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ÎÏÅÐÀÒÎÐÎÂ ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÐÀÄÎÍÀ ÔÓÍÊÖÈÉ È

ÍÎÐÌÀËÜÍÎÃÎ ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÐÀÄÎÍÀ ÂÅÊÒÎÐÍÛÕ

È ÑÈÌÌÅÒÐÈ×ÍÛÕ 2-ÒÅÍÇÎÐÍÛÕ ÏÎËÅÉ Â R3

È.Å. ÑÂÅÒÎÂ

Abstract. We propose approach for reconstruction of a three-dimen-
sional function from the known values of Radon transform. The approach
is based on the method of approximate inverse. The obtained result is the
basis of two approaches for reconstruction of a potential part of vector
and symmetric 2-tensor �elds, which have form dψ, ψ ∈ H1

0 (B) and d2ψ,
ψ ∈ H2

0 (B), respectively. Here d is the inner derivation operator, which
is a composition of the operators of gradient and symmetrization. Initial
data for the problems are the known values of normal Radon transform.
The �rst approach allows to recover components of potential part of
�elds, and the second reconstructs a potential of potential part of �elds.

Keywords: tensor tomography, method of approximate inverse, adjoint
operator, Radon transform, normal Radon transform, vector �eld, sym-
metric 2-tensor �eld, potential �eld, potential.

Ââåäåíèå

Ïîä òåðìèíîì �çàäà÷à òðåõìåðíîé m-òåíçîðíîé òîìîãðàôèè� â äàííîé ðà-
áîòå ïîäðàçóìåâàåòñÿ ñëåäóþùàÿ ïîñòàíîâêà. Ïóñòü íåêîòîðàÿ îãðàíè÷åííàÿ
îáëàñòü ïðîñòðàíñòâà R3 çàïîëíåíà ñðåäîé áåç ðåôðàêöèè. Â ñðåäå ðàñïðåäå-
ëåíî íåêîòîðîå ñèììåòðè÷íîå m-òåíçîðíîå ïîëå (m = 0, 1, 2). Ïî èçâåñòíûì

Svetov, I.E., The method of approximate inverse for the Radon transform

operator acting on functions and for the normal Radon transform operators acting

on vector and symmetric 2-tensor fields in R3.
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çíà÷åíèÿì ïðåîáðàçîâàíèÿ Ðàäîíà (äëÿ m = 0) èëè íîðìàëüíîãî ïðåîáðà-
çîâàíèÿ Ðàäîíà (äëÿ m = 1, 2) òðåáóåòñÿ âîññòàíîâèòü ýòî ïîëå. Îïåðàòîðû
íîðìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà, äåéñòâóþùèå íà âåêòîðíûå è ñèììåò-
ðè÷íûå 2-òåíçîðíûå ïîëÿ, îáëàäàþò íå íóëåâûìè ÿäðàìè. Ïîýòîìó â äàííîé
ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ïî âîññòàíîâëåíèþ ëèøü ïîòåíöèàëüíûõ ÷à-
ñòåé âåêòîðíûõ è ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé âèäà dψ, ψ ∈ H1

0 (B) è
d2ψ, ψ ∈ H2

0 (B), ñîîòâåòñòâåííî.
Ïåðå÷èñëèì îñíîâíûå ìàòåìàòè÷åñêèå ñðåäñòâà, íà êîòîðûõ áàçèðóþòñÿ ìå-

òîäû è àëãîðèòìû ðåøåíèÿ çàäà÷ òðåõìåðíîé òåíçîðíîé òîìîãðàôèè. Â ñëó÷àå
îòñóòñòâèÿ ÿâëåíèÿ ðåôðàêöèè î÷åíü ïðèâëåêàòåëüíû, ñ ìàòåìàòè÷åñêîé òî÷-
êè çðåíèÿ, ôîðìóëû îáðàùåíèÿ êàê äëÿ âîññòàíîâëåíèÿ ôóíêöèé [1], [2], òàê
è òåíçîðíûõ ïîëåé [3]�[7]. Â ðàáîòàõ [8], [9] ïîëó÷åíû òî÷íûå ôîðìóëû îáðà-
ùåíèÿ äëÿ íîðìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà âåêòîðíûõ ïîëåé. Óïîìÿíåì
îò÷åò [10], â êîòîðîì èññëåäîâàí âîïðîñ îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ðàäîíà
ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ è, â ÷àñòíîñòè íîðìàëüíîãî ïðåîáðàçîâàíèÿ
Ðàäîíà. Ñèíãóëÿðíûå ðàçëîæåíèÿ îïåðàòîðîâ ïðåîáðàçîâàíèÿ Ðàäîíà [11] è
ïðîäîëüíîãî ëó÷åâîãî ïðåîáðàçîâàíèÿ [12], äåéñòâóþùèõ íà ñêàëÿðíûå ïîëÿ
â R3, õîðîøî èçâåñòíû. Â òî âðåìÿ êàê ðàçëîæåíèÿ îïåðàòîðîâ íîðìàëüíî-
ãî ïðåîáðàçîâàíèÿ Ðàäîíà âåêòîðíûõ [13]�[15] è ñèììåòðè÷íûõ 2-òåíçîðíûõ
ïîëåé [16] ïîÿâèëèñü ñðàâíèòåëüíî íåäàâíî.

Â äàííîé ðàáîòå ïðåäëàãàþòñÿ ïîäõîäû ðåøåíèÿ çàäà÷è òðåõìåðíîé m-
òåíçîðíîé òîìîãðàôèè (m = 0, 1, 2), îñíîâàííûå íà òàê íàçûâàåìîì ìåòîäå
ïðèáëèæåííîãî îáðàùåíèÿ, êîòîðûé ðàçâèâàåòñÿ óæå ïî÷òè 30 ëåò À. Ê. Ëó-
èñîì è åãî ó÷åíèêàìè [17]�[19]. Ìåòîä ïðèìåíÿëñÿ â òîì ÷èñëå è äëÿ ðåøåíèÿ
çàäà÷ ñêàëÿðíîé [20]�[22], âåêòîðíîé [23]�[27] è òåíçîðíîé òîìîãðàôèè [28], [29].
Òåîðåòè÷åñêèå îñíîâû ìåòîäà ëåæàò â ôóíêöèîíàëüíîì àíàëèçå. Ýòî òåîðåìà
Ðèññà î ïðåäñòàâëåíèè ëèíåéíîãî ôóíêöèîíàëà, ïîíÿòèå ôóíäàìåíòàëüíîãî
ðåøåíèÿ è åãî ñâîéñòâà, ïðèáëèæåíèå δ-ôóíêöèè. Èäåÿ ìåòîäà ïðèáëèæåííî-
ãî îáðàùåíèÿ ñîñòîèò â ñëåäóþùåì. Ïóñòü òðåáóåòñÿ íàéòè ðåøåíèå (ôóíêöèþ
f) îïåðàòîðíîãî óðàâíåíèÿ Af = g äëÿ ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà
A : H → K, ãäå H è K � Ãèëüáåðòîâû ïðîñòðàíñòâà. Äëÿ ýòîãî èñïîëüçóþò-
ñÿ óñðåäíÿþùèå ôóíêöèè eyγ , îáëàäàþùèå ñâîéñòâàìè∫

Rn
eyγ(x) dx = 1, lim

γ→0
〈f, eyγ〉H = f(y).

Ïóñòü A∗ � ñîïðÿæåííûé îïåðàòîð äëÿ A è ôóíêöèè eyγ ëåæàò â ïðîñòðàíñòâå
îáðàçîâ A∗, òîãäà ñóùåñòâóþò ôóíêöèè ψyγ òàêèå, ÷òî A

∗ψyγ = eyγ . Ñëåäîâàòåëü-
íî, ïðè ìàëûõ γ èìååì

f(y) ≈ 〈f, eyγ〉H = 〈f,A∗ψyγ〉H = 〈Af, ψyγ〉K = 〈g, ψyγ〉K .

Òàêèì îáðàçîì, ïðèáëèæåííîå ðåøåíèå ñòðîèòñÿ êàê ñêàëÿðíîå ïðîèçâåäåíèå
èñõîäíûõ äàííûõ g è ôóíêöèé ψyγ , íàõîæäåíèå êîòîðûõ ÿâëÿåòñÿ îòäåëüíîé
âàæíîé çàäà÷åé (ñì., íàïðèìåð, [21], [22]).

1. Îïðåäåëåíèÿ è ïîñòàíîâêà çàäà÷è

Ââåäåì îáîçíà÷åíèÿ B = {x ∈ R3
∣∣ |x| = √x21 + x22 + x23 < 1} äëÿ åäèíè÷íîãî

øàðà, Z = {(s, ξ)
∣∣ s ∈ [−1, 1], ξ ∈ R3, |ξ| = 1} � äëÿ öèëèíäðà.
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Ôóíêöèè áóäåì îáîçíà÷àòü ÷åðåç f(x), g(x), . . . Äëÿ ïîòåíöèàëîâ áóäóò èñ-
ïîëüçîâàòüñÿ îáîçíà÷åíèÿ φ(x), ψ(x), . . . Ìíîæåñòâî ñèììåòðè÷íûõ m-òåíçîð-
íûõ ïîëåé w(x) = (wi1...im(x)), u(x) = (ui1...im(x)), v(x) = (vi1...im(x)), i1, . . . ,
im = 1, 2, 3, îïðåäåëåííûõ â B, îáîçíà÷àåòñÿ Sm(B). Ñêàëÿðíîå ïðîèçâåäåíèå
â Sm(B) ââîäèòñÿ ôîðìóëîé

〈u(x),v(x)〉 =

3∑
i1,...,im=1

ui1...im(x)vi1...im(x).

Ôóíêöèîíàëüíîå ïðîñòðàíñòâî L2(Sm(B)) ñîñòîèò èç ñèììåòðè÷íûõ m-òåí-
çîðíûõ ïîëåé, îïðåäåëåííûõ â B è îáëàäàþùèõ èíòåãðèðóåìûìè â êâàäðàòå
êîìïîíåíòàìè. Ñêàëÿðíîå ïðîèçâåäåíèå äâóõ òåíçîðíûõ ïîëåé u è v èç ïðî-
ñòðàíñòâà L2(Sm(B)) çàäàåòñÿ ôîðìóëîé:

〈u,v〉L2(Sm(B)) =

∫
B

〈u(x),v(x)〉dx.

Ïðîñòðàíñòâà Ñîáîëåâà äëÿ ñèììåòðè÷íûõ m-òåíçîðíûõ ïîëåé îáîçíà÷èì ÷å-
ðåç Hk(Sm(B)), Hk

0 (Sm(B)). Êðîìå òîãî, ìû áóäåì èñïîëüçîâàòü ïðîñòðàíñòâî
L2(Z). Ñêàëÿðíîå ïðîèçâåäåíèå ôóíêöèé f è g èç L2(Z) çàäàåòñÿ ôîðìóëîé:

〈f, g〉L2(Z) =

∫
Z

f(s, ξ)g(s, ξ)ds dξ.

Äèôôåðåíöèàëüíûå îïåðàòîðû.Ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå îïå-
ðàòîðû:

1) Îïåðàòîð âíóòðåííåãî äèôôåðåíöèðîâàíèÿ

d : Hk(Sm(B))→ Hk−1(Sm+1(B)),

êîòîðûé äåéñòâóåò íà ïîòåíöèàë ψ è âåêòîðíîå ïîëå v ñëåäóþùèì îáðàçîì:

(dψ)i =
∂ψ

∂xi
, (dv)ij =

1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
.

2) Îïåðàòîð ðîòîðà

rot : Hk(S1(B))→ Hk−1(S1(B)),

êîòîðûé äåéñòâóåò íà âåêòîðíîå ïîëå w ïî ôîðìóëå

rotw =

(
∂w3

∂x2
− ∂w2

∂x3
,
∂w1

∂x3
− ∂w3

∂x1
,
∂w2

∂x1
− ∂w1

∂x2

)
.

3) Îïåðàòîð äèâåðãåíöèè

div : Hk(Sm+1(B))→ Hk−1(Sm(B)),

êîòîðûé äåéñòâóåò íà òåíçîðíîå ïîëå w ïî ïðàâèëó:

(divw)i1..im =

3∑
j=1

∂wi1..imj
∂xj

.

Íàïîìíèì, ÷òî m-òåíçîðíîå ïîëå u ∈ Hk(Sm(B)) íàçûâàåòñÿ ïîòåíöèàëü-
íûì, åñëè ñóùåñòâóåò (m−1)-òåíçîðíîå ïîëå v ∈ Hk+1(Sm−1(B)) (ïîòåíöèàë),
òàêîå ÷òî u = dv. Ïîëå w ∈ Hk(Sm(B)) íàçûâàåòñÿ ñîëåíîèäàëüíûì, åñëè
divw = 0 ∈ Hk−1(Sm−1(B)). Î÷åâèäíî, ÷òî âåêòîðíîå ïîëå w = rotu � ñî-
ëåíîèäàëüíî. Àíàëîãè÷íî, ñèììåòðè÷íîå 2-òåíçîðíîå ïîëå w ñîëåíîèäàëüíî,
åñëè (wi1, wi2, wi3) = rotvi, i = 1, 2, 3 äëÿ íåêîòîðûõ âåêòîðíûõ ïîëåé vi.
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Èçâåñòíî [3], ÷òî èìååò ìåñòî åäèíñòâåííîå ðàçëîæåíèå ëþáîãî ñèììåòðè÷-
íîãî m-òåíçîðíîãî ïîëÿ v ∈ L2(Sm(B)):

v = w + du,(1)

ãäå

w ∈ H1(Sm(B)), divw = 0, u ∈ H1
0 (Sm−1(B)).(2)

Â ÷àñòíîñòè, ëþáîå òðåõìåðíîå âåêòîðíîå ïîëå v ∈ L2(S1(B)) ìîæåò áûòü
åäèíñòâåííûì îáðàçîì ïðåäñòàâëåíî â âèäå ñóììû ïîòåíöèàëüíîé è ñîëåíîè-
äàëüíîé ÷àñòåé

v = rotu + dφ,(3)

ãäå

u ∈ H1(S1(B)), φ ∈ H1
0 (B).(4)

Íåîáõîäèìî îòìåòèòü, ÷òî åäèíñòâåííîñòü ïîíèìàåòñÿ â ñìûñëå ñëàãàåìûõ â
ñóììå (3). Â òî âðåìÿ êàê âåêòîðíîå ïîëå u îïðåäåëÿåòñÿ íå åäèíñòâåííûì
îáðàçîì, òàê êàê äëÿ ëþáîãî g ∈ H2(B) èìååò ìåñòî ðàâåíñòâî rot(dg) = 0. Îò-
ìåòèì ðàáîòû [30]�[34], ïîñâÿùåííûå èññëåäîâàíèþ ïðîñòðàíñòâà òðåõìåðíûõ
âåêòîðíûõ ïîëåé è ïîñòðîåíèþ ðàçëîæåíèé äëÿ íèõ. Â ÷àñòíîñòè, â ïîñëåäíåé
ðàáîòå ïðåäëîæåíî ñëåäóþùåå ðàçëîæåíèå íà òðè ñëàãàåìûõ

v = rotu + dh+ dϕ,(5)

ãäå

u ∈ H3(S1(B)) ∩H1
0 (S1(B)), 4divu = 0, ϕ ∈ H1

0 (B),(6)

u � åäèíñòâåííûé âåêòîðíûé ïîòåíöèàë, h � ãàðìîíè÷åñêàÿ ôóíêöèÿ (ò.å.,
4h = div(dh) = 0).

Èñïîëüçóÿ (1)�(2) è ó÷èòûâàÿ (3)�(4), íåòðóäíî ïîëó÷èòü áîëåå ïîäðîáíîå
ðàçëîæåíèå äëÿ ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ v ∈ L2(S2(B))

v = w + d(rotu + dφ),(7)

ãäå

w ∈ H1(S2(B)), divw = 0,(8)

u ∈ H2(S1(B)), φ ∈ H2(B) ∩H1
0 (B), (rotu + dφ) ∈ H1

0 (S1(B)).(9)

Èñïîëüçóÿ ðàçëîæåíèå (5)�(6), óòî÷íèì ðàçëîæåíèå (7)�(9). Ïåðâîå ñëàãà-
åìîå â (7) ïîëå w � ñîëåíîèäàëüíîå ñèììåòðè÷íîå 2-òåíçîðíîå ïîëå. Ñëå-
äîâàòåëüíî, âåêòîðíûå ïîëÿ (wi1, wi2, wi3), i = 1, 2, 3, ñîñòàâëåííûå èç êîì-
ïîíåíò ïîëÿ w, � ñîëåíîèäàëüíûå. Èç ðàçëîæåíèÿ (5)�(6) ñëåäóåò, ÷òî ïîëÿ
wi = (wi1, wi2, wi3), i = 1, 2, 3 ìîãóò áûòü åäèíñòâåííûì îáðàçîì ðàçëîæåíû â
ñóììû wi = rotui + dhi, ãäå ui ∈ H3(S1(B)) ∩ H1

0 (S1(B)), 4divui = 0 è hi �
ãàðìîíè÷åñêèå ôóíêöèè. Òî åñòü, ñîëåíîèäàëüíîå ñèììåòðè÷íîå 2-òåíçîðíîå
ïîëå w åäèíñòâåííûì îáðàçîì ìîæåò áûòü ðàçëîæåíî â ñóììó

w = w̃ + h̃,(10)

ãäå äëÿ êîìïîíåíò ïîëåé w̃, h̃ âûïîëíåíî

(w̃i1, w̃i2, w̃i3) = rotui, ui ∈ H3(S1(B)) ∩H1
0 (S1(B)), 4divui = 0,

(h̃i1, h̃i2, h̃i3) = dhi, hi ∈ H2(B), 4hi = 0,
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äëÿ i = 1, 2, 3. Â ñèëó ñèììåòðè÷íîñòè ïîëÿ h̃ èìååì

∂hi

∂xj
=
∂hj

∂xi
, i, j = 1, 2, 3.

Ïîýòîìó ñóùåñòâóåò ãàðìîíè÷åñêàÿ ôóíêöèÿ h, òàêàÿ, ÷òî hi = ∂h/∂xi. Òàêèì
îáðàçîì ïîëó÷èëè, ÷òî âòîðîå ñëàãàåìîå â (10) èìååò âèä

h̃ = d2h, h ∈ H2(B), 4h = 0.

Íàêîíåö, ïðèìåíèâ ðàçëîæåíèå (5)�(6) êî âòîðîìó ñëàãàåìîìó â (7), ïîëó÷èì
ðàçëîæåíèå ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ v ∈ L2(S2(B))

v = w̃ + d2h1 + d(rotu + dh2 + dφ),(11)

ãäå äëÿ êîìïîíåíò ïîëÿ w̃ èìååò ìåñòî

(w̃i1, w̃i2, w̃i3) = rotui, ui ∈ H3(S1(B)) ∩H1
0 (S1(B)), 4divui = 0, i = 1, 2, 3,

è

u ∈ H3(S1(B)) ∩H1
0 (S1(B)), 4divu = 0,

h1, h2 ∈ H2(B), 4h1 = 4h2 = 0,

φ ∈ H2(B) ∩H1
0 (B), (rotu + dh2 + dφ) ∈ H1

0 (S1(B)).

Îòìåòèì, ÷òî â ñóììå (11) òðè ñëàãàåìûõ ÿâëÿþòñÿ ïîòåíöèàëüíûìè ïîëÿìè
âèäà d2ϕ, ϕ ∈ H2(B).
Èíòåãðàëüíûå îïåðàòîðû. Ïëîñêîñòü Pξ,s â R3 çàäàåòñÿ íîðìàëüíûì

óðàâíåíèåì 〈ξ, x〉−s = 0 äëÿ òî÷åê x ∈ R3. Çäåñü |s| � ðàññòîÿíèå îò ïëîñêîñòè
äî íà÷àëà êîîðäèíàò, à ξ � íîðìàëüíûé âåêòîð ïëîñêîñòè, |ξ| = 1.

Ïðåîáðàçîâàíèå Ðàäîíà R : L2(R3) → L2(Z) ôóíêöèè f(x) çàäàåòñÿ ôîðìó-
ëîé

[Rf ](s, ξ) =

∫
R3

f(x) δ(〈ξ, x〉 − s) dx =

∫
Pξ,s

f(x) dx,

ãäå δ � äåëüòà-ôóíêöèÿ.
Íîðìàëüíîå ïðåîáðàçîâàíèå Ðàäîíà R⊥m : L2(Sm(B))→ L2(Z) ñèììåòðè÷íî-

ãî m-òåíçîðíîãî ïîëÿ u(x) çàäàåòñÿ ôîðìóëîé

[R⊥mu](s, ξ) =

∫
R3

〈u(x), ξm〉 δ(〈ξ, x〉 − s) dx =

∫
Pξ,s

〈u(x), ξm〉 dx.

Î÷åâèäíî, ÷òî ïðåîáðàçîâàíèå Ðàäîíà ôóíêöèè ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì
íîðìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà ïðè m = 0. Â îòëè÷èå îò ïðåîáðàçîâàíèÿ
Ðàäîíà, íîðìàëüíûå ïðåîáðàçîâàíèÿ Ðàäîíà âåêòîðíûõ (m = 1) è ñèììåò-
ðè÷íûõ 2-òåíçîðíûõ ïîëåé (m = 2) îáëàäàþò íåíóëåâûìè ÿäðàìè. Â ðàáîòàõ
[14]�[16] ïîëó÷åíû îïèñàíèÿ ÿäåð è îáëàñòåé çíà÷åíèÿ íîðìàëüíûõ ïðåîáðàçî-
âàíèé Ðàäîíà, à òàêæå ñâÿçåé ìåæäó íîðìàëüíûìè ïðåîáðàçîâàíèÿìè Ðàäîíà
âåêòîðíûõ è òåíçîðíûõ ïîëåé è ïðåîáðàçîâàíèÿìè Ðàäîíà èõ ïîòåíöèàëîâ.
Ïðèâåäåì ýòè ðåçóëüòàòû â âèäå äâóõ ëåìì.

Ëåììà 1. [14],[15] Ïóñòü âåêòîðíîå ïîëå v èìååò âèä

v = rotu + dφ, u ∈ H1
0 (S1(B)), φ ∈ H1(B).

Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ.
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1) Ñîëåíîèäàëüíàÿ ÷àñòü rotu âåêòîðíîãî ïîëÿ v ëåæèò â ÿäðå íîðìàëü-
íîãî ïðåîáðàçîâàíèÿ Ðàäîíà, ò.å. èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî

[R⊥1 rotu](s, ξ) = 0.

2) Åñëè φ ∈ H1
0 (B), òîãäà íîðìàëüíîå ïðåîáðàçîâàíèå Ðàäîíà âåêòîðíîãî

ïîëÿ v ñâÿçàíî ñ ïðåîáðàçîâàíèåì Ðàäîíà ïîòåíöèàëà φ ñîîòíîøåíèåì

[R⊥1 v](s, ξ) = [R⊥1 dφ](s, ξ) =
∂

∂s
[Rφ](s, ξ).

Òàêèì îáðàçîì, ïî èçâåñòíîìó íîðìàëüíîìó ïðåîáðàçîâàíèþ Ðàäîíà âåê-
òîðíîãî ïîëÿ ìîæíî íàäåÿòüñÿ âîññòàíîâèòü ëèøü åãî ïîòåíöèàëüíóþ ÷àñòü
dφ, φ ∈ H1(B).

Ëåììà 2. [16] Ïóñòü ñèììåòðè÷íîå 2-òåíçîðíîå ïîëå v èìååò âèä

v = w + d(rotu) + d2φ,

ãäå u ∈ H2
0 (S1(B)), φ ∈ H2(B) è äëÿ êîìïîíåíò ñîëåíîèäàëüíîé ÷àñòè w

ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ v âûïîëíåíî

(wi1, wi2, wi3) = rotui, ui ∈ H1
0 (S1(B)), i = 1, 2, 3.

Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ.
1) Ñîëåíîèäàëüíàÿ w è ïîòåíöèàëüíàÿ d(rotu) ÷àñòè ñèììåòðè÷íîãî 2-

òåíçîðíîãî ïîëÿ v ëåæàò â ÿäðå íîðìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà, ò.å.
èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà

[R⊥2 w](s, ξ) = 0, [R⊥2 d(rotu)](s, ξ) = 0.

2) Åñëè φ ∈ H2
0 (B), òîãäà íîðìàëüíîå ïðåîáðàçîâàíèå Ðàäîíà ñèììåòðè÷-

íîãî 2-òåíçîðíîãî ïîëÿ v ñâÿçàíî ñ ïðåîáðàçîâàíèåì Ðàäîíà ïîòåíöèàëà φ
ñîîòíîøåíèåì

[R⊥2 v](s, ξ) = [R⊥2 d2φ](s, ξ) =
∂2

∂s2
[Rφ](s, ξ).

Òàêèì îáðàçîì, ïî èçâåñòíîìó íîðìàëüíîìó ïðåîáðàçîâàíèþ Ðàäîíà ñèì-
ìåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ ìîæíî íàäåÿòüñÿ âîññòàíîâèòü ëèøü åãî ïîòåí-
öèàëüíóþ ÷àñòü âèäà d2φ, φ ∈ H2(B).

Äîêàæåì äâà ñëåäñòâèÿ ïðèâåäåííûõ âûøå ëåìì.

Ñëåäñòâèå 1. Ïðåîáðàçîâàíèå Ðàäîíà êîìïîíåíò ïîòåíöèàëüíîãî âåêòîðíî-
ãî ïîëÿ dφ, φ ∈ H1

0 (B) è íîðìàëüíîå ïðåîáðàçîâàíèå Ðàäîíà dφ ñâÿçàíû ñëåäó-
þùèìè ñîîòíîøåíèÿìè

[R(dφ)i](s, ξ) = ξi[R⊥1 dφ](s, ξ), i = 1, 2, 3.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ñâîéñòâî ïðåîáðàçîâàíèÿ Ðàäîíà (ñì., íàïðèìåð,
[1]) [

R ∂φ

∂xi

]
(s, ξ) = ξi

∂

∂s
[Rφ](s, ξ)

è Ëåììó 1 ïóíêò 2, èìååì

[R(dφ)i](s, ξ) =

[
R ∂φ

∂xi

]
(s, ξ) = ξi

∂

∂s
[Rφ](s, ξ) = ξi[R⊥1 dφ](s, ξ).

�
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Ñëåäñòâèå 2. Ïðåîáðàçîâàíèå Ðàäîíà êîìïîíåíò ïîòåíöèàëüíîãî ñèììåò-
ðè÷íîãî 2-òåíçîðíîãî ïîëÿ d2φ, φ ∈ H2

0 (B) è íîðìàëüíîå ïðåîáðàçîâàíèå Ðà-
äîíà d2φ ñâÿçàíû ñëåäóþùèìè ñîîòíîøåíèÿìè

[R(d2φ)ij ](s, ξ) = ξiξj [R⊥2 dφ](s, ξ), i, j = 1, 2, 3.

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó Ñëåäñòâèÿ 1 èìååì

[R(d2φ)ij ](s, ξ) =

[
R ∂2φ

∂xi∂xj

]
(s, ξ) = ξiξj

∂2

∂s2
[Rφ](s, ξ) = ξiξj [R⊥2 d2φ](s, ξ).

�

Èñïîëüçóÿ ôîðìóëó îáðàùåíèÿ äëÿ âîññòàíîâëåíèÿ ôóíêöèè ïî èçâåñòíûì
çíà÷åíèÿì ïðåîáðàçîâàíèÿ Ðàäîíà (ñì., íàïðèìåð, [2])

f(x) = − 1

8π2

∮
S2

∂2

∂s2
[Rf ](s, ξ)

∣∣∣
s=〈x,ξ〉

dξ

è ðåçóëüòàòû, ñôîðìóëèðîâàííûå âûøå â Ëåììàõ è Ñëåäñòâèÿõ, íåòðóäíî ïî-
ëó÷èòü ôîðìóëû îáðàùåíèÿ äëÿ âîññòàíîâëåíèÿ ïîòåíöèàëîâ è êîìïîíåíò ïî-
òåíöèàëüíûõ âåêòîðíîãî dφ, φ ∈ H1

0 (B) è ñèììåòðè÷íîãî 2-òåíçîðíîãî d2ϕ,
ϕ ∈ H2

0 (B) ïîëåé ïî èçâåñòíûì çíà÷åíèÿì íîðìàëüíûõ ïðåîáðàçîâàíèé Ðàäî-
íà [R⊥1 dφ] è [R⊥2 d2ϕ] ñîîòâåòñòâåííî:

φ(x) = − 1

8π2

∮
S2

∂

∂s
[R⊥1 dφ](s, ξ)

∣∣∣
s=〈x,ξ〉

dξ,

(dφ)i(x) = − 1

8π2

∮
S2
ξi
∂2

∂s2
[R⊥1 dφ](s, ξ)

∣∣∣
s=〈x,ξ〉

dξ,

ϕ(x) = − 1

8π2

∮
S2

[R⊥2 d2ϕ](s, ξ)
∣∣∣
s=〈x,ξ〉

dξ,

(d2ϕ)ij(x) = − 1

8π2

∮
S2
ξiξj

∂2

∂s2
[R⊥2 d2ϕ](s, ξ)

∣∣∣
s=〈x,ξ〉

dξ.

Ïîñòàíîâêà çàäà÷è. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ñëåäóþùèå òðè
çàäà÷è:

1) Ïóñòü â åäèíè÷íîì øàðå ðàñïðåäåëåíà íåêîòîðàÿ ôóíêöèÿ f . Òðåáóåòñÿ
ïî åå èçâåñòíîìó ïðåîáðàçîâàíèþ Ðàäîíà íàéòè ýòó ôóíêöèþ.

2) Ïóñòü â åäèíè÷íîì øàðå ðàñïðåäåëåíî íåêîòîðîå âåêòîðíîå ïîëå v. Òðå-
áóåòñÿ ïî åãî èçâåñòíîìó íîðìàëüíîìó ïðåîáðàçîâàíèþ Ðàäîíà íàéòè ïîòåí-
öèàëüíóþ ÷àñòü dφ ýòîãî ïîëÿ.

3) Ïóñòü â åäèíè÷íîì øàðå ðàñïðåäåëåíî íåêîòîðîå ñèììåòðè÷íîå 2-òåíçîð-
íîå ïîëå u. Òðåáóåòñÿ ïî åãî èçâåñòíîìó íîðìàëüíîìó ïðåîáðàçîâàíèþ Ðàäîíà
íàéòè ïîòåíöèàëüíóþ ÷àñòü âèäà d2φ.

Äëÿ ðåøåíèÿ ïîñòàâëåííûõ çàäà÷ ïðåäëàãàþòñÿ ïîäõîäû, îñíîâàííûå íà
ìåòîäå ïðèáëèæåííîãî îáðàùåíèÿ. Ïîäõîäû ïî âîññòàíîâëåíèþ âåêòîðíûõ è
2-òåíçîðíûõ ïîëåé îñíîâûâàþòñÿ íà Ëåììàõ 1 è 2 ïóíêòû 2, è Ñëåäñòâèÿõ
1 è 2, ïîýòîìó ðàññìàòðèâàþòñÿ ïîëÿ áåç ãàðìîíè÷åñêèõ ÷àñòåé. Âîññòàíîâ-
ëåíèå ãàðìîíè÷åñêèõ ïîëåé ÿâëÿåòñÿ îòäåëüíîé çàäà÷åé (ñì., íàïðèìåð, [35]),
òðåáóþùåé äîïîëíèòåëüíîãî èññëåäîâàíèÿ.
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2. Ìåòîä ïðèáëèæåííîãî îáðàùåíèÿ äëÿ îïåðàòîðà

ïðåîáðàçîâàíèÿ Ðàäîíà

Â ðàçäåëå ïîëó÷åíû ðåçóëüòàòû äëÿ ïðåîáðàçîâàíèÿ Ðàäîíà â R3. Àíàëî-
ãè÷íûå ðåçóëüòàòû â R2 ïîëó÷åíû â [21].

Äâîéñòâåííûì îïåðàòîðîì äëÿ ïðåîáðàçîâàíèÿ ÐàäîíàR ÿâëÿåòñÿ îïåðàòîð
îáðàòíîé ïðîåêöèè R∗, êîòîðûé îïðåäåëÿåòñÿ äëÿ ôóíêöèè g(s, ξ), g ∈ L2(Z)
ðàâåíñòâîì

[R∗g](x) =

∫ π

0

∫ 2π

0

g(〈x, ξ(α, β)〉, ξ(α, β))dα dβ

=

∫ π

0

∫ 2π

0

g(x1 cosα sinβ + x2 sinα sinβ + x3 cosβ, ξ(α, β))dα dβ.

Ïðåîáðàçîâàíèå Ðàäîíà èíúåêòèâíî è îäíà èç ôîðìóë îáðàùåíèÿ ñëåäóþùàÿ
(ñì., íàïðèìåð, [2])

f =
1

8π2
R∗I−2Rf,(12)

ãäå ÷åðåç I−2 îáîçíà÷åí ïîòåíöèàë Ðèññà, êîòîðûé îïðåäåëÿåòñÿ ôîðìóëîé
F1[I−2g](s̃, ξ) = s̃ 2F1[g](s̃, ξ). Çäåñü

F1[g](s̃, ξ) = (2π)−1/2
∫
R
g(s, ξ)e−is̃sds

îäíîìåðíîå ïðåîáðàçîâàíèå Ôóðüå, äåéñòâóþùåå ïî ïåðåìåííîé s.
Ïóñòü e ∈ L2(R3) � ôóíêöèÿ ñî ñâîéñòâîì∫

R3

e(x)dx = 1.

Ñ ïîìîùüþ îïåðàòîðà ñäâèãà è ðàñòÿæåíèÿ T y1,γ : L2(R3) → L2(R3) ìû îáðà-

çóåì èç ôóíêöèè e ìîëëèôàéåð (îò àíãëèéñêîãî molli�er, mollify � ñìÿã÷àòü,
ñãëàæèâàòü)

eyγ(x) = T y1,γe(x) = γ−3e

(
x− y
γ

)
, x, y ∈ R3, γ > 0.

Òîãäà èìååò ìåñòî ðàâåíñòâî

lim
γ→0
〈f, eyγ〉L2(R3) = f(y)

äëÿ ôóíêöèè eyγ(x) è ïðîèçâîëüíîé ôóíêöèè f ∈ L2(R3).

Äëÿ ôèêñèðîâàííîãî y ∈ R3 îïåðàòîð ñäâèãà è ðàñòÿæåíèÿ T y2,γ : L2(Z) →
L2(Z) äëÿ ôóíêöèè g ∈ L2(Z) îïðåäåëÿåòñÿ ôîðìóëîé

T y2,γg(s, ξ) = γ−3g

(
s− 〈y, ξ〉

γ
, ξ

)
.

Òåîðåìà 1. Îïåðàòîð T y2,γ ñâÿçàí ñ îïåðàòîðîì T y1,γ ðàâåíñòâîì

R∗T y2,γ = T y1,γR∗.
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Äîêàçàòåëüñòâî. Èìååì

[R∗(T y2,γg)](x) = γ−3
∫ π

0

∫ 2π

0

g

(
〈x, ξ(α, β)〉 − 〈y, ξ(α, β)〉

γ
, ξ(α, β)

)
dα dβ

= γ−3
∫ π

0

∫ 2π

0

g

(〈
x− y
γ

, ξ(α, β)

〉
, ξ(α, β)

)
dα dβ

= γ−3(R∗g)

(
x− y
γ

)
= T y1,γ [R∗g](x).

�

Ñëåäñòâèå 3. Ïóñòü ôóíêöèÿ e ëåæèò â ïðîñòðàíñòâå îáðàçîâ îïåðàòîðà
R∗ è ψ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

R∗ψ = e,(13)

òîãäà ïðè ôèêñèðîâàííûõ γ è y ôóíêöèÿ

ψyγ = T y2,γψ(14)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ R∗ψyγ = eyγ , ãäå e
y
γ � ìîëëèôàéåð.

Ýòî óòâåðæäåíèå ñëåäóåò íåïîñðåäñòâåííî èç Òåîðåìû 1 è èíúåêòèâíîñòè
ïðåîáðàçîâàíèÿ Ðàäîíà.

Ôóíêöèÿ ψyγ íàçûâàåòñÿ ÿäðîì âîññòàíîâëåíèÿ, àññîöèèðîâàííûì ñ ìîëëè-
ôàéåðîì eyγ . Ìû èìååì

〈f, eyγ〉L2(R3) = 〈f,R∗ψyγ〉L2(R3) = 〈Rf, ψyγ〉L2(Z).

Ñëåäîâàòåëüíî, ìû ïîëó÷èëè ôîðìóëó äëÿ ïðèáëèæåííîãî îáðàùåíèÿ ïðåîá-
ðàçîâàíèÿ Ðàäîíà ïðè ìàëûõ γ

f(y) ≈ 〈Rf, ψyγ〉L2(Z).(15)

Íàõîæäåíèå ÿäåð âîññòàíîâëåíèÿ ψyγ , àññîöèèðîâàííûõ ñ ìîëëèôàåðîì eyγ ,
ÿâëÿåòñÿ îòäåëüíîé âàæíîé çàäà÷åé. Èç ôîðìóëû (14) ñëåäóåò, ÷òî äëÿ ïîñòðî-
åíèÿ ÿäðà âîññòàíîâëåíèÿ, àññîöèèðîâàííîãî ñ ìîëëèôàéåðîì eyγ , íåîáõîäèìî

ïðèìåíèòü îïåðàòîð T y2,γ ê ðåøåíèþ óðàâíåíèÿ (13). Ðåøåíèå ýòîãî óðàâíåíèÿ

ìîæåò áûòü ïîëó÷åíî ñ èñïîëüçîâàíèåì ôîðìóëû îáðàùåíèÿ (12)

ψ =
1

8π2
I−2Re.(16)

×òîáû âû÷èñëèòü ψ ïî ôîðìóëå (16) ìû áóäåì èñïîëüçîâàòü ïðîåêöèîííóþ
òåîðåìó äëÿ ïðåîáðàçîâàíèÿ Ðàäîíà (ñì., íàïðèìåð, [2]). Äëÿ f ∈ L2(R3) èìååò
ìåñòî ðàâåíñòâî

F1[Rf ](s̃, ξ) = 2πF3[f ](s̃ξ), s̃ ∈ R.(17)

Â ïðàâîé ÷àñòè ôîðìóëû (17) èñïîëüçóåòñÿ òðåõìåðíîå ïðåîáðàçîâàíèå Ôóðüå

F3[g](ỹ) = (2π)−3/2
∫
R3

g(y)e−i〈ỹ,y〉dy.

Ìû íå áóäåì ðàññìàòðèâàòü ôóíêöèè e(x) îáùåãî âèäà, òàê êàê äëÿ ïîñòðî-
åíèÿ ìîëëèôàåðîâ ìîæíî èñïîëüçîâàòü ôóíêöèè èíâàðèàíòíûå îòíîñèòåëüíî
âðàùåíèÿ, òî åñòü e(x) = e0(|x|).
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Òåîðåìà 2. Ïóñòü ôóíêöèÿ e(x) ∈ L2(R3) èíâàðèàíòíà îòíîñèòåëüíî âðà-
ùåíèÿ è ∫

R3

e(x)dx = 1.

Òîãäà ôóíêöèÿ

ψ(s) = (2π)−3/2
∫ ∞
0

s̃ 2F3[e](s̃ξ0) cos(ss̃)ds̃,(18)

ãäå ξ0 = (1, 0, 0), ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (13). Â ÷àñòíîñòè, ðåøåíèå
íå çàâèñèò îò ξ.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ (16) è ïðîåêöèîííóþ òåîðåìó äëÿ ïðåîáðàçîâà-
íèÿ Ðàäîíà (17), ïîëó÷àåì

F1[ψ](s̃, ξ) = (8π2)−1F1[I−2Re](s̃, ξ) = (8π2)−1s̃ 2F1[Re](s̃, ξ) = (4π)−1s̃ 2F3[e](s̃ξ).

Òàê êàê ôóíêöèÿ e èíâàðèàíòíà îòíîñèòåëüíî âðàùåíèÿ, òî ïðåîáðàçîâàíèå
Ôóðüå F3[e] òàêæå íå çàâèñèò îò íàïðàâëåíèÿ, òî åñòü F3[e](s̃ξ) = F3[e](s̃ξ0).
Ïðèìåíÿÿ îäíîìåðíîå îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ìû, íàêîíåö, ïîëó÷àåì

ψ(s) =
1

2(2π)3/2

∫ ∞
−∞

s̃ 2F3[e](s̃ξ0)eiss̃ds̃ = (2π)−3/2
∫ ∞
0

s̃ 2F3[e](s̃ξ0) cos(ss̃)ds̃.

�

Ïðèìåð. Ôóíêöèÿ Ãàóññà

eG(x) = (2π)−3/2 exp(−|x|2/2)

èíâàðèàíòíà îòíîñèòåëüíî âðàùåíèÿ è∫
R3

eG(x)dx = 1.

Èñïîëüçóÿ ôîðìóëó (18) è ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâî

F3[eG](s̃ξ0) = (2π)−3/2 exp(−s̃ 2/2),

âû÷èñëèì ÿäðî âîññòàíîâëåíèÿ

ψG(s) = (2π)−3
∫ ∞
0

s̃ 2 exp(−s̃ 2/2) cos(ss̃)ds̃

= −(2π)−3
∫ ∞
0

∂

∂s̃

(
exp(−s̃ 2/2)

)
s̃ cos(ss̃)ds̃

= (2π)−3
∫ ∞
0

exp(−s̃ 2/2)
∂

∂s̃

(
s̃ cos(ss̃)

)
ds̃

= (2π)−3
(∫ ∞

0

exp(−s̃ 2/2) cos(ss̃)ds̃− s
∫ ∞
0

exp(−s̃ 2/2)s̃ sin(ss̃)ds̃

)
= (2π)−3

(∫ ∞
0

exp(−s̃ 2/2) cos(ss̃)ds̃+ s

∫ ∞
0

∂

∂s̃

(
exp(−s̃ 2/2)

)
sin(ss̃)ds̃

)
= (2π)−3(1− s2)

∫ ∞
0

exp(−s̃ 2/2) cos(ss̃)ds̃ =
1

2(2π)5/2
(1− s2) exp(−s2/2).

Íà ïîñëåäíåì øàãå èñïîëüçîâàëàñü ôîðìóëà (7.4.6) èç [36].
Îòìåòèì, ÷òî â ñëó÷àå, êîãäà íåâîçìîæíî àíàëèòè÷åñêè âû÷èñëèòü çíà÷å-

íèÿ ÿäðà âîññòàíîâëåíèÿ, àññîöèèðîâàííîãî ñ ìîëëèôàåðîì, äëÿ âû÷èñëåíèÿ
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çíà÷åíèé ÿäðà âîññòàíîâëåíèÿ ìîæíî âîñïîëüçîâàòüñÿ ñèíãóëÿðíûìè ðàçëîæå-
íèÿìè îïåðàòîðîâ ïðåîáðàçîâàíèÿ Ðàäîíà [11] è íîðìàëüíîãî ïðåîáðàçîâàíèÿ
Ðàäîíà [13]�[16].

3. Ìåòîä ïðèáëèæåííîãî îáðàùåíèÿ äëÿ îïåðàòîðà íîðìàëüíîãî

ïðåîáðàçîâàíèÿ Ðàäîíà, äåéñòâóþùåãî íà âåêòîðíûå è

ñèììåòðè÷íûå 2-òåíçîðíûå ïîëÿ

Â äàííîì ðàçäåëå îáîñíîâûâàþòñÿ äâà ïîäõîäà, îñíîâàííûå íà ìåòîäå ïðè-
áëèæåííîãî îáðàùåíèÿ, äëÿ âîññòàíîâëåíèÿ âåêòîðíûõ è ñèììåòðè÷íûõ 2-
òåíçîðíûõ ïîëåé. Ïåðâûé ïîäõîä ïîçâîëÿåò âîññòàíîâèòü ïîòåíöèàëüíóþ ÷àñòü
ïîëÿ ïîêîìïîíåíòíî, â òî âðåìÿ êàê ïðè èñïîëüçîâàíèè âòîðîãî ïîäõîäà âîñ-
ñòàíàâëèâàåòñÿ ïîòåíöèàë ïîòåíöèàëüíîé ÷àñòè.

Òåîðåìà 3. Ïóñòü âåêòîðíîå ïîëå v èìååò âèä v = rotu + dφ, ãäå u ∈
H1

0 (S1(B)), φ ∈ H1
0 (B). Òîãäà äëÿ ïðèáëèæåííîãî âîññòàíîâëåíèÿ êîìïîíåíò

ïîòåíöèàëüíîé ÷àñòè dφ âåêòîðíîãî ïîëÿ v ïî èçâåñòíûì çíà÷åíèÿì íîð-
ìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà [R⊥1 v](s, ξ) ïðè ìàëûõ γ èìååò ìåñòî ôîð-
ìóëà

(dφ)i(y) ≈ 〈R⊥1 v, ξiψyγ〉L2(Z),

ãäå ψyγ � ÿäðî âîññòàíîâëåíèÿ äëÿ ïðåîáðàçîâàíèÿ Ðàäîíà.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ôîðìóëó (15), Ñëåäñòâèå 1 è Ëåììó 1 ïóíêò 2,
ïðè ìàëûõ γ èìååì

(dφ)i(y) ≈ 〈R(dφ)i, ψ
y
γ〉L2(Z) = 〈ξi[R⊥1 dφ], ψyγ〉L2(Z)

= 〈R⊥1 dφ, ξiψ
y
γ〉L2(Z) = 〈R⊥1 v, ξiψyγ〉L2(Z).

�

Òåîðåìà 4. Ïóñòü ñèììåòðè÷íîå 2-òåíçîðíîå ïîëå v èìååò âèä v = w +
d(rotu) + d2φ, ãäå u ∈ H2

0 (S1(B)), φ ∈ H2
0 (B) è äëÿ êîìïîíåíò ñîëåíîèäàëü-

íîé ÷àñòè w ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ v âûïîëíåíî (wi1, wi2, wi3) =
rotui, ui ∈ H1

0 (S1(B)), i = 1, 2, 3. Òîãäà äëÿ ïðèáëèæåííîãî âîññòàíîâëåíèÿ
êîìïîíåíò ïîòåíöèàëüíîé ÷àñòè d2φ ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ v
ïî èçâåñòíûì çíà÷åíèÿì íîðìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà [R⊥2 v](s, ξ) ïðè
ìàëûõ γ èìååò ìåñòî ôîðìóëà

(d2φ)ij(y) ≈ 〈R⊥2 v, ξiξjψyγ〉L2(Z),

ãäå ψyγ � ÿäðî âîññòàíîâëåíèÿ äëÿ ïðåîáðàçîâàíèÿ Ðàäîíà.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ôîðìóëó (15), Ñëåäñòâèå 2 è Ëåììó 2 ïóíêò 2,
ïðè ìàëûõ γ èìååì

(d2φ)ij(y) ≈ 〈R(dφ)ij , ψ
y
γ〉L2(Z) = 〈ξiξj [R⊥2 d2φ], ψyγ〉L2(Z)

= 〈R⊥2 d2φ, ξiξjψ
y
γ〉L2(Z) = 〈R⊥2 v, ξiξjψyγ〉L2(Z).

�

Îòìåòèì, ÷òî ÿäðî âîññòàíîâëåíèÿ ψyγ äëÿ ïðåîáðàçîâàíèÿ Ðàäîíà â ÿâíîì
âèäå âõîäèò â ôîðìóëû äëÿ âîññòàíîâëåíèÿ êîìïîíåíò ïîòåíöèàëüíûõ ÷àñòåé
âåêòîðíîãî è ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ.
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Äëÿ ïîëó÷åíèÿ ôîðìóë ïðèáëèæåííîãî îáðàùåíèÿ îïåðàòîðîâ íîðìàëüíîãî
ïðåîáðàçîâàíèÿ Ðàäîíà, äëÿ âîññòàíîâëåíèÿ ïîòåíöèàëîâ ïîòåíöèàëüíûõ ÷à-
ñòåé âåêòîðíûõ è ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé, áóäåì èñïîëüçîâàòü ïðå-
îáðàçîâàíèå Ôóðüå. Èìååò ìåñòî ðàâåíñòâî Ïàðñåâàëÿ (ñì., íàïðèìåð, [37])

〈g, h〉L2(R) = 〈F1[g], F1[h]〉L2(R).(19)

×åðåç Z0 = {(s, ξ) : s ∈ R, ξ ∈ R3, |ξ| = 1} îáîçíà÷èì áåñêîíå÷íûé öèëèíäð.
Ïóñòü g, h ∈ L2(Z0) è íîñèòåëü êàê ìèíèìóì îäíîé èç ýòèõ ôóíêöèé ñîäåð-
æèòñÿ â Z ⊂ Z0, òîãäà èç ðàâåíñòâà (19) ñëåäóåò ðàâåíñòâî

〈g, h〉L2(Z) = 〈g, h〉L2(Z0) = 〈F1[g], F1[h]〉L2(Z0).(20)

Çäåñü è äàëåå ïðåîáðàçîâàíèå Ôóðüå ïðèìåíÿåòñÿ ïî ïåðåìåííîé s. Ïîòðåáó-
þòñÿ õîðîøî èçâåñòíûå ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå äëÿ ïðîèçâîäíîé

F1

[
∂kf

∂zk

]
(z̃) = (iz̃)kF1[f ](z̃)(21)

è ñâåðòêè

F1[f ∗ g](z̃) =
√

2π F1[f ](z̃) · F1[g](z̃).(22)

Òåîðåìà 5. Ïóñòü âåêòîðíîå ïîëå v èìååò âèä v = rotu + dφ, ãäå u ∈
H1

0 (S1(B)), φ ∈ H1
0 (B). Òîãäà äëÿ ïðèáëèæåííîãî âîññòàíîâëåíèÿ ïîòåíöèà-

ëà φ ïîòåíöèàëüíîé ÷àñòè âåêòîðíîãî ïîëÿ v ïî èçâåñòíûì çíà÷åíèÿì íîð-
ìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà [R⊥1 v](s, ξ) ïðè ìàëûõ γ èìååò ìåñòî ôîð-
ìóëà

φ(y) ≈ 〈R⊥1 v,Ψ
y
γ,1〉L2(Z).

Çäåñü

Ψy
γ,1(s, ξ) =

1

2
sgn(s) ∗s ψyγ(s, ξ),(23)

ãäå ψyγ � ÿäðî âîññòàíîâëåíèÿ äëÿ ïðåîáðàçîâàíèÿ Ðàäîíà, ∗s � ñâåðòêà ïî
àðãóìåíòó s.

Äîêàçàòåëüñòâî. Ïðèíèìàÿ âî âíèìàíèå Ëåììó 1 ïóíêò 2 è ñâîéñòâî ïðåîá-
ðàçîâàíèÿ Ôóðüå (21), ïîëó÷èì

F1[R⊥1 v](s̃, ξ) = F1[R⊥1 dφ](s̃, ξ) = F1

[
∂[Rφ]

∂s

]
(s̃, ξ) = is̃F1[Rφ](s̃, ξ).(24)

Èñïîëüçóÿ (15), äëÿ íàøåé çàäà÷è ïðè ìàëûõ γ ïîëó÷èì:

φ(y) ≈ 〈Rφ, ψyγ〉L2(Z)
(20)
= 〈F1[Rφ], F1[ψyγ ]〉L2(Z0) = 〈is̃ F1[Rφ], (is̃)−1F1[ψyγ ]〉L2(Z0)

(24)
= 〈F1

[
R⊥1 v

]
, (is̃)−1F1[ψyγ ]〉L2(Z0)

(20)
= 〈R⊥1 v, F−11

[
(is̃)−1F1[ψyγ ]

]
〉L2(Z),

ãäå ÷åðåç F−11 [ · ] îáîçíà÷åíî îäíîìåðíîå îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå.
Â ñèëó ðàâåíñòâà (is̃)−1 =

√
π/2F1[sgn](s̃) (ñì., íàïðèìåð, [38]) è ñâîéñòâà

ïðåîáðàçîâàíèÿ Ôóðüå (22), ïîëó÷àåì

F−11

[
(is̃)−1F [ψyγ ]

]
(s, ξ) =

1

2
sgn(s) ∗s ψyγ(s, ξ).

Îáîçíà÷èâ ïðàâóþ ÷àñòü ïîñëåäíåãî ðàâåíñòâà ÷åðåç Ψy
γ,1(s, ξ), ïîëó÷èì óòâåð-

æäåíèå òåîðåìû. �
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Òåîðåìà 6. Ïóñòü ñèììåòðè÷íîå 2-òåíçîðíîå ïîëå v èìååò âèä v = w +
d(rotu) + d2φ, ãäå u ∈ H2

0 (S1(B)), φ ∈ H2
0 (B) è äëÿ êîìïîíåíò ñîëåíîèäàëü-

íîé ÷àñòè w ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ v âûïîëíåíî (wi1, wi2, wi3) =
rotui, ui ∈ H1

0 (S1(B)), i = 1, 2, 3. Òîãäà äëÿ ïðèáëèæåííîãî âîññòàíîâëåíèÿ
ïîòåíöèàëà φ ïîòåíöèàëüíîé ÷àñòè ñèììåòðè÷íîãî 2-òåíçîðíîãî ïîëÿ v ïî
èçâåñòíûì çíà÷åíèÿì íîðìàëüíîãî ïðåîáðàçîâàíèÿ Ðàäîíà [R⊥2 v](s, ξ) ïðè ìà-
ëûõ γ èìååò ìåñòî ôîðìóëà

φ(y) ≈ 〈R⊥2 v,Ψ
y
γ,2〉L2(Z).

Çäåñü

Ψy
γ,2(s, ξ) =

1

2
|s| ∗s ψyγ(s, ξ),(25)

ãäå ψyγ � ÿäðî âîññòàíîâëåíèÿ äëÿ ïðåîáðàçîâàíèÿ Ðàäîíà.

Äîêàçàòåëüñòâî Òåîðåìû 6 àíàëîãè÷íî äîêàçàòåëüñòâó Òåîðåìû 5.
Ôèêñèðóÿ y = y0 = (0, 0, 0) è γ = 1, ââåäåì ôóíêöèþ

Ψm(s, ξ) = Ψy0
1,m(s, ξ) =

1

2

(
sm−1 sgn(s)

)
∗s ψ(s, ξ), m = 1, 2.(26)

Ñëåäóþùàÿ òåîðåìà óñòàíàâëèâàåò ñâÿçü ìåæäó ôóíêöèÿìè Ψy
γ,m(s, ξ) è

Ψm(s, ξ), m = 1, 2.

Òåîðåìà 7. Äëÿ ôóíêöèé Ψy
γ,m(s, ξ) è Ψm(s, ξ), m = 1, 2, îïðåäåëåííûõ ôîð-

ìóëàìè (23), (25) è (26) èìååò ìåñòî ôîðìóëà

Ψy
γ,m(s, ξ) = γm−3Ψm

(
s− 〈y, ξ〉

γ
, ξ

)
.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ñâÿçü ôóíêöèé ψyγ(s, ξ) è ψ(s, ξ), èìååì ðàâåíñòâî

Ψy
γ,m(s, ξ) =

1

2

(
sm−1 sgn(s)

)
∗s ψyγ(s, ξ) =

1

2

∫ ∞
−∞

(s− t)m−1 sgn(s− t)ψyγ(t, ξ) dt

=
1

2

∫ ∞
−∞

(s− t)m−1 sgn(s− t) γ−3ψ
(
t− 〈y, ξ〉

γ
, ξ

)
dt.

Ñäåëàâ çàìåíó p = (t− 〈y, ξ〉)/γ, ïîëó÷èì

Ψy
γ,m(s, ξ) =

1

2

∫ ∞
−∞

(s− pγ − 〈y, ξ〉)m−1 sgn(s− pγ − 〈y, ξ〉) γ−2ψ(p, ξ) dp

=
1

2

∫ ∞
−∞

γm−3
(
s− 〈y, ξ〉

γ
− p
)m−1

sgn

(
s− 〈y, ξ〉

γ
− p
)
ψ(p, ξ) dp

= γm−3Ψm

(
s− 〈y, ξ〉

γ
, ξ

)
.

�

Òåîðåìà 7 äàåò àëãîðèòì ïîñòðîåíèÿ ôóíêöèé Ψy
γ,m(s, ξ), m = 1, 2.
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Çàêëþ÷åíèå

Â ðàáîòå ïðåäëîæåí ïîäõîä ïî âîññòàíîâëåíèþ òðåõìåðíîé ôóíêöèè ïî èç-
âåñòíûì çíà÷åíèÿì ïðåîáðàçîâàíèÿ Ðàäîíà. Ïîäõîä îñíîâàí íà ìåòîäå ïðèáëè-
æåííîãî îáðàùåíèÿ. Ïîëó÷åííûé ðåçóëüòàò áûë ïðèìåíåí äëÿ ïîëó÷åíèÿ äâóõ
ïîäõîäîâ ïî âîññòàíîâëåíèþ ïîòåíöèàëüíûõ ÷àñòåé òðåõìåðíûõ âåêòîðíûõ è
ñèììåòðè÷íûõ 2-òåíçîðíûõ ïîëåé ïî èçâåñòíûì çíà÷åíèÿì íîðìàëüíîãî ïðå-
îáðàçîâàíèÿ Ðàäîíà. Ïðè èñïîëüçîâàíèè ïåðâîãî èç ïîäõîäîâ ïîòåíöèàëüíàÿ
÷àñòü ïîëÿ âîññòàíàâëèâàåòñÿ ïîêîìïîíåíòíî, â òî âðåìÿ êàê ïðè èñïîëüçîâà-
íèè âòîðîãî ïîäõîäà âîññòàíàâëèâàåòñÿ åãî ïîòåíöèàë. Òåîðåìû, äîêàçàííûå
â ðàáîòå, ïðåäñòàâëÿþò ôóíäàìåíòàëüíûé èíòåðåñ è íîñÿò ìåòîäîëîãè÷åñêèé
õàðàêòåð.
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