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MINIMUM SUPPORTS OF EIGENFUNCTIONS
IN BILINEAR FORMS GRAPHS

E.V. SOTNIKOVA

ABSTRACT. In this paper we study eigenfunctions corresponding to
the minimum eigenvalue of bilinear forms graphs. Our main goal is to
find eigenfunctions with the supports (non-zero positions) of minimum
cardinality. For bilinear forms graphs of diameter D = 2 over a prime
field we prove that there exist eigenfunctions with the support achieving
the weight distribution bound. We also provide an explicit construction
of such functions. For bilinear forms graphs of diameter D > 3 we show
the non-existance of eigenfunctions with supports achieving the weight
distribution bound.

Keywords: bilinear forms graph, eigenfunctions, minimum supports,
distance-regular graphs.

1. INTRODUCTION

The problems connected to eigenvalues of graphs attract a lot of attention
since eigenfunctions of graphs can represent and also generalize many interesting
combinatorial objects (including but not limited to equitable partitions, perfect
codes, combinatorial designs etc.). A nice introduction to the general theory des-
cribing these connections can be found in [13, 12].

One of the interesting questions is the following. Suppose we fix a graph together
with some of its eigenvalues and consider all the eigenfunctions corresponding to
this eigenvalue — what minimum number of non-zero values can an eigenfunction
have, in other words, what is a minimum support of this eigenfuncion? If an induced
subgraph is built on the non-zero vertices, what kind of graph is obtained?
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These questions were considered for several families of graphs by different rese-
archers:

e Grassman graphs were originally considered in terms of finding the minimum
null-designs by James [3] and Cho [5, 6]. The similar result in the context
of eigenfunctions was obtained in the paper [12]

e Hamming graph H(n,q) was intensively studied in a serie of works [10, 11,

14, 15]. It is worth noting that in the latter paper a more general problem

is considered, namely, what is the minimum support of the function that

belongs to the direct sum of some eigenspaces corresponding to subsequent
eigenvalues.

Johnson graphs J(n,m) was explored in [16]

Doob graphs were considered in [17]

Paley graphs were studied in [18]

Cubical distance-regular graphs were explored in [19]

The current work continues the research in this direction and focus on the
study of biliniear forms graph with its eigenfunctions. The paper has the following
structure. Section 2 gives basic definitions and necessary notation. We also recall
what a weight distibution bound is and explicitely calculate the weight distribution
values corresponding to the minimum eigenvalue of a bilinear forms graph. Section
3 is dedicated to a family of strongly regular bilinear forms graphs and contains
the first main result of the paper: bilinear forms graphs of diameter D = 2 over
a prime field have eigenfunctions with supports achieving the weight distribution
bound. We also provide an explicit construction of such eigenfunctions. In Section
4 using the connection between bilinear forms graph and a Grassmann graph we
prove the second main result of the paper about non-existance of eigenfunctions
with minimum supports achieving the weight distribution bound in the case when
the diameter is at least 3.

2. PRELIMINARIES

The bilinear forms graph Bil;(n,m) is a distance-regular graph with the vertex
set V' consisting of all » x m matrices over a finite field F, and two vertices being
adjacent when their matrix difference has a rank 1. For more information about
distance-regular graphs the reader is referred to a classic book [4].

A distance d(z,y) between two vertices x and y is the length of the shortest path
in a graph that connects them. The greatest distance between any pair of vertices
is called the diameter D of a graph. For a fixed vertex x the set of all vertices at
distance ¢ from z is denoted by G;(z) = {y € V | d(z,y) = i}. We will write z ~ y
if d(z,y) = 1.

A function f:V — R that is not constantly zero and satisfies the equation

0f(u) =Y fv) VueV
is called an eigenfunction of a graph corresponding to an eigenvalue 6 of its adjacency
matrix. A support Supp(f) of a function f is defined as follows Supp(f) = {v €
V| f(v) # 0}. We are interested in finding the supports of minimum cardinality.
Recall that a Gaussian binomial coefficient is defined as follows:
s
mj, N gt —1

=0
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Weight distribution bound. In case of distance-regular graphs, the lower bound
for the size of an eigensupport can be obtained from the weight distribution of
its eigenfunction. We will give a brief introduction, for more details the reader is
reffered to [9] and [12].

Suppose we have a graph G = (V,E) and an eigenfunction f : V — R
corresponding to an eigenvalue §. Choose some vertex v such that f%(v) # 0.
Without loss of generality we can consider f(v) = 1. Let

Wy (f%) = Z f’(u) wherei=0,...,D
ueG; (v)

The set {W(f?),...,Wp(f%)} is called the weight distribution of an eigenfunc-
tion f with respect to a vertex v. It is known that in case of graph G being
distance-regular, the values of weight distribution do not depend on the choice of a
vertex v and can be derived from the intersection array of G and the corresponding
eigenvalue. Thus we can define

WP (%) =Wwi(0) YoeV,vf°

Moreover, the following recurrence takes place:

Wo(0) = 1
Wi (0) =0
W) = Wimtl0) = biaWio(6) = aiaWarn(0) -y i 9

C;

Next well known lemma gives a lower bound on the eigensupport cardinality in
terms of weight distribution values (see [11], for example):

Lemma 1. For the cardinality of a support Supp(f?) the following estimation is
D
true: |Supp(f?)| > Z%HWi((’)H-

Cliques, Delsarte cliques. A clique C is a subset of vertices of a graph G such
that any two distinct vertices in a clique are adjacent. It is well known that cliques
in distance-regular graphs cannot be of an arbitrary size and the following bound
takes place:

€l < 1—k/6p,

where 0p is the minimum eigenvalue of a graph (see [2] and [4], Proposition 4.4.6).
If clique consists of exactly 1 — k/0p vertices, it is called a Delsarte clique. Graph
G is called a Delsarte clique graph if every edge lies in the same number of Delsarte
cliques. We will briefly introduce the necessary definitions, more details the reader
can find in [7].

Suppose G is a non-complete distance-regular graph of degree k with the smallest
eigenvalue 6 and let C be a non-empty set of cliques with cardinalities equal to s+ 1.
A pair (G,C) is called a (k, s,n¢) pair if each edge of a graph G is contained exactly
in n¢ cliques from C. If in addition a set C consists of Delsarte cliques, the pair (G, C)
is called a Delsarte pair with parameters (k, s, n¢) and the set C is called a Delsarte
set with parameters (s,nc). If a graph G contains a full set C of Delsarte cliques
with parameters (s,n), then G is a Delsarte clique graph with parameters (k, s, n).
Note that k,s > 2 and n¢,n > 1.
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Known results. In this work we actively use the results from [12]; so it will be
convenient to provide them here:

Theorem 1. (see Theorem 2 from [12]) Let G be a distance-regular graph with the
minimum eigenvalue Op. Assume that for some collection S of cliques (G, S) is a
Delsarte pair. Then a function f over a vertex set of G is an eigenfunction with

the eigenvalue Op if and only if for every clique C' from S it holds > f(x)=0.
zeC

Before proceeding to the next result we recall what a (bi)trade is. Suppose (G,C)
is a (k,s,nc) pair and Ty, T; — are two mutually disjoint set of vertices. If every
clique from C either intersects with each of Ty and 77 in exactly one vertex or
does not intersect with both of them, we will call (Tp,71) a clique-bitrade, or a
C-bitrade. A set Ty is called a C-trade if together with some other set 77 it gives
rise to a C-bitrade (Tp,T1). To avoid confusion, it is important to note that an
alternative notation is also used in the literature, when a pair (T, T1) is defined to
be a trade and each set 7T; is called a trade partner, or leg.

Theorem 2. (see Theorem 3 from [12]) Let G be a distance-regular graph of degree
k. Let (G,S) be a (k,s,m) pair. Let T = (To,T1) be a pair of disjoint independent
sets of vertices of G. Then the following are equivalent:

(1) T is an S-bitrade meeting the w.d. bound.

on fp ~ JCU we
(2) The function fr = { 0 else

is an eigenfunction of G meeting the w.d.bound with an eigenvalue —k/s.
(3) The subgraph Gt induced on the vertex set Ty U Ty is a regular isometric
subgraph with degree k/s.

Applying preliminaries to bilinear forms graph. Now we will calculate the
weight distribution bound for a bilinear forms graph Bil,(n, m). The parameters of
its intersection array are well known [4]:

(g = 1) (" 1)
qg—1
O
qg—1
(@"+q"—q¢' —q¢~ ' —1)(¢" - 1)
qg—1

bi =

C; =

B

Bilinear forms graph has the minimum eigenvalue 6p = — [? | (see [4], Corollary
8.4.2).

Lemma 2. For a bilinear forms graph Bily(n, m) the values of the weight distribution
of any eigenfunction corresponding to the minimum eigenvalue 0p are as follows:

m
-1
Wo=1 W; =1
q—1
g -
Wi=-Wi1-— (¢"TT -1
1 g —1 (q )
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Proof. We will prove the equality using the induction on i. First we directly check
it for Ws:
o QDW1 — boWo — CllWl

Wo
C2
2
m 1N (a™ — 1) (g™ —1 o "
(7qq_11) C )(tgq_l)g(q )Jr(q +q *‘1*2)'(1(1_11
B q(g?-1)
g—1

(@"—1(g" -1+ (q-1)(=¢"+1+¢" +¢" —q—2)
(¢—1)%q(q+1)
(qm B 1) q —1
. (g™ 1
(¢—1) ¢-1 (@ )
Now suppose the statement is true for W;, we will prove it for W, ;.

OpW; —bi_ Wiy —a;W;

Wiy = .

1+1

m_q 2-1) (gm—it1_1)(gn—itl_1) (@™ +q"—q' =~ —1)(¢'—1)
B _qq_l _ g q T q Wi—l _ g q q qzl q Wl

= PCREESY

qg—1
Wi [y @ oD@ -1 V(g - (g = 1)
TIUEEEY T D)

T e L S
qi(qu/Ki_ 5 ("~ = 1)(g%1 — i)
N

=W L gmio

This completes the proof.

Hence we can write an explicit form:

@ m—it+1
i i—14 —1 i, (i m
Wi =(-1) qu 1(]i7_1 = (-1)"- ¢ 1)/2{2.}
j=1 q
From here we obtain the weight distribution bound:
o~ [m i(i—
3 L] D2,
i=0 q

Note that the weight distribution for bilinear forms graph coincides with that of
Grassmann graph. We will use this connection in Section 4.

Regarding being a Delsarte clique graph: Since a bilinear forms graph is
edge-transitive and contains a Delsarte clique, it is a Delsarte clique graph (see
Proposition 3.2 in [7]).

Finding a minimum support: In case of D = 2 and 0p from Theorem 2 we
obtain that if a weight distribution bound is achieved then the minimum support
induces a complete bipartite subgraph K1 q41.
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3. MINIMUM SUPPORT

In this work we consider eigenfunctions corresponding to the smallest eigenvalue.
We start with a case of D = 2.
The structure of the section is as follows:

Local structure

Adjacencies between vertices

Independent set as one part of a complete bipartite graph
Reconstruction of the second part

Partial solution: explicit construction

Local structure. It is known that the local structure of a bilinear forms graph, i.e.
G1(U) for an arbitrary vertex U, is the (¢ — 1)-clique extension of the [ﬂq x [7] o
lattice. The a x b lattice graph is the Cartesian product of two path graphs with a
and b vertices respectively.

The g-clique extension G of a graph G = (V, E) is obtained by replacing each
vertex x with a clique Cy = {21, ..., 24} of cardinality ¢q. And any two vertices x;
and y; from distinct cliques C and C, are adjacent if and only if their origins x
and y are adjacent.

Figure 1 presents a lattice graph. The vertices belonging to the same row (or
column) are adjacent. Figure 2 shows a (¢—1)-clique-extension. The circles represent
the cliques of cardinality ¢ — 1. And again the lines and columns present the
adjacencies.

[ 4 4 4  J
® L 4 \ 4  J
[ 4 L 4  J
[ @ L L

F1G. 1. 4 x 4 lattice graph

O—O——6
O—O—0—6
3 ¢ ¢

G
G

Fi1G. 2. 2-clique extension
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Now will explicitly describe the local structure of an arbitrary vertex U. Let
{ei | e; € F'} be the set of vectors with the first non-zero element equal to 1. We will
refer to these vectors as canonical directions and note that there are [T] v of them.

Next we introduce the following equivalence classes K (d) in Fy.: let {d; | 6; € Fy.}
be the set of column-vectors with the first non-zero element equal to 1. Denote
K(6;) = {as - 6; | a; € F;}. The total number of classes is equal to mq. We will
refer to d; as the canonical representative of the equivalence class K (¢;). Now we

can easily get the following.

Lemma 3. Let G be a bilinear forms graph Bil,(n,m). For any arbitrary vertex
U, all its adjacencies can be presented in the following form:

UNU—FCLt'(Sj'Bi

Canonical directions e; correspond to the columns, equivalence classes K(J;)
correspond to the rows of a mq X [T] q—lattice graph, and a; correspond to the
(¢ — 1)-clique.

A bilinear forms graph Bil,(n, m), with m < n, has two types of maximal cliques:

e Cliques of size ¢" = (¢ — 1) [7{] 4+ 1 — correspond to fixed e;, i.e. columns
together with the original vertex U. The total number of such cliques is
|:’r1n:|q

e Cliques of size ¢™ = (¢ — 1) [T] + 1 — correspond to fixed §;, i.e. rows
together with the original vertex U. The total number of such cliques is

(11,

Strongly-regular case. In case of D = 2 and 0p from Theorem 2 we obtain that
if the weight distribution bound is achieved then a minimum support is represented
with a complete bipartite subgraph K,i1 4+1. Since a bilinear forms graph is
distance-transitive, we can fix any arbitrary vertex U from a desired minimum
support and consider the distance distribution with respect to this vertex U. In
order to obtain a complete bipartite graph K41, 4+1, we need to find a set B of
q + 1 vertices in G1(U) = L; and a set A of ¢ vertices in Go(U) = Lo with a
condition that each set is independent and any vertex from A is adjacent to all
vertices from B.
The following lemma describes any independent set in L.

Lemma 4. Consider a bilinear forms graph Bily(n,m), m < n. Let {e;} be the
set of its canonical directions, and let {3;} be the set of canonical representatives.
For an arbitrary vertex U, any independent set {Vi, | k = 1..s} in G1(U) can be
represented as follows:

Vk = U+atk '5]' ~eik,
where if k # | then e;, # e;,, §;, # 0j,, and ay,, € Fy can be chosen in an arbitrary
way.

Proof. Follows from Lemma 3. (]

Lemma 5. Let G = (V, E) be a bilinear forms graph Bil,(n,m) and let f be an
eigenfunction of G corresponding to some eigenvalue 0, with the support {Vy, ..., Vs}.
Then the following holds:
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e For an arbitrary vertex W € V, the set {Vi + W,..., Vs + W} also is the
support of some eigenfunction f’' corresponding to the same eigenvalue 0,
where £(V) = (Vi + W).

e For an arbitrary non-zero v € Ky, the set {YV1,...,7Vs} is the support
of some eigenfunction f' corresponding to the same eigenvalue 0, where

fVi) = f'(WVe).
Proof. The ranks of differences do not change under an affine transformation. O

Remark: Note that both Lemma 4 and Lemma 5 hold for bilinear forms graphs
Bil,(n,m) of arbitrary diameter D.

Having this lemma, from now we can consider the eigenfunctions supports reduced
to the all-zero vertex. With respect to all-zero matrix, Ly consists of matrices of
rank 1 and Ly consists of matrices or rank 2. Moreover without loss of generality
we can suppose that our desired support contains some fixed vertice from L.

Structure of La. Let a; be a generating element of the multiplicative group Fy.
Denote ag = 0; az = a3; ...; a2 = a‘f_Q; ag—1 = a‘ll_l = 1. Let us fix the following
enumeration of the canonical directions e;:

€y = [O, 1], €y = [1, 0], €1 = [1, al], ceey €qg—1 = [1,aq_1]

Denote v:; = a¢d;. Vertices of Ly can be presented as < ; - eg + 0 - e,, where
o ¢ K(v;)

Adjacencies between Ly and Ly. Now we focus on the adjacencies between L; and
Lo.

Lemma 6. For any fived v, ;, € Fy, the vertex i, j,-es € L1 has only the following
neighbours in Lo:
(1) If s €{0,...,q — 1} the adjacencies are:
® Vi, €s ™~ Vi, €0+ 0-es, for any o & K(v, ;,). The total number
of such neighbours is ¢ — q.
® Vij. s ~ Vg eo+ ((as — ap)ve, ., + axVeg) - e, for any v ¢
K(v,,5.) and for any ay, # as. The total number of such neighbours is
(> —a)g—1).
(2) If s = * the adjacencies are
® Yeoj. s ~ Ve €0 (@Y Ve s.) - €, for any iy & K(e,,j,) and
for any ay, € Fq. The total number of such neighbours is (¢*> — q)q.

Proof. (1) In case s € {0,...,q — 1}, for the neighbours of the first type the
adjacency is obvious. Since we can take any o ¢ K(v, ;,), the number
of neighbours of this type is ¢*> — q. Now we will prove that v;_ ;. - es =
atYi,,j, - €0 + 0 - ey for any a; # 1 and for any o ¢ K(v:, ;,). Suppose the
adjacency holds for some os. Thus for some a; € F; we have the equality
ar(1 —ap)y, j, = (0s — as, j,) Hence, o5 € K(7, ;,). A contradiction.

Consider the remaining vertices of Lo. Suppose ¢, j, -€s ~ V¢,j-€0+0 - e
for some 7 ; ¢ K(v, ;) and 0 ¢ K(7:;). Then for some a; € Fy the
equality ax(y¢, j.—7t,j) = @sVt,,j, —0 holds. Thus 0 = (as—ar)ve, j,+arVe,;-
To fulfil the requirement o ¢ K(v; ;) we add the restriction aj # as. Thus
the number of neighbours of this type is (¢ — ¢)(¢ — 1). Since we checked
all vertices from Lo there are no other adjacencies.



MINIMUM SUPPORTS OF EIGENFUNCTIONS 509

(2) In case s = *, we can directly check that the described adjacency holds.
Since the total number of the neighbours of this type is ¢(¢> — q) = by,
there does not exist any other neighbours in Ls.

O

Reconstruction. This section is dedicated to the problem of reconstructing of the
second half of complete bipartite graph corresponding to the minimum support of
the eigenfunction, when the independent set in L is fixed. According to Lemma 4,
any independent set in L; can be represented as {a,d;, - €;, }. For the purpose of

convenience, we denote A\ = a, 6j, .

Lemma 7. Under the notation above, for any mazimum independent set A in Ly,
where

A= {)\*e*a )\0607 BREE) )\qfleqfl}a

if there exists an independent set B’ in Lo such that any vertex from B’ is adjacent
to all vertices from A, then the set B’ consists of the following vertices

B" = {Xoeo + 0rols; A€o+ Ok €s .5 Ago1€0 + Ok, €4},
for some appropriate set {oy,}, where ox, ¢ K(\;)
Proof. The statement follows from Lemma 6. O

Lemma 7 together with Lemma 6 give us the following system

Aves ~ Ajeg + (ap, Aj + AiJes Vap, €F, Vj€{0,...,q—1}
Ajeo + oey, Vo ¢ K(Xs); ifj=s
Ajeo + ((as, —ap, ;)As +ag, ;Nj)ew, ax,; € Fog,ap, , #as, ifj#s

In other words, to describe all the minimum supports we need to find the sets
{ak,} and {ag, ;} such that the following equality holds:

As€s

Ok; = Qi Aj + A = (as — ag, ;)As +ag, ; Nj, YA # Njax, ; # as

Explicit construction (partial solution). Even though we still cannot provide
the full solution to the system above, the partial solution exists and can be constructed
explicitely. This result is presented in the following statement

Theorem 3. Consider a bilinear forms graph Bil,(2,2) over a prime field. Let a4
be a generating element of the multiplicative group Fy. Denote ag = 0; az = at;...;
ap_o2 =a?; a, 1 = ab"" = 1. Choose § € F,, such that § # —&2 for all € € F,.

Denote b; = #ﬂ. The independent set

0 1 1
A= { |:1:| €y, bo |:a0§:| €0y .-y bp_l |:04p1(5:| €p_1}
together with

_ 0 X 1 —ap . . 1 70,;0_1
B—{|:0:| €y bo l:a(](s:l 60—|—b0|: 1 :|€*, ey bp_l l:apl(S:l €0+bp_1|: 1 :|6*}

form a minimum eigensupport as two parts of a complete bipartite graph Kpi1, py1-

Proof. We need to check the ranks of the vertices, the independence of the sets and
the adjacencies between the set A and the set B.
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e Ranks validation:
The set_ A consists of vertices of rank 1. The set B has the all-zero vertex

0

1 .
K([aié}) forany i =0,...,q— 1.
e Independence of the sets:

U= [O} e, of rank 0. Any other vertex V; € B has rank 2, since {fl} ¢

The independence of the set A follows from Lemma 4 since o

to some enumeration. Now consider the set B. It is obvious that U ~ V; for
all i =0,...,¢g — 1. We need to prove that V; = V; for i # j. Consider the
rank of their difference:

b; — b, —b;a; + b;a;
rank(V; —V;) = ramk({biai(S - bjajé} eo + [ b(j B bjja]] e*)

1]§iup

By direct calculations we check that rank is 2.
e Adjacencies between the sets A and B:

Suppose V; = b; {
(3

arbitrary vertices of the sets B and A correspondingly, where 0 < ¢,j <
p — 1. Consider their difference:

1 —a; 1 1]
V;'—Uj:bi |:(115:| 60+bi|: 1 :|8*—bj |:aj(5:| eo—bjaj l:aj5:| €y =

_ bl — bj + —biai — bjaj
- (5(b2aZ — bj(lj) €o bl — bja?cs Cx
Since the following equation holds

bi—bj . —b;a; —bjaj ) 6<ai_aj)
§(bia; — bjaz)| — | bi —bja3d 1+ da;a;

1 —Q; o ) 1 )
5] ey + b; [ 1 ]e* and U; = b; [%5] e; are the

and 61(135;;,-) € F, we conclude that rank(V; — U;) = 1, thus V; ~ U; for

Now consider the remaining vertex U, = [ﬂ e, from A.
bi —biai
Vi-U, = |:5b1a1:| ep + |:b7,_]-:| €y
Si bi | g = |l btain that rank(V; — U,) = 1, theref
ince Sbeas a; = b — 1 we obtain that rank(V; +) = 1, therefore
Vi ~ U,. The remaining vertex V, = 8 e, from B is obviously adjacent

to all the vertices from A.
This completes the proof.

O

Thus we obtain the complete bipartite graph K, i 41 that gives rise to the
minimum support of the eigenfunction corresponding to the minimum eigenvalue
of the bilinear forms graph Bil,(2, 2) over a prime field F,,. Using Lemma 5 we can
obtain more eigenfunctions with the minimum support. However the construction
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described above does not provide the full characterization of the eigenfunctions with
the minimum support.

4. BILINEAR FORMS GRAPHS WITH D > 3

Now we consider the bilinear forms graphs Bil,(n, m) with larger diameter, i.e.
D > 3. In this Section we will prove that there does not exist eigenfunctions with
minimum supports achieving the weight distribution bound. In order to this we will
use the connection between bilinear forms graphs and Grassmann graphs.

Grassmann graph introduction. The Grassmann graph J,(n+m, m) is a distance-
regular graph with the vertex set consisting of all m-dimensional subspaces of a
vector space of dimension (n +m) over F,. Two vertices are adjacent whenever the
corresponding subspaces intersect in a (m — 1)-dimensional subspace (cf. [4]). The
Grassmann graph has the diameter D = min(n,m) and the minimum eigenvalue
0p = — [? }q. The local structure of the Grassmann graph is the g-clique extension
of a mq X [T]q lattice.

The bilinear forms graph Bil,(n, m) with m < n can be considered as a subgraph
of the Grassman graph J,(n + m,m) as follows: given a fixed subspace W of
dimension n, all m-spaces U such that U N W = 0 are the vertices of Bil,(n,m)
(see [4]). If we return to a matrix-notation, this embedding can be described in
the following way. Let {M;} be the set of vertices of Bil,(n,m). And let H be some
fixed non-degenerate matrix of size m x m. Consider the extended matrices M;
constructed as below:

It is easy to check that M; ~ M; < M; ~ E Since H is a non-degenerate
matrix, the linear span of the columns of M; yields the m-dimensional space.
For example, if we take H to be the identity matrix, then all the vertices of
the Grassmann graph Jy(n +m,m) can be represented as the linear span of the
columns of the matrices L € £, where £ is the set of all (n + m) X m matrices
L such that LT is in a reduced row echelon form. Let w; = (0,...,1,...,0)T and

1

W = <{w;}>, where m + 1 <i < n+m. Then W is an n-dimensional space such
that LNW =0« L = M, for some vertex M; from a bilinear forms graph.
There are two types of maximal cliques in the Grassmann graph:

e The m-subspaces that contain a fixed (m — 1)-subspace. The cardinality of

such a clique is [”Jlrl} =4 [Tﬂ + 1. These cliques correspond to the columns

(see Figure 3 for reference). The total number of such cliques is [ .
e The m-subspaces that lie in a fixed (m + 1)-subspace. The cardinality of

such a clique is [mf 1]q = q[T] + 1. These cliques correspond to the rows

(see Figure 3 for reference). The total number of such cliques is []] .
If n = m both types of cliques are Delsarte cliques.
Bily(n, m) as a subgraph of the Grassmann graph.

Lemma 8. Delsarte cliques of bilinear forms graph Bil,(n,m) are embedded in
Delsarte cliques of a Grassman graph Jq(n+m,m) in the sense that for any Delsarte
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-0
-0

C.
C.

extension

@

Fic. 3. 3-cliqu

©-0-O-©
©-0-60-©

Fi1G. 4. Embedding illustration

cliques C' and C of a bilinear forms graph and the Grassmann graph correspondingly,
either C C C or CNC = 0.

Proof. The proof follows from the graphs local structures representation. O

Figure 4 illustrates the embedding described above. The following statement is
crucial for the proof of the main result.

Corollary 1. Suppose f is an eigenfunction of a bilinear forms graph Bily(n,m)

corresponding to the minimum eigenvalue 0p. Then f is an eigenfunction of the
Grassmann graph Jy(n + m, m), where

) = { g(M), Zf € V(Bily(n,m))

Proof. Since f is an eigenfunction corresponding to the minimum eigenvalue, from
Theorem 1 we obtain that for every Delsarte clique C' of a bilinear forms graph

Bil,(n,m) it holds " f(x) = 0. Lemma 8 shows that any Delsarte clique C of the
zeC
Grassmann graph J,(n+m, m) either contains a Delsarte clique C of a bilinear forms

graph Bily(n, m) or does not intersect with it. Hence for any Delsarte clique C it

holds 3 f = 0. Thus from Theorem 1 function f is an eigenfunction corresponding
xzeC

to the minimum eigenvalue of the Grassmann graph. (]

Now we need to jump into the theory of quadratic and bilinear forms. As for

notations and definitions we basically follow Cho [5] and James (Chapter 18 of [3])
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with slight modifications according to [12].

e Let V be a 2m-dimensional vector space with a basis {u1, ..., Um, V1, .., Vm}
over a finite field F,
e For any vectors f = (1,...,Tm,Y1,---,Ym) and [/ = (24, ...z, ¥4, ., Ul,)

from the space V, a bilinear form <,>: V x V — I, is defined as follows:

<T1Ul + ..o+ U + Y101 + oo+ Y Um,

m
Thur + ot T U+ YU Y U > = Z(mzyé + i),
i=1
. . . . 0 E,
thus its Gram matrix with respect to the chosen basis of V' is B 0 )
m
where 0 and F,,, — are all-zeros matrix and identity matrix correspondingly.
We also define a special function ¢ : V' — F, that will help us to deal with
the case of char(F,) = 2:

P(xrur + o+ Tl + Y1Um + -+ Y Um) = inyi
i=1

For a subspace W < V' define
rad W = {w € W | ¢(w) = 0 and <w,w’> = 0 for all w’ € W}

A subspace W is called totally isotropic if W = rad W
A quadratic form @ : Fy — F, is said to be non-degenerate if its kernel

{z]Q(z+y) =Qy)Vy € Fy } = 0 is zero.
Now we can reformulate Theorem 2 from [5] in our terms:

Theorem 4. Let J;(N,m) be the Grassmann graph, N > 2m. Suppose f is an
eigenfunction of the Grassmann graph corresponding to its minimum eigenvalue
with the condition that Supp(f) is of minimum cardinality. Then the non-zeros
of the function f correspond to the mazximal totally isotropic subspaces of a 2m-

dimensional space, equipped with a bilinear form B with a Gram matriz < EO Eom)
m

up to the equivalence.

Remark: Note that using Theorem 4 together with Theorem 5 from [13] without
loss of generality we can further consider the totally isotropic spaces with respect
to a quadratic form Q = z1y1 + ... + T Ym-

We also need several known results which we provide here for the paper to be
self-contained.

Theorem 5. (Chevalley, [1]) Let n, dy, ..., d, be positive integers such that dy +
...+d. <n. Foreahl<i<r,let Pi(t1,...,t,) € Fylt1,...,t,] be a polynomial
of total degree d; with zero constant term, i.e. P;(0,...,0) = 0. Then there exists
r=(x1,...,2,) € FP\{(0,...,0)} such that Pi(x) =...= P.(z) = 0.

A well-known corollary from Theorem 5 is:

Corollary 2. Let U be a vector space with a dimension not less than 3 over a finite
field F,. Then any non-degenerate quadratic form Q) on this space is isotropic, i.e.
there is a non-zero vector on which the form evaluates to zero.
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The next theorem that we need is the following ([8], Proposition 8.11).

Theorem 6. Let ¢ be a non-degenerate quadratic form on a vector space V' over
a finite field F'. Then every totally isotropic subspace of V' is contained in a totally
isotropic subspace of dimension equal to the Witt index of ¢.

Now we are finally ready to prove the main result of this section.

Theorem 7. Let Bil,(n,m) be a bilinear forms graph of diameter D > 3. Then
the minimum support of an eigenfunction corresponding to the minimum eigenvalue
does not achieve the weight distribution bound.

Proof. Suppose the opposite. Without loss of generality, we can consider n > m > 3.
Let f be an eigenfunction with the support achieving the weight distribution bound.
Under the notation of Corollary 1, ]? is an eigenfunction of the Grassmann graph
Jq(n+m,m). Since the weight distribution bounds coincide for these graphs, fisan
eigenfunction with the minimum support. According to Theorem 4, the non-zeros of
fcorrespond to the maximal isotropic spaces of a non-degenerate quadratic form Q.
Since f is an eigenfunction of Bil,(n, m), we conclude that there exists a subspace
W of dimension n such that it trivially intersects with all the maximal isotropic
subspaces. Consider the values of the quadratic form ) on this space W. From
Corollary 2, since n > 3, there exists a non-zero vector w € W such that Q(w) = 0.
By definition of quadratic form, @ |<,>= 0. Thus <w> is a 1-dimensional totally
isotropic space. According to Theorem 6, <w> is contained in a maximal totally
isotropic subspace. A contradiction. ([l

Theorem 7 shows that for bilinear forms graphs of diameter D > 3 there do not
exist eigenfunctions corresponding to p with the minimum supports that achieve
the weight distribution bound. This leads to an open question: what is the lower
bound for the cardinality of the minimum support of such functions?

REFERENCES

[1] C. Chevalley, Démonstration d’une hypothése de M. Artin, Abhandlungen aus dem
Mathematischen Seminar der Universitidt Hamburg (in French), 11 (1935), 73-75. MR3069644

[2] A.J. Hoffman, On eigenvalues and colourings of graphs, in: B. Harris (Ed.), Graph Theory
and Its Applications, Acad. Press, New York, (1970), 79-91. MR0284373

[3] G.D. James, Representations of general linear groups, LMS Lecture Note Series 94, Cambridge
University Press, 1984. MR776229

[4] A.E. Brouwer, A.M. Cohen, A. Neumaier. Distance-Regular Graphs, Berlin Heidelberg:
Springer-Verlag, 1989. MR1002568

[5] S. Cho, Minimal null designs of subspace lattice over finite fields, Linear algebra and its
applications, 282 (1998), 199-220. MR1648332

[6] S. Cho, On the support size of null designs of finite ranked posets, Combinatorica, 19:4 (1998),
589-595.

[7] S. Bang, A. Hiraki, J.H. Koolen, Delsarte clique graphs, European Journal of Combinatorics,
28 (2007), 501-516. MR2287449

[8] R. Elman, N. Karpenko, A. Merkurjev, The algebraic and geometric theory of quadratic forms,
American Mathematical Society Colloquium Publications, 2008. MR2427530

[9] D. S. Krotov, On weight distributions of perfect colorings and completely regular codes, Des.
Codes Cryptogr., 61:3 (2011), 315-329. MR2831804

[10] V.N. Potapov, On perfect 2-colorings of the g-ary m-cube, Discrete Math., 312:6 (2012),
1269-1272. MR2876378



MINIMUM SUPPORTS OF EIGENFUNCTIONS 515

[11] K.V. Vorob’ev, D.S. Krotov, Bounds for the size of a minimal 1-perfect bitrade in a Hamming
graph, J. Appl. Ind. Math., 9:1 (2015), 141-146. Translated from Diskretn. Anal. Issled. Oper.
21:6 (2014), 3-10. Zbl 1324.05047

[12] D.S. Krotov, I.Yu. Mogilnykh, V.N. Potapov, To the theory of q-ary Steiner and other-type
trades, Discrete Math., 339:3 (2016), 1150-1157. MR3433920

[13] D.S. Krotov, Trades in combinatorial configurations, in Proc. 12 Int. seminar “Discrete
Mathematics and Its Applications” (Moscow, 20—25 June 2016) (in Russian): O. M. Kasim-
Zade (Ed.), MSU, Moscow, (2016), 84—96.

[14] A.A. Valyuzhenich, Minimum supports of eigenfunctions of Hamming graphs, Discrete Math.,
340:5 (2017), 1064-1068. MR3612443

[15] A. Valyuzhenich, K. Vorob’ev, Minimum supports of functions on the Hamming graphs with
spectral constraints, Discrete Math., 342:5 (2019), 1351-1360. MR3909812

[16] K. Vorob’ev, I. Mogilnykh, A. Valyuzhenich, Minimum supports of eigenfunctions of Johnson
graphs, Discrete Math., 341:8 (2018), 2151-2158. MR3810266

[17] E.A. Bespalov, On the minumum supports of some eigenfunctions in the Doob graphs,
Siberian Electronic Mathematical Reports, 15 (2018), 258-266. Zbl 1394.05068

[18] S. Goryainov, V.V. Kabanov, L. Shalaginov, A. Valyuzhenich, On eigenfunctions and
mazximal cliques of Paley graphs of square order, Finite Fields and Their Applications, 52
(2018), 361-369. MR3807858

[19] E.V. Sotnikova, Eigenfunctions supports of minimum cardinality in cubical distance-regular
graphs, Siberian Electronic Mathematical Reports, 15 (2018), 223-245. MR3783358

EvGENIIA VADIMOVNA SOTNIKOVA
SOBOLEV INSTITUTE OF MATHEMATICS,

4, KOPTYUGA AVE.,

NovosiBirsk, 630090, Russia

E-mail address: lucernavesper@gmail.com



