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THE KOSTLAN-SHUB-SMALE RANDOM POLYNOMIALS IN
THE CASE OF GROWING NUMBER OF VARIABLES

V. GICHEV

ABSTRACT. Let P, = > . H; be the decomposition in L?(S™) of the
space of homogeneous polynomials of degree n on R™*! into the sum
of irreducible components of the group SO(m + 1). We consider the
asymptotic behavior of the sequence v, (t) = E(Elg‘rig)z) ,
the projection onto #;, and E stands for the expectation in the Kostlan-
Shub-Smale model for random polynomials. Assuming > — a > 0 as

n — oo, we prove that v, (t) is asymptotic to ,/‘f—n"e_"(l"'%)(t_““)z,
where 0, = $(Va? + 4a — a).

Keywords: random polynomials.

where t = £, 7 is
n

1. INTRODUCTION

Let P, be the space of homogeneous polynomials of degree n of m + 1 real
variables and H; be the space of all harmonic polynomials in P;. There is the well
known SO(m + 1)-invariant decomposition

M o= e,
J€In
where
(2) Jn={j€Z:0<j<n, n—j even}.
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218 V. GICHEV

The spaces H; are irreducible. Both P,, and H; can be treated as function spaces
on the unit sphere S™ in R™!. Note that the traces of |z|"7H,; and H; on S™
coincide. Thus we may assume that

H; CP;CPy if jE Jn

The Kostlan—-Shub—Smale model for random polynomlals is the Gaussian distribution

in P, whose density is proportional to e ~fal’ for some special Euclidean norm
\ | (see Section 2 for the definition). Expectations of some metric quantities of
random functions from finite dimensional Euclidean shift-invariant function spaces
on compact isotropy irreducible homogeneous Riemannian manifolds were considered
in [2]. Let M and & be such a homogeneous space and a function space, respectively.
After normalization, the evaluation mapping evg : M — & defines an equivariant
immersion of M into the unit sphere in & which is a local metric homothety.
The coefficient s of the homothety is an important ingredient of formulas for the
expectations: for example, the mean number of solutions to the system u;(x) = 0,
where j = 1,...,m, m = dim M, and u; € &;, is equal to the product ;... 5.,
where s; is the coefficient of metric homothety for &;. If £ is irreducible, then it is

an eigenspace of the Laplace operator A and s = \/% , where \ is the eigenvalue of
—A in &. Thus, s is independent of the Euclidean structure in £, which is unique
up to a scaling factor in this case. If £ = & + - - - + &, where the sum is orthogonal
and &; are irreducible for all j =1,...,k, then

s? = Vls% + - +Vk8i,
2
where v; = % and ¢; = |eve,(p)|, ¢ = |eve(p)| (c; and ¢ are independent of the
choice of p € M). For the Kostlan-Shub—Smale model and the decomposition (1),
the coefficients v; ,, were computed in [3]. As functions of t = m ,i=1,...,n,
2 7YL 1
they are asymptotic to f(tz el =)
In the above assertions m is supposed ﬁxed In this paper, we prove similar results

assuming 7' — a > 0 as n — co. We give another definition of the coefficients v; ,,:

o E(lmuP)
n = P
! E(ful?)
where 7; is the orthogonal projection onto H;, | | stands for the norm in L?(S™),

and E is the expectation in the Kostlan—Shub—Smale model for random polynomials.
A computation shows that the definitions agree.

Substituting m = an and j = tn into the explicit formulas for v;,, we get
the functions v, ,(t) defined on the interval (0,1). They are log-concave, v, (t)
attains its maximum near o, = 1(v/a2? + 4a — a). The maximum equals to “ﬂ—":‘.

2
ga(if\/ﬁaa)
Vn

Moreover, v, p (%) is asymptotic to , where g, is the density of the

Gaussian distribution with the zero expectation and variance 4_%&. The additive

approximation error is O(n~!) but the relative error is greater than O(n_%). There
is more precise asymptotic formula (see (24) and (29)).

The results above concern the asymptotic behavior of the function v, ,. They
are proved in Theorem 1. The asymptotic of v;, also depends on the rate of
approximation of a by a,, = "= as n — oo. For example, v, ,, is asymptotic to v,
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in L'-norm only if a,, —a = o (n_%). The terms O(n~1),0(n"2) in the asymptotic
formulas of Theorem 1 are locally uniform on a and t. Since the quotient a,, = "=
can be treated as a small perturbation of a, this makes it possible to estimate the

total contribution of the spaces H; such that % lies outside the e-neighborhood of

2
04 the ratio % decays exponentially as n — oo for any € > 0. Here 7, is

the projection in P, onto the sum of the spaces H; such that |% — Ua| <e||is
the norm of L2(S™»), and u is the random Kostlan-Shub-Smale polynomial. This
is proved in Theorem 2.

The results described above may be treated as follows. Suppose that n is large,
“ is not very small, and u is a random Kostlan-Shub—Smale polynomial. Then
one have to expect that sum of harmonics from H; such that |% — 04| < g, where
a =" define a good approximation of u in L?(S™).

n’

As usual, f ~ g means that the limit of % equals 1.

2. PRELIMINARIES AND AUXILIARY MATERIAL

Throughout the paper, we use the decomposition (1). As a rule, #; and P, are
treated as function spaces on the unit sphere S™ in R™*1. In the sequel, m (may
be, with indices) denotes the dimension of the sphere. We drop it in the notation
for spaces or functions in order to avoid awkward formulas. The spaces H; and P,
are considered with two distinct Euclidean structures: the first, ( , ), is induced by

L?(S™) for the invariant probability measure on S™, the second, ( , ), is defined
by

g = 02

where o = (ag,@1,...,0m, ), al = ap!... ay!, and 2@ = z5° ... 2%, This inner
product in P,, could be defined by the formula

(@) = (g ) e

(notice that the right-hand part is constant). To the best of my knowledge, it was
introduced in the the book [7] by E. Stein. This product is a very useful tool due to

the evident property (uv,w) = (u,v (%) w) (for example, with v = ||? it provides

the simplest method to prove (1)).

In what follows, the objects relating to the second inner product will be distinguished
by the tilde. In particular, this is true for the evaluation mappings ev,ev: S™ — &
which are defined by the identities

() u(p) = (ev(p), u) = (ev(p),u),

where p € S™, u € £ (from now on, & is a non-specified finite dimensional SO(m+1)-
invariant function space on S™). The spaces H; are SO(m+1)-invariant, irreducible,

and pairwise non-equivalent. Hence | | and | | are proportional on #;:

—~2
(6) |ul?> = 7jnlul  for all u € H,;.
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Clearly, | ev(p)| and |eév(p)| are independent of p. We denote them by c¢; , and é; »,
respectively. The equalities (5) imply

(7) E?,n = ijnc?,n'

—_~

Let £ = P, and C,, = |ev(p)|, C, = |eév(p)|. Since the spaces H; are pairwise
orthogonal, we have
(8) Cr=2jcs, CGns
O’FQL = ZjEJ" c?,n'
The following identities are well known:

C? =dimP, = (n—l—m)’

n
(m+j—2)!(m+2j-1)
(m — 1)lj!
The coefficient 7; , was found (in an equivalent form) in [5] (there is a direct proof
in [3]):

9) ¢, =dimH; =

()

(10) Tjmn = o (n—g+2) T (m+n2+j+1) :

Euclidean norms | | on a real vector space V and the Gaussian probability measures
m=%e~ 12" dz are in one-to-one correspondence. Here d = dimV and dx stands for
the Lebesgue measure defined by the norm | |. Let U be a linear subspace of V and
P be the orthogonal projection onto U. The expectation of |Px|? for the Gaussian
distribution corresponding to the norm | | in V can easily be computed:

(11) E(|P2f?) =7~ / |Pz|?e1#1" do = %dim U.
v

We denote the expectation in the Kostlan-Shub—Smale model by E. Let m; be the
orthogonal projection onto #;. Set

S
(12) Vim = LW‘J ).

Elul?)
Clearly,

Z Z/j,n =1.

JE€JIn

~ L —~—2 2
Due to (6), E(|mjul®) = 7jnE(|mjnul ). Since 2E(|mjnu| ) = ¢5,, by (11) and (9),
(7) implies 2E(|mju|?) = &, and, together with (8), 2E(|u|?) = C2. It is known

] i
that C2 = 2 (see [6]; this also can be deduced from the definition above since

the mapping év can be explicitly written: év(p)(z) = <p’:!> , x € 8™, due to the
equivariance of the mapping év and the equality || = n! which is the same as

ev(o)(z) = % = 20 where 0 = (1,0,...,0)). Therefore,

n!’
TjnCin 0T (L) (m 45 —2)/(m +2j — 1)
ér% - on (n—g+2) r (m—&—n;—j—&-l) (m B 1)]]]

(13) Vin =
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Ytz A direct calculation shows that

Set Pin =

jyn

-2 —2 4 —J
(14) pin=(1+22) (14+ 222 (14 = I
' Jj+1 Jj+2 2j+m—-1)n+m+j5+1

3. ASYMPTOTIC BEHAVIOR OF Vj, AS n — 00

Let ¢2 ,,(t) and 7,,,(t) be the functions of ¢ which we get substituting m = an
and j = tn into (9) and (10), respectively:
2 () = T((la+t)n—1)((a+2t)n —1) 7
' L(an)(tn + 1)
r ()
- on[ (%H—F %) r ((1+a+2t)n+1> ’

In accordance with the definition of ¢, we assume 0 < ¢ < 1 unless the contrary is
stated explicitly. The functions Egm, Vg,n, and rq_, may be defined by the equalities

Tan (1)

Gn(t) = Tan(t)ed (1),
(15) Van(t) = nlé?z,n(t)a
r (t) _ Van(t+2)
a,n = Var(®)

as well as by substitution m = an, j = tn into (7), (13), and (14).
Note that 745, c2 . and Va,n are positive on (0,1). These functions are also

a,n’

strictly concave if n is sufficiently large. Indeed,

4
2 _ 2
(nc},)" () = (W((a -t = 1) = W((tn+ 1) = s ),
where U'(z) = (InT)"(z) = Y77, ﬁ If n > 2 then (a+t)n—1 > tn+1,
whence (In¢? ,,)"(t) < 0. The inequality (In7,,)"(t) < 0 immediately follows from
(InT)”(z) > 0. Therefore, In v, ,, is strictly concave on (0, 1). Thus, we have a proof
for the following lemma.

. 2 ~2 .
Lemma 1. The functions c; ,, Tan, Ca s and Vo are strictly log-concave on the

interval (0,1). O
It follows from (14) that

2 2
a—= a—= 4 1—-1¢
an(t) =1+ 7 1+ n 1+ .
Tan(t) < t+1)< t+§>( (a+2t)n—1>1+a+t—|—}z

n

Lemma 2. The sequence rq,(t) converges to the function

a)2 1-—t¢

at:<1 i I
Pa(t) 1) Tra+t

as n — 0o. Moreover, the approzimation error |rq..(t) — 4 (t)| is locally uniform on
t € (0,1) and a € (0,00) and the same is true for the convergence of the derivatives

T((I.k'r)L to gogk) for any k € N.

Proof. The function r, , is rational of degree 4 and has four poles which lies in
(—00,0). The coefficients of r, ,, depends continuously on a and % The limit points
of poles as n — oo are 0 and —(1+a). This implies the locally uniform convergence
of rq.n to ¢, as well as the locally uniform upper bounds for the approximation
error. Due to Weierstrass’s theorem, the same is true for all derivatives. ([l
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The straightforward computation shows that

Tan(t) #4(1)
16 ——= =14+ —=+n4(n,t),
( ) ‘pa(t) ( )
as n — 00, where

4 1 1
a+2t l+a+t a4+t

(17) #a(t) =

3
t )
and n?n,(n,t) is uniformly bounded on [, 1] for any ¢ € (0,1). Since

1
W(t) + ——— t 2t)t = —(3a® + 6at + 4t*) < 0
(%()+1+a+t>m+)m+-) (3a” + 6at + 4t%) <
if a,t > 0, we have
1
18 () < ——— <0
(18) a(t) <~ <
and 74, (t) < @q(t) for any t € (0,1) and all sufficiently large n. The equation
va(t) =1
has the unique positive root
Va2 +4a—a
(19) Og = ———
2
since
2t 4+ a)(t> +at —a
oult) — 1 = ( )( )

2(t+a+1)

It is also the root of the equation t? + at — a = 0. Hence

l—0o, = %%,
(20) ato, = -,
l+a+o, = 25

Differentiating ¢, (t) — 1, using (20) and the evident identity (20, +a)? = a(a+4),
we get
(2t + a)?
2t +a+1) =0,

As a function of a, o, is concave. Moreover, it increases, tends to 1 as a — oo, and
satisfies the inequalities

(21) ¢'(0a) = =—(a+4).

(22) 0<o,<1

for all @ > 0. The inequality a < o, holds if and only if a < % Set
#a(0a)

23 W= — .

(23) p (atd)

By (18), 1o > (armyaray-

Lemma 3. For any € > 0 and some A; > 0, the inequality

o A
’lfra,n(aa—i)‘< =
n

n2
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holds for all a > ¢ and sufficiently large n. Moreover, for any p > 0 such that
W #£ pg the sign of Ta,n (O’a — 5) 1 coincides with the sign of u — pg if n is
sufficiently large. *

Proof. We have 74.,(04) = pa(0s) + w + O(n=2) by (16), @u(0s) = 1, and
¢l (04) = —(a +4). Tt follows that ¢/, (0,) ke = Zal%) apq

n

an (0= B2) = ran(00) = 140 (00) 22 + Ol 72)
- ,

= palo) + 2 ot (0B 4 O

=1+ (Phl0n) = 7 1 (00) % +On ) =1+0m2).

The coefficients in O(n~2) are uniform on a € (g,00) for any ¢ > 0 because the
functions are analytic and the convergence of r, , to ¢ is uniform on any sector
|arg(t — )| < a in C\ (=00, 0], where 0 < a < .

Replacing jtq with g in 74,5 (0o — £2), we add 1/, ,,(0,)#2=2 to the right-hand

side of the first equality in the chain above. Since 77, ,,(04) < 0, its sign coincides

with the sign of rq , (aa - ﬁ) — 1 for large n. O

Let t,,, be the unique solution to the equation rq ,(t) =1 in (0, 1).

Corollary 1. For any a,e > 0 and all sufficiently large n we have

tan € (O’a— Ma+6,0a— 'ua_€>.

n n
Proof. The function r, ,(¢) — 1 change its sign in this interval if n is large. O
Set
_ Va(a+2t)
&lt) = V(at+d)(a+t)3t(1—t)’
atp)2(att)
(24) 'Z;Z)a (t) = a“tZt(1—(t)<1‘;2(1+a+t)1+a+t 9

Van(t) = \/ GTT &a (t)wa(t)%

The function 1, admits a positive continuous extension onto [0,1] but &, has
singularities at 0 and 1 as well as v, ,. However, v, , is a good approximation
of v,,, on compact intervals in (0, 1) for large n.

Lemma 4. We have

a,n(t
lim Vaun(t)
n—00 va,n(t)

:17

as n — 0o, where the convergence is locally uniform on t € (0,1) and a € (0,00).
Proof. Since I'(x + o) ~ z°T(x) as x — oo, (13) implies

2ny/m(m + 2§ — 1) (

. ) L(m + )
0 S v m - 1) 2T mEGr (%

T (5+H)

1Actually, we have the inequalities 1 < 2n? (1 — Ta,n (O’a — %)) < cf% +4 for any a > 0 and
all sufficiently large n. They can be proved by computation with the terms of the second order.

. _3 .
The summand 4 is a sharp bound as a — oo, for a~ 2 the same is true as a — 0.
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as m,n,j — oco. Substituting m = an and j = tn, we get

Vo (t) ~ L 2Valat2) I(n)T () I((a+ t)n)
T A= VI tatlatt) 2T(an)T(tn)T (Gin) T (Hetin)

We use the Stirling formula I'(z) ~ /2= (£)” to simplify the last factor. Note that

all terms in it, except for 2", have the form T'(kn). Combining the factors of the
type \/ and their reciprocals, we get

1 [nt =00 +a+t)
2 m(a +1t) '

Its product with the first and second factors is equal to /%2 &, (¢). Computation
of the powers of 2 and 2 shows that they cancel. The remainder is

o (a + )0t "
(aatt(l—t) (1+a+t)++“> = al®)

The results of the calculation shows that \/Tnve,(t) ~ vVa+ 4&,(t)a(t)2. It is
easy to check that the transformations above are locally uniform on ¢ and a. ([l

NH

Lemma 5. The function Ini, is strictly concave on (0,1) and attains its mazimum
at o4. Moreover,

(25) (Iny) = Inep,,
(26) /(/)a (Ua) = ]-7
(27) ga (Ua) = L

Proof. Let t > o, and j,, j; be the least and the greatest j in the set
Jt = Jp N [nog,nt — 2],

respectively. Then Zen(t) — [T;cst Pan.n(j) and, due to (16),

Van, n(]a) -
2 o ]
Eln Zan L ]t _ Z lnran( ) Z Inp, (i) —|—O(n*1)
an,n ja ]G]t jeat

= / In g, (7)dr +O0(n™t).

On the other hand, lim %IHM = In,(t) according to Lemma 4. Hence
n—oo

Van,n(Ja)
(Ine) (t) = Inpy(t) if t > o,. Since 1, and @, are real analytic on (0,1), the
equality (25) holds for all ¢ € (0,1).

Clearly, ¢, > 0 and ¢/, < 0. Due to (25), v, is strictly concave on (0,1). By
definition of o,, we have @,(0,) = 1. Hence o, is a critical point of In, which is
necessarily the strict maximum.

Due to the equalities (20) and (24), 1,(0,) is a product of powers of a and
0q- A direct computation of the degrees shows that they cancel. This proves (26).

Similarly, these equalities together with a + 20, = y/a(4 + a) imply (27). O
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The first of the following theorems concerns the asymptotic behavior of the
functions introduced above, the second deals with the rate of approximation of the
coeflicients v; ,, by these functions.

In the statement of the theorem below, s, 04, fta; Va,n, and v, , are defined by
(17), (19), (23), (15), and (24), respectively. We assume that v, , is a function on
(0, 00) which vanishes outside (0,1). Set

4+a ay,,2
gul) = || 2 e

Theorem 1. Let a,e > 0. Then v, has the unique critical point 9,, € (0,1) and
for all sufficiently large n

a+
(28) aa—un€<ﬂn<o—a—

fg — € — 2
—_—
Moreover, for anyt € (0,1)

(29) Va,n(t) = Ua,n(t)(l + O(nil))

as n — oo, where O(n=1) is locally uniform on t € (0,1) and on a > 0. For every
y >0

(30) o () = 20D o

as n — oo, where O(n~1) is uniform on y > 0 and locally uniform on a > 0.

Proof. Let t,_, be as in Corollary 1. Then v, (ta.n) = Van(tan + %) This equality
implies that v, , has a critical point

2
19n € [ta,nata,n + :| .
n

This inclusion and Corollary 1 imply (28). Since ln v, , is strictly concave, vq ,(t)
attains at 9, its maximal value on (0, 1).
By (15) and (16),

. Vam(t + %) .
nlggo In T() = nl;ngo Inrg o (t) =Inp.(t).
According to (25),
n 1/)a(t + %)

= (Inv,) (t) = In g ().

lim —In

va,,n(t"l'%) Va,n(t""z)

Hence lim,,_ oo In S = Inp,(t) = lim, o In T where the second
equality follows from (16). Moreover, (25) implies
Yalt+ 2) 2 1 s (2 s
In ——2> =lne(t)— + =(1 t) | — )
n T () + 50 () (2) 0™
and consequently
Van(t+ 3) 2(In&a)"(t) + (In pa)'(2)

In =Inp.(t) + +0(n™?).

Va,n(t) n
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Together with the equality &,(t)%p,(t) = (a+4)((:z(i:;f§zl+a+t) this implies
an(t+ 2 4 1 1
lim nlnv’(Jr”): — — _§:%a(t).
n—00 Van(t)palt) a+2t 1+a+t a+t t
On the other hand, by (16) we have
an(t+2
lim nlnw = 2,(t).
nTreo Va,n (t)$a(t)
Setting Xa,n(t) = 4= :87 we get
an(t+2
lim nlnX n(tty) =0.
n— oo Xa,n(t)
D .. . Xan(t+2) Va,n(t) ) - .
ue to (15) and (24), this implies that In e =hn Tan(t) ooty ) 1s analytic

_ - t+2 .
on n~! near zero. Hence the limit of n? In X“X#(t)”) as n — oo exists? and, moreover,
a,n

it is a rational function w that is analytic on (0,1). Let J! be as in the proof of

Lemma 5. Then
J+2 )

In &2 7 Xan(t Zl Xan( ’? +0(n?) = 1/t w(t)dr +0(n?).
2n J,,

Xan( a jegt Xan )

This proves (29). The term O(n~!) in (29) is locally uniform on ¢ and a due to the
explicit formulas for v, ,, and v, above.

The proof of (30) is standard. Since o, is a critical point of 9, and 1, (c,) =1
by (26), we have Int, (0, +7) = ar? + O(73) as 7 — 0. The equalities p,(c,) = 1,
(21), and (25) imply

1 1 1
a=(In¢a)"(0a) = 5(Inp) (0a) = =5 (a+4).
2 2 2
For ¢, we have In&, (0, +7) = Br+~72+ O(73) by (27), where 3 = ¢/ (0,). Setting
T= %, we get

L Yus L)%:lz A -1
n(ﬁa(aa—i—\/ﬁwa Ua—f—\/ﬁ ) 2a17 +B\/ﬁ+0(n ).

Hence the left-hand part of the equality above converges to %omQ uniformly on 7 on
any finite interval in R. Together with (24) and (29) this implies (30). Since In v, p,

is concave, it decreases on the right of o, and increases on the left. Hence O(n~!)
is uniform on (0, 00). O

According to the theorem above, v, concentrates near o,n. The following
theorem clarifies this. In its statement, v, is a function on R that is the composition
of a dilation, a shift, and the piecewise constant extension of \/nv; , onto R, where
Vjn is defined by (12):

- . .
() = VN Vjn, ]ﬁ<x7\/ﬁaa§ﬁ, ji=1...,n
0, x>n(l—o0,) or x < —y/no,.
By 74,n we denote the measure ZjeJn yjyné%, where J; is the Dirac measure at s.
Due to the equality Y jeg, Vim =1, Vg is a probability measure on [0, 1]. Further,

2it is equal to =

1 24
((1 7~ # G T e T <a+2t>2>
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| fl1 is the norm of L*(R) and dx stands for the Lebesgue measure. For € € (0,1),
let J. , be the set of j € .J,, such that 2 € (0, —¢€,04+¢) and 7. be the orthogonal
projection onto the sum of the spaces H; over j € J. .

Theorem 2. Let a,e > 0 and m, be a sequence of natural numbers. Set a,, = "=,
Then the following assertions hold:

(1) o lim a, = a, then Dy, n converges x-weakly to d,,
n—oo
(2) li_>m | — gallh = 0 if and only if ILm Vvn(a, —a) =0,
n o0 n (o]
(3) 4f lim a, = a, then for all sufficiently large n
n—oo

E(ju — moul?)
E(lul?)

where ¢ = max{,(cq —€),Ya(0a+¢€)} <1, A >0, and A depends only on
a and €.

< Ay/nq™,

Proof. The implication (1) is evident. Due to (19), lim, o v/n(a, —a) = 0 is
equivalent to lim,, . v/7(0q4, —04) = 0. Since O(n™1) in (30) is locally uniform, it
is also equivalent to the pointwise convergence v,, — g, as n — oco. Thus the part
“only if” of (2) follows from Lebesgue’s Dominated Convergence theorem. The part
“if” is obvious.

It remains to prove (3). Let us denote o« = o, —¢, 8 = 0, +¢ for short. According
to the definitions of v;,, and 7.,

U — T:U ] ]

u E Vjn = E Van | =) + E Van | =

E(lul?) . X n . - n
JQJ J€Jn, j>Bn je€Jn, j<an

We consider only the case j > fn because the proof can be repeated almost word-
for-word if j < an. Moreover, we may forget that a,, # a since the involved functions
are continuous at a and 8 and do not vanish at them for all sufficiently large n.
Thus a perturbation of a can change only the multiplicative constants.

Any smooth positive function f on some interval which is strictly log-concave

() (0
satisfies the inequality f(z) < f(zq)e Tiao) (@ %) 2 # 2. By Lemma 1, we may
apply it to vg . Thus
vl 0 (B)
t—
Van(t) < Van(B)erer® ™,

where 8 <t < 1. By Lemma 4 and Weierstrass’s theorem,

lim (Invg)'(8) = (nva,n)'(8)) = 0.

It follows from (24), Lemma 4, and (25) that for all ¢t € (3,1) and sufficiently large
n we have

Van(t) < Van(B)efS~LE=H)

where K > In¢/,(8) and L = —Ing,(3). Note that ¢,(3) < 1 since 8 > o,. The
inequality

i 2Lj 1 < n
e~ — e
=0 1 —e % 2L
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and (24) imply the estimate >, ; . 5, Vin < By/n(B)%, where B depends
only on 3, holds for all sufficiently large n. Adding the sum over j < an, we get (3)
with some A > 0. O
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