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BREZIS-MARCUS TYPE INEQUALITIES WITH LAMB
CONSTANT

R.G. NASIBULLIN

ABSTRACT. Hardy-type inequalities with an additional term are proved
for compactly supported smooth functions on open convex sets in the
Euclidean space. We obtain one-dimensional L,-inequalities and their
multidimensional analogs on arbitrary domains, on regular sets, on
domains with #-cone condition and on convex domains. We use Bessel’s
function and the Lamb constant.
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1. INTRODUCTION

Let Q be an open, connected set in R™. By C}(Q) denote the family of
continuously differentiable functions f : Q@ — R with compact supports lying in
Q2 and denote by d(z) the distance from a point = € Q to the boundary 02 of ,
ie.

§ = d(z) = dist(z, 0Q).
It is know that for all convex bounded domains €2 in R™ and for all f € C$(£) the
following inequalities

& [vs@pas > [HD a0
Q Q

o(x)

is valid (see for example [15], [21] and [22]). The constant 1/4 in (1) is sharp for any
convex subdomain of R™. This inequality have been generalized and modified in
many different ways (see for example [3], [9]-[13], [18]-[23] and [24]). We especially
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want to highlight a remarkable book by Alexander A. Balinsky, W. Desmond Evans
and Roger T. Lewis "The Analysis and Geometry of Hardy’s Inequality”, which
collected the most beautiful results on inequalities of Hardy type.

In 1997-1998 H. Brezis and M. Marcus [14] get the Hardy type inequality in a
convex bounded domain €2 with an additional term, namely,

Jir@pkn = [ ar s i [1r@Pdevs e o).
Q Q Q

where H{ () is the closure of the family Cg(Q) of smooth functions f : @ — R
with finite Dirichlet integral and supported in Q and D(2) is the diameter of Q.

H. Brezis and M. Marcus have asked whether the diameter of €2, in the last
inequality can be replaced by an expression depending on the volume || := Vol(2)
(see [14]). This question was recently answered in [20]. Namely, M. Hoffmann-
Ostenhof, T. Hoffmann-Ostenhof and A. Laptev in [20] proved that for all f €
H}(Q) the following Hardy type inequality

2
@) /\Vf( par > 2 [ g ilmm/u ) 2da,
Q

J o)

holds, where |S"~!| is the surface area of the unit sphere S*~! in the Euclidean
space R™, |Q] is the volume of the set {2 and

Koy = (1)

W.D. Evans and Roger T. Lewis in [17] improved the constant in the additional
term of (2). Indeed, they obtained that

2 L [f@P, 3K
Q Q

See also [13].
In 2004 J. Tidblom [24] proved the following inequality for functions f from the
corresponding Sobolev space:

)
Py > ¢ |f ()] " (p 1)\FF( S )|Pda
Q/IVf(r)ld 2o\ [ Si et T T <n|9|> /|f ez |

n
2

where p > 1, Q is a convex domain in R™ (n > 2), |[S"~}| is the surface area of the
unit sphere S*~! in the Euclidean space R™, |Q] is the volume of the set €2, T is the
gamma function of Euler and

C, =

! p

Note that the inequality (3) is an extension of the inequality (2) for p = 2 in the
case of arbitrary p > 1. Note also that the constants in the additional term of the
above inequalities depend on the diameter or the volume of a domain. In [4], [9], [10]
and [18] the authors proved inequalities connected with the inradius do(€2) defined
as

0o = 00(2) = sup d(x),
x€eQ
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where §(z) = dist(z, 9Q) is the distance function to the boundary of domain.
Denote by J, the Bessel function:

oo (_1)kx2k+u
= >
(@) k;) P+ 14+ 0) 2

Following [9] and [10] we shall call Lamb’constant the first positive root
z= A (2(s —1)/q) of the equation

where v > 0, s and ¢ are fixed parameters.
For example, in 2011 F.G. Avkhadiev and K.-J. Wirths [10] proved the following
inequality with the sharp constants:

Assume that s € (1,+00),q € (0,+00) and v € {O, ﬂ Then for any function

from the closure of family smooth functions supported in Q0 and having finite integral
[ IV 26—t dx the sharp inequality

Q
(5)

VIR, , =0 (IR, @ECE 1/ [ i
/ ph / o S /

.27

Ju(2) 4+ 22J,(2) =0,

V

is valid, where \2(2(s — 1)/q) is the Lamb constant.

The inequality (5) is a bridge between Hardy’s inequality of the classical form and
sharp estimates of the first eigenvalue A;(€Q) of the Laplacian under the Dirichlet
boundary condition for n-dimensional convex domains  (for details, see [10] and
references therein).

The aim of this article is to prove an analogue of inequality (5) with Lamb’s
constants for the case p > 2. Let us note that in a number of papers ([4], [5], [7])
the authors proved L,-inequalities.

Namely, here we shall consider Hardy type inequalities of the form

V(@) s )P
[ e / B R

Q

where by ¢(€2) and ps we denote the best constant in this inequality.
It is know that if s > n for an arbitrary open sets Q@ C R™ and f € C}(Q)

o= (5] ez (5) oy

This was proved by F.G. Avkhadiev in [5].
In [17], for convex domains @ C R™ W.D. Evans and Roger T. Lewis obtained

that
(s—1)P [ 2 \"° 1
()25 (D(ﬂ)) Bln.p)

5 () o ()

Note that the last constants depend on the diameter and the volume of 2.

and
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F.G. Avkhadiev and I.K. Shafigullin (see [8]) proved that if € is a convex domain

then the sharp constant
s—1\"
cs(Q2) =
p

Further assume that s > 1,¢ > 0,p € [2,00),

, 521} and A\, (2(s—1)/q) is the
Lamb constant. During this article we suppose that [S"~!| is the surface area of the
unit sphere S"~1 | |Q| is the volume of the set , D() is the diameter of €,

L) (3)
VAl (232)
o= (G222 PPN D/g)
PP 2 (s—1)2 -3¢’
In the case p = 2, the following are special cases of our results. Let {2 be a convex
domain in R”. If s —2 > 0 and s — ¢ < 0, then for all f € C3(Q)

VE@P o g [H@E (18N [ @)
[ Sraenes B [Getae v (Srl) [ 50505
Q Q Q

B(n,s) =

and if s —2 < 0 and s — g > 0, then

:L’ 2 o Sn 1
[V = e, / T 2o (Y / (@)

Q

This paper is organized as follows. In the first part we obtain one-dimensional
inequalities. The second section devoted to inequalities in the multidimensional
case. We consider inequalities on arbitrary domains, on regular sets, on domains
with #-cone condition and on convex domains.

2. ONE-DIMENSIONAL INEQUALITIES

Suppose that ¢ € (0,00), s € (1,00) and v > 0. Consider the function F,
defined by

Fysq(e) = 207020, (Ma(s = D)/a)a??) .z e [0.1]

It can easily be checked that
-1 .
x

F (@) =

V,8,q

) (2072) + @t 12 ),
F, ,(1)=0, F,,4(x) >0,z € (0,1 and F, , ,(x) >0, z € (0,1).
where z = )\, (2(s — 1)/q) is the first positive root of the equation (4).
Further, the function y = F), 5 4(x) is a solution of the differential equation

S — 2_1/2 2 23y2 s —

Using the expansion for the Bessel function it is not hard to prove that

oF . (x -1
(7) llm V,S,q( ) — S + Z/q
z—0 Fyﬁsyq(x) 2

(see [9]-[11] for more information).
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For a(n al;;olutely continuous function f : [0,1] — R with property f(0) = 0 and
|f/(z)|=\P—*)/P € LP[0, 1] we have

T p—1

oF < | [irwa) < [ita 'gy%t
0

0 0

::<p-—1)p‘1x If()th

s—1 ts—p

Using the last estimate and (7) we get

. S@IP Py @)

x_’o 7% Fysq()
Lemma 1. Let A\, (2(s — 1)/q) be the Lamb constant. Suppose thatp > 2, s > 1,
q € (0,00), v € [0,(s —1)/q] and f be an absolutely continuous function in [0,1]
such that f(0) =0 and |f'(x)|zP=*)/P € LP[0,1]. Then

1 1 1
[t ([, 2
0 0 0

(s = 1) = 12g?)")2

2X2(2(s — 1
. — and p. =4 v(2(s —1)/q)
PP 2 (s—1)—v?¢?

=0.

where

Proof. Without loss of generality it can be assumed that f is a positive and
nondecreasing function. Indeed, if
x
= [ 17

where f(z fo t)dt, and the following inequality

b
(9) g%wmwsa/wwwwx

m\@

holds then we have
b

/blf(ff)lpw(w)dfﬂ < /bg”(fﬂ)w(ff)dx < Cl/g’p(x)v(ff)dx = Cl/blf’(x)l”v(x)dff

a

xns/ﬂmMﬁ:mmgm»:W@»
0
Clearly,
1
[ _2y@) ? .
_O/ - ( ) py(x)f( )>d

1 1
) ) 4 4 [ () (@)
/ e *P/y )+w/w4wm“'
0 0
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Integrating by parts one easily obtains

. /1f”‘2(x)f’2( ) i tin @Y @) 4 / () PV )+ = ay/(a)

xs? e 22 y(z) PP y(z)zs
0 0

X.

Using the asymptotic behavior (8) and the differential equation (6) we get

1
/fp 2( )f/Q 4 / 5—1)2_1/2q2 q2A§(2(S—1)/q)
P + dr.
52 p = 2a
0 0
Consequently,
1
P— 2 /2 p 2 ) - ,
/f ) f*( d >/f A2(2(s—1)/q) f(x)da;
(s — 1 — v2g2 52 TR e
0
Applying the elementary inequality (see [19])
B < <p+M)+
~\ P1+p2
to the quantities
fp(x) pp f/p(m)
= — B 1 2 2
xs 7b ((8 — 1)2 — V2q2)p/2 5P yP1 and D2 ,
we obtain
1
P’ f/p / 1P (x pPNE(2(s —1)/q) [ fP(x)
> —
(om Vit e d d + 2 (s—1)2—v2¢? 54 dx
0

0

This complete the proof of Lemma 1. (I

Theorem 1. Suppose that 0 < b—a < 00,d(x) = max{z — a,b—z}, p € [2,00),

€ (1,00), g € (0,00) and v € [0,s/q]. If f : [a,b] = R is an absolutely continuous
function such that f(a) = f(b) = 0 and |f'(x)|/6¢~P)/P(x) € LP[a,b]. Then the
following inequality

b b
[f"(@)[” [f () [” [f (@) ”
(10) @)™ 7\ ) e e / sa(e) ™

a a

a

is valid, where A, (2(s — 1)/q) is the Lamb constant, 5o = 5% and

o (=12 =022 = PEXNs —D/g)
® PP T2 (s—1)2—v2g2

Proof. By the change x = pt of variables for any constant p > 0 the inequality of
Lemma 1 implies that

[1f/@)P If oy e [ U@P
xS—P pq s—
0
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Now apply the last inequality to functions u(t) = f(t + a) and u(t) = f(b—¢) with
p=20 = b’—“. We have

b b
|f’ |f ()] |f(@)[?
e /(b—x> wi e [ Gh et
8o Jo do
and
o » do »
o [ ([

Summing (11) and (12), we get (10). This complete the proof of Theorem 1. [

3. INEQUALITIES IN HIGHER DIMENSIONS

3.1. Inequalities on open sets. Let 2 be an open subset of the Euclidean space
R™ and let C}(2) be the family of continuously differentiable functions f : Q@ — R
with compact supports lying in Q. By S*~! denote the unit sphere in R™. For each
x € Qand v € S"! define

Ty(x) =min{s > 0:z+sv ¢ Q}, p,(z)=min(r,(x),7_.(z)),
Dy(z)=1()+71_,(x), Q={ye:z+tly—2x)ecVtel01]},
o(x) = yeiélnffl 7, (x) = dist(x, 092),

D(Q):= sup D,(z).
zeQ,vesn—1

The volume of , is denoted by |€,|. Clearly, 2, C Q. In [16], Davies introduced
the mean distance function p(z) is defined by

1 1
o2 = / ool

§n—

where dw(v) is the normalized measure on S~ !, ie. [ dw(v) =
S§n—1

For general s € (1,00), there is the analogue (see [13], [17], [24])
s dw(v
plx,s)™% = / ( 1.
. pu(x)

s
Obviously p(z,2)™2 = p(z) 2
The main result of this section is the following assertion.
Theorem 2. Let Q be a domain in R™ and let \,(2(s—1)/q) be the Lamb constant.
Suppose that s € (1,00),q € (0,00),p € [2,00) and v € [0 2= ] If s—p>0 and
s —q <0, then for all f € C}(2)

VS ()] s f (@)l <Sn )
! Sy % Bl \ ) sy / o qm |*dx

Q
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Ifs—p>0ands—q>0, then for all f € CL(Q)

V(@) s 1 (@) 24, (1" N\ [ If@)P
[ S B J o D () GAERS
Ifs—p<0ands—q<0, then for all f € C}(Q)
o o2 @ (|S“1|> i
/|Vf )Pdx > D (Q p(%s)sd + ps " /5 P d .
If s—p<0ands—q>0, then for all f € CL(Q)
e > G2 | (@)l 254y |S"-1|)3 (@)l

/ V= Dy ( s s ( J dem)'

Pmof By Theorem 1 we obtain

|a e, If p 206D/ [ @
268 (s —1)2 — v2¢2 Py (x) ’

v ay

where 0, f,v € S*~1, denote the derivative of f in the direction of v and (a,,b,) is
the interval of intersection of 2 with the ray in the direction v.

Integrating both sides of the last inequality with respect to the normalized surface
measure dw(v) on S"71, we get

/ 10, f( )|pdw(1/)dx

pu( )P
Q sn-1
1 2 T > y
vhere (5= 1)2 = 22?2 2225~ 1)/g)
_ ((s=1)* —vg)? _Bq/\VQS—lq
cs = o and ps = 3 -1 —12g2 "
Note that
0, f| = v -V f|=I|Vfl|lcos(v, V)
and
| ut@Paew) = Bapvi@P,
Sn71
where (p+1) ( )
(2 (2
B ; — 2 2
R ()

(see [17], [24] for more information).
In his paper [24], J. Tidblom proved that

(13) / (D2<>> S (fé'f?xl”)_z'

§n—1

Let us consider 4 cases.
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Case 1: s —p > 0 and s — ¢ < 0. In this case, using (13) and the following
inequalities
1 < 1 1 S 1
P S T @y T b
for any v € S"!, we have

IV /()P s | (@)]P (|Sn )
Q/ o(x)*—P = B(n.p) \J p(:v,S)de+ /6 . QIQ \ndw

Case 2: s—p >0 and s — ¢ > 0. Since
1 < 1 1 < 2574
po(@) P =50 p(@)yr = D(Q)
and (13) it follows that

/\Vf(fr)\p s G F@P 2 (|S”1>3 @l
x)s—P 5

d
~ B(n,p) / plx,s)® z+D(Q)S—‘1 n

Case 3: s —p < 0 and s — ¢ < 0. Combining (13) and the following inequalities
p—s
L _D® 1

; f c Sn—l
T Y DL b

we get

/IVf IPdz 2 Cé2p : /|f (IS" 1|) /5 - qm |ndx

Case 4: s —p < 0 and s — ¢ > 0. In the last case, since

1 _D@pr Lo 2
1
py(z)s=p = 207s pu(x)s=P = D(Q)54

it follows that

e ([ 7@ 2-1, (|S"1|)5 | ()P
/ Vi@ de 2 gy S\ oo D@ R

This complete the proof of theorem 2. O
3.2. Inequalities on regular sets. Recall that

1 1
PeSch / o )

Sn—1

where dw(v) is the normalized measure on S*~1.
We say that a domain {2 C R™ is regular if there exists a finite constant m(€2) > 0
such that
0(x) < p(x) <m(Q)o(z) Vax e Q.

We shall call m(2) a regularity constant for the domain €2 (see [16], [25] for
information).
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In [16], [25] sufficient conditions for regularity are obtained. For example, E.B.
Davies [16] get the following sufficient condition: The region  C R™ is regular if
there exists a constant m(S2) such that

Hy e Q: |y —a| <r} >2m(Q)r?
for all a € 99 and all r > 0.

In [25], A.M. Tukhvatullina proved a sufficient condition of regularity for
multidimensional domains in R™, n > 2. Some examples of regular domains were
considered in [25]. In particular, annuli with radii R; and Rg, when Ry > R;/5,
and balls with removed spherical sector are examples of regular domains.

Let us remember that [S"~!| is the surface area of the unit sphere S"~! | |Q] is
the volume of the set 2, D(Q) is the diameter of §2,

Q. ={yeQ:z+tly—x)€Q,Vtel0,1]},
P ()

B _ 2 2
(’I’L7S) ﬁr(n;rs) ?
_1)2 _,,2.2\p/2 212 _
o = D=2 L A2 —1)/a)
PP 2 (s—1)2 -3¢’

The following theorem holds.

Theorem 3. Let Q2 be a reqular domain in R™, m(Q) be a regularity constant for
the domain Q and let A, (2(s — 1)/q) is the Lamb constant. Suppose that s > 2,q >

8;1}. Ifs—p>0ands—q<0, then for all f € C3(Q)

V@) ¢, L (@ SN @)
[ Sorie 2w [ e+ (B ) J Sy
Q Q
Ifs—p>0ands—q>0, then for all f € CL(Q)

V(@) e, f (@) 21, (18" )"
/ 57 2 B, / 5(x) P+ D) ( te] > /|f(x)|de
Q Q
Ifs—p<0ands—q<0, then for all f € C}(Q)

s 2 (L (U@l <|§“-1>3 F@)

/ VIl = By m(msg/ sy el / sy
If s—p<0ands—q>0, then for all f € CL(Q)

| f (2)[? 2579, (S" 1l)
/IVf )Pdz > ( 7 / 5 —dx + D)7 \ i /\f )|Pda

Proof. Since the function f(t) = t*/2 is convex when s > 2 and ¢t > 0, we can use
Jensen’s inequality to get

s/2

S§n—1 n—1
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Consequently, for regular domains we have

1 . dw(v) 1
sy / po(2) = m(Q)a(a)

S§n—1

It is obvious that |Q,| < |2]. Therefore, the inequalities in the statement of the
theorem follow from theorem 2. O

Example 1. Let 2y be concentric circles with radii Ry and Ry, when Ry > Ry /5.
It is proved in [25] that m(Qg) = 2v/12. Consequently, if s —p > 0 and s — ¢ < 0,
then for all f € C} (o)

IV f(x)]? s 1 [f@)P 1 \? [ |f(@)P
[ 52 5 | / o o (o) / oy

0

Example 2. Let 2, be a ball with removed spherical sector. Let R be radius of
the ball. Consider the cone that correspond to the removed spherical sector. By «
denote the cone angle, i.e., the angle between the rim of the cap and the direction
to the middle of the cap as seen from the sphere center. In [25] it was shown that

2V7

o
Sln4

m() =

Consequently, if s —p >0 and s — g < 0, then for all f € C3(4)

[ 25 s (1) ) 5

)
Q

Above we use that [S?| = 47 and |Q;| = §7R% cos &.

3.3. Domains with 6-cone condition. The boundary 02 is said a 6-cone
condition if every x € 902 is the vertex of circular cone C, of semi angle § which
lies entirely in R™ \ © (see [13]).

Assume that |[S"7!] is the surface area of the unit sphere S"~! | |Q] is the volume
of the set , D(Q) is the diameter of €2, h = h (1 sin#),

By~ DT )

N (O Y Y0 IR VI L)
s pP T2 (s—1)2—12¢2

The following theorems holds.

Theorem 4. Let 9Q satisfies a 0-cone condition and let A\, (2(s — 1)/q) is the
Lamb constant. Suppose that s € (1,00),q € (0,00),p € [2,00) and v € [O, 521}. If
s—p>0ands—q<O0, then for all f € C}(2)

Vi@P, e [ [U@F (SN @P
Q/ 5=+ = Bln.p) 2/ fgae e () J sy
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If s—p>0ands—q >0, then

|V f(x)[? |f(z)[P 2574y, (S” 1|> )P
Q/(S(I)Sp dv = B(np 25/ @ T Dy \ g /'f )" dz

Ifs—p<0ands—q<0, then for all f € CL(Q)

P stz g [0 aren (Sd) [ B
Q

Q

Ifs—p<0ands—q>0, then for all f € C}(Q)

D=5 s—q o Sn—l %
Jr@ra = g | o / Ll 2 (B5) [
Q

Q

Proof. By h(«) denote the solid angle subtended at the origin by a ball of radius
a < 1, whose centre is at a distance 1 from the origin. If 02 satisfies a 6-cone
condition, then for all x €

1 h (% sin 9)
plx,8)s = 2%§(x)*
For more information we refer to the book [13], p. 86.

Using the last estimates and theorem 2, we get the inequalities in the statement
of the theorem. O

3.4. Inequalities in convex sets. Let () be convex domain. It is know that for
convex domains

R dw(v) B(n,s)
pla:s) _Sn/ (@) = o(x)
where
T 521 %
Pl = %rin;%”
o =

=

Moreover, for the case of convex domains |
2 we obtain the following theorem.

|2|. Taking into account theorem

Theorem 5. Let Q2 be a convex domain in R™ and let X\, (2(s —1)/q) be the Lamb
constant. Suppose that s € (1,00),q € (0,00),p € [2,00) and v € [0, %} If
s—p>0ands—q<O0, then for all f € C}(2)

VI@P o (B (U@, e (BTN @P
Q/ Sayer 2 B(n,m! S By () J

Ifs—p>0ands—q>0, then for all f € CL(Q)

[ s (s [ G s (St)” [
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If s—p<0ands—q<0, then for all f € CL(Q)

D(Q)r—* ) | ()P SN [ IS (@)
W/‘Vf(x” dr > ¢ | B(n,s) 5(z)* dx+MS< n|Q ) /5($)sfqd'r
Q Q Q

If s—p<0ands—q>0, then for all f € CL(Q)

2P—5 o |fl‘ 25— q,us Sn 1|
s = Zo n/ HO o ol (nm) /|f Pda

Q

Taking s = ¢ = p and v = 0 in theorem 5 gives the following corollary.

Corollary 1. Let Q be a convex domain in R™ and let A\, (2(p —1)/p) be the Lamb
constant. If p € [2,00), then for all f € C(Q)

, F@P  PRE - 1/p) (18 "
/ Vi@)Pde 2 ¢ / Syt TR =1 <n|ﬂ> / F(@)fde
Q Q

p—1\?
where ¢, = (—) .

p

Let now we compare the constant in the last inequality with the constant in (3).
More precisely, we shall show that

P’X5(2(p — 1)/p) <|S”1|>” S =1 <S”1|>"
2(p—1)?B(n,p) \ Q] / ~ B(n,p) \ nl|Q
In [10], F.G. Avkhadiev and K.-J. Wirths proved that the Lamb’s constant z = A(s)

as a function is a positive and monotonic increasing function of the variable s > 0.
Moreover, for any s € (0,00) it is known that

111% )\0(5) =0< )\0(5) < Jo= ll{ﬂ )\0(5) and )\0(2) > )\0(1) =094....
s— s—00

Obviously, if p > 2, then

PN —1)/p)

1< 4x(1) < 2 =T

Consequently, the constant in the inequality of corollary 1 large than the constant
in (3).

3.5. Sharpness of the constant. Note that the both constants in the inequality
of Lemma 1 are sharp, when v > 0 and p = 2 (see [10] for more information). At
the same time, we do not know about sharpness of constants in the case p > 2.

In the following assertion we shall prove that the constant ((s—1)% —v2¢>)P/2/p?
in Lemma 1 is sharp in the case v = 0.

Lemma 2. If s > 1,p > 2 and q > 0 then for any € > 0 there exist function f.
that satisfy the conditions of Lemma 1 and the following inequality

@)

= dxr <
xS—P -
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((8—1)2:— 4€)p/2 /1 |faif) dz + (s — 1)P~ 29 )\2(2](;—11)/(1) / |f;£??}|pd$
0

Proof. Let ¢ > 0 and let f.(x) = t(s=1+e/(s=1)/P Without loss of generality we
suppose that € > 1. Straightforward computations give that

[ 1fide )|pdx:(s—1+ c )ps_l<((5—1)2+4@)p/25_1

5P s—1 pPe pPe

((s— +4€ p/Q/fs !

which implies the Lemma 2. ([l

4. REMARK

In the proof of the inequalities of Theorem 1 we do not use the restriction v >
(s —1)/q. In this case we have the following theorems.

Theorem 6. Suppose that 0 < b —a < 00,(x) = max{x —a,b — x}, s € (1,00),
q € (0,00) andv > (s —1)/q. If [ : [a,b] = R is an absolutely continuous function
such that f(a) = f(b) =0 and f'(x)/6¢~P/P(z) € LP[a,b], then for all even p > 2
the following inequality

b b
o |f ()P |f(=)|P
(V2q2 — (S — 1)2);0/2 / (55*1’(11:) dl‘ + (p - 1) (SS({E) dl‘

a

p PR 1/g) [ @)

— d
=260 22— (s—1)2 ) o-a(x)™”

. . . b
is valid, where A\, (2(s —1)/q) is the Lamb constant and dg = *5*.

Letting s — 1 gives the following

Corollary 2. Suppose that 0 < b —a < 00,d(x) = max{z —a,b—x}, p € [2,00),

€ (0,00) and v > 0. If f : [a,b] — R is an absolutely continuous function such
that f(a) = f(b) = 0 and f'(x)/60~P)/P(x) € LP[a,b], then for all even p > 2 the
following inequality

[ @l If p o' [ @)
ypqp o1=p(z) 25q v2q2 51_‘1(37)

a

holds, where j,, is the first positive zero of the derivative J, of Bessel’s function J,
and 09 = b_?“‘

Using the inequalities of theorem 6 and corollary 2 we can prove multidimensional
inequalities like above.
The author thanks Professor F.G. Avkhadiev for constant attention to this work.
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