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JUCTAHIIMOHHO PETVJISPHBIN I'PA® C MACCUBOM
NEPECEYEHUI {105,72,24;1,12,70} HE CYIIIECTBYET

N.H. BEJIOYCOB, A.A. MAXHEB

ABsTRACT. Distance-regular graph I' of diameter 3 is called Shilla
graph if " containes the second eigenvalue 1 = as. In this case a = as
devides k and we set b = b(I') = k/a. Koolen and Park obtained the
list of intersection arrays for Shilla graphs with b = 3. A. Brouwer with
coauthors proved that graph with intersection array {27,20,10;1,2,18}
does not exist. @-polinomial Shilla graph with b = 3 has intersection
array {42,30,12;1,6,28} or {105,72,24;1,12,70}. Early authors proved
that graph with intersection array {42, 30,12;1, 6,28} does not exist.

We prove that graph with intersection array {105,72,24;1,12,70}
does not exist.

Keywords: distance-regular graph, Shilla graph, triple intersection num-
bers.

Mpsb1 paccMaTpuBaeM HEOPHEHTHPOBaHHBIE Ipadbl O3 meTeib U KPaTHbIX pebep.
Hua sepmunbl a rpada I' gepes I';(a) 0603HaUUM 4-OKPECTHOCTH BEPIIUHBI @, TO
ecTb, nojarpad, WHIYIUPOBAHHLI [ HA MHOXKECTBE BCEX BEPIIUH, HAXOJSIIIIXCS
na paccrosaun i ot a. Honoxkum [a] = I'y(a), at = {a} U [a]. Ilyers ' — rpad
muamerpa d, ¢ € {2,3,...,d}. Tpad T'; umeer To Ke camMoe MHOKECTBO BEDIIWH, U
BEPIIMHBI U, W cMeXKHBI B L'y, ecom dr(u, w) = i.

Ecyin Bepmusbl 4, w HaXoAaTcs Ha paccrosauu ¢ B I, To uepes b;(u,w) (ue-
pe3 ¢;(u,w)) obosnadmm gmciao BepmuH B nepecedennn g (u) (Ti—1(w)) ¢ [w].
I'padp I' quamerpa d HasbIBaeTCs JUCTNAHUUOHHO PERYAAPHBIM C MACCUBOM NEpPe-
ceuenut {bg,b1,...,bg—1;¢1,...,Cq}, eciu 3nauenus b;(u, w) n ¢;(u, w) HE 3aBUCAT
OoT BBIOOpA BEpIIUH U, w Ha paccrosgHuu ¢ B I' st jiroboro ¢ = 0, ..., d. Ilomoxxkum
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a; = k — b; — ¢;. 3ameTuMm, 9TO I8 JUCTAHIIMOHHO PEryJaspHOro rpada by — 310
cremenb rpada, ¢; = 1. lasee, gepes péj (z,y) 0603HAYMM YUCJIO BEPIIUH B IIOAIDA~
de I';(x) N T (y) aus Bepume x,y, Haxomsinuxcs Ha paccrosaun [ B rpade I'. B
JINCTAHIIHOHHO peryssipHoM rpade ducia péj(:v, Y) He 3aBUCAT OT BbIOOPA BEPIIUH
x, 1, 0003HATAIOTCST péj 7 Ha3BIBAIOTCS YUCIaMU Tepecedennii rpada .

IIycts I' — rpad muamerpa d u e — HaTypaJibHOe dnciio. [lommuoxkecTBo C' Bep-
muH rpada I’ HazbiBaeTcst e-KOJI0M, eCJIM MUHUMAJIbHOE PACCTOSIHUM MEXKJLY JBYMs
Bepmmaamu u3 C #He menbire 2e + 1. [l e-Ko/1a B IUCTAHIIMOHHO PETYJISPHOM I'Da-
de muamerpa d = 2e + 1 soimonnsercs rpannna |C| < kqg/ Y7o pd, + 1. B cayuae
PABEHCTBA, KOJI, HA3bIBAETCsI COBEPIIIEHHBIM OTHOCUTEIBHO TOC/IEIHEH OKPECTHOCTH.

I'padom Mlunna HazbiBaeTCS AUCTAHIMOHHO peryssipublit rpad [ muamerpa 3,
HMeIOINii BTOpoe COOCTBEHHOE 3HAUEHNe, PABHOE a4 = a3. B aToM cilydae a JietuT
k u monarator b = b(I') = k/a. Janee, a; = a — b u I umeer maccus niepecedeHnii
{ab, (a + 1)(b — 1),b2;1,c2,a(b — 1)}. B [1] ximaccudunuposans: rpadsr [Inuia c
b=3.

Ilpensoxxenne 1. Ilycmo I' — ducmaryuonno peeyaaproitd epag Hlusna ¢ b = 3.
Tozda T umeem maccus nepecenenud {12,10,5;1,1, 8}, {12,10,2; 1,2, 8}, {12, 10, 3;
1,3,8}, {15,12,6;1,2,10}, {24,18,9;1,1,16}, {27,20,10;1, 2,18}, {30,22,9;1, 3,
20}, {42,30,12;1, 6,28}, {60,42,18;1,6,40}, {69,48,24;1,4,46}, {93,64,24;1,6,
62}, {105,72,24;1,12,70}.

Ussecrno cymecrsoBanue rpada ¢ maccuBoM nepecedenuit {12, 10, 5;1, 1,8} (310
YHUTAPHBINA HEM30TPONHBI rpad ¢ ¢ = 4), HO HeM3BeCTHA eAUHCTBEHHOCTD. CyIie-
CTByeT eJMHCTBeHHbIH rpad ¢ MaccuBoM nepecevennit {1210, 3;1, 3,8} (3to rpad
Hopo). B [2] mokazano, uto rpad ¢ maccuBoM nepeceuenuii {27,20,10;1,2, 18} we
CYIIECTBYET.

Ipadwr ¢ maccusamu nepeceuennii {42,30,12;1,6,28} u {105,72,24;1,12,70}
ABIAIOTCs Q-osinHOMuasbabivi. B [3] nokazano, uro rpad ¢ maccuBoM nepcede-
muit {42,30,12;1, 6,28} me cymectsyer. B paore mokazano, 9to rpad ¢ MACCHBOM
nepceuennii {105,72,24;1,12,70} we cymecrByer.

I'pad I' ¢ maccusom miepcevennit {105,72,24; 1,12, 70} umeer cektp 421, 1442,
0210, —799 1 1 4+ 105 + 630 + 216 = 952 BepmumHLL. Beuay rpammme Jeancapra
nopsiziok Kiauku B I' ve Gosbine 1 — k/03 = 16

[ycrs C sasasercs l-knmukoit B I's. Torma noarpader u—, v € C nomapHo He
repecekarorcs, modromy 106/ He Gosibiie 952 u [ He Gosbie 8. Ecau [ = 8, To C
SIBJISIETCs 1-KOJIOM, COBEPIIIEHHBIM OTHOCHTEIBHO ITOCJIEIHENl OKPECTHOCTH.

€1

IIpennoxenue 2. JIucmanyuonno pe2ysapuuill epad ¢ Maccusom nepeceuenul
{105,72,24;1,12,70} ne codeporcum 16-xaux.

Teopema 1. Jucmanyuorho pezyaaprond epad ¢ maccusom nepecenenud {105, 72,
24;1,12,70} ne cywecmeyem.

B nmokazaresnbcTBe mpeijioykeHust 2 U TeOpeMbl 1 UCIOJIB3YIOTCsT TPOMHBIE UUCTIA
nepeceuenuii [4].

IIycrs I' — mumcranmumonno peryaspubiit rpad mguamerpa d. Ecim uq, ug, us —
Bepruabl rpada [N, r1,ry, 73 — HeoTpUIATEbHBIE TIE/Ible YUCIa, He OOJbIue d,

uruguz | _
rirary |

uLU2U3
T1T2T3

TO — MHOXKecTBO BepumH w € I' rakux, uro d(w,w;) = r;, {

| {“1“2"3} |. Hucna [“1"2"3} HA3BIBAIOTCS TPORHBIMU YUCJIaMU mepecedennii. s
T1T273 T1TaTs
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Uiug2u3

. } OyseM nucarh [rirors).

GUKCHPOBAHHON TPONKHU BEPIIUH U7, Uz, U3 BMECTO [

K coxanenuto, mst ancen [rirors] Her obmux dopmya. Oaaako, B [4] npemmoxen
METOJI BBIYHCJIEHNS HEKOTOPBIX YUCEJ [T17T273].

Mycrs u,v,w — Bepmuubl rpada ', W = d(u,v),U = d(v,w),V = d(u,w).
Tak Kak UMeeTcsl TOYHO OflHa BepIWHA T = u Takas, uTo d(z,u) = 0, To "memo
[0jh] paBmo 0 unu 1. Otcioma [0jh] = 6;wépy. Amagormtuno, [i0h] = 6;wlpy u
[i50] = d;z0;v .

JIpyroe MHOXKeCTBO ypaBHEHHIt MOXKHO HOJTYIHTDb, (PUKCUPYS PACCTOSTHIE MEIK Ty
JIBYMsl BEDIIMHAMH W3 {U,V,w}, U COCYUTAB YHMCJO BEPIIMH BCEX PACCTOSHUN OT
TpeTbe, IOy IUM:

Sicalih) = p, — [0jh], S0 [ith] = pl, — [i0h], 30, (i) = plf — [i0).

ITpu sTOM HeKOoTOpBIE TPOiiKN ucaesatoT. lpn i — j| > W wm i + j < W nmeem
pfj[/ = 0, mostomy [ijh| = 0 mast Beex h € {0, ..., d}.

Honoxum S;jp(u, v, w) = Zis,t:O QriQsjQun [0 ]. Ecim napamerp Kpeiina
qlhj =0, to Sijn(u,v,w) =0.

B mokazaTenbeTBe TEOpeMbl HCHOIb3YIOTCA CIICAYIONHAE JIEMMBIL.

Jlemma 1. ITycmos I' — ducmanyuonno pezyaaproiti epag duamempa 3, Ecau u, v, w
— sepuiuol, NONapho raxodsuguecs wa pacemosnuu 1 6 T, [rst] = H”;t”], [111] = ¢
u [222] = 9. Toeda eeprov pasencmeas:

(1) [121] = [211] = [112] = py; — 1 —¢, [122] = [212] = [221] = p1, —p11 +1+¢;

(2) [223] = [232] = [322] = ply — Pl + 1L — L = — ¥;

n(3) [233] = [323] = [332] = pa3 — Py + P12 — P T 1+ @+

(4) [333] = pls — pis + 3 — Pl +Ph — 1 -9 — ¢

Jokasamesvemeo. 3amernm, uro [13h] = [1h3] = 0 gus moboro 1 < h < 3.

Uwmeenm [111] + [121] +[131] = p1; — 1, mosTomy [121] = p}; — 1 — ¢. Ananoruuno,
211 = [112] = phy — 1 — .

Haiee, [121]+[122]+[123] = pl,, nosromy [122] = pl, —pl; +1+¢. Ananoruumo,
[212] = [221] = pi, —pi1 + 1 + ¢

Tenepn [221] + [222] + [223] = piy, mosTOMY [223] = ply — ply +ph — 1 — @ — 2.
Cummerpuuno, [232] = [322] = ply — plo +pi; — 1 — 0 — 9.

Crosa mveem [213] + [223] + [233] = pis, mostomy [233] = pis — ply +ply —pi, +
1+ ¢ + 9. Cummerpuuno, [323] = [332] = pds — ply + Py — Pl + 1+ 0 + 2.

Haxkoner, [331] + [332] + [333] = pi;, mosromy [333] = pis — pis + piy — piy +
pii— 1= U

JIemma 2. IIyemo I' — ducmanyuonno peeyaapruil epad duamempa 3, u, v, w —
sepuunvs zpaga T, d(u,v) = d(u,w) = 3 u d(v,w) = 1. Horoocum [rst] = [“2F],
[122] = «, [212] = 3, [221] = v u [222] = 4. Toeda B = v u eepnv, pasercmea:

(1) [132] = [123] = p}, — o, [312] = [321] = pi, — B u [311] = p3) —piy + B — 1;

(2) [322] = pyy — a — 0, [232] = [223] = p3, — 0 — B u [211] = p3, —pis — B

(3) [133] = pis — piy + a u [333] = pis — p3g + piy + Py —a — B — 0

(4) [233] = p3s — p3y + 0 + B, [332] = [323] = piy —p3y — P12+ + 5 +4.
Jokasameavemeo. 3avernm, uro [11h] = [1h1] = 0 u [h13] = [h31] = Omusa mo6oro
1<h<3.

Mateen [122]+[222]+[322] = ply, [112]+[122]+[132] = p?,, [121]+[122]+[123] =
Py, mosTomy [132] = [123] = pd, — [122] = p3y — @ u [322] = py —a — 4.
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Hanee, [212] 4 [222] + [232] = p3,, [221] +[222] + [223] = p3,, mostomy B+ [232] =
v +[223] = p3y — 4.

Amnanornano, [312] + [322] + [332] = p3, — [302] = pi,, [321] + [322] + [323] =
P35—[320] = p3,, mosromy [312]+[332] = [321]+[323] = p3,—[322] = p3y—piy+a+d.

Teneps [311] + [312] + [313] = p3; — [310], [112] + [212] + [312] = p}, — [012],
nostomy [312] = piy, — [212] = ply, — B, [311] = p3; — piy + B — 1. Cummerpuuno,
311] + [321] + [331] = p&, — [310], [121] + [221] + [321] = pl; — [021], modTOMY
321] = phy — [221] = phy — 7 1 [311] = ply — phy + . Tasms oGpazons, § = 7,
[312] = [321] = pi, — B m [232] = [223] = p3, — B — 0.

Uwmeem [211] + [212] + [213] = p3; — [210], [213] + [223] + [233] = p3; — [203],
nostomy [211] = p3; — B u [233] = p3; — pis + 0 + B

Haxoner, [331] + [332] + [333] = pd, [133] + [233] + [333] = pl, — 1, [313] +
323] + [333] = ply, [123] + [223] + [323] = pbs, mostomy [323] = [332] = ply —
Py = P3y +a+ B +0, [333] = pis — [323] = pis —phs + Pl +pl —a— 0. u
[133] = p35 — 1 — [233] — [333] = pis — 1 — p35 — pis + P33 — Pl + 0

Jlemma 3. ITycmv I' — ducmanyuonno peeyaapnwiti epag duamempa 3, u, v, w —
sepwunv epaga T, d(u,v) = d(u,w) = 3 u d(v,w) = 2. Honoorcum [rst] = H};;”],
[122] = o/, [212] = @', [221] =/, [222] = ¢ w [313] = v. Toeda eeprvi pasencmea:

(1) [132] = [123] = p¥, — [122] = p}, — o, [312] = pi, — B, [321] = p3;, — 7/,
[213] = pts — v, [231] = pis — v+ B = w [311] = p3; —pi, + 5 —v;

(2) [322) = p3y —a/ — &', [232] = p3, — &' — B, [223] = p3, — &' — 9/, [211] =
Py —pls+v—p;

(3) [133] = p3; — p3y + o/, [331] = v — B' + 7 u [333] = pi5 — P33 + P3y + P3s —
a’—5'—’y/—u;

(4) [233] = p3s —p3y —pla +0' + +v, [332) = ply —p3y —pfy — 1 +0a’ + 5 + 7,
323] = piy —p3y —pla — 1+ 0’ +9/ +4".

Jokasamesvemeo. 3amernm, uro [11h] = [1h1] = 0 g moboro 1 < h < 3.

Uueen [122] + [222] + [322] = pdy, [112] + [122] + [132] = p3, — [102], [121] +
[122] + [123] = p3, — [102], mosromy [132] = [123] = p3, — [122] = p}, — o' u
322] = p2, — o/ — .

Tlasee, [212] + [222] + [232] = p3, — [202], [221] + [222] + [223] = p3, — [202],
nostomy 3 + [232] =+ + [223] = p3, — §'.

Anagormano, [312] + [322] + [332] = pd, — [302] = p3, — 1, [321] + [322] + [323] =
pis — [320] = p3, — 1, nostomy [312] + [332] = [321] + [323] = p3, — [322] — 1 =
Py — D3y —1+a’ + 4.

Teneps [311] + [312] + [313] = p%l — [310], [112] + [212] + [312] = p%2 — [012],
noatomy [312] = p?, —[212] = pi, — ', [311] +[313] = p%l —p2y+ . CunvnveTpraHO,
[311] + [321] + [331] = pgl — [310}, [121] + [221] + [321] = p%l — [021], TI03TOMY
[321] = p3; — [221] = p3; — 7, [311] + [331] = p3; — p3; +7".

Umeenm [113] + [213] + [313] = p3; — [013], [211] + [212] + [213] = p3; — [210],
[213] +[223] +[233] = p3; —[203], mosTomy [213]+[313] = pi,, [211]+[213] = p3, —
u [213] +[233] = p3s fp§2 + 4’ ++/. Anasnormamo, [131] + [231] + [331] = p3, —[031],
[211] 4 [221]) 4 [231] = pgl —[210], [231] 4 [232] 4 [233] = }?337 nosromy [231]4[331] =
P31, [211] 4 [231] = p3y — '  [231] + [233] = p3; — p3, + 0 + 5.

Haxkomner, [331] + [332] + [333] = pgg, [133] + [233] + [333] = p§3 -1, [313] + [323] +
333] = p3s, mosromy [333] = p3; — [323] — [313] = p3; — p3; + [123] 4 [223] —v =
Pis — a3+ Dl —a' +piy — 8 — —v=pis *P§3+P:1))2 +p—a =8 = —v.
Tak xak [113] 4+ [123] + [133] = p?37 To [133] = p‘fS —[132] = pi’g — iy + .
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C yuerom pasencrsa [331] = v — '+ umeem [311] = —[331] +p3; —p3, +7' =
P — P+ B v O

Jlemma 4. ITycms I' — ducmanyuonno peeyaapnoidi epad duamempa 3, u, v, w —
sepuwunes epaga ', d(u,v) = 1,d(u, w) = 2 u d(v,w) = 3. Honosrcum [rst] = [“V'],
ITonoorcum [112] = ¢', [221] = o' u [333] = V. Toeda sepnovi pasencmea:

(1) [113] = a1 — ¢, [121] = 3, [122] = ap — ¢/, [123] = by —a1 — L + ¢/,
212 =5 —1— ¢/, [218] = a3 — a1 + ¢';

(2) [222] = phy — ' — 28], [223] = pBy — s + 1 —as +v/ — o, [231] = az — ¥,
282] = pil, — [332), [233) = ply — 1/

(3) [321] = c3 —ca — 7', [322] = p3; —[332], [323] = p35 — v/, [331] = a3 —ax + ¥’
u [332) = pis — (a3 —ag + ') — V.
Jokasamesvemeo. Jlemma caenyer u3 Taduunst 4 [4] (¢ 3amenoit 1 Ha ' B HEKOTO-

PBIX MeCTax).

O

1. Kimuku B I's

ITycTb 10 KOHITA paboThl I — JIMCTAHIIMOHHO PEryJIsHbIi rpad ¢ MaCCHBOM Iepe-
ceuennit {105,72,24;1,12,70}. Torma xyaibHas MaTpHIa COOCTBEHHBIX 3HAYEHUI
paBHa

1 51 441 459

|1 17 635 —1535
@=11 o 565 >51/5
1 —17/2 49/2  —17

Jlemma 5. Jlasa nenyaeswnx wucen nepecewenudi epaga I' sepror pasercmea
(1) p%l = 32z p%Q = 72; p%Q = 414> p%S = 144z péS = 72;
(2) p%l = ]-27 p%Q = 69; p%B = 247 p%Q = 416: p%i} = 144; p%B = 487
(3) piy = 70, pis = 35, p3, = 420, p3; = 140, p3; = 40.

Loxazameavcmeo. Ilpsimble BeraucieHust. O

Jlemma 6. Ilycmov u,v,w — 8epUWUHDL, NONAPHO HATOOAULUECH HG PACCTNOAHUY 3
6T, [rst] = ["V], [122] = o, [212] = B3, [221] = u [333] = 6. Tozda v = B =y =
(30/4 +202)/5, 2de § € {4,24}.

Joxazameavcmeo. 13 |2, nupenjiokenne 2| mojayduM paBeHCTBA:

(1) 35 — [133] = [123] = [132] = 70 — a, 35 — [313] = [312] = [213] = 70 — 3,
35 — [331] = [231] = [321] = 70 — 7;

(2) v —[232] = [233] ~ 70 =4 — o — 0, a — [223] = [323] — 70 = 4 — B — 4,
B —1322]=[332] =70 =4 — v — 0;

(3) [222] = 420 — v — [223] = 424 —a — B — 4 — 6.

Jlns mamero rpada nmeeM qi; = g3 = ¢3; =
S131(u, v, w) = S311(u, v, w) = 0.

Tak kak (21 = 0, To citaraemble [rst] B dbopmyie

0. Hosromy Sti13(u,v,w) =

Sijn(u, v, w) = Zi&t:O QriQs;Qun [0 ], mueromme pa mugekca 2, yMHOKAIOTCS

Ha 0, IOITOMY UX MOXKHO OIIyCKaTh. Beraucimm S13(u, v, w).

Hpu nynesbIx r, s mu ¢ nosy M craraemoe Qo1 @31 Q33+Q31Q01Q33+031031 Q03
= 28951 + 289 - 459/4.

Jasee, moayInM ciraraeMble
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Q11Q21Q33[123] + Q21Q31Q13[231] + Q31Q11Q23[312] = —289 - 51[312]/10,

Q11Q31Q23[132] + Q2:1Q11Q33[213] + Q31021 Q13[321] = —289 - 51[132]/10,

Q11Q31Q33[133]+Q31Q11Q33[313] + Q31 Q31 Q13([331] = 289-17([133] +[313]) /2~
289 - 153(331] /20,

Q21Q31Q33[233] + Q31Q21Q33[323] + Q31Q31Q23[332] = 289 - 51[332]/20.

Orrciona Suis(u, v, w) = 289(514+459/4—51(T0— ) /10—51(70—a) /10+17(a+B—
70)/2— 153(y— 35) /20 4+ 51(T4— —5)/20) = 0 w 680 /5-+6883/5—517/5—515/20 —
51— 459/4+2-51-7+17-35 — 153 - 35/20 — 51 - 37/10 = 3434/5.

Urax, 4o+ 458 — 3y = 36/4 + 202.

Ananornuno, —3a + 46 4+ 4y =30/4 4+ 202 u 4o — 35 + 4y = 36/4 + 202.

Otrcroma o = 8 =y = (36/44202)/5, 6 = 46’ < 40. Ilosromy 6 € {4,24}. Jlemma
IOKa3aHa. [l

ITo slemme 6 subo 0 = 4, oo = 41, mubo 6 = 24, o = 44.

Homoxxum ¥ = [z(u) N T3(v), ¢ = N Ti(w), oy = | Ecrm § = 4, To
01 = 6,00 = 29,03 = 4, aecmu § = 24, To 01 = 9,09 = 6,03 = 24. Orciona X
He coepkuT 6-kmK u3 I's (uHave |X| He Menbine 6 - 7 = 42). Eciin ¥ comepKut
5-xuuky S u3 I's, 1o S comepxkut He Gosiee 0HOI BepuMHbL cTenenu 24 B Y (uHaue
|| He menbIe 3 -7 4 210 = 41).

Jlemma 7. ITyemos A — mnoocecmeo sepwun cmenenu 29 6 epage Yo, & = 3.
Tozda evinoansomes caedyrowue ymeeprHcoenu:

(1) ecau |A] > 20, mo 28 < |A[;

(2) ecau |A] < 20, mo |A| < 14.

Zloxasamenvcmeo. Tak Kax IMCIO BEPITUH HEYETHOHN cTemeHu B rpade 9eTHO, TO
quciio |A| werno. Iycers |A] > 20. Torga uuncio pebep mMexxay A u Yo — A B rpade
Y5 He Gourbine 6|X5 — Al, 109TOMY HEKOTOpasi BepiinHa u3 A cMeXKHa He Gosiee YeM
¢ 6|22 — Al/|A| Beprmaamu u3 Yo — A, Ecin | X2 — A| > 14, 10 cTeneHb HEKOTOPOi
BepumHbl B A He Menblie 29 — 84 /26, nuporusopeune. Yreepxkaenue (1) moxazano.

Iycrs |A] < 20. Pacemorpum rpad @ = X3, Torma uucio pebep mexay A
nu ® — A B rpade @ nHe Gombrme 4|A|, mosTOoMy HekoTopast BepmmHa n3  — A
cMexxHa He Gostee ueMm ¢ 4|A|/|® — A| Bepumuamu u3 A. Ilycrs Y; — MHOXKeCTBO
BeprinH n3 ¢ — A, cMeXHBIX TOYHO ¢ ¢ BepumHamu u3 A B rpade D, y; = |V;].
Ecin |A| = 18, 10 cTenens HekoTopoii Bepmuubl B ¢ — A He MeHble 24 — 72/22.
Torna 3ys + 4(22 — y3) < 72, mosromy ys > 16. IIlporusopeune ¢ tem, uro I's He
comepxkuT 8-kimk. Eciau |A| = 16, 1o crenens HekoTopoii Bepimuubl B & — A He
Menblite 24 — 64/24. Jainee, y1 + 2ys + 3(24 — y1 — y2) < 64, mostomy 2y + y2 > 8.
C apyroii croponsl, Y1 + y2/2 He Gosbuie 4 u y; = 0,yo = 8, NPOTHBOpEYUHUE C TEM,
91O B 9TOM ciydae ¢ — A comepKuT 5-KJHKYy. ]

JIlemMma 8. ITycmov ¥ — mmnooicecmeo sepuwun cmenenwu 24 6 epage 3. Tozda
BHINOAHAIOMCS CACOYIOULUE YMBEPHCICHUA:

(1) ecau X3 codeporcum 5-xauxy D, mo {x+ NT3(u) | © € {w} U D} obpasyem
pasbuenue T's(u) u D codeporcum we 6oaee 00not sepuuns us U uy;

(2) ecau X3 codepoicum 4-waury D us ¥, mo {zt N | = € D} obpasyem
pasbuenue X u X ne codeporcum H-kaux us ['s;

(3) ecau I's(u) codeporcum maxyro 6-kauxy D, wmo dan A100bix pasisuuhulr eep-
wun v, w € D emenenv w 6 epage (I's(u) NTs(v))s pasua 4, mo {T's(x) NTs(u) —
D | x € D} obpasyem pasbuerue I's(u) — D.
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Loxazameavcmeo. Ilycts Y3 comepxkur 5-kiauky D. Eciim D comepxkut Oostee ofi-
Hoit Beprmabl n3 W, TO Y3 comepkuT He MeHee 3 - 7 + 2 - 10 BepIuH, TPOTUBOPE-
ane. lanee, noarpadsr 2+ N3(u) myt NT3(u) He epecekaroTest I PA3ITTIHBIX
gepmnH z,y{w} U D}. Tak kak crenens Bepmmubl B rpade 's(u) pasra 35, To
{zt NT3(u) | » € {w} U D} obpasyer pasouenne I's(u);

IIycts X3 comepxkur 4-xkauky D u3z W. Torma nmoarpadsr ztNYu yL N> ue
IIEPECEKAIOTCH JIJIsl PA3InIHbIX BepimuH z,y € D. Tak kak crenens Bepmmubl n3 ¥
B rpacbe ¥ pasua 9, To {r1 NY | z € D} obpasyer pasbuenue .

IIycts ¥ comepxkur 5-kymky S u3 I's. Torma ase BepimuHBI U3 S CMEXKHBI C
HEKOTOPOIi BepiuHoii u3 D, npoTuBopevue.

IMycrs T's(u) cogepxut Takyio 6-kauky D, 910 Jjist JIOOBIX PA3JIUIHBIX BEPIIUH
v,w € D cremenb w B rpade (I's(u) NT'3(v))s pasua 4. Torna I's(z) NT's(u) — D =e
nepecekaer ['s(y) NT's(u) — D ayist iio6bIX pasaudHbIX Bepliud &,y € D, mosromy
{T's(z) NT's3(u) — D | x € D} obpasyer pasbuenue I's(u) — D. O

2. Kimmku B I'

B arom maparpade Mbl mokazkem, uro ' me comepxkutr 16-kmuk. Ilycrs bt =
b1/61+1=2,b" =b1/05+1 = —12. Tlo npemnoxennio 4.4.6 u3 [5] mOpsa7OK KINKHI

B I' He Gonbmie 1 — k/f3 = 16 u st MHAYIUPOBAHHOTO IIOJHOTO JIBYIOJBHOTO
noarpada K ; us I' umeenm 2st/(s+t) < b™1 = 3. Eciim K sBnsiercs 16-kiukoit us
T, ro mobas Beprmmua u3 I' — K cmexkna ¢ 0 win | K| 4+ b~ = 4 Bepmunamu u3 K.

JIemma 9. ITycmo u,v,w — sepwunsve epaga I, d(u,v) = d(u,w) = d(v,w) = 1.
Honoorcum [rst] = ["7], [111] = ¢ u [222] = 1). Toeda sepro paserncmeo ) — 5o —
187 = 0.

Jloxasamenvcmeo. g namero rpada mo gemme 1 mmeem

[121] = [211] = [112] = 31 — ¢, [122] = [212] = [221] = 41 + ¢;

[223] = [232] = [322] = 373 —  — %, [233] = [323] = [332] = —229 + ¢ +

[333] = 301 — p — ¢ < 72, noaTomy

0 <31m229 < o+ < 301

s rpada I umeem gi5 = g3 = ¢3; = 0. Hosromy S113(u, v, w) = S131(u, v, w) =
S311(u, v, w) = 0. Hamomunm, gro [13h] = [1h3] = [A13] = 0 gst smro6oro 1 < h < 3.

uvw}
)

Kaxk u BbIite, ciaraemsie [rst] 8 dopmyste Si;p (u, v, w) = Zfs 0 @riQs; Qin [ o

UMEIOIINe TBa WHIEKCA 2, MOXKHO OIyCKaTh. Beraucamm S113(u, v, w).

IIpu myseBbIx 7, s Wi t mosyunm caaraemoe Qo1 Q11Q13[011]4+Q11Q01Q13[101]+
Q11Q11Qo3[110] = —34 - 153 - 51/5 + 17 - 17 - 459 = 34 . 173/5.

Jlasiee, MOJIyYUM CJIAraeMbIE

Q11Q11Q13[111] =-17-17- 153()0/5,

Q11Q11Q23[112]+Q11Q21 Q13[121]+ Q21 Q11 Q13[211] = 17-17-51(p}, —1—¢) /5 =
1717 - 51(31 — ¢) /5,

Q21Q31Q33(233] + Q31Q21Q33[323] + Q31 Q31 Q23[332] = 289-51(pdy — 3o +pis —
P+ 14 @ +1)/20 = 289 - 51(—229 + ¢ + 1)/20,

Q31Q51Q53(333] = —289 - 17(p33 — pyg + pa — Pla + P11 — 1 — 0 — ) /4 =
—289-17(301 — ¢ — ) /4.

Orcroma Si13(u,v,w) = 2 - 173(¢p — 5 — 187) /5. Cummerpuano, Siz1(u, v, w) =
Ss11(u,v,w) =2-173(xp — 5p — 187) /5. O

ITo nemme 9 numeeM ¢ = (¢ — 187)/5 1 BBINONHSAIOTCS PABEHCTBA
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[121] = [211] = [112] =31 — p = (342 —4)) /5, [122] = [212] = [221] =41 + ¢ =
(18 + 1) /5;

[223] = [232] = [322] = 373 — p — b = (2052 — 6v)/5, [233] = [323] = [332] =
—229 + ¢ 4+ ¢ = (69 — 1332)/5;

[333] =301 — p —¢p = (1692 — 6¢)) /5.

C yuerom HepaseHeTB ¢ < 31 1229 < p+1p < 301 mosyuum ¢ € {222,227,232, ...,
282}, coorsercrBenno, ¢ € {7,8,9,...,19}. Tax xak pi; = 72, To [333] = (1692 —
6v)/5<T72mu

JIemma 10. ITycmo u,v,w — sepwunst epaga L, d(u,v) = d(u, w) = 3 u d(v,w) =
L. Honoocum [rst] = [0, [122] = o, [212] = B/, [221] =+ u [222] = &'. Tozda
o =330-0, 8/ =+ =4§/2-90.

Jloxaszameavcmeo. U3 ieMMBI 2 CIeJIyIOT PABEHCTBA:

[132] = [123] = 70 — o, [312] = [321] = 72 — ' u [311] = B’ — 38;

[322) = 414 — o — &, [232] — [223] — 420 — B — &' u [211] = 70— 33

[133] = o/ — 35 u [333] = 386 —  — B/ — &';

[233] = &' + B — 280 u [332] = [323] = o + ' + &' — 346.

g rpada I umeem gi5 = gi; = ¢3; = 0. Hosromy S113(u, v, w) = S131(u, v, w) =
S311(u, v, w) = 0. Hanomuum, gyro [11h] = [1h1] = 0 u [h13] = [h31] = 0 mus sroGo-
rol <h<3.

Kax u Bblmre, caaraemsre [rst] B popmyie S, (u, v, w) = Zf,s,t=0 QriQsjQun [ 2],
UMeEIOIINe JTBa HHJEKCa 2, MOXKHO OIyCKaTh. Buraucum S113(u, v, w).

Ipu myseBbIx 7, $ Wi t mojyunm caaraemoe Qo1 Q31 Q33[033]4+Q31Q01Q13[301]+
051Q11Q03[310] = 51-17-17/24+17-51-153/10— 17-17-459/2 = 173(3/2 +27/10 —
27/2) = 173(5 + 9 — 45)3/10 = —173 - 3- 31/10.

Jlastee, IOTYYNM CIaraeMble

Q11Q11Q23[112] + Q11Q21Q13[121] + Q2:Q11Q13[211] =

Q11Q11Q33[113] + Q11Q31Q13[131] + Q31Q11Q13[311] = 289 153(8’ — 38)/10,

Q11Q21Q33[123] + Q21Q31Q13[231] + Q31Q11Q23[312] = —289 - 51(72 — ')/10,

Q13Q31Q23[132] + Q21Q11Q33[213] + Q33Q21Q11[321] —289 - 51(70 -« )/10

Q11Q31Q33[133] + Q31Q11@Q33[313] + Q31Q3:1Q13[331] = 289 - 17(a/ — 35)/2,

Q21Q31Q33[233] + Q31Q21Q33[323]

346) /20,

Q31Q31Q33[333] = —289 - 17(386 — o — ' — §") /4.

Orcrona S113(u, v, w) == 2-173(3a’ + 48" + &' — 630) /5.

Ananornuno, S131(u,v,w) = 2-173(3a/ + 48" + &' — 630)/5 u Sz11(u,v,w) =
173(—a’ — 68 + 26" — 210) /5.

Orcioma o/ =330 — ¢, 8/ =4'/2 —90. O

+ R31Q310Q23[332] = 289 - 51(a/ + ' + &' —

ITo nemme 10 BepHBI paBeHCTBA:

[132] = [123] = 70 — o’ = & — 260, [312] = [321] = 72— 3 =162 —§/2 m
[B11] = — 38 =¢"/2 — 128;

[322] = 414 — o/ — &' = 84, [232] = [223] = 420 — ' — ¢ = 510-3/2 m
[211] =70 — 8’ =160 — ¢'/2;

[133] =’ —35=295—0"u [333] =386 — o' — 3/ — & =146 — §'/2;

[233] = 0'+5'—280 = 3§’ /2—370 u [332] = [323] = &'+ 5'+8"—346 = §' /2—106.

Orcrona 130 < 6'/2 < 146 m 38 < .

Jlemma 11. ITycmov K asasemcs 16-kauxot u3 I'. Toeda evinoansomes caedyio-
WUE YMBEPHCIEHUA:
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(1) |T1(K)| = 360, [T'2(K)| = 576, sepwuna us T'y(K) cmeorcra ¢ 30 sepusuramu
us I'1(K), sepwuna us I'1(K) cmeorcna ¢ 48 sepwunamu us ' (K);
(2) daa sepwunv, z u3 I'y(K) umeem |[K NT3(z)| = 6.

Joxasamesvemeso. Ilycrs B cxeme (K, T'1 (K)) Touka 1 610K HHIU/ICHTHbI, €CJIH OHK
cmexus B I'. Torna (K, T'1(K)) asiserca 2 — (16,4, 18) cxemoii, oITOMY KaxKiast
ToYKa HHIMAeHTHA poBHO 7 = 90 Gaoxkam u |I'1(K)| = 16 - 90/4 = 360. Orcrona
D5 (K)| = 952 — 16 — 360 = 576.

ITycry Bepmmna z € T'o(K) cmexna ¢  sepmmHamu u3 ['q(K). Torma |K N
Iy(z)| =48/12u |[KNT3(z)| =1 =16 — §/3.

ITycrs B cxeme (K, T'2(K)) Touka u 610K MHIMICHTHBI, €CIA OHU HAXOJSATCS Ha
paccrosaun 3 B I'. Torga (K, T'9(K)) sBnsierca 2 — (16,1, 72) cxemoii, B KOTOPOit
KazKkJiasl TOYKa MHIUJIEHTHA POBHO 216 OjiokaM 1 yucsio 6si0koB paBHo 576. OTcroza
16-216 = 5761, 1 = 6 u 3 = 30.

Teneps Beprmua u3 'y (K) cmexna ¢ 5763/360 = 48 Bepumuavn u3 I'2(K). O

ITycrb z € Ty(K) n u,v € T'3(z). Ilo nemme 10 umeem [122] = o = 30. Iporu-
Bopeume ¢ TeM, 9o 38 < o,
IIpemyoxkenne 2 moka3ano.

3. IOKA3ATEJIbLCTBO TEOPEMbBI
B srom maparpade mbr gokazkem Teopemy 1.

JIemma 12. ITyemo u,v,w — eepwuns, epaga I, d(u,v) = d(u, w) = 3 ud(v,w) =
2. Honoocum [rst] = [W0¥], [122] = o, [212] = ", [221] = 4", [222] = §" w
[313] = v. Toeda o' = —6" — 9w /2 + 358, B’ =~" =§"/2+ 15v/4 — 120.
Jloxazamenvcmeo. 3 meMMBbL 3 CIIEIyIOT pABEHCTBA:

[132] = [123] = 70 — o, [312] = 69 — ", [321] = 69 — 1", [213] = 24 — v,
231 =24 —v+p" —~" u [311] = =34 + " —v;

[322] = 416 — o/ — 6", [232] = 420 — 8" — ", [223] = 420 — & — A", [211] =
46 +v — p";

133 =a” —35,[331] =v—08"++"u [333] =386 — " — 6" —+" —v;

[233] = —304+0"++"+v, [332] = —346+a"+5" 40", [323] = —346+a” +~" 44"

g mamero rpada umeem qi; = ¢y = ¢3; = 0. Hostomy Sii3(u,v,w) =
Si31(u,v,w) = Sz11(u,v,w) = 0. Hamomunm, uro [11h] = [1hl] = 0 mas so6Go-
rol<h<3.

uvw
rst

Kaxk u BbIme ciaraemsie [rst] B bopmyite S;jp (u, v, w) = Zis,t:O QriQs; Qtn [
UMETOIINe TBa WHIEKCA 2, MOXKHO OIMyCKaTh. Beraucamm S113(u, v, w).

ITpu HymeBbIx 7, s nm t mosxyanm caaraemoe Qo1 Q31@33[033]+ Q31 Qo1 Q23[302]+
Q21Q31Q03 [320] =3- 173/5.

JlaJiee, MOJIYYHM CJIATaeMBbIe

Q11Q11Q23[112] + Q11Q21Q13[121] + Q2:Q11Q13[211] = 0,

Q11Q11Q33[113]4+Q11Q31Q13[131]4+Q31Q11Q13[311] = 289-153(—34+"—v)/10,

QR110Q21Q33[123] + Q21Q31Q13[231] 4+ Q31Q1:1Q23[312] = —289 - 51(69 — 5”)/10,

Q13Q31Q23[132] + Q21Q11Q33[213] + Q33Q21Q11[321] = —289 - 51(70 — &) /10,

Q11Q31Q33[133] + Q31Q11Q33[313] + Q31Q31Q13[331] = 289 - 17(—35+ ') /2 +
289 - 17v/2 — 289 - 153(v — 8" + 7//)/20,

Q210Q31Q33[233] + Q31Q21Q33[323] + Q31Q31Q23[332] = 289 - 51(—346 + o +
/B// Jr 5//)/20’
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Q31Q31Q33[333] = —289 - 17(386 - Oé” — 5” — ’7” — I/)/4

Orcroma S113(u,v,w) = (6- 173" +9- 178" +2-1738" — 1734 —3- 173y — 4
9-11-17%)/5 =173(6a" + 98" + 26" —~" —3v —4-9-11)/5.

Anasormano, Sy31(u,v,w) = 173(6a” + 28" + 26" + 6" —3v —4-9-11)/5 u
Ss11(u, v, w) = 173(=a” — 128" + 28" + 67" — 18v — 2 - 181) /5.

Uz Si13(u, v, w) = Si31(u,v,w) = S311(u,v,w) = 0 caenyer, uro o/ = —6” —
9v/2 + 358, 8" = +" = 6" /2 + 1514 — 120. O

M3 nemmbr 12 caeayioT paBeHCTBA:

[132] = [123] = 70 — o = 8" + 9v/2 — 288, [312] = [321] = 69 — B" = 189 —
§"/2—150/4, [213] = [231) = 24— v u [311] == —34+ B —v = §" 2+ 11 /4 — 154;

322] = 416 — o/ — 8" = 58+ 9v/2, [232] = [223] = 420 — 6" — B" = 540 — 35" /2 —
15v/4, [133] = o/ —35 = —6"—91v/2+323, [331] = v u [333] = 386—a’'—¢"—B"—v =
148 — 6" /2 — v/4;

[233] = =304+ 0" + 8" + v = —424 + 35" /2 + 19v/4, [332] = [323] = —346 +
o+ p" 46" =—-108 —3v/4+ 5" /2.

Hasnee, v < 24, 35 < o < 70 (paBuocwibao 288 < §” + 9v/2 < 323) u 34 +
v < 8" <69 (pasrocmwisao 154 + v < ¢ /2 + 15v/4 < 189). C apyroit cTOpOHHDI,
144 — 9v/4 < §"/2 < 148 —v/4, 108 < §"/2 —v/4 u B caygae v = 0 umeeMm
154 < §” /2 < 148, npoTuBopeune.

B ciayuae v = 24 umeem 114 < §” /2 < 99, nuporusopeune. B ciyuae v = 20 umeem
113 < §”/2 = 114 u [333] € {29, 30}, mpotuBopeume ¢ Tem, uto [313] + [333] < 40.
B caygae v = 16 nmeem 112 < §”/2 < 129. Tax xak [333] = 144 — §”/2 < 24, 10
120 < 6”/2 < 129, nporusopeune ¢ tem, uro [311] = 6"/2 — 90 < 12.

B cayuae v = 12 umeem 117 < §”7/2 < 135. C yuerom pasencrsa [311] =
0" /2 — 121 umeem 121 < §”/2 < 133 u 12 < [333] = 145 — §"/2 < 24.

B cayuae v = 8 umeem 135 < 6”/2 < 143 u 3 < [333] = 146 — ¢ /2 < 11.

B caygae v = 4 umeem 136 < 0”/2 < 147 C yuerom pasencrsa [311] = §”/2—143
mveenm 143 < 6" /2 < 147 u 0 < [333] = 147 — 0" /2 < 4.

JIemma 13. Jasn w0600 sepwunvs z € I' nodzpad T'3(z) ne codeporcum 3-xauk.

Hoxazameavcmeo. Ilycrs z — takag sepruuna rpada I') yro Q = I'3(z) conepxur
3-kimnky {u,v,w}. Honozxum {rst} = QN {"%} [rst] = [{rst}|, [111) = ¢' n
[222]" = ¢'. Ecom X; — mHOXKeCTBO BepumH 13 §) — {u, v, w}, cMeXHBIX B {Jg TOUHO
¢ ¢ Bepumaamu u3 {u, v, w}, z; = |X;|, T0o 3 = V', 19 = 3(83—=9'), 1 = 3(¢¥' — 28),
wo = [111]/ + [333]' = 213 — ¢}’ — 3(83 — ¢)') — 3(¢)' — 28) = 48 — 1)/

Haisee, Xo NTo(v) NTa(w) = {122} U {322}/, nostomy [122]" + [322] = 83 — ¢/,
Bamernm, aro Q(u) — {111} conepxurca B I'2(v) N Iy(w), crenoBarensuo, Xo N
I'y(v) NTa(w) comepxur 35 — [111] Bepmmu n3 Q(u) u 83 — ¢’ — (35 — [111)) =
48 — o)) + [111) =48 — ¢’ + (—[333]’ + 48 — ') Bepmmn u3 Q3(u). Orcroma [322] =
96 — 2¢0’' — [333] m 29" + [333] < 96. C xpyroit croponsr, X1 NTy(v) = {323} u
W — 28 = [323)'.

Beuy nemmbr 10 nmeem [g’l“ﬂ + [gg;’] =146 — §'/2+ 6" /2 — 128 = 18, nosToMy
[111) + [333) < 17 u 31 < ¢ < 40.

Terepn 3 < ¢/ —28 = [323] < 12, [333)' < 48—+ u 40 = [323]' +[332)' +[333]' <
2(¢" — 28) + 48 — ' = ¢y’ — 8, mporuBOpEUHE. O

SaBepiuM j1oka3aresbcTBo Teopembl 1. Ilycts w — Bepmmua rpada I') v,w —
cMexxnble Bepumnbl 13 Q = Tg(u), [rst] = [“07], [122] = o/, [212] = 8/, [221] =+'n

rst
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[222] = §’. TIo remme 10 mmeem o = 330—¢', B/ =~' = 6'/2—90n 130 < ¢'/2 < 146.
asee = — =0mn = NPOTHBOPEYHE.
Tlasee, [311] = §'/2 — 128 = 0 1 8’ /2 = 128, mpoTHEOp

(1]
(2]

(3l

(4]

(5]

Teopema 1 moxasama.
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