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ABSTRACT. This work is a continuation of [13]. We consider a continuous-
time birth — and — death process in which the transition rates are regularly
varying function of the process position. We establish rough exponential
asymptotic for the probability that a sample path of a normalized process
lies in a neighborhood of a given nonnegative continuous function. We
propose a variety of normalization schemes for which the large deviation
functional preserves its natural integral form.

Keywords: birth—and—death process, normalization (scaling), large
deviations principle, local large deviations principle, rate function.

1. INTRODUCTION

The study of birth—and—death processes provides an interesting topic, both
theoretically and in a number of applications. As examples, the processes are
popular modeling tools in evolution, population biology, genetics, and ecology, see,
for example, the review [1], and [2]. Many important models in queuing theory,
operations research, demography, economics and engineering can be represented by
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these processes, (see, [3], [4] and many others); we also would mention here models
of competitive production and pricing, [6], [7]. For statistical inference in birth and
death processes we recommend [5], where the authors also provided a good review
about application of these processes.

We consider a continuous —time Markov process £(t), ¢ > 0, with state space
Z* = {0} UN, and with £(0) = 0. The evolution of the process ¢ is governed by
the transition rates A(z) > 0 for the jump x — x +1, z € ZT, and u(z) > 0 for the
jump x -z — 1, x € N. For x = 0 we set u(xz) =0.

Further we need to consider functions A(z), p(z) for all positive large enough
values € R (not only integer). Thus, one can choose any reasonable extension for
the functions (e.g. step —wise interpolation).

A key assumption is that the functions A(x), p(z) are continuous and regularly
varying at infinity:

(1) Mz) =y(2)z!,  p(z) = z(z)2™,

where I,m > 0,1 # m and hence | V m > 0 (here and below [ V m stands for the
maximum of numbers I, m), y(z), z(x) are the slowly varying functions at infinity.

Recall that function a(x) is called slowly varying at infinity, if lim “a((ﬁz ””)) =1 for
Tr—0o0

all 8> 0 (see, e.g., [15] for more details).

When [ > 1, the process £, generally speaking, can go to infinity (“explode”)
during a random time, finite with probability 1. There are two approaches to
construct such processes: (i) one can stop the process at a random time point (the
time of explosion) (see, e.g., [8, ch. 15, Section 4], [9, ch. 6]); (ii) one can extend
the phase space Z* by adding an absorbing state, denoted by oo (see, e.g., [10, ch.
4, Section 48]). We will work with events that exclude an explosion of the process
in a given time—slot 0 < ¢ < T. Thus, for our results it makes no difference which
approach is used.

We are interested in a local large deviation principle (LLDP) for the family of
scaled processes

_&(T)
(2) Eor(t) i= o(T) 0<t<1.
Here T' > 0 is parameter and ¢ a positive function. The conditions upon ¢ is stated
as follows:

. B (M) (p(T))
(3) Tlgréo o(T) = oo and TlgnOo e - 0.
where
(4) U(T) =T (Me(T)) V u(e(T)))-

Note that if IV m > 1 and Tlim ©(T) = oo then obviously that the second equality
— 00

in condition (3) holds.
Let D0, 1] denote the space of right —continuous functions with left —limit at
each t € [0, 1] (cadlag functions). For any f, g € D[0, 1], set

p(f,9) = sup [f(t) —g(t)|.
t€[0,1]

Let us recall the definition of local large deviation principle.
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Definition 1. The family of random processes &, v satisfies the LLDP on the set

G C D[0,1] with a rate functional I = I(f) : D[0,1] — [0,00] and a normalising

function (T with Tlim Y(T') = oo if, for any function f € G, the following equality
— 00

holds true:

1 1
limg limsup s InP (€ € Ue(f) = i lim inf s P (€pr € U-(1) = —1())

where
Ue(f) ={g € D0 1] : p(f.9) <e}-
Let CJ0, 1] denote the space of all continuous functions on [0, 1]. We set
Ct:={feCf0,1]: f(0)=0and f(t) >0, when 0 <t <1}.

Under conditions (1) and (3) we study the LLDP for the family of random processes
&, on the set Cp. The point is that under the above formalism (1), (3) the rate
functional I(f) does not depend on the choice of ¢ and has a natural integral form:

(5) I(f) = /0 £ @)t

In an earlier paper by the authors [13], a similar result was proved for constant
functions y(z), z(z) and ¢(T') = T. The present work is an attempt to answer the
question to what extent the result of [13] can be generalized without changing the
form of the functional I(f). The second motivation comes from a comparison with
the case of constant values A\(x) = A and u(x) = p (the latter for z > 1). In our
scheme, this happens when [ = m = 0. Here, depending on the choice of the space—
scaling factor ¢(T), one distinguishes between moderate (when o(T)/VT — oo
and ¢(T)/T — 0), large (when o(T)/T — C € (0,00)) and super—large (when
o(T)/T — o) deviations, with different forms of I(f) (see [11] for more details).
It turns out that under the conditions introduced in the current paper, the large
deviation functional preserves its form regardless of the choice of function .

The idea and the method of proof goes back to [6, 13, 14]; this provides certain
limitations for the parameters of the scheme. We would like to note that the case
I = m is not covered by our condition (1) and hence is not considered in this paper,
although it was included in [13] in a more specific situation. (In some sense, | = m
it is the most difficult case within the above formalism.)

The paper is organized as follows: in Section 2 we introduce our main result
(Theorem 1) and key lemmas: Lemma 1 — 3. In Section 3 we prove Theorem 1 and
the lemmas. In Section 4 we prove the auxiliary results.

2. BASIC DEFINITIONS AND THE MAIN RESULT

Theorem 1. Under conditions (1), (3) the family of random processes &, 1 satisfies
the LLDP on the set C,, with the normalized function ¢(T) as in (4) and the rate
function I(f) as in (5).

Remark 1. For the Yule pure birth process (I > 0, u(xz) = 0; see for example [12]
for the definition of the process) the rate function has the form

1(f) = /0 F()dt, feCar

Here Cyy is the set of continuous monotone increasing functions on [0,1] starting
from 0.



A REMARK ON LLDP FOR INHOMOGENEOUS BIRTH-AND-DEATH PROCESS 1261

As in [6, 13], we consider an auxiliary Markov process ((t), t € [0,T], on Z,
homogeneous in time and space Z, with rate 1 and equiprobable 1/2 jumps +1.
Denote by D41[0,T] the set of piecewise-constant cadlag functions on the interval
[0,T] starting at zero with jumps +1.

For the function u € D14[0,T] define the number of jumps in the interval [0, T
as N7 (u) and the jump moments as t1,%s,...,tn. () suchthat 0 =1 <t; <.. <
tnp(u) < T. Further, let v(u(t;—1),u(t;)) is given by

L /\(u(ti_l)), if U(tz) — u(ti_l) = 1,
(6) v(u(ti-1),u(ts)) == { plutio)), i ult;) —u(tiog) = —1.

Denote by ; = ¢; —t;—1, 1 < ¢ < Np(u) time intervals between jumps of the
function wu.

The first auxiliary statement is Lemma 1 below; we give it without proof as it
is straightforward, it follows from an independence of the waiting times between
jumps of the processes & and (.

Lemma 1. (Cf. [6, 13].) The distribution of the random process & on D11[0,T] is
absolutely continuous with respect to that of a process (. The corresponding density
p = pr on D41[0,7] (the Radon-Nikodym derivative) has the form:

NT(U)
oNt(w) [ [T e~ (Pltica) =D iy (u(t; 1), ulty))
7 — =1
( ) p(u) Xef(h(u(tNT(“,))71))(T*tNT(u)), Zf NT(U) Z 1’
e~ (R(O)-1)T if Np(u) =0,

where h := XA+ p.

Let N7 (¢) be the number of jumps of () on the interval [0,7]. The claim of
Lemma 1 is equivalent to the fact that for any measurable set G C D11[0, 7]

(8) P(£ € G) = eTE(e Ar(QeBr(OFNt(OIn2, - G
where
T
Ar(Q):= [ ncwy
9) Nz (¢)
1R Bt g )T = ) Ne(©) 2 1,
h(0)T, if Np(¢) =0,
and
Nr(¢)
(10) Br(¢) = ; In(v(¢(ti-1),¢ (), if Nr(¢) =1,
0, if Np(¢) = 0.

Below we use (8) in the study of asymptotic behavior of InP (£, 7 € U-(f)).

The proof of Theorem 1 shows that in the case [ # m the main contribution to
this asymptotic comes from Ar ().

Consider the sequence of scaled processes

(11) Cor(t) == i((t]z:)), te[0,1].

Further on, we write, for brevity, Nr, Ar, By instead of Nt (¢), Ar(¢), Br(¢).
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Lemma 2. Let the conditions of Theorem 1 be fulfilled. Then

1
lim lim sup
e=0 7400 1/J(T)

where f € C,.

InE(ePrtNrin2 ¢ e U(f)) <0,

Lemma 3. Let the conditions of Theorem 1 be fulfilled. Then

1
it L (P € ) 20
where f € Cy.

Thus, in the lemmas above we can write an equality instead of inequality.

3. PROOF OF THEOREM 1 AND LEMMAS 2, 3

PROOF OF THEOREM 1. First, let us estimate the term Ap

T 1
Ar= [ ncndr =1 [ heT)Gr(5)ds.
0 0
We consider a set of trajectories ¢ where (, v € U(f).
For fixed € let ¢ := 6(e) = max {¢t : f(t) < 2e}. We note that lim 6 = 0 for all
0<t<1 £—0
functions from the set C, and on the event {w: (, 7 € U-(f)} we have

i > < 3e.
ATl = e B terle) < 32

By (1) for any vy > 0, s € [4, 1] and sufficiently large T > 0
h(p(T)Cpr(5))

12 1—7p < <

(12 0=y (e(T))(Cp,r(s))Vm —

where V(z) := Mx) V p(z).
By (12) for all sufficiently large T

1+707

T / (1= 30)V(9(T))(f(s) — &)V™ds < Ag
(13) ’

J 1
ST [ WMo (@)ds + T [ (14 20)V(@)(F(s) + ) "ds.
0 P

From Lemma 5 it follows that

. h(p(T) o1 (5)) _ .. h(3ep(T)b)
limsup sup ———-—" <limsup sup ——— == <
Toe seivn)  hBep(T))  — Toee vepo] h(Bep(T))

Thus, using (13) we get that for all sufficiently large T

¥(T) / (1—0)(f(s) —&)V™ds < Ag
(14) ;

§T5(1+70)V(35@(T))+w(T)/6 (1 +70)(F(s) + )™ ds.

Using (8) and the inequalities (14), we shift to logarithms obtaining that
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1
7/5(1 —70)(f(s) — &)V™ds + lijr}ljotip z/J(lT) I E(PrtNrin2 ¢ 1 e U.(f))

2 lim sup ﬁ P (&, € Ue(f)) = lim inf ﬁ

! vm - V(3ep(T))
> 7/5 (14 ) (f(s) + &)V ™mds — 117g1j012p5(1 Jr’)’o)V(TT))

1
+liminf oS B (e (o € UL(f).

lnP(f%T € U:(f))

Since (15) is fulfilled for any ~¢ > 0, letting ¢ — 0, 79 — 0 we receive

1
_/ V™ (s)ds + lim lim sup 1nE(€BT+NT In2, Co1 € Ua(f))
0

1
e=0 740 TZ)(T)

- 1
> il—{% llénjolip m In P(&p,T(') € Us(f))

o 1
> El% hTIgloI};f W hlP(pr,T(') € Ue(f))

(16)

1
1
> _ Ivm : e Br+Nr1In2, .
> /0 M (s)ds + Eh_r}r%) 11Trri>101<17f TG InE(e s Cor € U(f))

Applying Lemmas 2 and Lemma 3 to inequalities (16) finishes the proof of the
theorem. 0

PrROOF OF LEMMA 2. In this lemma the goal is to establish the claimed upper
bound for the expected value E(eBr N2, ¢ 1 e U.(f)). Obviously,
E(eBT+NT 1nz;C%T € Us(f)) := F1 + Ey, with
(17) Ey i=E(ePrtNrin2 ¢ e U(f); Nr < 0(T)),

By = E(eBrtNrn2, ¢ e U(f); Nr > 0(T)),

where

Y(T)p(T)
In(p(T))
Let us first find an upper bound for F;. Denote

M = t) V1.
tgl[gﬁ]f()

If ¢o,r € Uc(f) and Np < 6(T) then for any v; > 0 and for all sufficiently large T

o(T) :=

Nr Nt
Br =Y In(v(¢(ti1),C(t:))) <> (In(1 VA1) +In(1V p(¢(ti1)))
=1 =1

< 0(T) (In(M@(T) (M +2)'(1+ 7)) + In(u(p(T) (M +2)" (1 +7))).
Denote M := (M +¢)+™(1 4 7;)2. As

Me(T)) V u(p(T)) < yle(T)) V 2((T))"™(T)
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and for sufficiently large T' the inequality y(o(T)) V z(o(T)) < ©"V™(T) holds, we
obtain the inequalities

By < exp{0(T) AD)ulp(T))) p2/ ")

< exp{0(T) (M A (@(T))((T))) }

< exp{o(T) (D) V (1)) }
< exp{6(T) (2043 *V™(7)) }.

hl(Ml/\(

T h’l(QMl(

Now we find an upper bound for E5. Denote by k; and k_ the number of positive
and negative jumps of the process (, v and let L =k — k_. For (, 7 € Uc(f) the
following inequality holds

(19) fQ) —e<(er(1) < f(1) +e.
Since the jumps of the process (, r(-) are +1/¢(T), by inequality (19) we have
(20) (f(1) =e)e(T) < L < (f(1) +&)e(T),
and
(21) ky +k_ = N, k+:NT2+L, k,:NTQ_L.
As (.7 € Uc(f), we obtain from (21) that for any v; > 0 and for T large enough,
I Np+L
U S (€ (i), (1)) < = In(A@(T)) (M + €)' (1 + 7))
22 i=1
Np—L
+ == In(u(p(T))(M + &)™ (1 + 7).

Since Ny > 6(T'), we get, by using (20) and the condition (3), that

(23) Tlim % = oo.
—00

Thus, by (22) and (23), for any v; > 0 and all sufficiently T we obtain

N L Ae(T)) -

Br < — In(MXe(T 7))+ =1In M4e)™™
Nr
< 2T (1) M)l (T))).
Hence,
B, < E(eBT+NT 2. N> O(T) + 1)
(24)
<

Eexp{ (14 7) In(AMA(R(T) (A7) }

Since Nt has the Poisson distribution with parameter 7', then for any r € R
EeTNT _ 6T(e’“—l) < eTeT.

Therefore, from (24) it follows that

(25) By < exp{ MaT (A1) (1)) 7721,
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where My := (4M;)+71)/2,

I —
Now let us choose v < | m|

# 0. Using inequalities (18), (25), condition (3)
m
and an obvious inequality In(E; + E3) < In(2(E; V E})), we obtain

1
lim lim su
R )

[H(T) ln(2M1<p4(”m>(T))} Y, [MQT(A@(T))M@(T)))“*MW}

lnE(eBT(C)+NT 1n2; Cor € Us(f))

< lim lim sup

e—=0 700 w(T)
<t i s [ VP MDY My (y(o (D) 2(pT)) (1) 7
T =0 7.0 U(T) In(e(T)) Mo(T)) V u(e(T))

=0.
(]

ProoF oF LEMMA 3. The aim is to introduce the lower —bound for the term
E(ePrtNrin2 ¢ 1 € Uf)). Set M3 := ianJr Az) A ingu(m), where v A w is a
S xe

minimum of numbers v, w. By global assumptions we have M3 > 0.

Observe that always By > NpIn M3, thus for any constant C' > 0
(26) E(eBT+NT 1n2; Cap,T € Ue(f)) > E(eNT lnM3; Ccp,T € Us(f)a Nr < OSD(T))
> CAMONMIP (¢ 7 € Ul(f); Nr < Cp(T)).

From (26) it follows that

o 1 Br+Nrln2
hTIILIOI})fW lnE(e NIz ¢ e U(f); Nr < C’gp(T))
1

——InP U(f); Nr < Cop(T)).

'l/)(T) n (CQD,T S E(f)7 T > 410( ))

By Lemma 4 from the appendix, we can choose the constant C' > 0 such that
. 1
i gy

This completes the proof of Lemma 3. O

> liminf
T—o0
lnP(Ctp,T €U(f);Nr < C@(T)) =0,

4. APPENDIX

Lemma 4. Let the condition (3) be fulfilled. Then for any function f € C; and
any € > 0 there exists a constant C (C = C(e)) such that

liTrgiO%fﬁ InP ({1 € U-(f); Nr < Co(T)) =0.

PROOF. The process ((t) can be represented as

¢(t) = ¢W(t) = ¢,
where ¢V (t) and (@ (t) are independent Poisson processes with rate 1/2.
Since f is continuous on [0, 1] there exists a continuous function of finite variation

g, defined on [0,1], such that p(f,g) < /2, g(0) = 0. Moreover, there exist
continuous monotone non-decreasing functions g4 and g_ such that

9(t) = g+(t) —g-(t), 94+(0) =g-(0) =0.
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Define in analogy to (11),

) = SulCy

CWET) o)

o Cor(t) = R
o(T) p(T)

Furthermore, let Nq(f) stands for the number of jumps of ¢(") on [0, 7], r =1,2.

Finally, denote

Cl :g+(1), CQZQ,(].), C:C1+CQ.
Because of independence of processes () and ¢(?) we can write
P(Cor € U(f); Nr < Co(T)) 2P (¢ € Ueyalgy): N&Y < Crop(T))
(27) X P(Cp € Uoyalg-)i Ny < Cop(T)
= P1P2.

To derive the lower —bound for the probability P;, consider a partition of the
unit interval by points 0 =ty < t; < --- < tx = 1 such that

e
12@(%@1) = g+(ti-1)) < 5

Since ¢(M) is a process with independent increments, we get that for a sufficiently
large T'

P (¢O(Tt) = (D (Thiy) = (g4 (8) — g4 (ti1)2(T)] )

B
vV
—

@
Il
-

e Tti—ti1)/2(T(t; — t;_1)/2)L o+ () =g+ (tim1))o(T)]
L(g+(t) = g+ (ti-1))o(T) ]!

o

s
Il
-

v
'EW

<
l
—

exp { =TS (016 - g2 im)o(T) n((01.6) = 02 (t0)p(T) |

IV
-

exp {—T(tlgtll) — (g9+(t:) — g+ (ti-1))p(T) ln(9+(1)9"(T))}

{=T = 9+ (V)p(T) In(g+ (1)p(T))} ,
where |b] is the integer part of the number b.
In the same way we obtain a lower bound for Ps:

Py z exp {~T — g_(1)p(T) In(g-(1)(T)) } .
Then from (3) it follows that
liTnLinf InP ({1 € U(f); N < Co(T)) > liTrginfln(Png)
g =27 = (9 0) 92 (D)) In((g- (1) +94, (1))(T)

This completes the proof of Lemma 4. O

.
Il

vV
@D
Lol

X

=0.

Lemma 5. Let the non-negative function h(x),x € [0,00) satisfies the following
conditions:
1) sup h(z) < oo for any a > 0;
z€]0,a]
2) h(z) = L(x)zP,p > 0, where L(x) is the slowly varying at infinity function.
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Then, for any ¢ > 0

(28) limsup sup fi(bz)

< cP.
z—oo be[0,e] M(T) T

PROOF. Let us, first, note that according the uniform convergence theorem for
regularly varying function, [15, Theorem 1.1], it follows that for any d € (0, (]

h(b bx)P L(b. L(b
(29) limsup sup (bz) = limsup sup M < P limsup sup (bz)
z—00  be[d,c] h(x) z—00  beld,c] xPL(z) z—00  beld,c] L(x)

= p.

We prove (28) by contradiction. Suppose the inequality (28) does not hold, then
there exist two sequences by, by € [0, ¢] and xy, klim T = oo such that
—00

h(bkxk)
1m
k—o00 h(Ik)

(30) > ¢P (maybe the limit is infinity).

Since by, € [0,c] we suppose that the sequence by has a limit (if not we choose a
subsequence). Consider different cases.

o If hm b = d > 0, then due to (29) the inequality (30) does not true. Thus,

e Let klim br = 0. Consider the sequence byrp. Suppose there exists finite
—00
limit

limsup bpxp = a < oo.
k—o0

Then, due to the condition 1), the left hand side of (30) is equal to 0; thus,
the inequality (30) does not hold.
Hereby, if (30) holds, then hm by = 0 and limsupbrzr = oo (we could set
k— o0

hm bpxi = 00, indeed, if hm sup bkxk = 00, then we can find such subsequence).

Thus if (30) holds, then there exist sequences by, and xj such that
(31) lim b, =0, lim bz = 00
k— o0 k—oo

Now, according the representation theorem for slowly varying functions, [15,
Theorem 1.2], it follows that there exists a constant B > 0 such that for all z > B

(32) L(z) = exp {u(ac) + B/ U(tt)dt}7

where u(x) is a bounded measurable function on x > B, such that lim u(x) = m,
Tr—00

|m| < oo, and v(x) is continuous function on > B such that lim v(z) = 0.
T—0o0
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Using (31), (32), we obtain

k— o0 h(l’k) k—o00 L(ﬂ?k) T k—oo t
brxi
Tk 2
< lim (bg)? exp{ / p/dt} < lim (bg)P exp {p(ln(:ck) — ln(bkxk))}
k— o0 t k— o0 2
< lim (bg)Pexpq In BN g 0<cP
T k—oo bz/2 -
It contradicts supposition (30). O
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