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Abstract. In this article abstracts of talks of the Conference �Dynamics
in Siberia� held in Sobolev Institute of Mathematics, February 24 � 29,
2020 are presented.

The conference �Dynamics in Siberia� was dedicated to 70th birthday of Valery
Vasil'evich Kozlov. The conference was held in House of Scientists of SB RAS
and in Sobolev Institute of Mathematics SB RAS (Novosibirsk) from February 24
to 29, 2020. Members of the program committee were as follows: A.V. Borisov,
I.A. Dynnikov, A.A. Glutsyuk, A.E. Mironov, I.A. Taimanov and A.Yu. Vesnin.

More than 50 experts on dynamical systems, mathematical physics, geometry
and topology participated in the conference. The conference program consisted
of plenary talks and short talks. The talks were made by well�known experts
from Dubna, Moscow, Nizhny Novgorod, Novosibirsk, St. Petersburg, Troitsk,
Vladivostok, Ufa, and also by well�known mathematicians from Benin, France,
Israel, Italy, Mongolia, Poland, Ukraine and US. About 15 young scientists,
graduate and undergraduate students participated in the conference. Most of them
gave short talks.
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Program (Plenary talks)

February 24

09:40 � 10:20 V. Kozlov (Moscow). Êâàäðàòè÷íûå çàêîíû ñîõðàíåíèÿ

óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè.

10:25 � 11:05 A. Sorrentino (Rome, Italy). Inverse problems and rigidity

questions in Billiard Dynamics.

11:25 � 12:05 V. Dragovic (Richardson, TX ). Integrable Billiards in the

Minkowski plane and space.

12:10 � 12:50 À. Chupakhin (Novosibirsk). On the energy of a hydroelastic

system.

February 25

09:00 � 09:40 D. Treschev (Moscow). On inclusion of a di�eomorphism into

a �ow.

09:45 � 10:25 S. Maksymenko (Kiev, Ukraine). Homotopy types of groups of

foliated di�eomorphisms for Morse�Bott foliations.

10:45 � 11:25 A. Slizewska (Bialystok, Poland). A family of integrable

perturbed Kepler systems.

11:30 � 12:00 L. Shalom (el Aviv University, Israel). Non�ordinary Gutkin

billiards.

February 26

9:00 � 09:40 S. Bolotin (Moscow). Äèíàìèêà áûñòðî�ìåäëåííûõ ãàìèëü-

òîíîâûõ ñèñòåì îêîëî ãîìîêëèíè÷åñêîãî ìíîæåñòâà.

09:45 � 10:25 M. Hounkonnou (Cotonou, Benin). Geometry and probability

on the noncommutative 2�torus in a magnetic �eld.

10:55 � 11:35 O. Pochinka (Nizhny Novgorod). On paths connecting polar

di�eomorphisms.

11:40 � 12:20 A. Borisov (Izhevsk). Îá îäíîé íåãîëîíîìíîé ñèñòåìå,

áëèçêîé ê øàðó ×àïëûãèíà.

12:25 � 13:05 A. Tsiganov (St. Petersburg). On rigid body dynamics in a

magnetic �eld.

February 27

09:00 � 09:40 S. Kabanikhin (Novosibirsk). Inverse problems for mathematical

models in epidemiology.

09:45 � 10:25 N. Kuznetsov (St. Petersburg). Theory of hidden oscillations

and stability of control systems.

10:45 � 11:25 S. Dobrokhotov (Moscow). Íîâûå èíòåãðàëüíûå ïðåäñòàâëå-

íèÿ êàíîíè÷åñêîãî îïåðàòîðà Ìàñëîâà è ýôôåêòèâíûå

àñèìïòîòèêè â âèäå ñïåöàëüíûõ ôóíêöèé.

11:30 � 12:10 S. Tikhomirov (St. Petersburg). Various parabolic equations

with hysteresis.

February 28
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9:00 � 09:40 V. Nazaikinskii (Moscow). Uniformization and semiclassical

asymptotics for equations with Bessel�type degeneration on

the boundary.

09:45 � 10:25 Yu. Kordyukov (Ufa). Quasiclassical approximation for

magnetic monopoles.

10:45 � 11:25 V. Vedyushkina (Moscow). Liouville foliation of integrable

billiards on cell complexes.

11:30 � 12:10 V. Grines (Nizhny Novgorod). Ãåîäåçè÷åñêèå ëàìèíàöèè è

õàîòè÷åñêàÿ äèíàìèêà íà ïîâåðõíîñòÿõ.

12:15 � 12:55 A. Plakhov (Portugal). New results in Newton's aerodynamic

problem for convex bodies.

February 29

09:30 � 10:10 A. Shafarevich (Moscow). Lagrangian Tori and Quantization

Conditions Corresponding to Spectral Series of the Laplace

Operator on a Surface of Revolution with Conical Points.

10:15 � 10:55 A. Gaifullin (Moscow). Redistribution of the combinatorial

curvature and local combinatorial formula for the �rst

Pontryagin class.

11:15 � 11:55 V. Timorin (Moscow). Combinatorial models for spaces of

dendritic polynomials.

12:00 � 12:40 Yu. Trakhinin (Novosibirsk). Structural stability of shock

waves and current�vortex sheets in the solar tachocline.
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Plenary talks
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P. Akhmet'ev. Invariants of winding-numbers in dynamics of �ux
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M. Guzev. Inhomogeneous distribution of characteristics in ideal crystal .A. 84

J. Soninbayar. Îáòåêàíèå ïðåïÿòñòâèé ïîòîêîì òÿæåëîé
íåñæèìàåìîé æèäêîñòè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A. 85

S. Konstantinou�Rizos. On the 3D consistency of Grassmann extended
lattice systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A. 85



A.72 A.V. BORISOV ET AL

I. Marshall. Action-Angle Duality for a Poisson�Lie Deformation
of the Trigonometric BCn Sutherland System . . . . . . . . . . . . . A. 86
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di�eomorphisms graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . A. 87

E. Nozdrinova. Solution of the 33rd Palis�Pugh problem for
gradient�like di�eomorphisms of a two-dimensional sphere .A. 88

A. Orlov. Êàê èíòåãðàëû ïî ìàòðèöàì ïåðå÷èñëÿþò íàêðûòèÿ
ðèìàíîâûõ è êëåéíîâûõ ïîâåðõíîñòåé . . . . . . . . . . . . . . . . . . A. 90

D. Osipov. Discrete Heisenberg groups, algebraic surfaces and
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ôóíêöèîíàëüíî�äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ñ àôôèííûì ïðåîáðàçîâàíèåì àðãóìåíòà . . . . . . . . . . . . . . . . A. 95

N. Tyurin. Ïðèìåðû ëàãðàíæåâûõ òîðîâ â ãðàññìàíèàíàõ Gr(1, n) . . A. 95

A. Zheglov. Ïàðû Ëàêñà äëÿ ëèíåéíûõ ãàìèëüòîíîâûõ ñèñòåì . . . . . . .A. 96
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Plenary talks

On the energy of a hydroelastic system
M. Mamattukov, A. Khe, D. Parshin, A. Chupakhin (Novosibirsk)

The energy approach to the study of a hydroelastic system consisting of an elastic
blood vessel, viscous �uid �ow and an aneurysm has been developed to evaluate the
various energy components of the system:viscous �ow dissipation energy,stretching
and bending energies of the aneurysm wall.To calculate the total energy of the
system we developed a computing complex.The performance of the complex has
been tested on model geometric con�gurations and con�gurations corresponding
to blood vessels with cerebral aneurysms of real patients and reconstructed by
angiographic images.The calculated values of the Willmore functional caracterizing
the shell bending energy are consistent with analytical data.

Redistribution of the combinatorial curvature and
local combinatorial formula for the �rst Pontryagin class

A. Gaifullin (Moscow)

The de�nition of the Pontryagin classes of a manifold substantially uses the
smooth structure on it. However, by a classical result due to Rokhlin and Schwarz
(1957), and independently Thom (1958), rational Pontryagin classes are invariant
under PL homeomorphisms. This result raised a problem on explicit computation
of the rational Pontryagin classes of a manifold from a triangulation of it. In the
context of a smooth manifold with smooth triangulation this problem was solved for
the �rst Pontryagin class in a famous work of Gabrielov, Gelfand, and Losik (1975).
Nevertheless, their approach gave no answer in a purely combinatorial situation,
i.e., for a triangulated manifold without given smoothing.

In 2004, the author suggested another approach based on the usage of bistellar
moves, and constructed purely combinatorial local formulae for the �rst rational
Pontryagin class of a triangulated manifold. More precisely, this result gave explicit
description of all local combinatorial formulae for the �rst rational Pontryagin class,
but no choice of a particular local formula was made. Recently, Gorodkov and the
author have constructed e�ectively a particular local combinatorial formula for the
�rst rational Pontryagin class. The key ingredient is the study of the redistribution
of the combinatorial Gaussian curvature of a triangulated 2-sphere under bistellar
moves.

The talk is based on a joint work with Denis Gorodkov.

Ãåîäåçè÷åñêèå ëàìèíàöèè è õàîòè÷åñêàÿ äèíàìèêà íà ïîâåðõíîñòÿõ
Â. Ãðèíåñ (Íèæíèé Íîâãîðîä)

Äîêëàä ïîñâÿùåí îïèñàíèþ âçàèìîñâÿçåé ìåæäó ñâîéñòâàìè ãåîäåçè÷åñêèõ
ëàìèíàöèé è äèíàìèêîé ïîòîêîâ, ñëîåíèé è äèôôåîìîðôèçìîâ íà îðèåíòèðó-
åìûõ çàìêíóòûõ ïîâåðõíîñòÿõ ðîäà áîëüøåãî íóëÿ.

Áóäåò ïîêàçàíî, êàê íåòðèâèàëüíûå ãåîäåçè÷åñêèå ëàìèíàöèè åñòåñòâåííûì
îáðàçîì ïîÿâëÿþòñÿ ïðè îïèñàíèè ïîòîêîâ è ñëîåíèé, îáëàäàþùèõ ñâîéñòâîì
òðàíçèòèâíîñòè, è ïîçâîëÿþò êëàññèôèöèðîâàòü òàêèå îáúåêòû. Ñîîòâåòñòâó-
þùèå ðåçóëüòàòû áûëè ïîëó÷åíû â ñåðèè ðàáîò Ñ.Õ. Àðàíñîíà, Â.Ç. Ãðèíåñà
è Å.Â. Æóæîìû ñ èñïîëüçîâàíèåì èäåé À. Âåéëÿ è Ä.Â. Àíîñîâà, êàñàþùèõñÿ
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èçó÷åíèÿ àñèìïòîòè÷åñêèõ ñâîéñòâ íåçàìêíóòûõ êðèâûõ áåç ñàìîïåðåñå÷åíèé
ïîñðåäñòâîì èññëåäîâàíèÿ èõ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ íà óíèâåðñàëüíîé
íàêðûâàþùåé ïîâåðõíîñòè, ÿâëÿþùåéñÿ åâêëèäîâîé ïëîñêîñòüþ äëÿ òîðà è
ïëîñêîñòüþ Ëîáà÷åâñêîãî äëÿ ïîâåðõíîñòåé îòðèöàòåëüíîé ýéëåðîâîé õàðàê-
òåðèñòèêè (ñì. [1], [2], äëÿ çíàêîìñòâà ñ îñíîâíûìè ïîíÿòèÿìè òåîðåìàìè è
ññûëêàìè).

Êðîìå òîãî, áóäåò ïîêàçàíî, ÷òî íàëè÷èå õàîòè÷åñêîé äèíàìèêè ó ãîìåî-
ìîðôèçìà èç çàäàííîãî ãîìîòîïè÷åñêîãî êëàññà ñâÿçàíî ñ ñóùåñòâîâàíèåì íà
ïîâåðõíîñòè ïàðû òðàíñåðñàëüíûõ ãåîäåçè÷åñêèõ ëàìèíàöèé, êàæäàÿ èç êî-
òîðûõ ñîñòîèò èç ðåêóððåíòíûõ íåçàìêíóòûõ ãåîäåçè÷åñêèõ. Íàëè÷èå òàêîé
ïàðû òðàíñâåðñàëüíûõ ëàìèíàöèé ÿâëÿåòñÿ êëþ÷îì ê òîïîëîãè÷åñêîé êëàññè-
ôèêàöèè íåòðèâèàëüíûõ áàçèñíûõ ìíîæåñòâ, â ÷àñòíîñòè, îäíîìåðíûõ àòòðàê-
òîðîâ è ðåïåëëåðîâ, ïîëó÷åííîé â ñåðèè ðàáîò Ð.Â. Ïëûêèíà, Â.Ç. Ãðèíåñà è
À. Þ. Æèðîâà (ñì. [3], [4] äëÿ çíàêîìñòâà ñ îñíîâíûìè ïîíÿòèÿìè òåîðåìàìè
è ññûëêàìè).

Áóäåò òàêæå ïðåäñòàâëåí íåäàâíèé ðåçóëüòàò àâòîðà äîêëàäà è Å.Ä. Êó-
ðåíêîâà (ê ãëóáîêîìó ñîæàëåíèþ, òðàãè÷åñêè ïîãèáøåìó 5 àâãóñòà 2019 ãîäà)
î êëàññèôèêàöèè ñîâåðøåííûõ àòòðàêòîðîâ íà ïîâåðõíîñòÿõ îòðèöàòåëüíîé
êðèâèçíû ïîñðåäñòâîì ïñåâäîàíîñîâñêèõ ãîìåîìîðôèçìîâ ñ îòìå÷åííûì ìíî-
æåñòâîì ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê [5], [6].

Áëàãîäàðíîñòü. Äîêëàä ïîäãîòîâëåí ïðè ôèíàíñîâîé ïîääåðæêå ìåäóíà-
ðîäíîé ëàáîðàòîðèè äèíàìè÷åñêèõ ñèñòåì è ïðèëîæåíèé ÍÈÓ ÂØÝ è ãðàíòà
Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÔ (ñîãëàøåíèå � 075�15�2019�
1931).
Ëèòåðàòóðà
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Geometry and probability on the noncommutative
2�torus in a magnetic �eld

M. Hounkonnou (Cotonou, Benin)

This talk addresses the geometric and probabilistic properties of a noncomutative
2� torus in a magnetic �eld. We study the volume invariance, integrated scalar
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curvature and volume form by using the operator method of perturbation by inner
derivation of the magnetic Laplacian operator in the noncommutative 2�torus.

Then, we analyze the magnetic stochastic process describing the motion of a
particle subject to a uniform magnetic �eld on this manifold, and discuss the related
main properties.

Quasiclassical approximation for magnetic monopoles
Yu. Kordyukov (Ufa)

We construct a quasiclassical approximation to describe the eigenvalues of the
magnetic Laplacian on a compact Riemannian manifold in the case when the
magnetic �eld form is not exact. For this, we apply the multi�dimensional WKB
method in the form of Maslov canonical operator. In this case, the canonical
operator takes values in sections of a nontrivial line bundle. As an example, we
consider the Dirac magnetic monopole on the two�dimensional sphere.

This is joint work with Iskander A. Taimanov.

Theory of hidden oscillations and stability of control systems
N. Kuznetsov (Nizhny Novgorod)

The development of the theory of absolute stability, the theory of bifurcations,
the theory of chaos, and new computing technologies made it possible to take a fresh
look at a number of well-known theoretical and practical problems in the analysis
of multidimensional control systems, which led to the emergence of the theory of
hidden oscillations which represents the genesis of the modern era of Andronov's
theory of oscillations. For the engineering dynamical models the importance of
identifying hidden oscillations is related with the classical problems of determining
the exact boundaries of global stability and identifying classes of models for which
the necessary and su�cient conditions for global stability coincide. This lecture
is devoted to well�known theoretical and engineering problems in which hidden
oscillations (their absence or presence and location) play an important role.

Homotopy Types of Groups of Foliated Di�eomorphisms
for Morse�Bott Foliations

S. Maksymenko, O. Khohliyk (Ukraine)

Let f : M → R be a Morse-Bott function on a smooth closed manifold M . Thus
the set C of critical points of f is a disjoint union of �nitely many submanifolds
C1, . . . , Ck such that f is �non�degenerate on C in transversal directions�. Denote by
F be a singular foliation on M consisting of C1, . . . , Ck and connected components
of the sets f−1(y) \ C.

Let also D(F) be the group of di�eomorphisms of M , leaving invariant each leaf
of F , D(F , C) be its subgroups consisting of di�eomorphisms �xed on C, and D(C)
be the group of di�eomorphisms of C. Notice that there is a natural restriction to
C homomorphism

r : D(F)→ D(C), r(h) = h|C ,

with kernel D(F , C).
Theorem 1. [3] The map r is a locally trivial �bration over its image r

(
D(F)

)
.
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This statement is a foliated analogue of well�known results by J.Cerf [1],
R.Palais [5], and E. Lima [4].

In particular, we have exact sequence of homotopy groups of that �bration:

· · · → πkDid(F , C)→ πkDid(F)→ πkDid(C)→ πk−1Did(F , C)→ · · ·
· · · → π1Did(C)→ π0D(F , C)→ π0D(F)→ π0D(C),

where subscript id means the corresponding identity path component.
Thus a knowledge about homotopy types of D(F , C) and D(C) would give some

information about the homotopy type of D(F).
In the present talk, we will show how to further simplify the group D(F , C).
Let N ⊂ M be a tubular neighborhood of C, p : N → C be a vector

bundle projection, and U be an open neighborhood of C consisting of such that
C ⊂ U ⊂ U ⊂ N . Denote by Dlin(F , C) the subgroup of D(F , C) consisting
of di�eomorphisms h such that h(p−1(x) ∩ U) ⊂ p−1(x) and the restriction
h : p−1(x) ∩ U → p−1(x) is a linear map.

In other words, each h ∈ D(F , C) is linear on �bres of p near C.
Theorem 2. The inclusion Dlin(F , C) ⊂ D(F , C) is a homotopy equivalence.
This theorem is a foliated and parametric variant of another well-known result

that each di�eomorphism of Rn �xing the origin it isotopic to its linear part, e.g.
([2], Chapter 4, Theorem 5.3)

We will discuss application of Theorem 2 to computation the homotopy type of
D(F).
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Uniformization and semiclassical asymptotics for equations
with Bessel�type degeneration on the boundary

V. Nazaikinskii (Moscow)

Let X be a compact C∞ manifold with smooth boundary ∂X, and let D(x)
be a smooth function on X such that D(x) > 0 in X0 = X, ∂X, D(x) = 0 on
∂X, and ∇D(x) 6= 0 on ∂X,. Consider an operator L on X of the form L =
−〈∇, D(x)A(x)∇〉 in local coordinates, where the matrix A =T A = (Ajk)nj,k=1 ∈
C∞(X) is real and positive de�nite up to the boundary. We consider the Cauchy
problem for the wave equation utt + Lu = 0 degenerating on the boundary as
well as the eigenvalue problem Lu = ω2u for the operator L. In applications (e.g.,
to tsunami waves generated by a localized source, waves trapped by the coast, or
seiches), these problems contain a small (or large) parameter, and so it is natural
to use the semiclassical approximation. However, the standard scheme of Maslov's
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canonical operator does not apply here because of the degeneration, and therefore,
the author and his colleagues have earlier constructed asymptotic solutions of these
problems by introducing a nonstandard phase space Φ and a modi�ed canonical
operator.

Here we suggest a completely di�erent approach to the construction of
semiclassical asymptotics in the above-mentioned problems based on an idea
resembling that of Leray's uniformization for di�erential equations on complex�
analytic manifolds. Namely, we construct a closed manifold M with an action of
the group S1 and a smooth projection π : M → X ' M/S1. This projection
permits one to lift the problems in question to M , thus obtaining problems whose
asymptotic solutions can be written out by standard methods. The solutions of the
original problems are just the �berwise constant solutions of these new problems.
The nonstandard phase space Φ arises in this approach as the simplest version
of the Marsden�Weinstein symplectic reduction of T ∗M by the action of S1. The
surprisingly simple implementation of this approach provides a complete analysis
of asymptotic solutions of the original problems and simple e�cient formulas for
these solutions.

The talk is based on joint work with S.Yu. Dobrokhotov.
Thanks. The research was supported by the Russian Science Foundation under

grant no. 16�11�10282.

New results in Newton's aerodynamic problem for convex bodies
A. Plakhov (Portugal)

We prove two conjectures in Newton's aerodynamic problem stated in 1995 and
1993, respectively:
(a) the slope of the graph of an optimal function at its upper part equals 1;
(b) an optimal function equals zero at the boundary of its domain.
The proof of conjecture (a) utilizes the notion of surface area measure of a convex
body.

Î ïóòÿõ, ñîåäèíÿþùèõ ïîëÿðíûå äèôôåîìîðôèçìû
Î.Â. Ïî÷èíêà (Íèæíèé Íîâãîðîä)

Ïîëÿðíûì äèôôåîìîðôèçìîì íà n�ìíîãîîáðàçèè íàçûâàåòñÿ äèôôåîìîð-
ôèçì Ìîðñà�Ñìåéëà, èìåþùèé â òî÷íîñòè îäèí ñòîê è îäèí èñòî÷íèê. Èç
òåîðèè Ìîðñà èçâåñòíî, ÷òî òàêèå äèôôåîìîðôèçìû ñóùåñòâóþò íà ëþáûõ
ìíîãîîáðàçèÿõ. Â íàñòîÿùåì äîêëàäå áóäóò èçëîæåíû ðåçóëüòàòû, êàñàþùèåñÿ
ïîñòðîåíèÿ óñòîé÷èâûõ äóã, ñîåäèíÿþùèõ ïîëÿðíûå äèôôåîìîðôèçìû íà äàí-
íîì ìíîãîîáðàçèè. Ïðîñòåéøèì ïîëÿðíûì äèôôåîìîðôèçìîì ÿâëÿåòñÿ äèô-
ôåîìîðôèçì èñòî÷íèê�ñòîê íà n�ñôåðå. Áóäåò ïîêàçàíî, ÷òî äëÿ ñôåðû, ðàç-
ìåðíîñòè ìåíüøåé 4, òàêóþ äóãó ìîæíî ïîñòðîèòü áåç áèôóðêàöèîííûõ òî÷åê
[1], [2]. Òîãäà, êàê íà÷èíàÿ ñ ðàçìåðíîñòè 7, ñóùåñòâóþò ïîëÿðíûå äèôôåîìîð-
ôèçìû íå ñîåäèíÿþùèåñÿ íèêàêîé äóãîé, èç�çà íàëè÷èÿ ðàçëè÷íûõ ãëàäêèõ
ñòðóêòóð íà ìíîãîìåðíîé ñôåðå [2]. Òàêæå áóäåò ïîêàçàíî, ÷òî íà ïîâåðõíîñòè
ñ íåòðèâèàëüíîé ôóíäàìåíòàëüíîé ãðóïïîé, ëþáûå èçîòîïíûå ïîëÿðíûå äèô-
ôåîìîðôèçìû ñîåäèíÿþòñÿ óñòîé÷èâîé äóãîé, îäíàêî ýòà äóãà â îáùåì ñëó÷àå
ñîäåðæèò áèôôóðêàöèîííûå òî÷êè.
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Áëàãîäàðíîñòü. Àâòîð ÷àñòè÷íî ïîääåðæàí Ëàáîðàòîðèåé äèíàìè÷åñêèõ ñè-
ñòåì è ïðèëîæåíèé ÍÈÓ ÂØÝ, Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ
ÐÔ, äîãîâîð � 075�15�2019�1931.
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Physics: Conference Series, 2018, Vol. 990. No. 1. P. 1�7.

Lagrangian Tori and Quantization Conditions Corresponding
to Spectral Series of the Laplace Operator on a Surface

of Revolution with Conical Points
A. Shafarevich (Moscow)

Semiclassical spectral series of the Laplace operator on a two�dimensional surface
of revolution with a conical point are described. It is shown that in many cases
asymptotic eigenvalues can be calculated from the quantization conditions on
special Lagrangian tori, with the Maslov index of such tori being replaced by a
real invariant expressed in terms of the cone apex angle.

A family of integrable perturbed Kepler systems
A. Slizewska (Bialystok, Poland)

We consider a family of perturbed 3�dimensional Kepler systems. We show that
Hamilton equations of this systems are integrated by quadratures. Their solutions
for some subcases are given explicitly in terms of Jacobi elliptic functions.

Based on the paper A. Odzijewicz, A. Slizewska, E. Wawreniuk, A family of
integrable perturbed Kepler systems, RUSS J MATH PHYS 26 (2019), no. 3, 368�
383.

Inverse problems and rigidity questions in Billiard Dynamics
A.Sorrentino (Rome, Italy)

A mathematical billiard is a system describing the inertial motion of a point
mass inside a domain, with elastic re�ections at the boundary. The study of the
associated dynamics is profoundly intertwined with the geometric properties of the
domain (e.g. the shape of the billiard table): while it is evident how the shape
determines the dynamics, a more subtle and di�cult question is to which extent
the knowledge of the dynamics allows one to reconstruct the shape of the domain.
This translates into many intriguing unanswered questions and di�cult conjectures
that have been the focus of very active research over the last decades. In this talk I
shall describe several of these questions, with particular emphasis on recent results
obtained in collaborations with Guan Huang and Vadim Kaloshin, related to the
classi�cation of integrable billiards (also known as Birkho� conjecture), and to the
possibility of inferring dynamical information on the billiard map from its Length
Spectrum (i.e., the lengths of its periodic orbits). This talk is based on joint works
with Guan Huang and Vadim Kaloshin.
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Structural stability of shock waves and
current�vortex sheets in the solar tachocline

Yu. Trakhinin (Novosibirsk)

The equations of shallow water magnetohydrodynamics (SMHD) were proposed
by Gilman [1] for studying the global dynamics of the solar tachocline which is
a thing transition layer between the Sun's radiative interior and the dikerentially
rotating outer convective zone. The tachocline is believed to play a crucial role in
the dynamo that maintains magnetic activity in the Sun. We study the structural
stability of shock waves and current-vortex sheets in SMHD in the sense of
the local�in�time existence and uniqueness of discontinuous solutions satisfying
corresponding jump conditions. The equations of SMHD form a symmetric
hyperbolic system which is formally analogous to the system of 2D compressible
elastodynamics for particular nonphysical deformations. Using this analogy and
the recent results in [2] for shock waves in 2D compressible elastodynamics, we
prove that shock waves in SMHD are structurally stable if and only if the �uid
height increases across the shock front. For current�vortex sheets the �uid height is
continuous whereas the tangential components of the velocity and the magnetic �eld
may have a jump. Applying a so�called secondary symmetrization of the symmetric
system of SMHD equations, we �nd a condition su�cient for the structural stability
of current�vortex sheets.
References
[1] P.A. Gilman, Magnetohydrodynamic "shallow water"equations for the solar

tachocline, Astrophys. J. Lett., 2000, Vol. 544, L79�L82.
[2] A. Morando, Y. Trakhinin, P. Trebeschi, Structural stability of

shock waves in 2D compressible elastodynamics, Math. Ann., 2019,
https://doi.org/10.1007/s00208-019-01920-6.

On rigid body dynamics in a magnetic �eld
A. Tsiganov (St. Petersburg)

When a magnetic �eld is applied to a charged dielectric rigid body, it starts
to spin and uniform precession frequency of the magnetic top is not the Larmor
frequency but involves in addition terms depending on higher powers of the
magnetic �eld (quadratic Zeeman e�ect). When a magnetic �eld is applied to
a ferromagnetic rigid body, it starts to spin (Einstein�de Haas e�ect). When a
magnetic �eld is applied to a superconducting rigid body, it also starts to spin
(gyromagnetic e�ect), and when a normal metal in a magnetic �eld becomes
superconducting and expels the magnetic �eld (Meissner e�ect) the body also starts
to spin. All these e�ects play a key role in modern astrophysics, in the physics
of molecular and atomic magnets, macro, micro and nano magneto�mechanical
systems, spintronics, ultrafast magnetism and so on.

We plan to discuss integrable Hamiltonian and non�Hamiltonian systems of
classical mechanics appearing in a few existing phenomenological theories of rigid
body dynamics in a magnetic �eld starting with the work of V.V. Kozlov (1985).
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Liouville foliation of integrable billiards on cell complexes
V. Vediuskina (Moscow)

Integrable systems with two degrees of freedom on isoenergy three�dimensional
surfaces are classi�ed by invariants, the so�called "marked molecules". Recently, an
important class of billiard books has been discovered � billiards on cell complexes
glued from planar billiard sheets. In the particular case, when the complex is an
orientable manifold, such a billiard is the so�called topological billiard. It turned
out that such billiards (topological and books) are Liouville equivalent to many
interesting integrable systems in mechanics and symplectic geometry (that is, such
equivalent systems have the same closures of almost all integral trajectories).
Relying on the results already obtained, A.T. Fomenko formulated a conjecture
of 6 points, the �rst of which has already been proved, and in the rest interesting
progress has been obtained. We give the �rst 3 points.
Conjecture A (atoms). Any bifurcations of two�dimensional Liouville tori in

an isoenergy 3�manifold of any integrable non�degenerate system with two degrees
of freedom are modeled using integrable billiards.
Conjecture B (coarse molecules). Any coarse molecules de�ning the set of

all integrable systems up to coarse Liouville equivalence are modeled by integrable
billiards.
Conjecture C (marked molecules). Many Liouville foliations of non�

degenerate integrable systems on isoenergy 3�surfaces are �berwise homeomorphic
(i.e., Liouville equivalent) to the corresponding foliations of some topological
billiard.

Any answer to these conjecture is interesting. For example, if it turns out
that not all �marked molecules� are realized by billiards, then it is useful to
describe the class of realized systems. This will reveal topological obstacles that
distinguish between realizable and unrealizable Liouville foliations. It will become
clear which non�degenerate integrable systems are Liouville equivalent to integrable
billiards, and which are not. The talk will present current results on the proof (or
refutation) of these conjectures. So, in particular, conjecture B is proved "almost
completely namely, a proof is obtained for molecules consisting of the so�called
atoms without asterisks describing bifurcations with orientable separatrix diagrams.
It will also be said that integrable geodesic �ows on orientable two�dimensional
Liouville surfaces are equivalent to suitable topological billiards.
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Short talks

Invariants of winding�numbers
in dynamics of �ux lines and its visualization

P. Akhmet'ev (Troitsk), O. C�epas (France)

Winding loops in models with local constraints have a natural integer dynamics
consisting in the evolution of their integer winding numbers. The dynamics in this
case, known as Kempe moves, results in disconnected stable and unstable sectors
[1]. Using Pontryagin�Thom construction, we show that the stable invariant I2, is
charged by the stable homotopy group of spheres Π2 and is visualized as right�left
con�gurations of winding loops on the immersed Konstantinov torus [2]. The stable
invariant I3, which is de�ned for each chiral sector of I2 by a polynomial of the
degree 6, see [1], is also visualized as (higher) right�left con�gurations for dynamics
on characteristic surfaces in the 3D homogeneous space S3/Q, Q = ±1,±i,±j,±k.
We will show that examples with I3 are charged by the elements ±4 (mod 16) in
2�component of the stable homotopy group of spheres 2Π7 = Z/16.
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Forecasting Limiting Dynamics in the Shapovalov Model
of a Mid�Size Firm

T. A. Alexeeva (Novosibirsk), N. V. Kuznetsov, Iu. A. Polshchikova

Understanding and predicting of the behavior of complex systems is one of the
important tasks of current research in various �elds [1]. The events of the last
decade have demonstrated the danger of unpredictable development of economic
and �nancial systems, which can lead to systemic failures or the collapse of the
global �nancial�economic system. One of the main tasks in the study of �nancial and
economic processes is forecasting and analysis of their dynamics. Within this task
one could pose such important research questions as determining the qualitative
properties of the dynamics (stable, unstable, deterministic chaotic, or stochastic
process) as well as estimating its quantitative indicators: dimension, entropy, and
correlation characteristics [2, 3, 4].

In this paper, we develop analytical methods [5, 6, 7, 8] for the study of
deterministic dynamical systems based on Lyapunov stability theory and chaos
theory. These methods make it possible not only to obtain analytical stability
criteria and estimate limiting behavior (localization of self�excited and hidden
attractors, study of multistability), but also to overcome the di�culties related
to implementing reliable numerical analysis of quantitative indicators (such as
Lyapunov exponents and Lyapunov dimension). We demonstrate the e�ectiveness
of the proposed methods using as example the "mid�size �rm"model suggested
recently by V.I. Shapovalov [9].
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Thanks. This work is supported by the program "Leading scienti�c schools of
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On the Connected Components of Fractal Cubes
D. Drozdov (Gorno�Altaisk)

Take a set D ⊂ {0, 1, . . . , n − 1}k, 2 ≤ #D < nk and call it a digit set. For any
digit set there is unique non-empty compact set F ⊂ Rk such that F = F+D

n . The
set F is called a fractal k-cube.
Along each fractal cube we consider its Zk- periodic extension H = F +Zk and its
complement Hc = Rk \H.

If k = 2 then F is a fractal square. It was proved in [2] for fractal squares, that
either
(A) Hc has a bounded component, which is equivalent to: F contains a non-trivial
component that is not a line segment; or
(B) Hc has an unbounded component, and F is either totally disconnected or all
its non-trivial components are parallel line segments.

We consider fractal cubes in R3, and prove the following

Theorem 1. There is a fractal cube F ⊂ R3 such that Hc is connected and

H is an uncountable union of unbounded components, each being invariant with

respect to Z3-translations.

Since all components Kα of F are not line segments, the equivalence (A) of [2]
does not hold. From the other side, the set Hc is connected and unbounded, but
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all components of F are not line segments, so (B) does not work too.

Theorem 2. The set Q ⊂ C(R3) of connected components Kα of F is a

self-similar set generated by two contractions T̃0 and T̃1 of the hyperspace C(R3).
There is a H�older homeomorphism ϕ : Q → C1/3 of the set Q to the middle-third

Cantor set C1/3 which induces the isomorphism of self-similar structures on these

sets.

We prove the following estimates for the dimension of the components Kα:

Theorem 3. For any α ∈ {0, 1}∞

dimB(Kα) = λ̄α log5 13 + (1− λ̄α) log5 44,

dimB(Kα) = λα log5 13 + (1− λα) log5 44.

If α is preperiodic, then

dimH(Kα) = dimB(Kα) = λα log5 13 + (1− λα) log5 44.
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On analytic projective billiards with open sets of triangular orbits
C. Fierobe (Lyon, France)

This talk will present a generalization of billards called projective billards. In such
billards, the law of re�exion is not de�ned by the usual orthogonal symetries with
respect to the tangent lines of the billard tables. Instead, the curves de�ning the
billard tables are endowed with a �eld of lines, giving place to another re�exion law
at each point of the borders. Playing on these tables, we can therefore investigate
the same questions as for the usual billards, and for example try to answer Ivrii's
conjecture: are there billard tables on which one can �nd a two�dimensionnal set
of periodic orbits? Even more, is it possible to classify such tables? I will present a
result for triangular periodic orbits, and try to show how analytic geometry can be
useful in such theory.

Conformal Invariance of the Zero�Vorticity
Lagrangian Path in 2D Turbulence

V. N. Grebenev (Novosibirsk), M. Wac Lawczyk, M. Oberlack

It was clearly validated experimentally in [1] that the zero�vorticity isolines in
2D turbulence belongs to the class of conformal invariant SLEk (Schram�L�owner
evolution) curves with k = 6. The di�usion coe�cient k classi�es the conformally
invariant random curves. With this motivation, we performed a Lie group analysis
in [2] of the �rst equation (i.e. for the evolution of the 1�point probability density
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function (PDF) f1(x(1), ω(1), t)) of the inviscid Lundgren�Monin�Novikov (LMN)
equations for 2D vorticity �elds. We proved that the conformal group (CG) is
broken for the 1�point PDF but the CG is recovered for the equation restricted on
the characteristics with zero�vorticity. As for the zero�vorticity isolines, it implicitly
leads to their CG invariance. The main focus of the present work is directed to a
Lie group analysis of the characteristic equations of the inviscid LMN hierarchy
truncated to the �rst equation. With this, the CG invariance of the characteristics
with zero�vorticity is explicitly derived. Actually, this chain describes the motion
of Lagrangian �uid particles that are moving within the conditionally averaged
velocity �elds.We also show the CG invariance of the separation and coincidence
properties of the PDFs. Besides the derivation of the CG invariance of the zero�
vorticity isolines, we demonstrate that the in�nitesimal operator admitted by the
characteristic equations forms a Lie algebra which is the Witt algebra, whose central
extension represents exactly the Virasoro algebra. The numerical value of the central
charge c occurring here could not be calculated exactly without additional impact
into the mathematical tools. But from the previous DNS results performed by
Bernard et al the value c = 0 is given and corresponds to k = 6 for the SLEk.
References
[1] D. Bernard, G. Bo�etta, A. Celani and G. Falkovich, Conformal invariance

in two�dimensional turbulence., Nature Physics, 2006, Vol. 2(2), pp. 124�128.
[2] V.N. Grebenev, M Wac lawczyk. and M. Oberlack, Conformal invariance of

the Lungren�Monin�Novikov equations for vorticity �elds in 2D turbulence, J. Phys.
A: Math. Theor., 2017, Vol. 50(43) pp. 129�188.

Inhomogeneous distribution of characteristics in ideal crystal
M. A. Guzev (Vladivostok)

We consider an ideal crystal system as a uniform harmonic chain of particles.
The exact solution for the particle system is presented. To analyze non-stationary
thermal e�ects in an ideal crystal the temperature is calculated as a measure of
the averaged kinetic energy of the particles. The corresponding energy averaging
is performed over the initial velocities of the particles, provided that they obey
the Boltzmann principle. Over a small time interval, the temperature was shown
to depend monotonically on the number of particles. This means that the non-
uniformity of thermal characteristics distribution, i.e. dependence on the number
of particles, occurs in the system without additional assumptions about the
structure of the initial conditions on a macroscopic scale. The obtained formula
for the distribution of kinetic energy is presented through Bessel functions. The
functional dependence on the number of particles was shown to appear in the
index of Bessel functions, and the parity of the number of particles a�ects the
temperature distribution. The distribution of the kinetic energy for a large time
was asymptotically analyzed as well.

Thanks. The investigation on the basis2 was carried out at the expense of
the grant Agreement No.19�19�00408 of the Russian Science Foundation (project
No.19�19�00408).
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Îáòåêàíèå ïðåïÿòñòâèé ïîòîêîì
òÿæåëîé íåñæèìàåìîé æèäêîñòè
Ñ. Æàìáàà (Óëàí-Áàòîð, Ìîíãîëèÿ)

×èñëåííîå êîíôîðìíîå îòîáðàæåíèå, ñ ïðèìåíåíèåì ìåòîäà Êóôàðåâà, ïîç-
âîëÿåò ïîëó÷èòü ëèíèè òîêà ïðè îáòåêàíèè ðàçëè÷íîãî ðîäà ïðåïÿòñòâèé [3].
Ýòîò æå ñïîñîá ìîæíî ïðèìåíèòü è ê íå ìåíåå èíòåðåñíîìó ñëó÷àþ, êîãäà ïî-
òîê âîäû ãëóáèíû h äâèæåòñÿ ïî íåðîâíîìó äíó ñî ñêîðîñòüþ C. Ñâîáîäíàÿ
ïîâåðõíîñòü æèäêîñòè â ñëó÷àå òàêîãî ïîòîêà ïðåäñòàâëÿåò ñîáîé íåèçâåñò-
íóþ êðèâóþ ëèíèþ, âèä êîòîðîé íóæíî íàéòè ïðè óñëîâèè, ÷òî äàâëåíèå íà
íåé ïîñòîÿííî. Â êà÷åñòâå ïðàêòè÷åñêîãî ïðèëîæåíèÿ ìîæíî ðàññìàòðèâàòü
òå÷åíèÿ âîäû, íàïðèìåð, â ðåêå òåêóùåé ïî êàìíÿì è ïåðåêàòàì. Ìû, êîíå÷íî,
íå èìååì âîçìîæíîñòè ðåøèòü òàêóþ çàäà÷ó òî÷íî, òàê êàê ýòî òðóäíàÿ ìà-
òåìàòè÷åñêàÿ ïðîáëåìà î ñòðóéíîì òå÷åíèè ïîä âëèÿíèåì ñèëû òÿæåñòè. Îíà
äî ñèõ ïîð åùå íå ðåøåíà, õîòÿ áûëî ìíîãî ïîïûòîê åå ðåøèòü, â òîì ÷èñëå
è âåëèêèìè ìàòåìàòèêàìè, òàêèìè íàïðèìåð êàê Ñòîêñ, Ðåëåé, Ëåâè�×èâèòà,
Ñòðóèê, Íåêðàñîâ, Æóêîâñêèé [2], è äð. Èçëîæåíèå ìíîãèõ èíòåðåñíûõ ñïîñî-
áîâ ðåøåíèÿ ìîæíî íàéòè â êíèãå Ë.Í. Ñðåòåíñêîãî [2].

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è ñîñòîèò â îïðåäåëåíèè ïîòåíöèàëà ñêî-
ðîñòè (x, y), êîòîðûé óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà xx + yy = 0 â ãîðè-
çîíòàëüíîé ïîëîñå, îãðàíè÷åííîé íèæíèì è âåðõíèì êðàÿìè. Íèæíèé êðàé
ñîîòâåòñòâóåò íåðîâíîìó äíó ïîòîêà, è íà íåì äîëæíî âûïîëíÿòüñÿ óñëîâèå
íå ïðîòåêàíèÿ: n = 0. Íà âåðõíåì êðàå ïîëîñû òå÷åíèÿ äîëæíî âûïîëíÿòü-
ñÿ óñëîâèå ïîñòîÿíñòâà äàâëåíèÿ, êîòîðîå èìååò áîëåå ñëîæíûé âèä. ×òîáû
íàéòè ïðèáëèæåííîå ðåøåíèå ìû, êàê îáû÷íî ïðèìåíÿåì ïîñòóëàòû ëèíåéíîé
òåîðèè âîëí [1], ñîãëàñíî êîòîðûì ãðàíè÷íîå óñëîâèå íà âåðõíåé (ñâîáîäíîé)
ãðàíèöå ïîëîñû èìååò âèä:

∂2

∂x2
+

g

C2

∂

∂y
|y=h = 0.

Ëèòåðàòóðà
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óñëîâèè, äàííîì íà ëèíèè òîêà, ñòàòüÿ â êíèãå Ñîáðàíèå ñî÷èíåíèé Òîì II,
Ãèäðîäèíàìèêà. Ì.: ÍÀÓÊÀ, ÔÌ, �� 1949, � 760 ñ.

[3] Ñ.Æàìáàà, Ò.Â. Êàñàòêèíà, À.Ì. Áóáåí÷èêîâ, Îá îïðåäåëåíèè êîíñòàíò
â èíòåãðàëå Êðèñòîôôåëÿ-Øâàðöà ïî ìåòîäó Ï.Ï. Êóôàðåâà, Âåñòíèê ÒÃÓ,
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On the 3D consistency of Grassmann extended lattice systems
S. Konstantinou�Rizos (Yaroslavl)

In this talk, we formulate a �Grassmann extension� scheme for constructing
noncommutative (Grassmann) extensions of systems of PDEs together with their
associated Yang�Baxter maps. As illustrative examples, we use the discrete
potential KdV equation and a discrete Boussinesq system. We present some novel,
noncommutative systems of di�erence equations of KdV and Boussinesq type.
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Action-Angle Duality for a Poisson�Lie Deformation
of the Trigonometric BCn Sutherland System

I. Marshall (Moscow)

The property of action�angle duality was �rst brought to light in a systematic
way by Ruijsenaars. The method of Hamiltonian reduction reveals a natural
mechanism for how such a phenomenon can arise. I will give a general overview
of this and present as a special case the new result, obtained together with Laszlo
Feher, referred to in the title of my talk.

Characteristic Lie algebras of hyperbolic systems
D. Millionshchikov (Moscow)

The concept of characteristic Lie algebra χ(f) of a hyperbolic system of PDE

(1) uixy = f i(u1, . . . , un), i = 1, . . . , n,

was introduced by Leznov, Smirnov, Shabat and Yamilov [5, 3]. Consider a vector
�eld

X(f) =
∂

∂y
= fα

∂

∂uα1
+D(fα)

∂

∂uα2
+D2(fα)

∂

∂uα3
+ · · ·+Dk+1(fα)

∂

∂uαk
+ . . .

A Lie algebra χ(f) generated by n+ 1 vector �elds X(f), ∂
∂u1 , . . . ,

∂
∂un , is called

characteristic Lie algebra of the hyperbolic system (1) [3, 5]. An important step in
the study of hyperbolic nonlinear Liouville-type systems was made in [2, 3] where
exponential hyperbolic systems were considered

(2) ujxy = eρj , ρj = aj1u
1 + · · ·+ ajnu

n, j = 1, . . . , n.

It pas proved in [2] that if A = (aij) is a non�degenerate Cartan matrix then
the corresponding exponential hyperbolic system (2) is Darboux�integrable and the
corresponding characteristic Lie algebra χ(f) is solvable and �nite�dimensional. A
Degenerate (generalized) Cartan matrix A leads to a di�erent kind of integrability,
integrability in the sense of the inverse scattering problem, and the corresponding
characteristic Lie algebra is in�nite�dimensional of slow�growth.

In [4] it was shown that for n = 1 the natural growth functions of the
characteristic Lie algebras χ(sinhu) and χ(eu + e−2u) grow with average speeds
3
2 and 4

3 respectively.

Recently Fedor Pokrovsky proved that in the case of λ0

λ1
in general position and

C0, C1 6= 0 the characteristic Lie algebra χ(C0e
λ0u +C1e

λ1u) will be isomorphic to
the free Lie algebra L(2) of two generators. The last statement is not trivial if we
take into account the result by Kirillov and Kontsevich [1]. They proved that the
Lie algebra generated by two smooth vector �elds f(u) ∂

∂u and g(u) ∂
∂u on the real

line R is always not free.
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Conjugacy of orientation preserving Morse�Smale di�eomorphisms graphs
A. Morozov (Nizhny Novgorod)

In the present paper we consider preserving orientation Morse�Smale
di�eomorphisms on surfaces. We will consider class MS(M2) o.p. Morse�Smale
di�eomor�sms on M2 � smooth closed connected orientamle 2�dimensional
manifold. Using the combinatorics theory and theory of knots and links we will
show, that conjugacy of two graphs G,G′ built on the two mapping f, f ′ is enough
to say, that f, f ′ are conjugated.

De�nition 1 (Orientable heteroclinic intersections). Let f ∈ MS(M2), σi, σj �
saddle points of di�eomorphism f , such that W s

σi
∩Wu

σj
6= ∅. For any heteroclinic

point x ∈W s
σi
∩Wu

σj
de�ne an ordered pair of vectors (~υux , ~υ

s
x), where:

• ~υux � the tangent vector to the unstable manifold of the point σj at the point
x;
• ~υsx � the tangent vector to the stable manifold of the point σi at the point
x.

Heteroclinics intersections of di�eomorphism f called orientable, if an ordered
pairs of vectors (~υux , ~υ

s
x) set the same orientation of the bearing surface M2.

Otherwise heteroclinic intersection is called non-orientable.

Using , introduced by S. Smale [3], partial orderliness relation ≺ we shatter Σf
(the set of periodic mapping orbits of f) on a subset Σi as follows:

� Σ0 � the set of all stable orbits ω;
� Σ1 � the set of all saddle orbits σi, such W

u
σi
does not contain heteroclinic

points.
� Σ2 � the set of remaining saddle orbits of the system.
� Σ3 � the set of all unstable orbits α

Sets Σi is ordered in the following way:

Σ0 ≺ Σ1 ≺ Σ2 ≺ Σ3

Let G is class of maps f , such f : M2 → M2 - orientation preserving
Morse�Smale di�eomorphism on smooth closed connected orientable 2�dimensional
manifold.

In papers [1] and [2] shown, that beh(f) = 1 (have �nite number of heteroclinic
orbits). In present paper we will show that the classi�cation is reduced to the
combinatorial problem of distinguishing graphs.

Set that Af = Σ0 ∪Wu
Σ1

� is the attractor of the system, then Rf = Σ3 ∪W s
Σ2

� repeller of the system. In paper [4] shown, that the chosen sets are the attractor
and repeller of the system respectively.
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Set that Vf = M2 \(Af ∪Rf ), then make factorization we get the quotient spase

V̂f = Vf/f . Let n � the number of tori of which is consist the quotient space V̂f [],

i. e. V̂f =
n
t
i=1
V̂ if .

Let is introduce the canonical projection pf : Vf → V̂f , such pf (Lu) = L̂u,

pf (Ls) = L̂s, where Lu, Ls � families of unstable and stable separatrices.

Also for any f ∈ G exist scheme Sf = (V̂f , L̂
u, L̂s). From paper [] follows, that

f, f ′ ∈ G are topologically conjugatd ⇔ Sf is equivalent to Sf ′

Now we can put each scheme in accordance with the graph. We de�ne the graph
P as follows:

n
t
i=1
Bi(V̂

i
f , L̂

s
i , L̂

u
i ) � the set of vertices of a graph to which we add one vertex for

each separatrix of L̂s, L̂u and one vertex %i, that denoting belonging to the torus.
E(V̂f , L̂

s
i , L̂

u
i ) � the set containing edges of several types:

� Edges corresponding to connectivity components of V̂i \W s
i , that connect

vertices corresponding to separatrices L̂si .

� Edges corresponding to connectivity components of V̂i \Wu
i , that connect

vertices corresponding to separatrices L̂ui .
� Edges corresponding to connectivity components of W s

σ \ σ(σ ∈ Σ1), that

connect vertices corresponding to separatrices L̂s, which can also belong to
di�erent tori.

� Edges corresponding to connectivity components of Wu
σ \σ(where σ ∈ Σ2),

that connect vertices corresponding to separatrices L̂s, which can also
belong to di�erent tori.

� Edges that connect all vertices of the set Bi(V̂
i
f , L̂

s
i , L̂

u
i ) and vertex %i.

Theorem 1. If f topologically conjugated to f ′, then graphs P and P ′ are
isomorphic
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Ðåøåíèå 33�åé ïðîáëåìû Ïàëèñà�Ïüþ
äëÿ ãðàäèåíòíî�ïîäîáíûõ äèôôåîìîðôèçìîâ äâóìåðíîé ñôåðû

Å. Â. Íîçäðèíîâà (Íèæíèé Íîâãîðîä)

Ïðîáëåìà ñóùåñòâîâàíèÿ äóãè ñ íå áîëåå, ÷åì ñ÷åòíûì (êîíå÷íûì) ÷èñëîì
áèôóðêàöèé, ñîåäèíÿþùåé ñòðóêòóðíî óñòîé÷èâûå ñèñòåìû (ñèñòåìû Ìîðñà�
Ñìåéëà) íà ìíîãîîáðàçèÿõ âîøëà â ñïèñîê ïÿòèäåñÿòè ïðîáëåì Ïàëèñà�Ïüþ
[6] ïîä íîìåðîì 33. Íàñòîÿùèé äîêëàä ïîñâÿùåí ðåøåíèþ ýòîé ïðîáëåìû äëÿ
ãðàäèåíòíî�ïîäîáíûõ äèôôåîìîðôèçìîâ äâóìåðíîé ñôåðû.
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Â 1976 ãîäó Ø. Íüþõàóñîì, Äæ. Ïàëèñîì, Ô. Òàêåíñîì [3] áûëî ââåäåíî
ïîíÿòèå óñòîé÷èâîé äóãè, ñîåäèíÿþùåé äâå ñòðóêòóðíî óñòîé÷èâûå ñèñòåìû
íà ìíîãîîáðàçèè. Òàêàÿ äóãà íå ìåíÿåò ñâîèõ êà÷åñòâåííûõ ñâîéñòâ ïðè ìàëîì
øåâåëåíèè. Â òîì æå ãîäó Ø. Íüþõàóñ è Ì. Ïåéøîòî [4] äîêàçàëè ñóùåñòâî-
âàíèå ïðîñòîé äóãè (ñîäåðæàùåé ëèøü ýëåìåíòàðíûå áèôóðêàöèè) ìåæäó ëþ-
áûìè äâóìÿ ïîòîêàìè Ìîðñà�Ñìåéëà. Èç ðåçóëüòàòà ðàáîòû Æ. Ôëåéòàñ [1]
âûòåêàåò, ÷òî ïðîñòóþ äóãó, ïîñòðîåííóþ Íüþõàóñîì è Ïåéøîòî âñåãäà ìîæíî
çàìåíèòü íà óñòîé÷èâóþ. Äëÿ äèôôåîìîðôèçìîâ Ìîðñà�Ñìåéëà, çàäàííûõ íà
ìíîãîîáðàçèÿõ ëþáîé ðàçìåðíîñòè èçâåñòíû ïðèìåðû ñèñòåì, êîòîðûå íå ìî-
ãóò áûòü ñîåäèíåíû óñòîé÷èâîé äóãîé. Â ñâÿçè ñ ýòèì åñòåñòâåííî âîçíèêàåò
âîïðîñ î íàõîæäåíèè èíâàðèàíòà, îäíîçíà÷íî îïðåäåëÿþùåãî êëàññ ýêâèâà-
ëåíòíîñòè äèôôåîìîðôèçìà Ìîðñà�Ñìåéëà îòíîñèòåëüíî îòíîøåíèÿ ñâÿçàí-
íîñòè óñòîé÷èâîé äóãîé (êîìïîíåíòó óñòîé÷èâîé ñâÿçàííîñòè).

Ñîãëàñíî [2], äëÿ äèôôåîìîðôèçìîâ çàìêíóòîãî ìíîãîîáðàçèÿ Mn ñ êîíå÷-
íûì ïðåäåëüíûì ìíîæåñòâîì, óñòîé÷èâîñòü äóãè {ft ∈ Diff(Mn), t ∈ [0, 1]}
õàðàêòåðèçóåòñÿ êîíå÷íûì ÷èñëîì áèôóðêàöèîííûõ çíà÷åíèé 0 < b1 < · · · <
bk < 1, ïðè ýòîì áèôóðêàöèîííûé äèôôåîìîðôèçì ϕbi , i ∈ {1, . . . ,m} îáëàäàåò
ñëåäóþùèìè ñâîéñòâàìè:

1) âñå èíâàðèàíòíûå ìíîãîîáðàçèÿ ïåðèîäè÷åñêèõ òî÷åê äèôôåîìîðôèçìà
ϕbi ïåðåñåêàþòñÿ òðàíñâåðñàëüíî;

2) äèôôåîìîðôèçì ϕbi íå èìååò öèêëîâ è èìååò ðîâíî îäíó íåãèïåðáîëè÷å-
ñêóþ ïåðèîäè÷åñêóþ îðáèòó, à èìåííî ôëèïï èëè íåêðèòè÷åñêèé ñåäëî�óçåë,
ïðè ýòîì äóãà ïðîõîäèò ÷åðåç áèôóðêàöèîííîå çíà÷åíèå òèïè÷íî.

Áóäåì ãîâîðèòü, ÷òî äèôôåîìîðôèçìû f0, f1 : Mn → Mn ïðèíàäëåæàò îä-
íîìó è òîìó æå êëàññó óñòîé÷èâîé èçîòîïè÷åñêîé ñâÿçàííîñòè, åñëè â ïðî-
ñòðàíñòâå äèôôåîìîðôèçìîâ îíè ìîãóò áûòü ñîåäèíåíû äóãîé ñ îïèñàííûìè
âûøå ñâîéñòâàìè.

Êëàññèôèêàöèÿ ñ òî÷êè çðåíèÿ ââåäåííîãî îòíîøåíèÿ ýêâèâàëåíòíîñòè
íåòðèâèàëüíà óæå äëÿ ñîõðàíÿþùèõ îðèåíòàöèþ äèôôåîìîðôèçìîâ îêðóæíî-
ñòè S1, ãäå ïîÿâëÿåòñÿ ñ÷åòíîå ìíîæåñòâî òàêèõ êëàññîâ, êàæäûé èç êîòîðûõ
îäíîçíà÷íî îïðåäåëÿåòñÿ ÷èñëîì âðàùåíèÿ ãðóáîãî ïðåîáðàçîâàíèÿ îêðóæíî-
ñòè [5], êîòîðîå ðàâíî k

m , ãäå k ∈ (N ∪ 0),m ∈ N, k < m, (k,m) = 1.

Ðàññìîòðèì S1 êàê ýêâàòîð ñôåðû S2. Òîãäà ñòðóêòóðíî óñòîé÷èâûé äèô-
ôåîìîðôèçì îêðóæíîñòè â òî÷íîñòè ñ äâóìÿ ïåðèîäè÷åñêèìè îðáèòàìè ïåðè-
îäà m ∈ N è ÷èñëîì âðàùåíèÿ k

m , k < m/2 ìîæåò áûòü ïðîäîëæåí äî äèôôåî-

ìîðôèçìà φk,m : S2 → S2, èìåþùåãî äâà íåïîäâèæíûõ èñòî÷íèêà â ñåâåðíîì è
þæíîì ïîëþñàõ. Îáîçíà÷èì ÷åðåç Ck,m êîìïîíåíòó óñòîé÷èâîé èçîòîïè÷åñêîé
ñâÿçàííîñòè äèôôåîìîðôèçìà φk,m.

Îñíîâíûì ðåçóëüòàòîì ÿâëÿþòñÿ ñëåäóþùèå òåîðåìû.

Theorem 2. Êîìïîíåíòû Ck,m, k ∈ (N ∪ 0), m ∈ N, k < m/2, (k,m) = 1
ïîïàðíî íå ïåðåñåêàþòñÿ.

Theorem 3. Ëþáîé ñîõðàíÿþùèé îðèåíòàöèþ ãðàäèåíòíî�ïîäîáíûé äèôôåî-
ìîðôèçì 2�ñôåðû ïðèíàäëåæèò îäíîé èç êîìïîíåíò Ck,m, k ∈ (N ∪ 0), m ∈
N, k < m/2, (k,m) = 1.

Áëàãîäàðíîñòü. Ðåçóëüòàò ïîëó÷åí ïðè ïîääåðæêå Ëàáîðàòîðèè äèíàìè÷å-
ñêèõ ñèñòåì è ïðèëîæåíèé ÍÈÓ ÂØÝ, ãðàíò Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ ÐÔ cîãëàøåíèå � 075�15�2019�1931
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Êàê èíòåãðàëû ïî ìàòðèöàì ïåðå÷èñëÿþò íàêðûòèÿ
ðèìàíîâûõ è êëåéíîâûõ ïîâåðõíîñòåé

À. Îðëîâ (Ìîñêâà)

ß ðàññêàæó ïðî ñâÿçü èíòåãðàëîâ ïî ìàòðèöàì ñ ÷èñëàìè Ãóðâèöà è ïî-
êàæó, êàê ôåéíìàíîâñêèå äèàãðàììû ïåðå÷èñëÿþò ðàçâåòâëåííûå íàêðûòèÿ
ðèìàíîâûõ è êëåéíîâûõ ïîâåðõíîñòåé ëþáîãî ðîäà (ñ ïðîèçâîëüíûì ÷èñëîì
êðèòè÷åñêèõ òî÷åê). Ïî ñîâìåñòíîìó îáçîðó ñ Ñ.Ì. Íàòàíçîíîì.

Discrete Heisenberg groups, algebraic surfaces and theta functions
D. Osipov (Moscow)

The discrete Heisenberg group Heis(3,Z) is the group of matrices1 a c
0 1 b
0 0 1


where a, b, c are integers.

The extended discrete Heisenberg group G is the group of matrices
1 m a c
0 1 b 1

2b(b− 1)
0 0 1 b
0 0 0 1


where a, b, c,m are integers. The group Heis(3,Z) is a subgroup of the group G,
and moreover G = Heis(3,Z) o Z.

I will speak how the groups Heis(3,Z) and G naturally appear from a data: an
algebraic surface X, a point x ∈ X, and the stalk C ⊂ X of an irreducible curve
such that x ∈ C.

In case, X is a surface over a �nite �eld Fq, I will describe the family of
in�nite-dimensional irreducible complex representations of the group Heis(3,Z)
which are parameterized by the elliptic curve C∗/qZ. The group G also acts on
each representation from this family, and there are traces of some elements of G in
this representation which are classical theta functions.

The talk is based on joint papers with A. N. Parshin.
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Çåðêàëüíàÿ ñèììåòðèÿ è ñòðóêòóðû Õîäæà
Â.Â. Ïðæèÿëêîâñêèé (Ìîñêâà)

Â äîêëàäå ÿ ðàññêàæó î ãèïîòåçàõ çåðêàëüíîé ñèììåòðèè, ñâÿçàííûõ ñî
ñòðóêòóðàìè Õîäæà. Ìû îáñóäèì ãèïîòåçû Êàöàðêîâà�Êîíöåâè÷à�Ïàíòåâà è
P=W, èõ ñâÿçü è äîêàçàòåëüñòâà â ðàçìåðíîñòè 2 è 3.

Rank 3 Killing tensor �elds on a Riemannian 2�torus
V. Sharafutdinov (Novosibirsk)

For a Riemannian manifold (M, g), let C∞(Smτ ′M ) be the space of smooth
covariant symmetric tensor �elds of rank m on M . The di�erential operator
d = σ∇ : C∞(Smτ ′M ) → C∞(Sm+1τ ′M ), where ∇ is the covariant derivative with
respect to the Levi�Civita connection and σ is the symmetrization, is called the
inner derivative. We say f ∈ C∞(Smτ ′M ) is a Killing tensor �eld if df = 0. Being

written in coordinates, the latter equation represents a system of
(
n+m
m+1

)
linear �rst

order di�erential equations in
(
n+m−1

m

)
coordinates of f , where n = dimM . Since the

system is overdetermined, not every Riemannian manifold admits nonzero Killing
tensor �elds. The two�dimensional case is of the most interest since the degree of
the overdetermination is equal to 1 in this case. In the 2D�case, we obtain one
equation on the metric g after eliminating all coordinates of f from the system,
although the possibility of such elimination is problematic. Points of the tangent
bundle TM are denoted by pairs (x, ξ), where x ∈M and ξ ∈ TxM . Given a tensor
�eld f ∈ C∞(Smτ ′M ), let F ∈ C∞(TM) be de�ned in coordinates by F (x, ξ) =
fi1...im(x) ξi1 . . . ξim . The correspondence f 7→ F identi�es C∞(Smτ ′M ) with the
subspace of C∞(TM) consisting of functions that are homogeneous polynomials of
degree m in ξ. Let H be the vector �eld on TM generating the geodesic �ow. The
operators d and H are related as follows: if f ∈ C∞(Smτ ′M ) and F ∈ C∞(TM) is
the corresponding polynomial, then HF = (df)i1...im+1

ξi1 . . . ξim+1 . In particular,
f is a Killing tensor �eld if and only if HF = 0, i.e., if F is a �rst integral for the
geodesic �ow. Thus, the problem of �nding Killing tensor �elds is equivalent to the
problem of �nding �rst integrals of the geodesic �ow which polynomially depend on
ξ. Because of the relation to integrable dynamical systems, the problem has been
considered by many mathematicians, starting with classical works of G. Darboux
and J. Birkho�. There exist global isothermal coordinates on a two-dimensional
torus T2 endowed with a Riemannian metric g. More precisely, there exists a lattice
Γ ⊂ R2 = C such that T2 = C/Γ and g = λ|dz|2, where λ(z) is a Γ-periodic smooth
positive function on the plane. An easy analysis of equation (4.7) of [1] results the
following
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Theorem 4. Assume a Riemannian 2�torus (T2, g) do not admit a nonzero Killing
vector �eld. The torus admits a nonzero rank 3 tensor �eld if and only if there exists
a lattice Γ ⊂ C such that (T2, g) = (C/Γ, λ|dz|2), where λ ∈ C∞(C) is a Γ�periodic
positive function satisfying the equation

∂

∂z

(
λ(∆−1λzz + a)

)
+

∂

∂z̄

(
λ(∆−1λz̄z̄ + ā)

)
= 0

with a complex constant a.

Reference
[1] V.A. Sharafutdinov, Killing tensor �elds on the 2�torus, Siberian Math. J.,

2016, Vol. 57, No 1, pp. 155�173.

Automorphisms of elliptic surfaces
C. Shramov (Moscow)

I will discuss automorphism groups acting on compact complex surfaces that have
a structure of an elliptic �bration, and stabilizers of points therein. In particular, we
will see that the image of an automorphism group of a surface of Kodaira dimension
1 in the automorphism group of the base of its pluricanonical �bration is �nite. I
will also speculate on possible higher dimensional generalizations.

Î òðåõìåðíûõ äèôôåîìîðôèçìàõ Ìîðñà�Ñìåéëà
ñ åäèíñòâåííîé íåêîìïàêòíîé ãåòåðîêëèíè÷åñêîé êðèâîé

Â.È. Øìóêëåð (Íèæíèé Íîâãîðîä)

Ðàññìîòðèì êëàññ G ñîõðàíÿþùèõ îðèåíòàöèþ äèôôåîìîðôèçìîâ Ìîðñà�
Ñìåéëà f , çàäàííûõ íà çàìêíóòîì ìíîãîîáðàçèè M3, íåáëóæäàþùåå ìíîæå-
ñòâî êîòîðûõ ñîñòîèò â òî÷íîñòè èç ÷åòûðåõ òî÷åê ω, σ1, σ2, α ñ èíäåêñàìè
Ìîðñà 0, 1, 2, 3, ñîîòâåòñòâåííî. Â ðàáîòå [1] äîêàçàíî, ÷òî äëÿ ëþáîãî äèôôåî-
ìîðôèçìà f ∈ G ìíîæåñòâî Hf = W s

σ1
∩Wu

σ2
íå ïóñòî è ñîäåðæèò êàê ìèíèìóì

îäíó íåêîìïàêòíóþ ãåòåðîêëèíè÷åñêóþ êðèâóþ γ (ñì. ðèñóíîê 1). Êðîìå òîãî,
äèôôåîìîðôèçìû ðàññìàòðèâàåìîãî êëàññà äîïóñêàåò ñôåðà S3 è âñå ëèíçî-
âûå ïðîñòðàíñòâà. Îäíàêî âîïðîñ î ïîëíîì ñïèñêå îáúåìëþùèõ ìíîãîîáðàçèé
äëÿ äèôôåîìîðôèçìîâ f ∈ G ÿâëÿåòñÿ îòêðûòûì.

σ ωα σ1
2

W s
σ1

σ2 W u
σ2

ᵧ

Ðèñ. 1. Íåêîìïàêòíàÿ ãåòåðîêëèíè÷åñêàÿ êðèâàÿ

Â íàñòîÿùåé ðàáîòå áóäåò óñòàíîâëåí ñëåäóþùèé ôàêò.
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Òåîðåìà 1. Ïóñòü f ∈ G è ìíîæåñòâî Hf ñâÿçíî. ÒîãäàM
3 äèôôåîìîðôíî

3�ñôåðå.
Äîêàçàòåëüñòâî òåîðåìû 1 îñíîâàíî íà ïîñòðîåíèè ñëåäóþùåé äóãè äèô-

ôåîìîðôèçìîâ.
Òåîðåìà 2. Ïóñòü f ∈ G è ìíîæåñòâî Hf ñâÿçíî. Òîãäà f ñîåäèíÿåòñÿ

óñòîé÷èâîé äóãîé ϕt : M3 → M3, t ∈ [0, 1] ñ äèôôåîìîðôèçìîì �èñòî÷íèê�
ñòîê�, ïðè÷åì ϕt èìååò åäèíñòâåííóþ áèôóðêàöèîííóþ òî÷êó òèïà ñåäëî�
óçåë.
Ëèòåðàòóðà
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On 4�dimensional �ows with wildly embedded
invariant manifolds of a periodic orbit
O. Pochinka, D. Shubun (Nizhny Novgorod)

Qualitative study of dynamical systems reveals various topological constructions
naturally emerged in the modern theory. For example, Cantor set with cardinality
of continuum and Lebesgue measure zero as expanding attractor or contracting
repeller. Also, a curve in 2�torus with irrational winding number, which is not
a topological submanifold but is injectively immersed subset, can be found being
invariant manifold of Anosov toral di�eomorphism's �xed point.

Another example of intersection of topology and dynamics is the Artin�Fox arc
[1] appeared in work by D. Pixton [2] as the closure of a saddle separatrix of a
Morse�Smale di�eomorphism on the 3�sphere. A wild behaviour of the Artin�Fox
arc complicates the classi�cation of dynamical systems, it does not admit already a
combinatorial description like to Peixoto's graph [3] for 2�dimensional Morse�Smale
�ows. It is well known that there are no wild arcs in dimension 2. In dimension 3 they
exist and can be realize as invariant set for a discrete dynamics, in di�erent from
regular 3�dimensional �ows, which do not possess wild invariant sets. The dimension
4 is very rich. Here wild objects appear both for discrete and continuous dynamics.
Despite the fact that there are no wild arcs in this dimension, there are wild objects
of co-dimension 2. So the closure of 2�dimensional saddle separatrix can be wild
for 4�dimensional Morse�Smale system (di�eomorphism or �ow). Such examples
recently were constructed by V. Medvedev and E. Zhuzoma [4]. T. Medvedev and
O. Pochinka [5] shown as wild Artin�Fox 2�dimension sphere appears as closure of
heteroclinic intersection of Morse�Smale 4�di�eomorphism.

In the present paper we prove that the suspension under a non�trivial Pixton's
di�eomorphism provides a 4��ow with wildly embedded 2�dimensional invariant
manifold of a periodic orbit. Moreover, we show that there are countable many
di�erent wild suspensions.

Thanks. The author is partially supported by Laboratory of Dynamical Systems
and Applications NRU HSE, of the Ministry of science and higher education of the
RF grant ag. � 075�15�2019�1931.
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Self�Similar Sets with Finite Intersection Property
A. Tetenov (Gorno�Altaisk)

Let S = {S1, S2, . . . , Sm} be a system of injective contraction maps on Rn.
A nonempty compact set K ⊂ Rn is called the attractor of the system S, if
K =

m⋃
i=1

Si(K). We call the sets Ki = Si(K) the pieces of K and denote by

A = {K1, ...,Km} and by G(S) the semigroup generated by S1, S2, . . . , Sm.
We say that the system S has �nite intersection property (FIP) if the set

P =
⋃
i 6=j

(Ki ∩ Kj) is �nite. The intersection graph of the system S is a bipartite

graph Γ(S) = (A, P ;E) in which {Ki, p} ∈ E i� p ∈ Ki.

The simplest examples of FIP systems are polygaskets studied by R.Strichartz
[2] and polygonal systems studied in [3].

We prove a general condition under which the attractor K of a FIP system S is
a dendrite.
Theorem 1. Let S = {S1, ..., Sm} be a FIP system of injective contraction

maps in Rn
The intersection graph Γ(S) is a tree i� the attractorK of the system S is a dendrite.

We say that a system S of similarities in Rn has a Weak Separation Property
(WSP) [1, 4] if Id is an isolated point in the set G(S)−1 ◦G(S).
In the case when the system S has WSP, we prove the �niteness of the order of
the rami�cation points of its attractor K.

Theorem 2. Let S = {S1, ..., Sm} be a system of contraction similarities in Rn
which has �nite intersection and weak separation properties.

Then for any point x ∈ K there is a neighbourhood baseW(x) = {Wk, k ∈ N} such
that the number nk of the components of Wk \ {x} is bounded by some M > 0
independent of x ∈ K.

Particularly, if K is a dendrite, then Ord(x,K) ≤M
Thanks. The author is supported by RFBR project 18�01�00420.
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Î çàäà÷å äèðèõëå äëÿ ýëëèïòè÷åñêîãî
ôóíêöèîíàëüíî�äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ñ àôôèííûì ïðåîáðàçîâàíèåì àðãóìåíòà
Ë. Å. Ðîññîâñêèé, À. À. Òîâñóëòàíîâ (Ãðîçíûé)

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ ýëëèïòè÷åñêîãî
ôóíêöèîíàëüíî�äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ñîäåðæàùåãî êîìáèíà-
öèþ ñäâèãîâ è ñæàòèÿ àðãóìåíòà íåèçâåñòíîé ôóíêöèè ïîä çíàêîì îïåðàòîðà
Ëàïëàñà. Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè.
Ïîêàçàíî òàêæå, ÷òî çàäà÷à ìîæåò èìåòü áåñêîíå÷íîìåðíîå ìíîãîîáðàçèå
ðåøåíèé.

Ïðèìåðû ëàãðàíæåâûõ òîðîâ â ãðàññìàíèàíàõ Gr(1, n)
À.Í. Òþðèí, (Ìîñêâà)

Îáîáùàÿ òåõíèêó ïîñòðîåíèÿ ëàãðàíæåâûõ òîðîâ ñ ïîìîùüþ ïñåâäîòîðè-
÷åñêîé ãåîìåòðèè, ïðåäëàãàåòñÿ êîíñòðóêöèÿ ñåìåéñòâà ëàãðàíæåâûõ òîðîâ
â ìíîãîîáðàçèÿõ Ãðàññìàíà Gr(1, n). Òàê êàê ãåîìåòðè÷åñêè ýòî ìíîãîîáðà-
çèå ïðÿìûõ â CPn, íà êîòîðîì èìååòñÿ ñòàíäàðòíîå òîðè÷åñêîå äåéñòâèå Tn,
ìû èñïîëüçóåì èíäóöèðîâàííîå òîðè÷åñêîå äåéñòâèå, ïðåäâàðèòåëüíî ðàññëà-
èâàÿ Gr(1, n)\Gr(1, n − 1) íàä CPn−1 òàê ÷òî èíäóöèðîâàííîå äåéñòâèå åñòå-
ñòâåííîå äåéñòâóåò íà ñëîÿõ. Íà êàæäîì ñëîå âûäåëÿåòñÿ äèâèçîð, Âåéíñòåé-
íîâ ñêåëåò äîïîëíåíèÿ ê êîòîðîìó åñòü ãëàäêèé ëàãðàíæåâ òîð â ñëîå; ñîáè-
ðàÿ âìåñòå ýòè ñêåëåòû íàä òî÷êàìè ñòàíäàðòíîãî òîðà áàçû CPn−1, ïîëó÷à-
åì ëàãðàíæåâ òîð âî âñåì Gr(1, n). Âîçìîæíî, òàêèì ïóòåì ìîæíî ïîëó÷àòü
ìèíèìàëüíûå è H � ìèíèìàëüíûå òîðû â Gr(1, n). "Examples of lagrangian
tori in Grassmanians Gr(1, n)"A generalization of the psedutoric technique for
constructions of lagrangian tori presents a way how one can construct a family
of lagrangian tori in the Grassmann varieties Gr(1, n). Since geometrically it is the
variety of lines in CPn, where one has a standard toric action of Tn, we exploit the
induced toric action for the �bration of Gr(1, n)\Gr(1, n−1) over CPn−1 such that
the induced toric action interchanges the �bers. On each �ber one cuts a divisor,
and the Weinstein skeleton of the complement contains a smooth lagrangian torus in
the �ber; combinig together these skeletons over the points of a standard lagrangian
torus in the base CPn−1, one gets a lagrangian torus in the ambient Gr(1, n). It
seems that this way leads to the construction of minimal of H � minimal lagrangian
tori in Gr(1, n).
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Ïàðû ëàêñà äëÿ ëèíåéíûõ ãàìèëüòîíîâûõ ñèñòåì
À.Á. Æåãëîâ (Ìîñêâà)

Â äîêëàäå ðå÷ü ïîéäåò î ñïîñîáå ïîñòðîåíèÿ ïàð Ëàêñà äëÿ ëèíåéíûõ ãà-
ìèëüòîíîâûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîëó÷àþùèåñÿ èç ýòèõ
ïàð ïåðâûå èíòåãðàëû èìåþò ÿâíóþ ñâÿçü ñ óæå èçâåñòíûìè ïåðâûìè èíòå-
ãðàëàìè, ÷òî äàåò, â ÷àñòíîñòè, íîâîå ïðîñòîå äîêàçàòåëüñòâî òåîðåìû Âè-
ëüÿìñîíà. Äîêëàä îñíîâàí íà íåäàâíåé ñîâìåñòíîé ðàáîòå ñ Ä.Â. Îñèïîâûì,
îòïðàâíîé òî÷êîé äëÿ ïîÿâëåíèÿ êîòîðîé áûë äîêëàä Â.Â. Êîçëîâà íà ñåìè-
íàðå îòäåëà àëãåáðû è àëãåáðàè÷åñêîé ãåîìåòðèè â ÌÈÀÍå.
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