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ABSTRACT. We consider algebras associated with sentence-definable
and diagram-definable subfamilies of families of theories. Topological
properties and ranks for these algebras are characterized.
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We define algebras associated with sentence-definable and diagram-definable
subfamilies [1] as well as related characteristics connected with given families of
theories. Topological properties and ranks for these algebras are characterized.

1. PRELIMINARIES

Throughout the paper we consider families 7 of complete first-order theories of
a relational language ¥ = ¥(7) and use the following terminology in [1, 2, 3, 4, 5,
6,7, 8,9, 10].

Let P = (P;)ier, be a family of nonempty unary predicates, (A;);c; be a family
of structures such that P; is the universe of A;, i € I, and the symbols P; are disjoint
with languages for the structures Aj;, j € I. The structure Ap = |J A; expanded

i€l
by the predicates P; is the P-union of the structures A;, and the op(eerator mapping
(Ai)ier to Ap is the P-operator. The structure Ap is called the P-combination
of the structures A; and denoted by Combp(A;)icr if A; = (Ap | A;) | Z(A;),
i € I. Structures A’, which are elementary equivalent to Combp(A;);cr, will be
also considered as P-combinations.
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Clearly, all structures A" = Combp(A;);c; are represented as unions of their
restrictions A, = (A’ | P;) | £(A;) if and only if the set poo(z) = {—P;(z) | i € I}
is inconsistent. If A’ # Combp(A;)icr, we write A" = Combp(A;);crufoc}, Where
A=A | N P;, maybe applying Morleyzation. Moreover, we write

i€l
Combp (A;i)ierufoso}

for Combp(A;);c; with the empty structure A.

Note that if all predicates P; are disjoint, a structure Ap is a P-combination
and a disjoint union of structures A4;. In this case the P-combination Ap is called
disjoint. Clearly, for any disjoint P-combination Ap, Th(Ap) = Th(A%), where
Alp is obtained from Ap replacing A; by pairwise disjoint A, = A;, i € I. Thus, in
this case, similar to structures the P-operator works for the theories T; = Th(A4;)
producing the theory Tp = Th(Ap), being P-combination of T;, which is denoted
by Combp(T;)cr-

Notice that P-combinations are represented by generalized products of structures
[11].

For an equivalence relation FE replacing disjoint predicates P; by E-classes we get
the structure Ag being the E-union of the structures A;. In this case the operator
mapping (A;)ier to Ag is the E-operator. The structure Ag is also called the E-
combination of the structures A; and denoted by Combg(A;):cr; here A; = (Ag |
A;) | B(A;), @ € 1. Similar above, structures A’, which are elementary equivalent
to Ag, are denoted by Combg(A});jes, where A} are restrictions of A’ to its E-
classes. The E-operator works for the theories T; = Th(A4;) producing the theory
Tr = Th(Ag), being E-combination of T;, which is denoted by Combg(T;);cr or
by Combg(T), where T = {T; |i € I}.

Clearly, A" = Ap realizing poo(z) is not elementary embeddable into Ap and
can not be represented as a disjoint P-combination of A; = A;, i € I. At the
same time, there are E-combinations such that all A" = Ag can be represented
as F-combinations of some A} = A;. We call this representability of A’ to be the
E-representability.

If there is A’ = Ag which is not E-representable, we have the E’-representability
replacing E by E’ such that E’ is obtained from E adding equivalence classes with
models for all theories T, where T is a theory of a restriction B of a structure
A’ = Ag to some E-class and B is not elementary equivalent to the structures A;.
The resulting structure Ags (with the E’-representability) is a e-completion, or a
e-saturation, of Ag. The structure Ag/ itself is called e-complete, or e-saturated, or
e-universal, or e-largest.

For a structure Ag the number of new structures with respect to the structures
A;, i. e., of the structures B which are pairwise elementary non-equivalent and
elementary non-equivalent to the structures A;, is called the e-spectrum of Ag and
denoted by e-Sp(Ag). The value sup{e-Sp(A")) | A" = Ag} is called the e-spectrum
of the theory Th(Ag) and denoted by e-Sp(Th(Ag)). If structures A; represent
theories T; of a family 7, consisting of T;, @ € I, then the e-spectrum e-Sp(Ag) is
denoted by e-Sp(T).

If Ar does not have E-classes A;, which can be removed, with all E-classes
A; = A;, preserving the theory Th(Ag), then Ag is called e-prime, or e-minimal.

For a structure A" = A we denote by TH(A") the set of all theories Th(A;) of
E-classes A; in A'.
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By the definition, an e-minimal structure A’ consists of E-classes with a minimal
set TH(A'). If TH(A’) is the least for models of Th(A’) then A’ is called e-least.

Definition [3]. Let Tx be the set of all complete elementary theories of a
relational language Y. For a set T C Ty we denote by Clg (7)) the set of all theories
Th(A), where A is a structure of some E-class in A’ = Ag, Ag = Combg(A4;)cr,
Th(A;) € T. As usual, if T = Clg(T) then T is said to be E-closed.

The operator Clg of E-closure can be naturally extended to the classes 7 C T,
where 7 is the union of all T as follows: Clg(T) is the union of all Clg(7p) for
subsets Ty C T, where new language symbols with respect to the theories in 7 are
empty.

For a set 7 C T of theories in a language ¥ and for a sentence ¢ with %(p) C X
we denote by T, the set {T' € T | ¢ € T'}. Any set T, is called the -neighbourhood,
or simply a neighbourhood, for T, or the (¢-)definable subset of T. The set 7T, is
also called (formula- or sentence-)definable (by the sentence ) with respect to T,
or (sentence-)T-definable, or simply s-definable.

Proposition 1.1 [3]. If T C T is an infinite set and T € T\T then T € Clg(T)
(i.e., T is an accumulation point for T with respect to E-closure Clg) if and only
if for any formula ¢ € T the set T, is infinite.

If T is an accumulation point for 7 then we also say that T is an accumulation
point for Clg(T).

Theorem 1.2 [3]. For any sets To,T1 C T, Clg(To UT1) = Clg(Ty) U Clg(T1).

Definition [3]. Let 7o be a closed set in a topological space (T, Og(T)), where
Or(T) ={T \Clg(T") | T" C T}. A subset Tj C 7o is said to be generating if
To = Clg(Ty). The generating set 7, (for Tg) is minimal if T; does not contain
proper generating subsets. A minimal generating set 7, is least if 7 is contained
in each generating set for 7.

Theorem 1.3 [3]. If T is a generating set for a E-closed set Ty then the following
conditions are equivalent:

(1) Tg is the least generating set for To;

(2) Ty is a minimal generating set for To;

(3) any theory in Ty is isolated by some set (Tg),, i.e., for any T € Ty there is
@ €T such that (73), = {T};

(4) any theory in Ty is isolated by some set (To)y, i-e., for any T € Ty there is
¢ €T such that (To), = {T'}.

Notice that having the least generating set 7 for a E-closed set 7o,
e-Sp(To) = e-Sp(Tg) = |To \ Tg -

Definition [8]. Let 7 be a family of theories and T be a theory, T ¢ 7. The
theory T is called T -approximated, or approximated by T, or T -approzimable, or a
pseudo-T -theory, if for any formula ¢ € T there is 77 € T such that ¢ € T".

If T is T-approximated then T is called an approxzimating family for T, theories
T' € T are approzimations for T, and T is an accumulation point for T.

An approximating family 7 is called e-minimal if for any sentence ¢ € X(T'), 7,
is finite or 7, is finite.
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It was shown in [8] that any e-minimal family 7 has unique accumulation point
T with respect to neighbourhoods 7, and 7 U {T'} is also called e-minimal.

Following [9] we define the rank RS(:) for the families of theories, similar to
Morley rank [12], and a hierarchy with respect to these ranks in the following way.

For the empty family 7 we put the rank RS(7) = —1, for finite nonempty
families 7 we put RS(7) = 0, and for infinite families 7 — RS(7) > 1.

For a family 7 and an ordinal o = 41 we put RS(7) > « if there are pairwise
inconsistent X (7 )-sentences ¢, n € w, such that RS(7,,) > 8, n € w.

If o is a limit ordinal then RS(7) > a if RS(7) > S for any 8 < .

We set RS(T) = aif RS(T) > e and RS(T) 2 o + 1.

If RS(T) > a for any «, we put RS(7) = oc.

A family T is called e-totally transcendental, or totally transcendental, if RS(T)
is an ordinal.

If T is e-totally transcendental, with RS(7) = « > 0, we define the degree
ds(T) of T as the maximal number of pairwise inconsistent sentences ¢; such that
RS(T,,) = .

Proposition 1.4 [9]. A family T is e-minimal if and only if RS(T) = 1 and
ds(T) =1.

Proposition 1.5 [9]. For any family T, RS(T) = RS(Clg(T)), and if T is
nonempty and e-totally transcendental then ds(T) = ds(Clg(T)).

Definition [9]. A family 7, with infinitely many accumulation points, is called
a-minimal if for any sentence ¢ € X(T'), T, or T-, has finitely many accumulation
points.

Theorem 1.6 |9]. For any family T, RS(T) = 2, with ds(T) = n, if and only if
T is represented as a disjoint union of subfamilies Ty, ..., T,, , for some pairwise
inconsistent sentences 1, ...,pn, such that each T, is a-minimal.

Definition [9]. Let a be an ordinal. A family T of rank « is called a-minimal if
for any sentence ¢ € X(T'), RS(7,) < o or RS(7-,) < a.

Proposition 1.7 [9]. (1) A family T is 0-minimal if and only if T is a singleton.

(2) A family T is 1-minimal if and only if T is e-minimal.

(3) A family T is 2-minimal if and only if T is a-minimal.

(4) For any ordinal o a family T is a-minimal if and only if RS(T) = « and
ds(T) =1.

Proposition 1.8 [9]. For any family T, RS(T) = «, with ds(T) = n, if and
only if T is represented as a disjoint union of subfamilies Ty, ,..., Ty, , for some
pairwise inconsistent sentences @1, ..., ¢y, such that each Ty, is a-minimal.

Similarly [12], for a nonempty family 7, we denote by B(T) the Boolean algebra
consisting of all subfamilies 7,,, where ¢ are sentences in the language (7).

Theorem 1.9 [9, 12]. A nonempty family T is e-totally transcendental if and
only if the Boolean algebra B(T) is superatomic.

Proposition 1.10 [9]. If an infinite family T does not have e-minimal subfamilies
T, then T is not e-totally transcendental.

Recall the definition of the Cantor-Bendixson rank. It is defined on the elements
of a topological space X by induction: CBx(p) > 0 for all p € X; CBx(p) > « if
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and only if for any 8 < a, p is an accumulation point of the points of CB x-rank
at least 8. CBx(p) = « if and only if both CBx(p) > o and CBx(p) # a+1
hold; if such an ordinal o does not exist then CBx (p) = oo. Isolated points of X
are precisely those having rank 0, points of rank 1 are those which are isolated
in the subspace of all non-isolated points, and so on. For a non-empty C C X
we define CBx (C) = sup{CBx(p) | p € C}; in this way CBx(X) is defined and
CBx({p}) = CBx(p) holds. If X is compact and C is closed in X then the sup is
achieved: CBx (C) is the maximum value of CBx(p) for p € C; there are finitely
many points of maximum rank in C' and the number of such points is the CBx-
degree of C, denoted by nx (C).

If X is countable and compact then CBx(X) is a countable ordinal and every
closed subset has ordinal-valued rank and finite CBx-degree nx(X) € w\ {0}.

For any ordinal « the set {p € X | CBx(p) > a} is called the a-th CB-derivative
X, of X.

Elements p € X with CBx(p) = oo form the perfect kernel X of X.

Clearly, X, 2 X441, « € Ord, and Xoo = ] Xo-
a€eOrd
Similarly, for a nontrivial superatomic Boolean algebra A the characteristics

CBA(A), na(A), and CB4(p), for p € A, are defined [13] starting with atomic
elements being isolated points. Following [13], CB4(A) and n4(A) are called the
Cantor—Bendizson invariants, or CB-invariants of A.

Recall that by [13, Lemma 17.9], CB4(A4) < |A|* for any infinite A, and the
following theorem holds.

Theorem 1.11 [13, Theorem 17.11]. Countable superatomic Boolean algebras
are isomorphic if and only if they have the same CB-invariants.

In view of Theorem 1.9 any e-totally transcendental family 7~ defines a superatomic
Boolean algebra B(T7), and it is easy to observe step-by-step that RS(7) =
CBp(1)(B(T)), ds(T) = np¢1)(B(T)), i.e., the pair (RS(7),ds(T)) consists of CB-
invariants for B(T).

In particular, by Theorem 1.11, for any countable e-totally transcendental family
T, B(T) is uniquely defined, up to isomorphism, by the pair (RS(7),ds(7)) of CB-
invariants.

By the definition for any e-totally transcendental family 7 each theory T € T
obtains the CB-rank CB(T') starting with 7 -isolated points Tp, of CB7(Tp) = 0.
We will denote the values CB7(T) by RS7(T") as the rank for the point T in the
topological space on T which is defined with respect to (7 )-sentences.

Definition [1]. If 7 is a family of theories and ® is a set of sentences, then we
put 7o = () 7, and the set T is called (type- or diagram-)definable (by the set
ped
®) with respect to T, or (diagram-)T-definable, or simply d-definable.
Let ® be closed under conjunctions. A sentence ¢ € Tg is called T -isolating, T -
principal or T -complete for @, if T = T,. A set ® is called T -isolated or T -principal
if ® contains a sentence which is 7-principal for ®.

As noticed in [1] finite unions of d-definable sets are again d-definable. Considering
infinite unions 7' of d-definable sets Tg,, i € I, we can represent them by sets of
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formulas with infinite disjunctions \/ ¢;, ¢; € ®;. We call these unions 7’ as doo-

il
definable sets. Since all singletons {T'} C T are d-definable, each subfamily 7' C T
is doo-definable.

2. ALGEBRAS FOR SUBFAMILIES OF THEORIES

A noticed in [9], for any nonempty family 7 the set of all s-definable subfamilies
7, form a Boolean algebra Bs(T), being Lindenbaum-Tarski algebra [14, 15|, with
the relation 7, C Ty, 0 = 7T, for an inconsistent ¢, 1 = T = Ty (zaa), and set-
theoretic operations T, U Ty = Tove, To N Ty = Tonp, To = Top.

The algebra B,(7T) is isomorphic to the quotient S(X)/ =7 of the algebra S(X)
on the set of all ¥-sentences, with ¥ = ¥(7) and logical operations V, A, —. This
isomorphism is defined by the rule 7, — {¢p € S(X) | ¢ =7 ¢}, where ¢ =1 p &
To =T,

Since every distinct theories T7, T, € T are separated by some disjoint neighbour-
hoods 7, and 7T-, all atomic elements in B(7) are singletons. Therefore applying
Theorem 1.3 we have the following:

Proposition 2.1. For any nonempty E-closed family T the boolean algebra
Bs(T) is atomic if and only if T has the least/minimal generating subfamily.

Proof. Let Bs(7T) be atomic. Consider the set of all atomic elements of B, (7))
which, as noticed above, are singletons and form the subfamily 7y of T consisting
of all elements of these singletons. We assert that 7Ty generates 7. Indeed, by
Proposition 1.1 it suffices to show that if T € T \ Ty then for each ¢ € T, (7o),
is infinite. Assuming on contrary that for some ¢ € T, (7p), is finite. So we can
separate T' from (7o), by some sentence ¢ - ¢: T' € Ty, whereas (Tp)y = 0. But
Bs(T) is atomic, so there is a singleton {Tp} = T, C Ty, with some x F 1. So we
have both T € Ty and Ty € (7o), contradicting (7o), = 0.

Since Ty generates T, by Theorem 1.3 the set 7Tp is the least /minimal generating
subfamily of 7.

Now we assume that 7 has the least/minimal generating subfamily 7. Let T, #
() containing a theory T. If T € 7T, then there is a singleton 7y = {T'} which is
an atomic element under 7,. If T € T \ 7y then by Proposition 1.1, 7, contains
infinitely many theories in 7g. So again 7, has an atomic element 7y C 7. O

Now we extend the algebra Bg(7) till the algebra By(7) of all d-definable
subfamilies of 7. By Properties 4 and 8 of d-definable sets [1] the algebra Ba(T)
preserves the operations N and U, whereas complements are defined only for 7-
principal d-definable sets. Therefore B;(7) contains the operations N and U, being
a partial algebra with respect to ~. Thus, By(7) form a distributive lattice, partially,
for T-principal families, with complements. Besides, by Property 9 [1], each algebra
B4(T) is atomic containing all singletons {T'} C T. Clearly, these atomic elements
{T} have (co-atomic) complements if and only if they are T-isolated.

The algebra B;(7) admits a natural extension till the algebra By (7) of all
doo-definable subfamilies of T, i.e., of all subfamilies of 7.

Whereas structures Bs(7) and B (T) are well known, as well as B4(T) for
finite 7 and some additional special cases, it is natural to classify structures By(T)
in general case.
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Partially answering the classification question we consider totally transcendental
families 7 of small ranks. Notice that the algebras Bs(7), for these families, are
atomic in view of Theorem 2.1.

Proposition 2.2. For any nonempty family T the following conditions are
equivalent:

(1) RS(T) =0 and ds(T") = n;

(2) the Boolean algebra Bs(T) consists of 2™ elements with n atoms generating
this algebra;

(3) B4(T) is a Boolean algebra consisting of 2™ elements with n atoms generating
this algebra.

Proof. (1) = (2) and (1) = (3). It suffices to note that having RS(7) = 0 and
ds(7) = n, T consists of some theories T3, ¢ = 1,...,n, whose isolating sentences
generate both Bs(T) and Bg(7T) with atomic elements {T;}.

(3) = (2) is obvious since in such a case each d-definable set is s-definable.

(2) = (1). Since B4(T) is finite with n atomic elements and each atomic element
is a singleton, we have | 7| = n producing RS(7) = 0 and ds(7) =n. O

Theorem 2.3. For any nonempty E-closed family T and n € w \ {0} the
following conditions are equivalent:

(1) RS(T) =1 and ds(T) = n;

(2) the Boolean algebra Bs(T) is isomorphic to a direct product of n infinite
Boolean algebras By, ..., B, each of which is generated by atomic elements;

(3) the algebra B4(T) contains n new atomic elements with respect to Bs(T).

Proof. (1) = (2). By the assumption 7 is divided into n disjoint e-minimal s-
definable subfamilies 7,,,...,7,,. By e-minimality the Boolean algebras B (7,)
are generated by atomic elements. Taking

Bs =Bs (Tp,) % ... x Bs (7o)

we obtain the Boolean algebra representing all s-definable subfamilies of 7 as
boolean combinations of (co-)finite subfamilies of T,,. Since these boolean combi-
nations also represent elements of Bs(7), we have a natural isomorphism between
Bs and B,(T).

(1) = (3). Since T is divided into n disjoint e-minimal s-definable subfamilies
Tors---»Tp, there are n accumulation points for 7 and each 7, has exactly one
of these accumulation points T;. Each T is a d-definable atomic element of B4(7)
which does not belong to B,(T). Since all singletons {T'}, for T' € T \{Th,...,T.},
belong to Bs(T), Ba(T) contains n new atomic generating elements with respect to

B (T).
(2) = (1). If B4(T) is isomorphic to a direct product of n infinite Boolean
algebras By, ..., B, each of which is generated by atomic elements then it has n

infinite parts, disjoint modulo (), being Boolean algebras such that units of these
algebras can be divided only into finite and cofinite parts. It means that there
are pairwise inconsistent sentences ¢ such that these parts correspond e-minimal s-
definable families 7. Moreover, since Bs(7) =~ B X...xB,, each s-definable family
in Bs(T) is defined by some boolean combination of sentences ¢ and sentences v
isolating atomic elements. It implies that 7 is divided into n disjoint e-minimal
s-definable subfamilies of 7 producing RS(7) = 1 and ds(7) = n.
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(3) = (1). By Proposition 2.2, B4(7) is infinite. Since it contains n new atomic
elements with respect to Bs(7) there are n theories in 7 which are not isolated
by sentences. Since each infinite family has an accumulation point, it implies that
T is divided into n disjoint e-minimal s-definable parts producing RS(7) = 1 and
ds(T)=n.0O

Remark 2.4. Each algebra B; in Theorem 2.3 corresponds a 1-minimal family
and it is isomorphic to a union of upward directed family of finite algebras Bs(7) in
Proposition 2.2 such that the cardinality of this family equals |B;|. Algebras Bs(T)
correspond finite subfamilies 7 of given family 7’ of theories such that all theories
in T are T’-isolated by some sentences. Here there are n theories in 7’ and outside
all T being non-principal ultrafilters with respect to 7.

Remark 2.5. Similarly Remark 2.4, the class of algebras Bs(7) in Theorem
2.3 contains upward directed families whose unions produce algebras B;(73) for a-
minimal, i.e., 2-minimal families 73, with RS(72) = 2 and ds(7z) = 1. Taking direct
products of n algebras B,(72) we obtain algebras B,(72,,) for disjoint unions 73,
of 2-minimal families 73, with RS(72,,) = 2 and ds(72,,) =n, n € w \ {0}.

Now we can continue the process alternating step-by-step unions of upward
directed families of ranks < «, obtaining a-ranked algebras B,(7,) for a-minimal
families T,, and direct products of n algebras B,(7,), for c-minimal families 7,
obtaining their disjoint union 7, ,, with RS(7,,) = v and ds(74.,) = n, n € w\{0}.

Here, each step from 73, f < a, to T4, produces n new atomic elements for
Ba(Tan) such that these new elements have the CB-rank o and represent non-
principal ultrafilters with respect to elements of ranks < a.

Collecting the arguments above we generalize Theorem 2.3 for arbitrary e-totally
transcendental E-closed family 7

Theorem 2.4. For any nonempty E-closed family T, an ordinal o > 1, and
n € w\ {0}, the following conditions are equivalent:

(1) RS(T) =« and ds(T) = n;

(2) the Boolean algebra Bs(T) is isomorphic to a direct product of n Boolean
algebras By, ..., B, each of which is generated by elements of ranks < « such that
each B, contains infinitely many elements of each rank f < «;

(3) the algebra By(T) consists of infinitely many atomic elements of each rank
B < a, for 8 >0, and exactly n atomic elements of rank o, these n atomic elements
correspond non-principal ultrafilters with respect to elements of ranks < «.

In conclusion, we notice that atomic elements in the item (3) of Theorem 2.4,
being theories of rank «, can be considered as elements of the greatest complexity
both in the family 7 and in the algebra Ba(7T).
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