ′ satisfying the following
conditions (see Figure 11):

(1) the closure of the symmetric difference Γ△Γ′ is α ∪ α′;
(2) there is an embedded closed 2-disc d ⊂ T2 such ∂d = α ∪ α′;
(3) ∂β ⊂ ∂d;
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(4)
∫
β
dθ < 2π,

∫
β
dφ < 2π;

(5) β is homologous, relative to d, either to a meridian or to a longitude of T2;
(6) the intersection β ∩ d consists of two arcs γ and γ′ such that ∂γ ⊂ α,

∂γ′ ⊂ α′;
(7) the interior of d intersects Γ \ β (equivalently, Γ′ \ β) in a union of pairwise

disjoint open arcs each of which separates γ \ ∂γ from γ′ \ ∂γ′;
(8) if β is homologous to a meridian (respectively, longitude) relative to d, then

at each self-intersection point of Γ or Γ′ located at ∂d \ β the overpassing
(respectively, underpassing) arc is a part of ∂d.

Then we say that the passage from Γ to Γ′ (or between the respective transverse-
Legendrian links) is called an exchange move.

dα′

α

β
γ′ γ

Figure 11. The disc d and the arcs α, β in the definition of an
exchange move of transverse-Legendrian links

Exchange moves of transverse-Legendrian links are illustrated in Figure 12.

Proposition 5.4. Let R and R′ be rectangular diagrams of a link. Then we

have [R]−→
II

= [R′]−→
II

if and only if the type
−→
II transverse-Legendrian link associated

with R and R′ can be obtained from one another by a finite sequence of isotopies
in the class of transverse-Legendrian links, and exchange moves.

Proof. Due to Proposition 5.3, proving the ‘if’ part amounts to checking that ex-
change moves of transverse-Legendrian links can be realized my means of elemen-
tary moves of respective rectangular diagrams. We leave this to the reader, and
don’t use in the sequel.

To prove the ‘only if’ part, first, note that every elementary move of rectangu-
lar diagrams can be decomposed into a sequence of ‘even more elementary’ ones,
namely, such that each of the annuli (θ1; θ2) × S1 and S1 × (φ1;φ2) (we use the
notation from Definition 3.2) contains at most one edge of the diagram being trans-
formed. This follows from the fact that a single elementary move associated with
the rectangle [θ1; θ2]× [φ1;φ2] can be decomposed into two moves associated with
rectangles [θ1; θ3]× [φ1;φ2] and [θ3; θ2]× [φ1;φ2] (respectively, [θ1; θ2]× [φ1;φ3] and
[θ1; θ2] × [φ3;φ2]) for any θ3 ∈ (θ1; θ2) (respectively, φ3 ∈ (φ1;φ2)) such that the
meridian {θ3} × S1 (respectively, the longitude S1 × {φ3}) contains no vertices of
the diagram.

In each case of an ‘even more elementary’ move (there are now only finitely many
to consider), it is a direct check that the corresponding transverse-Legendrian link
undergoes an isotopy in the class of transverse-Legendrian links, possibly composed
with an exchange move. �
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←→

←→

Figure 12. Exchange moves of transverse-Legendrian links

6. Applications

Corollary 4.1 gives a theoretical solution of the equivalence problem for transverse
links having trivial orientation-preserving symmetry group, but an implementation
of the algorithm takes a lot of time in general. However, the results of [6, 7]
supplemented by Propositions 5.2 and 5.4 above allow, in some cases, to distinguish
transverse knots having trivial orientation-preserving symmetry group with very
little effort. To illustrate this, we consider the knots 10128 and 10160.

It is conjectured in [2] that the ξ+-Legendrian knots associated with the rect-
angular diagrams 101R128 and −µ(101R128) shown in Figure 13 (we use the notation
of [7] for these diagrams) are not Legendrian isotopic, and, moreover, remain such
after any number of negative stabilizations. This is equivalent to saying that the
positively ξ+-transverse knots associated with these diagrams are not transversely
isotopic. In the notation introduced in the beginning of this paper, this inequality
can also be written as

(5) [101R128]−→I ,
←−
I ,
−→
II
̸= [−µ(101R128)]−→I ,

←−
I ,
−→
II
.

This conjecture was partially confirmed in [7, Proposition 7.5], namely, it was
shown that the Legendrian knots in questions are, indeed, not equivalent, and
remain such after up to four negative stabilizations. Extending this to any number
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101R128 −µ(101R128)

Figure 13. The diagrams 101R128 and −µ(101R128)

of negative stabilizations now amounts to showing that

(6) [101R128]−→II ̸= [−µ(101R128)]−→II .

The type
−→
II transverse-Legendrian knots associated with the diagrams 101R128

and −µ(101R128) are shown in Figure 14. There are no ‘triangles’ in the complement

TL−→
II
(101R128) TL−→

II
(−µ(101R128))

Figure 14. Torus projections of knots from TL−→
II
(101R128) and TL−→

II
(−µ(101R128))

of any of these torus fronts, hence no Reidemeister-III move can be applied to them.
It is also not hard to see that these torus fronts admit no exchange moves, even
after any isotopy in the class of positive torus fronts, and that they are not isotopic.
By Propositions 5.2 and 5.4, this implies (6), and then (5) by [7, Theorem 4.2 and
Figure 20].

Thus, we have the following.

Proposition 6.1. The positively ξ+-transverse knots associated with the rectangu-
lar diagrams 101R128 and −µ(101R128) are not transversely isotopic.

In a completely similar fashion the following statement, which also confirms a
conjecture of [2], is established.

Proposition 6.2. The positively ξ+-transverse knots associated with the rectangu-
lar diagrams −102R160 and 103R160 shown in Figure 15 are not transversely isotopic.
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−102R160 103R160

Figure 15. The diagrams −102R160 and 103R160

TL−→
II
(−102R160) TL−→

II
(103R160)

Figure 16. Torus projections of TL−→
II
(−102R160) and TL−→

II
(103R160)

The proof is obtained by analyzing the torus projections in Figure 16 (see [7,
Figure 22] for the notation and a description of the relation between these diagrams
and those in [2]).

7. Concluding remarks

Four oriented types of stabilizations and destabilizations of rectangular diagrams
of links are symmetric to each other and play equal roles in knot theory. This means
that with every rectangular diagram R of a link one can associate four different
objects having the nature of a transverse-Legendrian link type:

• a positively ξ+-transverse and ξ−-Legendrian link type, which is identified
with [R]−→

II
,

• a negatively ξ+-transverse and ξ−-Legendrian link type, which is identified
with [R]←−

II
,

• a positively ξ−-transverse and ξ+-Legendrian link type, which is identified
with [R]−→

I
, and

• a negatively ξ−-transverse and ξ+-Legendrian link type, which is identified
with [R]←−

I
.

This is illustrated in Figure 17, where torus projections of all four transverse-
Legendrian links associated with a single diagram are shown.
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TL−→
II
(R) TL←−

II
(R)

R

TL−→
I
(R) TL←−

I
(R)

Figure 17. Four transverse-Legendrian links associated with a
single rectangular diagram

One may naturally ask if there is a relation between rectangular diagrams and
links which are Legendrian with respect to both contact structures ξ+ and ξ−, or
transverse with respect to both of them. The answer in both cases is pretty simple.
Links that are ξ+-Legendrian and ξ−-Legendrian simultaneously are exactly the

links of the form R̂, where R is a rectangular diagram of a link (one should extend
the definition of a Legendrian link to piecewise smooth curves, since the links of

the form R̂ are typically non-smooth). So, equivalence classes of such links are in
one-to-one correspondence with combinatorial types of rectangular diagrams.

Links which are positively ξ+-transverse and positively ξ−-transverse are noth-
ing else but closed braids with S1τ=0 as the axis. The isotopy classes of such links
are the same thing as conjugacy classes of braids. As noted in the beginning of
the paper, rectangular diagrams allow to classify braids modulo conjugacy and

Birman–Menasco exchange moves (as the elements of R/⟨
−→
I ,
−→
II ⟩). The situation

with transverse-Legendrian links reflected in Proposition 5.4 is completely ana-
logues.
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