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FOR DOMAINS
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ABSTRACT. This paper is the first part of a cycle of three articles,
which is a survey devoted to the discussion of problems of the unique
determination of conformal type for domains in Euclidean spaces. The
main goal of the survey is to present a new apparently, very interesting
and yet very difficult trend in the classical geometric topic of the unique
determination of convex surfaces by their intrinsic metrics. This (the
first) article of the cycle relies upon the author’s talk “Unique Determina-
tion of Polyhedral Domains and p-Moduli of Path Families” given at the
International Conference “Metric Geometry of Surfaces and Polyhedra”
(Moscow, August 2010) dedicated to the 100th anniversary of Prof.
N. V. Efimov, and the article itself is an extended version of this talk.
Note that the author developed problems of the unique determination
of conformal type for domains in Euclidean spaces in earlier papers. In
the present article, we expose new results on the problem of the unique
determination of conformal type for domains in R™. In particular, we
show that a (generally speaking) nonconvex bounded polyhedral domain
in R" (n > 4) whose boundary is an (n — 1)-dimensional connected
manifold of class C° without boundary and is representable as a finite
union of pairwise nonoverlapping (n — 1)-dimensional cells is uniquely
determined by the relative conformal moduli of its boundary condensers.

Results on the unique determination (of polyhedral domains) of iso-
metric type are also obtained. In contrast to the classical case, these
results present a new approach in which the notion of the p-modulus of
path families is used.
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1. INTRODUCTION

In development of the classical topic of the unique determination of closed convex
surfaces by their intrinsic metrics [1], in [2]-[4], the author started a search for a
complete description of the boundary values of conformal mappings of domains in
the space R" (by R™ we denote the one-point compactification R™ U {oo} of the
real Euclidean space R™). This search is based on the notion of the n-modulus
of a family of curves first introduced in [5], which plays a very important role in
various domains of mathematics. In particular, using the notion of the n-modulus
of a family of curves, one can obtain the following characterization of conformal
mappings [6] (see also [7], [8]): A homeomorphism f: U — V of domains U and V
in R™ (n > 2) is conformal if and only if every family of curves I' in U satisfies the
condition

(1.1) My (f () = My (),

where f(I') = {f(y) : v € '} (in other words, a mapping f is conformal if and only
if it is 1-quasiconformal).

Further, suppose that the boundaries fr U and fr V' of the domains U and V are
sufficiently regular (e.g., they are bounded and are Lipschitz manifolds of dimension
n — 1 without boundary). Then any quasiconformal mapping of these domains can
be extended to a homeomorphism H : clU — clV of their closures clU and cl V' [6];
moreover, in the case of conformal mappings, the extension H satisfies (1.1) as well.
In particular, (1.1) holds for the n-moduli of the families I' of paths joining in U
the components F; and Fj of the boundary condensers F' = {F, F»} of the domain
U (in this case, f = Hlgp in (1.1)). This gives rise to the natural question: Are
domains U and V conformally equivalent if the boundary of one of them can be
mapped onto the boundary of the other by means of a homeomorphism f : frU —
frV preserving the m-moduli of the families of paths joining the components of
boundary condensers in the domain U?

In [2]-[4], we gave a positive answer to this question in the case of convex domains.
Namely, therein, we proved the following

Theorem 1.1. Ifn > 4 then any bounded convex polyhedral domain U C R™ (i.e.,
a nonempty bounded intersection of finitely many open n-dimensional half-spaces)
is uniquely determined by the relative conformal moduli of its boundary condensers
in the class P = P(n) of all bounded convex polyhedral domains V- C R™.

This paper continues the study of problems of the unique determination of
conformal type initiated in [2]-[4] by Theorem 1.1. First, we briefly recall the notions
from [2]-[4] used in Theorem 1.1 that we will need also in the sequel.

Let U C R" (U # R™) be a domain in R" for which fr U is a Lipschitz (n — 1)-
manifold without boundary. A boundary condenser F' = {Fy, F5} of U is a pair
of disjoint closed subsets F} and Fy of the boundary fr U of this domain (at least
one of which is bounded). A relative conformal modulus MY (F) of a boundary
condenser F' of the domain U is by definition the n-modulus

1.2 M,,(T - inf ng
(1.2 Crnn) = it )
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of the family I'p, g, v of all continuous paths «y : [0,1] — clU, where clU denotes
the closure of the domain U, such that v(0) € Fy, v(1) € Fy, and ~(t) € U for
0 <t<1(in(1.2), R(TE m,u) is the set of all nonnegative Borel measurable
functions p : R” — R, where R = R U {—00, 00} is the two-point compactification
of the real line R = R!, satisfying the condition fﬁ/ pds > 1 for every rectifiable path
Y E€LR RU)-

Let Lo = Lo(n) be a subclass in the class £ = £(n) of all domains U in R™ with
n > 3 different from R™ and such that the boundary of each of these domains is a
Lipschitz (n—1)-manifold without boundary. Following [2]-[4], we say that a domain
U € Ly is uniquely determined by the relative conformal moduli of its boundary
condensers in the class Ly if the following conditions hold. Suppose that V' € Ly and
there exists a homeomorphism f : fr V' — fr U of the boundary fr V' of the domain V'
to the boundary fr U of U preserving the relative conformal moduli of the boundary
condensers, i.e., such that MV (F) = MY (f(F)) (where f(F) = {f(F1), f(Fy)}) for
each boundary condenser F' of V. Then V can be mapped conformally onto U.

In connection with Theorem 1.1, there arises the question of whether the convexity
condition in its statement is substantial. Among the main results of this paper, there
is Theorem 2.1 below, which make it possible to waive the convexity condition in
Theorem 1.1.

The second part of the article is devoted to a complete description of the boundary
values of isometric mappings of n-dimensional domains in terms of the p-moduli of
path families. In this connection, we now briefly recall some facts of the theory of
quasi-isometric mappings that we will need below.

Definition 1.1. Let K € [1,00[. A homeomorphism f : Uy — Us of domains Uy
and Uy in R™ is called K-quasi-isometric if
Ko < imint O = F@L i)~ f@)]
vor oy —a R
for any x € Uy. A homeomorphism f : Uy — Usy is called quasi-isometric if it is
K -quasi-isometric for some K € [1,00].

We have (see [9])

Theorem 1.2. Suppose that f : Uy — Us is a K-quasi-isometric homeomorphism
of bounded domains Uy and Us in R™, wheren > 2 (1 < K < 00). Then

(1.3) K277 M,(T) < My (f(1)) < KPF" 72 M, ()

for every p €]1,00[ and any family T of paths v such that Im~ C clU;.

Remark 1.1. The quantity M,(I"), where 1 < p < oo, is called the p-modulus of
the path family T' and defined by analogy with the conformal modulus M, (T") as

M,(T) = inf Pdx,
W0 = it [ (p@)Pda
where R(T) is the set of all nonnegative Borel measurable functions p : R™ — R
such that fv pds > 1 for every rectifiable path v € T'.

It is also well known that if the boundaries of domains U; and U; are sufficiently
regular (e.g., these domains belong to the class £), then any K-quasi-isometric
homeomorphism of these domains admits a natural extension to a K-quasi-isometric
homeomorphism H of their closures clU; and clUs; satisfying condition (1.3). In
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particular, (1.3) holds for the p-moduli MY (F) = MJ*({Fy1, F»}) = My(Tp, y,0,)
of the boundary condensers F = {Fy, F5} of the domain Uy, and if K = 1 then
inequalities (1.3) turn into the equality MY2(f(F)) = MJ*(F) (in this case, the
mapping f in (1.3) coincides with the restriction H|gy of H to the boundary of
U).

These facts and Theorem 2.1 lead to the following question: Do there exist
analogs of Theorem 2.1 characterizing the boundary values of isometric mappings
in terms of the p-moduli of path families? In Sec. 3, we answer this question in the
positive.

In what follows, for z € R" and E C R", dist(z, E) = infycg |z — y|, all paths
v : [a, B] = R™, where o, 8 € R, are assumed continuous and non-constant, and
I(y) means the length of a path ~.

2. UNIQUE DETERMINATION OF NONCONVEX POLYHEDRAL DOMAINS
BY THE RELATIVE CONFORMAL MODULI OF THEIR BOUNDARY CONDENSERS

Let P; = Pi(n) be the class of all bounded domains U in R™ satisfying the
following conditions:

(i) fr U is an (n — 1)-manifold of class C° without boundary;

(ii) frU is representable as a finite union of pairwise nonoverlapping (n — 1)-
dimensional cells.

Remark 2.1. Recall (see, e.g., [10]) that a cell o in R™ is a nonempty closed
bounded subset in R™ which can be represented as a finite intersection of closed
half-spaces. The plane Q(c) of a cell o is the minimal affine subspace containing o;
the dimension dim(c) of a cell o coincides with that of the plane Q(c), and if this
dimension equals r then o is called an r-cell. If the dimensions of two cells o1 and
o2 coincide and {Int(o1)} N {Int(o2)} = @ then we say that the cells o1 and oo do
not overlap. Here Int(o;) = o;\ 0o is the open kernel of the cell o; (j = 1,2), and
0o denotes the boundary of the cell o; treated as a subset of the plane Q(o;).

The first main result of the article is the following

Theorem 2.1. Suppose that n > 4. Then every domain U in R™ belonging to
the class Py and having connected boundary is uniquely determined in this class
by the relative conformal moduli of its boundary condensers. Moreover, U can be
determined in the class Py up to an additional affine conformal transformation (i.e.,
a similarity transformation) P : R™ — R"™.

Remark 2.2. [t should be mentioned in relation to Theorem 2.1 that the boundary
of any domain of class Py is a Lipschitz (n — 1)-manifold without boundary (this
follows directly from the definition of the class P1).

To prove Theorem 2.1, we first need to introduce a number of notions and remind
some assertions of auxiliary nature from author’s article [3].

We will begin with the notion of an (n — 1)-face of the boundary of a domain U
from the class P;.

Let = be a collection of pairwise nonoverlapping cells of dimension n — 1 whose
union coincides with the boundary of the domain U, and suppose that a hyperplane
T contains at least one cell from =. We say that § is an (n — 1)-face of the boundary
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frU of U contained in 7 if it is a maximal union
k

(2.1) 5= &
s=1

of those cells in E that (i) are contained in Z, moreover, (ii) the interior Intg ;6
of this union (calculated in the interior metric of the boundary frU of U) is a
connected set. The maximality of the union (2.1) means that it is impossible to add
(at least) one more cell from Z to this union with the preservation of properties (i)
and (ii). Clearly, the just-introduced definition of (n — 1)-face of the boundary fr U
is correct and frU itself is a (uniquely defined) union of pairwise nonoverlapping
(n—1)-faces. Moreover, since the boundary of U is an (n — 1)-dimensional manifold
of class CY without boundary, we have the following assertions:

Lemma 2.1. If ¢ is an (n—1)-face of the boundary of U contained in a hyperplane
T then the set Int § (= Intg 7 0) has an open neighborhood D such that DURY C U
and DURY C R™\U, where R and RY are open half-spaces satisfying the conditions
RYNRY =& and RFURY =R™\ 7.

Lemma 2.2. Let {6;};j=1,..r be a proper subset of the set of all (n — 1)-faces of
the boundary frU. Then the boundary » = frfrU(Ulj=1 Jj) of the union U§'=1 J;
with respect to frU is a nonempty subset of the union of boundaries of the cells
€ € E and so » is the union of a finite set © = O(3¢) of pairwise nonoverlapping
(n — 2)-dimensional cells v.

Furthermore, if x € Intv (v € ©) then the contingency contgy x of U at x is the
set Vo = cl(P(Vy)), where P is a similarity transformation and

(22) Vo={z=(21,22,...,Zn—2,Tn—1,2p) ER" 1 z; eR,j=1,2,...,n -2,
Tp—1 =rcosb,x, =7rsinhd,0<r < o00,0<0<al,

0 < a < 2w, a # 7, moreover, there exists a number r = r, > 0 such that
B(z,m)NU = B(z,r) N V,.

Remark 2.3. The proofs of Lemmas 2.1 and 2.2 are rather simple. For this reason,
we omit them.

Lemma 2.3. Let p1, pa be points of the hyperplane 1,1 = {x € R™ : z, = 0}
with |pj| =1 (j = 1,2) and let Fy, Fy be disjoint continua on T,—1 such that Fy is
bounded and contains the points 0 and py, whereas Fy is unbounded and contains
p2. Then

+ ~ (n—=1)v,_log3 [F(m]z 1-n
(2.3) MR ({F, F}) >\, = . ( (o |

n—1

where R = {x € R" : x,, > 0}, vy, is the volume of the n-dimensional unit ball,
and T is the Euler gamma-function.

Remark 2.4. Lemma 2.3 goes back to Theorem 3.10 in [11] and the results of [12]
and [13]. By Theorem 3.10 in [11], for example,

(2.4) MEMFIVE (B > ),

where Fi and Fy are disjoint continua in R3 such that Fy is bounded and contains
the points 0 and p1, and F5 is unbounded and contains ps, moreover, |p;| = 1,
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j=1,2. In [11], a way was chosen that made it possible to obtain estimate (2.4)
by rather rough but straightforward calculations. Using the same calculations, the
author proved Lemma 2.3 in [3] (see Lemma 8.1 in [3]).

Lemma 2.4. The relative conformal modulus M(Ay) = M®+(A) of the boundary
condenser Ay (0 <t < 00) of the half-space R, whose components are the segments

t 1
(2.5) FL=F{t)={zeR":|z;| < 202 = 5% =0,j=3,4,...,n}
and
. t 1 ,
(2.6) FB=F{)={zxeR": || < 202 =5, =0,7=3,4,...,n}

has the following properties: (i) 0 < M(A;) < oo; (ii) M(A;) — 0 ast — 0 and
M(A:) — 00 as t — oo; (iil) M(A4) is an increasing function (in the wide sense)
of the parameter t : M(Ay,) < M(Ay,) if t1 < to; (iv) if 0 < t1 < ta < oo then
ty M(Ar,) <t M(An).

Remark 2.5. The condenser A; was first considered (in the case n = 3) in [14]
in connection with study of the boundary values of quasiconformal mappings of
domains in R3 : by Lemma 3.6 in [14], the function

G(1) =t IMPMPROUEON (R (1), Fy(1)}), 0 <t < oo,

decreases (in the wide sense: (3(t2) < (3(t1) if 0 < t1 < to < 00), moreover, (3(t) —
a €]0,1] as t — oo. In contrast to [14], here (as well as in [3]), we consider A; as
a boundary condenser of the half-space R and use its properties from Lemma 2.4,
whose proof can be found in [3] (see Lemma 8.2 in [3]). Below, we use the notion
of a growth point t,, of the function M™+(A,) which is introduced in |3] as follows:
tn is a point in 10, 00[ such that

(2.7) MR (Ay) > M®H(AL)

for every t > t, (the existence of growth points for M®+(A,) is immediate from
Lemma 2.4. For definiteness, we will further assume that t,, is the least number
tr > 1 satisfying (2.7) if inserted instead of t,. Clearly, this number is a growth
point of M®+(A;) too).

Lemma 2.5. Assume that 0 < t < oo, Ay = {F1,Fa} = {F1(t), Fa(t)} is the
boundary condenser of the half-space R’} whose components are the segments Iy =
Fi(t) and Fy = F5(t) defined by (2.5) and (2.6) and

Fl ={z e R" :dist(, Fj) <7, x, 20}, 0<7<1/2, j=1,2

Then
M(A;) = lim M, (T'(7)),
7—0
where I'(1) = Upr gy (rrurgy i the family of paths joining FY and F3 in Rl \

Remark 2.6. Lemma 2.5 goes back to Lemma 3.4 in [14] on the continuity of
moduli, by which
M(T) = lim M, (I(7),
T—

where T' and T'(1) are the families of curves joining disjoint bounded continua F:
and Ey and E1(1) and Eo(T), respectively in an open set U C R® (here E;(1) =



698 A.P. KOPYLOV

{z € U : dist(z, E;) < 7}, j = 1,2, moreover, T is sufficiently small). The proof of
Lemma 2.5 can be found in [3] (see Lemma 8.4 in [3]).

Lemma 2.6. Assume thatn >4 and 0 < a <27. Put Fi ={z e R": -1 < a1 <
0,2; =0,j=2,3,...,n} and Fo ={x e R": 1 <21 <o0,2; =0,7=2,3,...,n}.
If T, is the family of all paths connecting Fy and Fy in V, then MVe(A) =
M, (To) = M, (Ty) = 2MV=(A), where A = {Fy, F5} is the boundary condenser
of Vo, with components Fy and Fy; moreover, Vo, = {(x1,22,...,Tn—2,Tn_1,Tn) €
R:z; €R,j7=1,2,....,n—2,2,_1 =7rcosf,z, =7sind,0 <r <o00,0<6<a},
0<a<2m.

Remark 2.7. Lemma 2.6 is a generalization of Lemma 7.1 in [14] (which deals
with the case of n =3) ton > 4 (see Lemma 8.7 in [3]).

Proof of Theorem 2.1. Suppose that U is as in the hypothesis of the theorem,
U, is a domain of class Py, and f : frU; — frUs; is a homeomorphism of the
boundary fr U; of U; onto the boundary fr U, of U; preserving the relative conformal
moduli of boundary condensers. It suffices to show that there exists a similarity
transformation F' : R™ — R" satisfying the condition Uy = F(Uy) (and f = Flg v, )-

To this end, note first that since the boundary fr U; of U; is connected and f is
a homeomorphism, the boundary fr Us of Us is also connected, and then consider
an (n — 1)-dimensional face s of fr U;. Clearly, there exists an (n — 1)-dimensional
face 5 of fr Uy such that

B(z,r)N f(s) = B(z,r) NInt 5 # &

for some x € Ints and r > 0.

Let & be a connected component of the set Ints N Intg , f(s). Assume that
o = f71(5). We assert that the restriction f|, of f to o is an (n — 1)-dimensional
conformal mapping.

Indeed, taking into account that the relative conformal modulus MY (F) of a
boundary condenser F' of U is a conformal invariant and using Lemma 2.1, applying
additional conformal mappings if necessary, we can come to the following situation:
s and § are subsets of the hyperplane 7,1 = {x € R™ : x,, = 0}, and the sets Int s
and Int s have open neighborhoods D; and D; (respectively) such that D;NR" C Uj
and D;NR™ C R™\Uj, where j = 1,2 and R” = R"™\ (clR? ). Suppose that z¢ € o,
k €{2,3,...}, and r is a sufficiently small positive number and consider an (n—1)-
dimensional ball B, _1(xo,7) = {z € R, : |z — x¢| < r,z, = 0} in 7,1 such that
clBy_1(xo,7) € 0, I Bp_1(f(x0),L) € ¢ (L = L(xo, f,7) = max |f(z) —

ool B (F(au), L) = {y € B y— F(oo)l < Lo > 0} € Uy and

(2.8) Bl (wo,kL*) ={z € R": |z — zo| < kL*,z, >0} C {D1 NR%}} (CUy),
where

(2.9) {Bn(xo, kL") NTp_1} C o

and L* = max{|z—x| : ¢ € E1}, moreover, By = {y € R" : |y— f(x0)| = L, y, = 0}
(note that we can obtain (2.8) and (2.9) by using the continuity of f and the
smallness of the values of ). The following estimate holds for the relative conformal
modulus MY2({Ey, E2}) of the boundary condenser {E;, Ea} of Us, where Ey =
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{yeR":ly = fzo)l = Lyn = 0} (I = U(xo, f,7) = min [f () = f(@o)]):

|z—z0|=r,x€TH_1

(2.10) nuy, <log ?) > MY2({E,, Ey}).

This stems from the fact that the family I'g, s, 4 of all paths connecting the spheres
Sp={yeR": ly—f(zo)] =L} and S; = {y € R"™ : |[y— f(x0)| = I} in the spherical
ring A ={y € R" : | < |y — f(x0)] < L} minorizes the family 'y, g, v, (i.e., for
each path v : [, 5] = R", v € I'g, g, v,, there exists a segment [, 6] (C [, 3])
such that |4 5 € I's, s,,4), and from assertions 6.4 and 7.5 in [6].

Now, estimate MYt ({f~Y(E1), f~1(E2)}) (which is equal to M2 ({E}, Es}) since
f preserves the relative conformal moduli of boundary condensers) from below. To
this end, note first that

M7 ({f7H(E), f7H(E2)}) 2 Ma(Tk),

where I'y is the subfamily of the family I'f-1(p,) f-1(p,),u, of all paths connecting
the components of the boundary condenser {f~(E1), f~1(E2)} of the domain U;
in this domain, which consists of the paths v € I'yj-1(g,) s-1(g,),v, such that
Im~y C cl B} (zo,kL*). Furthermore, consider the family Ff—l(El)ﬁf—l(Eé)y]Ri of
paths connecting the components of the condenser {f~'(E;),f !(E2)} in R,
which is also a boundary condenser for the half-space R”}. It is clear that

(2.11) Lyi(m),f-1(m) ry C {Tx UTFY,

where I'* is the subfamily of paths v in Ff—l(El)_’f—l(Ez)y]Ri satisfying the condition
{Im~ N (R™ \ B (zg,kL*))} # @. Moreover, since I'* is minorized by the family
LS (20,kL°),S(x0,L+),A+ Of all paths connecting the boundary spheres S(x¢, kL") and
S(xo, L*) of the spherical ring A* = {z € R" : L* < |r — x¢| < kL*} in this ring,
by the above-mentioned assertions 6.4 and 7.5 in [6], we have

kL*
L*

(2.12) M™(T*) < nv, <log > = nv,(logk)'™™) = px — 0

as k — 0o0. On the other hand, (2.11) and (2.12) imply

ME (B, [ (B2)}) < Ma(Ty) + Mo () < My (D) + o
From these relations and Lemma 2.3 it follows that
(2.13) My (De) > ME({F7H (B, S (E)Y) — i > An — oy

where A, is from (2.3). Involving also the fact that A, —uy > 0 when & is sufficiently
large, and reckoning with (2.10) and (2.13), we easily obtain the relation

L L(xo, f,7) nuy, w1
. 17 T fin) exp{ (w) }
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Passing to the limit first as » — 0 and then as k — oo in (2.14), we get

_ L(z, f,r) _
(2.15) H(z, f) = luflj(l)lpm <A, =

ox 8nwv, T [F(ﬁ)ﬁ
P (n —1)vp_1log3 L(;47)

for € 0. From (2.15) we see that f|, is an (n — 1)-dimensional quasiconformal
mapping (moreover, for the same reasons, the inverse mapping (f|,)~! is also
quasiconformal). Following the proof of Theorem 8.1 in [3] and making necessary
corrections to it concerned with the specific nature of the general case discussed in
Theorem 2.1, we will now show that f|, is a conformal mapping.

Indeed, assume that z € o is a nondegenerate differentiability point of f|,, i.e.,
xo is a point at which f is differentiable, moreover, the value J(z, f) of its Jacobian
at x¢ is nonzero (by the just-proven quasiconformality of f|,, mes(,_1)-almost all
points 2 € o have this property; here mes(,_1) is the (n — 1)-dimensional Lebesgue
measure), and suppose that the differential f'(x¢) is not a conformal mapping.
Consider points eq, ez € 7,_1 such that |e;| = 1 (j = 1,2) and |f'(zo)e1] =
max |f (zo)el > |f (xo)ez| = mein |f'(zo)el|, where the maximum and minimum are

calculated over the set of all vectors e € 7,1 with |e] = 1. By the conformal
invariance of the relative conformal moduli of boundary condensers, we can assume
that ey, ea, ..., e, is the canonical basis in R™; s,§ C 7,,_1 (as above, s and § are (n—
1)-dimensional faces of the boundaries fr U; and fr Us of the polyhedrons cl U; and
clUs containing o and o = f(0) respectively); zo = f(zo) = 0; B;F (0,/1+t2)(=
B,(0,/1+t2) N RY) € Dy NnRY C Uy, {Bu(0,\/1+1t2) N 71} C o
B;F(0,4/1+ (Antn)?) C DoNR% C U { By (0,1/1 4 (Antn)?)NTp—1} C 7, f'(0)ex =
eo, and f'(0)e; = uey (1 <u < A,). Here A,, is defined by (2.15) and t,, is a growth
point (see Remark 2.5) of the function ¢ — M=+ (A,), 0 < t < oo, where A, is the
boundary condenser with components (2.5) and (2.6).
Starting from this situation, consider the parameter 4 = 2,3, ... and the boundary

condenser

M_lAtvL = {FIH7F2M} =
(WP, ' By ={{zeR":px € Fi},{z €R" : pz € F,}}

of the half-space R’}, where F; (j = 1,2) are the components of the boundary
condenser A;, of R defined by (2.5) and (2.6) for t = t,,, and then construct the
mapping f, : frU; — frUs by setting f,(z) = pf(p~'z) where z € fr(ulU;). By
the nondegenerate differentiability of f|, (and hence that of the inverse mapping
(flo)™1) at 0, we have

(2.16) fu(@) = Lo + |z|a(p™'z), =€ fr(ulh),
and

@17)  f'@) (= ) = L+ [elB(u ), @ € fr(ulh).
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Note that, in (2.16) and (2.17), L = f’(0) is the derivative (differential) of the
mapping f at the point 0,

+ +
(2,18) I TE1 €9 _ uTeq 627 re R,
2 2
and
2.1 li = li =0:
( 9) :v—)O,l:vIg'rn,l Oé(l‘) 0’ 1:~>0,11:H€17'n,1 ﬁ(.l?) 0’

moreover, the mappings o and § are independent of u.

Consider the boundary condenser f,'(Ay;,) of R} with the components
[ (Fjuty)) (j = 1,2), where F} are defined by (2.5) and (2.6). For this condenser,
we have

(2.20)

Lyt gi e utayvn © 5o ey, i (et i 0,/77) YL ih
where I}, is the subfamily of paths in ngl(Fl(utn))’fgl(pz(utn))’uUl such that Im~ N
(R™\ uBy(0,/1 +t3) # &; moreover, from the fact that I'j, is minorized by the

family of all paths connecting the boundary spheres of the spherical ring {z € R" :

V1+82 <|z| < py/1+¢2} in this ring we (by the same arguments as those used
to deduce (2.12)) obtain the inequality

nv
2.21 M, () < —— .
221 R
On the other hand, we can easily verify that
(2.22) T c’r

Fi (P (utn)), fi t (Fe(utn),n B (0,4/1482) Fi HOF (utn)), fi t (Fa(utn)) R

Therefore (by (2.20)-(2.22)),

2.23 MPUL(F1 (A ) < MBS (F1(A, L
(2:23) (57 (Aun,)) < M (A, ) + s

Now,

(2.24) FFl(utn),F2(utn)7R1 C {FFl(utn),Fg(utn),ﬂBI(O,q/1+(Atn)2) U F#}7

where fu is the subset of paths Fpl(utn)’pz(utn)’Ri satisfying the condition Im~y C
{R™\ (B (0,v/1+ (Antn)?))} # 2. Since I',, is minorized by the family of all paths
connecting the boundary spheres of the spherical ring {z € R" : /1 + (At,)? <

|z| < pr/1+ (Aptyn)?} in this ring, it follows that, by repeating the arguments used
in deriving (2.12) and (2.21), we get the estimate

ny,

(2.25) Ma(T) < oo

Using the obvious relation

L by it Bt i/ THntn® © L Fr () F(ut) uU»
and (2.24) and (2.25), we have
noy,

R < Us .
M +(Autn) = M (AUt'n.) + (log,u)"*l
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Involving also (2.23) and the circumstance that the mapping f,, (together with f)
preserves the relative conformal moduli of boundary condensers, we have

Ri Ui/ p—1 L
(2.26) M®H(Ay, ) < MYi(f (Amn))+(logu)n_1
Ri —1 L
< MUH(f (Autn))+2(10gu)n_1-

The proof of the conformality of f|, is finished by analogy with that of Theorem
8.1 in [3]. We will only confine ourselves to its brief exposition. First, starting
from (2.16)-(2.19), we arrive at the estimate

(2:27) M&(fH(Aw,,)) < M (T(B;)),
where
(2.28) By = H(ZA’W{ sup Iﬂ(y)} =0

Vi+(Aptn)?2
|y|< Y EEQntn)”

as (1 — oo (in what follows, p1 is so large that 8, < 1/2) and I'(7) = FFva{vRi\{FfUFzT}
is the family of all paths connecting F{" and FJ in R’ \ {F] U FJ}. Here
F} ={x e R" : dist(z, Fj) <7, z, >0},

0 <7 <1/2(j =1,2), moreover, the sets F; are the components of the boundary
condenser A(t) of R? defined by (2.5) and (2.6).
Finally, combining (2.26) and (2.27), we arrive at the inequalities

—— < M, (T(BF

(IOg,U/)n_l — "( (B,u))a

and then, letting p tend to oo, apply Lemma 2.5 to the right-hand side in (2.29).
In particular, this lemma implies the equality

M®5(Ay,) = lim M, (T(7)).
: 7—0

n 2nuv,

(2.29) MR+ (Ay,) —

Now, involving (2.28), we obtain the inequality
M™ Ay, ) < M®H(A,,)

which contradicts the fact that t, is a growth point of the function t — M®+(A4,),
0 < t < co. Therefore, f|, is a conformal mapping.

Note also that since o is a connected component of the set (Intg ¢, £71(3))NInt s,
o = f(o) and f~! preserves the relative conformal moduli of boundary condensers,
f~1s is also conformal.

The next step in proving the theorem is the proof of the equality clo = s.

To this end, assume that s\ clo # @ and then consider a point g € {(frso) N
(Int s)}. The image yo = f(xo) of this point belongs to the set 93, moreover,
by the continuity of f~!, there exists an n-dimensional ball B(yg,r) such that
I Y(B(yo,r) N93) C {(frso) N (Ints)}. In the set B(yo,r) N 5, there is a point
yg belonging to the interior Intv of a certain (n — 2)-dimensional cell v € Oq,
where O is a finite set (chosen and fixed a priori) of pairwise nonoverlapping
(n—2)-dimensional cells whose union is the boundary s = frg, 7, § of the face 5 (see
Lemma 2.2). Let 2 = f~1(yg). Basing on the conformal invariance of the relative
conformal moduli of boundary condensers, assume that xf is just the initially-
chosen point zy and, what is more, g = f(zg) = 0; 5,5 C T,—1; the set Ints has
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an open neighborhood Dj such that (D; NRY}) C Uz and (D NR™) C R™\ Uy,
and v C {x € R" : 2,,_1 = x, = 0}. Moreover, since the condition n > 4 and the
well-known properties of space conformal mappings imply that the mapping f|, is
a restriction to o of a certain Mobius mapping h : R® — R™, we can also assume
that ¢ = ¢ and f|, =Ido.

Further, suppose that a number ry > 0 satisfies the condition {B(0,r9) NV, } C
{D: NR%}} C U; and condition (2.10), where now 2o = 0 and r = 79, and let
contgy, 0 = Vo, (a2 € (]0,7[U]r, 27[)); moreover, V,, is the domain defined for
a €]0,27] by (2.2). Setting ro = 2 (which is possible because of the conformal
invariance of the relative conformal moduli of boundary condensers), construct the
sequence {f,} =23, of the mappings f, : fr(uU;) — fr(uUs), where (as above)
fu(@) =pf(p=tz), =€ fr(ulU;). The mapping f, has the following properties:

(2.30) B(0,2u) N C pw,
(2.31) {B(0,2u) N Vy} C uly,
(2.32) {B(0,21) NV, } C plUs
and

(2.33) Julpo = 1d(po).

Starting from the mapping f, and taking into account (2.30)-(2.33), for the
boundary condenser A, of the domains pU; (j = 1,2) whose components are the
sets

F' ={z eR": ~1<2; <0,2,=0,v=2,3,...,n}
and

Fi'={zeR":1<z <p,z,=0,v=2,3,...,n},
we now obtain the relations
(2.34) MY (A) < MPUH(AL) + My (T),) + My (A5, R™)

(MYo2(A) < MMV (Ay) + My (L) + Mo (A7, R™)),
where A is the boundary condenser of the domains V; and V,, (defined above
by (2.2)) with the components

(2.35) Fr={xeR":-1<x; <0,z, =0,vr=2,3,...,n}
and
(2.36) Fr={zeR": 1<z <oo,z,=0,vr=2,3,...,n},

I',, is the family of paths connecting of F; and F5 in R™ \ {F} U F5} and such that
Im~y N {R"™\ B(0,2u)} # @; finally, A%, is the condenser in R™ whose components
are the sets F{' and

Fy*={xeR":p <z <oo,z, =0,v=2,3,...,n},

moreover,
My (A}, R") = Mp(Lpp g mo\ (rrore-y)-
Indeed, (2.30)-(2.33) imply the relations

Ur v, CUpp ey, ULpe g go\ (rEUFS)

(Lr P Vay CLpre pe v, ULl e e mo prureey)
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and
Upepp v, CUpepp e, Ul
(Crp p v, © Urp gt v UT0)-
Thus, by Theorem 6.2 in [6], we have

MY (A) < MY (Ay) + M (A}, R™) < MPUH(A,) + My (Dy) + Mo (A7, R")

ll,? /L?
(M2 (A) < MY*2(A,) + M (A5, R™) < MPYU2(Ay) + My (L)) + My (A%, R™).
Taking into account that the families I'pre o+ gny (prypp+y and I'), are minorized
by the families I' S1,84,A1, and I's, sy, A of paths connecting the boundary spheres
S1 = 8,-1(0,1) and S5 = S,,_1(0, p) in the spherical ring A}, = {z € R" : 1 <
|z] < p} and the boundary spheres S; and S5 = S,,—1(0,2u) in the spherical ring

Al ={z € R" : 1 < |z| < 2u}, respectively, by Theorems 6.2, 6.4 and 7.5 in [6], we
obtain

(2.37) M, (A7, R™) < nv, (log p)t "

and

(2.38) M, (T,,) < nv,{log(2u)}' " < nwv, (log p)' ™.
Inequalities (2.34), (2.37) and (2.38) imply the relations

(2.39) MY (A) < MM (A,) + 2nv, (log )"

(MY22(A) < M2 (A,) + 2nv, (log p)' ™).
On the other hand,
Upe ppepvy CUre pe Bo2wnv, YT CUpe pp oy, UTH
(Crp ppuvs CUrp R B2V, YT C TR pp v, UTH)),
where FF{L,F;,B(O,QM)QVW (FF{L:leJ/yB(O)2M)m‘/(12 ) is the Subfamily of paths in FF{L,FQ’ﬂp,Ul
(I'pe,pe uu,) Whose images are in the ball B(0, 2u1) (note that here we have reckoned
with (2.31) ((2.32))), and T'* is the subfamily of all paths 7 in the same family such
that Im~y N {R™ \ B(0,2u)} # @; moreover, just as I',,, the family I'** is minorized
by I‘S17Sé/7A;‘{ . Hence,
(2.40) M*Ur(A,) < MY (A,,) + nv, {log(2u)}' " < MY (A) + nv, (log ).
Combining (2.39) and (2.40), we finally prove that
MY (A) — 2nv, (log )= < MPUH(A,,) < MY~ (A) + novy, (log 1),
which in turn implies the relation
(2.41) lim M*Ur(A,) = MV~ (A).

pi—00
Similar arguments also enable us to obtain the inequalities
MVer (A) — 2nv, (log 1) =" < MPU2(A,,) < MYV (4) + nog (log p) ™,
which imply the equality
(2.42) lim M*Y2(Ap) = MV~ (A).

p—00

Next, the fact that f, (together with f) preserves the relative conformal moduli
of boundary condensers imply the equality

(2.43) MUY (Ap) = M*Y2(A,).
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Thus, by (2.41)-(2.43),
MVer (A) = MV=(A).
At the same time, Lemma 2.6 and the condition ay € ()0, w[U]r, 27[) imply the
inequality
(0 <) MY>2(A) # MY~ (A).

The so-obtained contradiction completes the proof of the equality clo = s. It
should be noted that, taking f~! instead of f in the above-mentioned arguments,
we also establish the equality clo = 5. Hence, f generates a bijection between the
sets of all (n — 1)-dimensional faces of the boundaries fr U; and fr Us of U; and Us.

Turning to the final step in the proof of the theorem, choose an arbitrary (n—1)-
dimensional face s; of the boundary frU; of the polyhedron clU;. As above, we
may assume that s; € 7,1, f|s, =Id sy, (D; NR}) C U; and (D; NRY}) € R™\ U
(7 = 1,2) (Dj are the open neighborhoods of the faces s; and §1 = f(s1) defined
for the domains U; by Lemma 2.1). Let sp be an (n — 1)-dimensional face of the
boundary fr U; such that the intersection s; N sy of s1 and sy contains an (n — 2)-
dimensional cell vy (from an a priori fixed finite set © of pairwise nonoverlapping
(n — 2)-dimensional cells whose union is frg ¢, s1 (see Lemma 2.2)). We assert that
f(s2) = s2. Indeed, since f|mts, is a conformal mapping of the (n — 1)-dimensional
domain Int so onto the (n — 1)-dimensional domain f(Int ss), the condition n > 4
and the properties of space conformal mappings imply that f|s, = hls,, where
h:R™ — R™ is a M&bius transformation. Taking into account the relation f|,, =
Id vy, we conclude that h is an isometric mapping of R™. Let xy € Int vy. Repeating
the arguments used above for proving the equality clo = s almost verbatim and
applying Lemmas 2.2 and 2.6, we obtain the equality contgy; o = contgy, zo (=
contgy, f(xo)), from which (and what was said above) we have the desired equality
f(SQ) = S2.

Continuing these arguments by induction, say, at [th step, we will either establish
the conformal equivalence of the domains Uy and Us or obtain the following situation:
there exists a proper subset {s, : v =1,2,...,1} of the set of all (n—1)-dimensional
faces of the boundary fr U; such that

floy_ys, = (Pol)

where P : R™ — R” is an isometry and L is a M&bius transformation. Show that,
in the so-obtained situation, we can make at least one more step.

Indeed, consider the set {s, : v = [ + 1,l + 2,...,m} of all remaining (n —
1)-dimensional faces of the boundary frU;. Applying to this set Lemma 2.2 and
comparing it with the set {s, : v =1,2,...,1}, it is easy to conclude that there are
faces s, € {s, :v=1,2,...,l} and s,, € {s, : v =14+1,1+2,...,m} such that
their intersection contains an (n — 2)-dimensional cell vg. As a result, for the pair of
(n — 1)-dimensional faces s,, and s,,, we find ourselves in the situation described
above (at the first step) for s; and sa. Therefore, it is not difficult to conclude that

f|Ulu-Lllsv - (P © L)|Uf;1151"

where now s;11 = s,,. Continuing our arguments by induction and taking into
account the finiteness of the set of all (n — 1)-dimensional faces of the boundary
fr Uy of the domain U;, we finally obtain the conformal equivalence of U; and Us.

The existence of a similarity transformation P : R™ — R" satisfying the condition
U; = P(Uy) can be established in the same way as in the proof of Theorem 8.1 in [3].

UL_ys00
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Namely, if H : U; — R” is a conformal mapping from U; into R™ that is not the
restriction to U; of a similarity transformation then the image H (s) of at least one
of the (n —1)-dimensional faces s of the boundary fr U; under a conformal mapping
H : R" — R" such that H = H|y, is a subset of a certain sphere S,_1(z,7),
x € R", r € Ry. But this is impossible because H(U;) € P;. Thus, the theorem is
completely proved. O

Remark 2.8. If the components of a boundary condenser F of a domain U are
connected then this condenser is a ring (in the sense of [6]). It is well known that, in
this case, the relative conformal modulus of the condenser F is equal to its relative
conformal capacity capacV (F) = capacl (F), i.e., its n-capacity with respect to the
domain U (see, e.g., [16] and [15] for the definition of the p-capacity of a ring and
its very close relationship with the theory of quasiconformal and quasi-isometric
(bi-Lipschitz) mappings). The proof of Theorems 2.1 use only ring-shaped boundary
condensers. This allows us to reformulate Theorem 2.1 as follows:

Theorem 2.2. If n > 4 then any domain U in R™ belonging to the class P1(n)
and having connected boundary is uniquely determined in this class by the relative
conformal capacities of its ring-shaped boundary condensers.

3. BOUNDARY VALUES OF ISOMETRIC MAPPINGS AND THE p-MODULI OF PATH
FAMILIES

The facts of the theory of quasi-isometric mappings stated in the Sec. 1 and
Theorem 2.1 lead to the following question: Do there exist analogs of Theorem 2.1
characterizing the boundary values of isometric mappings in terms of p-moduli
of path families? At present, we can give the following answer to this question
(corollary of Theorems 2.1):

Corollary 3.1. Let n > 4. Suppose that Uy and Us are bounded domains of class
P1 having connected boundaries for which there exist a homeomorphism f : frU; —
fr Uy of the boundaries of these domains and a number p € {|1,n[U]n, o[} such that
the following conditions hold: f preserves both the relative n-moduli and the relative
p-moduli of boundary condensers. Then there exists an isometry H : R™ — R"
satisfying the condition H(Uy) = Us.

Proof. The proof of the corollary is based on Theorem 2.1 and Lemma 3.1 which
will be formulated immediately after the proof of Corollary 3.1.

The hypothesis of the corollary and Theorem 2.1 imply the existence of an
affine conformal mapping H : R®™ — R” such that Uy = H(U;) and H|py, = f.
Nevertheless, if H is not an isometry then it has the form H(z) = »Qz+v (x € R"),
where 0 < s # 1, v is a fixed point in R", and €2 is an orthogonal mapping. By
Lemma 3.1, there exists a ring-shaped boundary condenser F' of U; satisfying the
condition 0 < MJ*(F) < co. Furthermore, Theorem 8.2 in [6] immediately implies
the following assertion: If ¢ > 0 and G : R™ — R" is an affine conformal mapping,
i.e., a mapping defined by the relation G(z) = »Qu+v (2 is as above an orthogonal
mapping) then M,(G(I')) = »"PM,(T") for any path family T'. Using this assertion
and considerations from Sec. 1, we get the relation

(3.1) My (f(F)) = M (H(F)) = 5" P M, (F)
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which is a contradiction to the facts that f preserves the relative p-moduli of
boundary ring-shaped condensers.
The corollary is proved. ([l

Lemma 3.1. Assume that a domain U is bounded and belongs to the class Py. Then
there exists a ring-shaped boundary condenser F of U such that 0 < Mg(F) < 00
for every p € [1, o0].

Proof. Consider a ball B = B(xg,r) satisfying the condition cl B(zg,r) C U and
then the set A =T NU, where T = {z € R" : ZZ;%(.’I?V —m0,)? < 1r?}. Let T be
the family of all paths + : [0,1] — cl A such that

n—1
Y1) =D av()en + {ba(P)t + an(7)(1 — t)}en,

where a,(y) < bn(7); 7(0),7(1) € frU; v(t) € U if t € ]0,1[; finally, BNIm~y # @.
Starting from T', construct the boundary condenser F' = {F}, F»} by setting F; =

X au(y)es +an(Y)en vy € T} and By = {3021 au(y)es +bn(7)en : v € T}
Clearly,

(3.2) inf () =A>0.

YEL P, Py, U

Recalling also that U € Py, it is easy to verify the existence of a cylinder T =
{zr eR": Zg;ll (), — 4,)? < r2} satisfying the following conditions: (i) c1T* C T
and (ii) F}" = Fj NclT* is a subset of a certain hyperplane 7; (j = 1,2). We assert
that the ring-shaped boundary condenser F* = {F}, F;} is a desired one.

Indeed, by (3.2) and Theorem 7.1 in [6],

mes U
\P
On the other hand, the boundedness of U implies the existence of numbers a, b3
(0 < a¥ < bf < o0), having the following properties: for every path v* : [0, 1] — R
of the form

U *
M, (F*) <

n—1

(3.3) V) =D e, +{bit+an(1—t)}en, te[0,1],

v=1

where Zz;ll (a, — 14,)% < 12, there exist numbers ¢, to (0 < t; < to < 1) such
that '7*|[t1,t2] € PFI*,FQ*,U-

The family I+ gy v minorizes the family I'* of all paths having the form (3.3).
Hence, assertions 6.4 and 7.2 in [6] imply the relations

n—1
U * *\ Tx Un—1
The lemma is proved. [l
To conclude the paper, we note that the main results were announced in [9], [17],

[18], [19].
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