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ÍÅÑÓÙÅÑÒÂÎÂÀÍÈÅ ÍÅÁÎËÜØÈÕ

Q-ÏÎËÈÍÎÌÈÀËÜÍÛÕ ÃÐÀÔÎÂ ÒÈÏÀ (III)

À.À. ÌÀÕÍÅÂ, Ì.Ì. ÈÑÀÊÎÂÀ, À.À. ÒÎÊÁÀÅÂÀ

Abstract. I.N. Belousov, A.A. Makhnev and M.S. Nirova found the
description of Q-polynomial distance-regular graphs Γ of diameter 3 such
that Γ2 and Γ3 are strongly regular. Such graph has intersection array
{t(c2 + 1) +a3, tc2, a3 + 1; 1, c2, t(c2 + 1)} and (c2 + 1) = a3(a3 + 1)/(t2−
a3 − 1). Q-polynomial graph Γ is the graph of type (I), if a3 is devided
by c2 + 1, graph of type (II), if a3 + 1 is devided by c2 + 1, graph of type
(III), if a3 and a3 + 1 does not devided by c2 + 1.

In this paper it is proved that graph of type (III) with t ≤ 6 has
intersection array {14, 10, 3; 1, 5, 12}, {69, 56, 10; 1, 14, 60}, {74, 54, 15; 1,
9, 60}, {87, 66, 16; 1, 11, 72}, {119, 100, 15; 1, 20, 105} or {188, 162, 21; 1,
27, 168}.

Further it is proved that graphs of type (III) with intersection array
{14, 10, 3; 1, 5, 12}, {87, 66, 16; 1, 11, 72} and {188, 162, 21; 1, 27, 168} do
not exist.

Keywords: distance-regular graph, Q-polynomial graph, triple
intersection numbers.

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðåáåð.
Äëÿ âåðøèíû a ãðàôà Γ ÷åðåç Γi(a) îáîçíà÷èì i-îêðåñòíîñòü âåðøèíû a, òî
åñòü, ïîäãðàô, èíäóöèðîâàííûé Γ íà ìíîæåñòâå âñåõ âåðøèí, íàõîäÿùèõñÿ
íà ðàññòîÿíèè i îò a. Ïîëîæèì [a] = Γ1(a), a⊥ = {a} ∪ [a]. Ïóñòü Γ � ãðàô
äèàìåòðà d, i ∈ {2, 3, ..., d}. Ãðàô Γi èìååò òî æå ñàìîå ìíîæåñòâî âåðøèí, è
âåðøèíû u,w ñìåæíû â Γi, åñëè dΓ(u,w) = i.
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Åñëè âåðøèíû u,w íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ, òî ÷åðåç bi(u,w) (÷å-
ðåç ci(u,w)) îáîçíà÷èì ÷èñëî âåðøèí â ïåðåñå÷åíèè Γi+1(u) (Γi−1(u)) ñ [w].
Ãðàô Γ äèàìåòðà d íàçûâàåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ñ ìàññèâîì ïåðå-
ñå÷åíèé {b0, b1, . . . , bd−1; c1, . . . , cd}, åñëè çíà÷åíèÿ bi(u,w) è ci(u,w) íå çàâèñÿò
îò âûáîðà âåðøèí u,w íà ðàññòîÿíèè i â Γ äëÿ ëþáîãî i = 0, ..., d. Ïîëîæèì
ai = k − bi − ci, ki = |Γi(u)|. Äàëåå, ÷åðåç plij(x, y) îáîçíà÷èì ÷èñëî âåðøèí â
ïîäãðàôå Γi(x)∩Γj(y) äëÿ âåðøèí x, y, íàõîäÿùèõñÿ íà ðàññòîÿíèè l â ãðàôå Γ.
Â äèñòàíöèîííî ðåãóëÿðíîì ãðàôå ÷èñëà plij(x, y) íå çàâèñÿò îò âûáîðà âåðøèí

x, y, îáîçíà÷àþòñÿ plij è íàçûâàþòñÿ ÷èñëàìè ïåðåñå÷åíèé ãðàôà Γ [1].
Äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ äèàìåòðà d íàçûâàåòñÿ èìïðèìèòèâíûì,

åñëè äëÿ íåêîòîðîãî i ∈ {2, 3, ..., d} ãðàô Γi íåñâÿçåí, ïðèìèòèâíûì â ïðîòèâ-
íîì ñëó÷àå.

Ðåãóëÿðíûé ãðàô Γ ñòåïåíè k íà v âåðøèíàõ íàçûâàåòñÿ ñèëüíî ðåãóëÿðíûì
ãðàôîì ñ ïàðàìåòðàìè (v, k, λ, µ), åñëè ÷èñëî |[u] ∩ [w]| ðàâíî λ äëÿ ëþáûõ
ñìåæíûõ âåðøèí u,w, ðàâíî µ äëÿ ëþáûõ äâóõ íåñìåæíûõ âåðøèí u,w.

Ñèñòåìà èíöèäåíòíîñòè, ñîñòîÿùàÿ èç òî÷åê è ïðÿìûõ, íàçûâàåòñÿ α-÷àñòè-
÷íîé ãåîìåòðèåé ïîðÿäêà (s, t), åñëè êàæäàÿ ïðÿìàÿ ñîäåðæèò s + 1 òî÷êó,
êàæäàÿ òî÷êà ëåæèò íà t + 1 ïðÿìîé (ïðÿìûå ïåðåñåêàþòñÿ íå áîëåå, ÷åì ïî
îäíîé òî÷êå) è äëÿ ëþáîé òî÷êè a, íå ëåæàùåé íà ïðÿìîé L, íàéäåòñÿ òî÷íî
α ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç a è ïåðåñåêàþùèõ L (îáîçíà÷åíèå pGα(s, t)).

Òî÷å÷íûì ãðàôîì ãåîìåòðèè òî÷åê è ïðÿìûõ íàçûâàåòñÿ ãðàô, âåðøèíàìè
êîòîðîãî ÿâëÿþòñÿ òî÷êè ãåîìåòðèè, è äâå ðàçëè÷íûå âåðøèíû ñìåæíû, åñëè
îíè ëåæàò íà îáùåé ïðÿìîé. Òî÷å÷íûé ãðàô ÷àñòè÷íîé ãåîìåòðèè pGα(s, t)
ñèëüíî ðåãóëÿðåí ñ ïàðàìåòðàìè: v = (s + 1)(1 + st/α), k = s(t + 1), λ =
(s − 1) + (α − 1)t, µ = α(t + 1). Ñèëüíî ðåãóëÿðíûé ãðàô, èìåþùèé âûøå-
óêàçàííûå ïàðàìåòðû äëÿ íåêîòîðûõ íàòóðàëüíûõ ÷èñåë α, s, t, íàçûâàåòñÿ
ïñåâäîãåîìåòðè÷åñêèì ãðàôîì äëÿ pGα(s, t).

Àëãåáðîé Áîóçà-Ìåñíåðà M äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà Γ íàçûâàåòñÿ
ìàòðè÷íàÿ àëãåáðà, ïîðîæäåííàÿ ìàòðèöåé ñìåæíîñòè A ãðàôà Γ ñ áàçèñîì
{Ai | i = 0, . . . , d}, ãäå Ai � ìàòðèöà ñìåæíîñòè ãðàôà Γi. ÀëãåáðàM èìååò äðó-
ãîé áàçèñ, ñîñòîÿùèé èç ïðèìèòèâíûõ èäåìïîòåíòîâ {E0 = 1

vJ,E1, . . . , ED}, ãäå
v = |V (Γ)|, J � ìàòðèöà, âñå ýëåìåíòû êîòîðîé ðàâíû 1, è Ei � îðòîãîíàëü-
íàÿ ïðîåêöèÿ íà ñîáñòâåííîå ïîäïðîñòðàíñòâî îòâå÷àþùåå ñîáñòâåííîìó çíà÷å-
íèþ θi. Îòíîñèòåëüíî ïîêîìïîíåíòíîãî óìíîæåíèÿ ◦ âûïîëíÿþòñÿ ðàâåíñòâà

Ei◦Ej = 1
v

∑D
i=0 q

k
ijEk. Ãðàô Γ íàçûâàåòñÿ Q-ïîëèíîìèàëüíûì, åñëè ñóùåñòâó-

åò óïîðÿäî÷åíèå ïðèìèòèâíûõ èäåìïîòåíòîâ E0 = 1
vJ,E1, . . . , ED, òàêîå, ÷òî

qkij = 0 ïðè |j − k| > 1. Áóäåì ãîâîðèòü, ÷òî Γ ÿâëÿåòñÿ Q-ïîëèíîìèàëüíûì
îòíîñèòåëüíî θ, åñëè E1 � îðòîãîíàëüíàÿ ïðîåêöèÿ íà ñîáñòâåííîå ïîäïðî-
ñòðàíñòâî, îòâå÷àþùåå ñîáñòâåííîìó çíà÷åíèþ θ.

Ïóñòü Γ � ãðàô äèàìåòðà d è e � íàòóðàëüíîå ÷èñëî. Ïîäìíîæåñòâî C
âåðøèí ãðàôà Γ íàçûâàåòñÿ e-êîäîì, åñëè ìèíèìàëüíîå ðàññòîÿíèéå ìåæäó
äâóìÿ âåðøèíàìè èç C íå ìåíüøå 2e+1. Äëÿ e-êîäà â äèñòàíöèîííî ðåãóëÿðíîì
ãðàôå äèàìåòðà d = 2e+1 âûïîëíÿåòñÿ ãðàíèöà |C| ≤ kd/

∑e
i=0 p

d
id+1. Â ñëó÷àå

ðàâåíñòâà êîä íàçûâàåòñÿ ñîâåðøåííûì îòíîñèòåëüíî ïîñëåäíåé îêðåñòíîñòè
(ñì. [2]).

Ïóñòü äëÿ äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà Γ äèàìåòðà 3 ãðàôû Γ2 è Γ3

ñèëüíî ðåãóëÿðíû. Òàêèå ãðàôû èçó÷àëèñü â [3].
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Ïðåäëîæåíèå 1. Ïóñòü Γ ÿâëÿåòñÿ ïðèìèòèâíûì äèñòàíöèîííî ðåãóëÿð-
íûì ãðàôîì äèàìåòðà 3. Åñëè ãðàôû Γ2 è Γ3 ñèëüíî ðåãóëÿðíû, òî Γ èìååò
ìàññèâ ïåðåñå÷åíèé {t(c2 +1)+a3, tc2, a3 +1; 1, c2, t(c2 +1)}, a2 = (t−1)(c2 +1),
a1 = a3 + t− 1, k2 = kt, k3 = k(a3 + 1)/(c2 + 1), p1

33 = a3(a3 + 1)/(c2 + 1) è ãðàô
Γ̄3 ÿâëÿåòñÿ ïñåâäîãåîìåòðè÷åñêèì äëÿ pGt(c2+1)(t(c2 + 1) + a3, t).

Ïîëîæèì a = a3. Ñêàæåì, ÷òî Γ � ãðàô òèïà (I), åñëè c2 + 1 äåëèò a, �
ãðàô òèïà (II), åñëè c2 + 1 äåëèò a+ 1, � ãðàô òèïà (III), åñëè c2 + 1 íå äåëèò
a è íå äåëèò a+ 1. Ïðèâåäåì ñïèñîê ãðàôîâ èç [1].

Äëÿ Q-ïîëèíîìèàëüíûõ ãðàôîâ â [4] ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Ïðåäëîæåíèå 2. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ ñ ìàññèâîì ïåðåñå÷åíèé
{t(c2 + 1) + a, tc2, a + 1; 1, c2, t(c2 + 1)} ÿâëÿåòñÿ Q-ïîëèíîìèàëüíûì òîãäà è
òîëüêî òîãäà, êîãäà (t2 − a − 1)c2 = (a2 − t2 + 2a + 1) è ëèáî a = 0, t = 1 è
Γ � ãðàô Òýéëîðà áåç òðåóãîëüíèêîâ (äîïîëíåíèå 2 × (c2 + 2)-ðåø¼òêè), ëèáî
(c2 + 1) = a(a+ 1)/(t2 − a− 1).

Äëÿ ãðàôîâ òèïîâ (I) è (II) â [4, òåîðåìà 1] íàéäåíû óäîáíûå ïàðàìåòðèçà-
öèè:

åñëè Γ � ãðàô òèïà (I), a = w(c2 + 1) è t2 = wc2(w + 1) + (w + 1)2, òî ëèáî
(i) w + 1 = s2, t2 = s2((s2 − 1)c2 + s2), (s2 − 1)c2 + s2 ÿâëÿåòñÿ êâàäðàòîì

íåêîòîðîãî öåëîãî ÷èñëà u, c2 = (u2 − s2)/(s2 − 1), t = su, a = u2 − 1 è Γ èìååò
ìàññèâ ïåðåñå÷åíèé

{ (s2 + su− 1)(u2 − 1)

s2 − 1
,

(u2 − s2)su

s2 − 1
, u2; 1,

u2 − s2

s2 − 1
,
su3 − su
s2 − 1

},

ëèáî
(ii) c2 = s(w + 1), t2 = (w + 1)2(ws + 1), ws + 1 ÿâëÿåòñÿ êâàäðàòîì

íåêîòîðîãî öåëîãî ÷èñëà u, c2 = (w+1)(u2−1)/w, t = (w+1)u, a = u2w+u2−1
è Γ èìååò ìàññèâ ïåðåñå÷åíèé{

(u2w + u2 − 1)(uw + u+ w)

w
,

(u2 − 1)u(w + 1)2

w
, u2(w + 1);

1,
(w + 1)(u2 − 1)

w
,

(u2w + u2 − 1)u(w + 1)

w

}
;

åñëè Γ � ãðàô òèïà (II), a+ 1 = w(c2 + 1) è t2 = w(w(c2 + 1) + c2), òî ëèáî
(i) w = s2, t2 = s2(s2(c2 + 1) + c2), (s2(c2 + 1) + c2 ÿâëÿåòñÿ êâàäðàòîì

íåêîòîðîãî öåëîãî ÷èñëà u, c2 = (u2−s2)/(s2 +1), t = su, a = (u2s2−1)/(s2 +1)
è Γ èìååò ìàññèâ ïåðåñå÷åíèé

{u
3s+ u2s2 + us− 1

s2 + 1
,

(u2 − s2)su

s2 + 1
,

(u2 + 1)s2

s2 + 1
; 1,

u2 − s2

s2 + 1
,

(u2 + 1)su

s2 + 1
},

ëèáî
(ii) c2 = sw, t2 = w2(sw+ 1 +s), sw+ 1 +s ÿâëÿåòñÿ êâàäðàòîì íåêîòîðîãî

öåëîãî ÷èñëà u, c2 = (u2−1)w/(w+1), t = uw, a = (u2w2−1)/(w+1) è Γ èìååò
ìàññèâ ïåðåñå÷åíèé

{u
3w2 + u2w2 + uw − 1

w + 1
,

(u2 − 1)uw2

w + 1
,

(u2w + 1)w

w + 1
; 1,

(u2 − 1)w

w + 1
,

(u2w + 1)uw

w + 1)
}.



ÍÅÑÓÙÅÑÒÂÎÂÀÍÈÅ ÍÅÁÎËÜØÈÕ Q-ÏÎËÈÍÎÌÈÀËÜÍÛÕ ÃÐÀÔÎÂ 1273

Çàìåòèì, ÷òî â ñëó÷àå (Iii) ïðè w = 1 ïîëó÷èì ìàññèâ ïåðåñå÷åíèé {(2u +
1)(2u2 − 1), 4u(u2 − 1), 2u2; 1, 2(u2 − 1), 2u(2u2 − 1). Ãðàô ñ òàêèì ìàññèâîì ïå-
ðåñå÷åíèé íå ñóùåñòâóåò ïî [2].

Â äàííîé ðàáîòå èçó÷àþòñÿ íåáîëüøèå Q-ïîëèíîìèàëüíûå ãðàôû òèïà (III).

Òåîðåìà 1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå-
÷åíèé {t(c2 + 1) + a, tc2, a + 1; 1, c2, t(c2 + 1)}, (c2 + 1) = a(a + 1)/(t2 − a − 1)
íå äåëèò a è íå äåëèò a + 1. Åñëè t ≤ 6, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé
{14, 10, 3; 1, 5, 12}, {69, 56, 10; 1, 14, 60}, {74, 54, 15; 1, 9, 60}, {87, 66, 16; 1, 11, 72},
{119, 100, 15; 1, 20, 105} èëè {188, 162, 21; 1, 27, 168}.

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé

{14, 10, 3; 1, 5, 12}.

Òîãäà Γ2 � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (50, 28, 18, 12), äëÿ êîòîðî-
ãî íàðóøàåòñÿ àáñîëþòíàÿ ãðàíèöà (ïðåäëîæåíèå 4.1.5 èç [1]). Ïîýòîìó ãðàô
ñ ìàññèâîì ïåðåñå÷åíèé {14, 10, 3; 1, 5, 12} íå ñóùåñòâóåò.

Â [5] äîêàçàíî, ÷òî äèñòàíöèîííî ðåãóëÿðíûå ãðàôû ñ ìàññèâàìè ïåðåñå-
÷åíèé {69, 56, 10; 1, 14, 60}, {74, 54, 15; 1, 9, 60} è {119, 100, 15; 1, 20, 105} íå ñóùå-
ñòâóþò.

Òåîðåìà 2. Äèñòàíöèîííî ðåãóëÿðíûå ãðàôû ñ ìàññèâàìè ïåðåñå÷åíèé {87, 66,
16; 1, 11, 72} è {188, 162, 21; 1, 27, 168} íå ñóùåñòâóþò.

1. Äîêàçàòåëüñòâî òåîðåìû 1

Â ýòîì ðàçäåëå Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé
{t(c2 + 1) + a, tc2, a+ 1; 1, c2, t(c2 + 1)} è (c2 + 1) = a(a+ 1)/(t2 − a− 1) íå äåëèò
a3 è íå äåëèò a3 + 1.

Ëåììà 1. Ïîëîæèì s = (a3, c2 + 1), e = (a3 + 1, c2 + 1). Òîãäà âûïîëíÿþòñÿ
ñëåäóþùèå óòâåðæäåíèÿ:

(1) c2 + 1 = se, a2
3 + a3(c2 + 2) − t2(c2 + 1) = 0 è ÷èñëî D = c22 + 4t2(c2 + 1)

ÿâëÿåòñÿ êâàäðàòîì;
(2) åñëè c2+1 = a3(a3+1), òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {14, 10, 3; 1, 5, 12}.

Äîêàçàòåëüñòâî. Òàê êàê c2 + 1 äåëèò a3(a3 + 1) è ÷èñëà a3, a3 + 1 âçàèìíî
ïðîñòû, òî c2 + 1 = se.

Èç ðàâåíñòâà (c2 +1) = a3(a3 +1)/(t2−a3−1) ïîëó÷èì êâàäðàòíîå óðàâíåíèå
a2

3 + a3(c2 + 2) − t2(c2 + 1) = 0. Îòñþäà ÷èñëî D = c22 + 4t2(c2 + 1) ÿâëÿåòñÿ
êâàäðàòîì.

Çàìåòèì, ÷òî Γ3 ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðàôîì ñ mu(Γ3) = a3(a3 +
1)/(c2 +1). Â ñëó÷àå c2 +1 = a3(a3 +1) èìååì t2 = a+2 è mu(Γ3) = 1. Äàëåå, Γ3

èìååò íåãëàâíûå ñîáñòâåííûå çíà÷åíèÿ t,−(a+1), k(Γ3) = t(a+1)+1 è λ(Γ3) =
t− a. Îòñþäà t = a = 2 è Γ èìååò ìàññèâ ïåðåñå÷åíèé {14, 10, 3; 1, 5, 12}. �

Ëåììà 2. Âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:
(1) åñëè t = 2, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {14, 10, 3; 1, 5, 12};
(2) ÷èñëî t íå ðàâíî 3.

Äîêàçàòåëüñòâî. Åñëè t = 2, òî (c2 + 1)(3− a3) = a3(a3 + 1) è a3 = 2. Â ýòîì
ñëó÷àå Γ èìååò ìàññèâ ïåðåñå÷åíèé {14, 10, 3; 1, 5, 12}.
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Åñëè t = 3, òî (c2 + 1)(8 − a3) = a3(a3 + 1) è 8 − a3 äåëèò 72. Â ñëó÷àå
a3 = 4 èìååì c2 + 1 = 5, k = 19 è a1 = 3, ïðîòèâîðå÷èå ñ òåì, ÷òî ÷èñëî ka1

÷åòíî (ka1/2 � ÷èñëî ðåáåð â îêðåñòíîñòè âåðøèíû). Â ñëó÷àå a3 = 5 èìååì
c2 + 1 = 10, ïðîòèâîðå÷èå ñ òåì, ÷òî ÷èñëî D = c22 + 4t2(c2 + 1) äîëæíî áûòü
êâàäðàòîì. Â ñëó÷àå a3 = 6 èìååì c2 + 1 = 21 è Γ èìååò ìàññèâ ïåðåñå÷åíèé
{69, 60, 7; 1, 20, 63}. Ãðàô ñ òàêèì ìàññèâîì ïåðåñå÷åíèé íå ñóùåñòâóåò, òàê êàê
p3

33 = −2. �

Ëåììà 3. Åñëè t = 4, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {69, 56, 10; 1, 14, 60}.

Äîêàçàòåëüñòâî. Åñëè t = 4, òî (c2 + 1)(15− a3) = a3(a3 + 1) è 15− a3 äåëèò
15 · 16. Â ñëó÷àå a3 = 5 èìååì c2 + 1 = 3, ïðîòèâîðå÷èå ñ òåì, ÷òî c2 + 1 íå
äîëæíî äåëèòü a3 + 1.

Â ñëó÷àå a3 = 7 èìååì c2 + 1 = 7, ïðîòèâîðå÷èå ñ òåì, ÷òî c2 + 1 íå äîëæíî
äåëèòü a3.

Â ñëó÷àå a3 = 9 èìååì c2 +1 = 15 è Γ èìååò ìàññèâ ïåðåñå÷åíèé {69, 56, 10; 1,
14, 60} (â ýòîì ñëó÷àå Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (392, 46, 0,
6)).

Äëÿ ãðàôîâ ñ a3 > 9 ïîëó÷èì p3
33 < 0, ïîýòîìó ãðôû íå ñóùåñòâóþò. �

Ëåììà 4. Åñëè t = 5, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {119, 100, 15; 1, 20, 105}.

Äîêàçàòåëüñòâî. Åñëè t = 5, òî (c2 + 1)(24− a3) = a3(a3 + 1). Â ñëó÷àå a3 = 9
èìååì c2+1 = 6 è {39, 25, 10; 1, 5, 30}. Ïðîòèâîðå÷èå ñ òåì, ÷òî ÷èñëî ka1 = 39·13
íå÷åòíî.

Â ñëó÷àå a3 = 12 èìååì c2 +1 = 13, ïðîòèâîðå÷èå ñ òåì, ÷òî c2 +1 íå äîëæíî
äåëèòü a3 + 1.

Â ñëó÷àå a3 = 14 èìååì c2+1 = 21 è Γ èìååò ìàññèâ ïåðåñå÷åíèé {119, 100, 15;
1, 20, 105} (â ýòîì ñëó÷àå Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (800, 85,
0, 10)).

Äëÿ ãðàôîâ ñ a3 > 14 ïîëó÷èì p3
33 < 0. �

Ëåììà 5. Åñëè t = 6, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {74, 54, 15; 1, 9, 60},
{87, 66, 16; 1, 11, 72} èëè {188, 162, 21; 1, 27, 168}.

Äîêàçàòåëüñòâî. Åñëè t = 6, òî (c2 + 1)(35−a3) = a3(a3 + 1). Â ñëó÷àå a3 = 14
èìååì c2 + 1 = 10 è {74, 54, 15; 1, 9, 60}.

Â ñëó÷àå a3 = 15 èìååì c2+1 = 12 è Γ èìååò ìàññèâ ïåðåñå÷åíèé {87, 66, 16; 1,
11, 72}.

Â ñëó÷àå a3 = 17 èìååì c2 +1 = 17, ïðîòèâîðå÷èå ñ òåì, ÷òî c2 +1 íå äîëæíî
äåëèòü a3.

Â ñëó÷àå a3 = 20 èìååì c2+1 = 28 è Γ èìååò ìàññèâ ïåðåñå÷åíèé {188, 162, 21;
1, 27, 168} (â ýòîì ñëó÷àå Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (1458,
141, 0, 15)).

Äëÿ ãðàôîâ ñ a3 > 20 ïîëó÷èì p3
33 < 0. �

Òåîðåìà 1 äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 2 îïèðàåòñÿ íà âû÷èñëåíèå òðîéíûõ ÷èñåë ïåðåñå-

÷åíèé [6].
Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d. Åñëè u1, u2, u3 �

âåðøèíû ãðàôà Γ, r1, r2, r3 � íåîòðèöàòåëüíûå öåëûå ÷èñëà, íå áîëüøèå d,

òî
[
u1u2u3

r1r2r3

]
� ÷èñëî âåðøèí w ∈ Γ òàêèõ, ÷òî d(w, ui) = ri. ×èñëà

[
u1u2u3

r1r2r3

]
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íàçûâàþòñÿ òðîéíûìè ÷èñëàìè ïåðåñå÷åíèé. Äëÿ ôèêñèðîâàííîé òðîéêè âåð-

øèí u1, u2, u3 âìåñòî
[
u1u2u3

r1r2r3

]
áóäåì ïèñàòü [r1r2r3]. Ê ñîæàëåíèþ, äëÿ ÷èñåë

[r1r2r3] íåò îáùèõ ôîðìóë. Îäíàêî, â [6] ïðåäëîæåí ìåòîä âû÷èñëåíèÿ íåêîòî-
ðûõ ÷èñåë [r1r2r3].

Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, W = d(u, v), U = d(v, w), V = d(u,w).
Òàê êàê èìååòñÿ òî÷íî îäíà âåðøèíà x = u òàêàÿ, ÷òî d(x, u) = 0, òî ÷èñëî
[0jh] ðàâíî 0 èëè 1. Îòñþäà [0jh] = δjW δhV . Àíàëîãè÷íî, [i0h] = δiW δhU è
[ij0] = δiUδjV .

Äðóãîå ìíîæåñòâî óðàâíåíèé ìîæíî ïîëó÷èòü, ôèêñèðóÿ ðàññòîÿíèå ìåæäó
äâóìÿ âåðøèíàìè èç {u, v, w} è ñîñ÷èòàâ ÷èñëî âåðøèí, íàõîäÿùèõñÿ íà âñåõ
âîçìîæíûõ ðàññòîÿíèÿõ îò òðåòüåé:∑d

l=1[ljh] = pUjh − [0jh],
∑d
l=1[ilh] = pVih − [i0h],

∑d
l=1[ijl] = pWij − [ij0].

Ïðè ýòîì íåêîòîðûå òðîéêè èñ÷åçàþò. Ïðè |i− j| > W èëè i+ j < W èìååì
pWij = 0, ïîýòîìó [ijh] = 0 äëÿ âñåõ h ∈ {0, ..., d}.

Ïîëîæèì Sijh(u, v, w) =
∑d
r,s,t=0QriQsjQth

[
uvw
rst

]
. Åñëè ïàðàìåòð Êðåéíà

qhij = 0, òî ïî òåîðåìå 3 èç [6] èìååì Sijh(u, v, w) = 0.
Äàëüíåéøèå êîìïüþòåðíûå âû÷èñëåíèÿ ïðîâåäåíû ñ ïîìîùüþ óêàçàííûõ

ôîðìóë. Èõ ìîæíî ïðîâåðèòü ñ ïîìîùüþ [7].

2. Ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {87, 66, 16; 1, 11, 72}

Â ýòîì ðàçäåëå ïðåäïîëàãàåòñÿ, ÷òî Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ
ìàññèâîì ïåðåñå÷åíèé {87, 66, 16; 1, 11, 72}. Òîãäà Γ èìååò 1 + 87 + 522 + 116 =
726 âåðøèí, ñïåêòð 871, 2187,−1522,−12116 è äóàëüíóþ ìàòðèöó ñîáñòâåííûõ
çíà÷åíèé

Q =


1 87 522 116
1 21 −6 −16
1 −1 −6 6
1 −12 27 −16

 .

Ëåììà 1. Äëÿ ÷èñåë ïåðåñå÷åíèé ãðàôà Γ âåðíû ðàâåíñòâà
(1) p1

11 = 20, p1
21 = 66, p1

32 = 96, p1
22 = 360, p1

33 = 20;
(2) p2

11 = 11, p2
12 = 60, p2

13 = 16, p2
22 = 381, p2

23 = 80, p2
33 = 20;

(3) p3
12 = 72, p3

13 = 15, p3
22 = 360, p3

23 = 90, p3
33 = 10.

Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ. �

Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, [ijh] =
[
uvw
ijh

]
, ∆ = Γ3(u) è Λ = ∆2. Òîãäà

Λ � ðåãóëÿðíûé ãðàô ñòåïåíè 90 íà 116 âåðøèíàõ.

Ëåììà 2. Åñëè d(u, v) = d(u,w) = 3, d(v, w) = 1, òî âåðíû ðàâåíñòâà:
(1) [122] = −2r1 + 64, [123] = [132] = 2r1 + 8, [133] = −2r1 + 7;
(2) [211] = −r1 + 20, [221] = [212] = r1 + 52, [222] = 3r1 + 228, [223] = [232] =

−4r1 + 80, [233] = 4r1 + 10;
(3) [311] = r1, [312] = [321] = −r1+14, [322] = −r1+68, [323] = [332] = 2r1+8,

[333] = −2r1 + 2,
ãäå r1 ∈ {0, 1}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ. �

Ïî ëåììå 2.2 èìååì 67 ≤ [322] = −r1 + 68 ≤ 68.
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Ëåììà 3. Åñëè d(u, v) = d(u,w) = d(v, w) = 3, òî âåðíû ðàâåíñòâà:
(1) [122] = −r2/4 + 117/2, [123] = [132] = r2/4 + 27/2, [133] = −r2/4 + 3/2;
(2) [212] = [221] = −r2/4 + 117/2, [213] = r2/4 + 27/2, [222] = 3r2/2 + 225,

[223] = [232] = −5r2/4 + 153/2, [233] = r2;
(3) [312] = [321] = r2/4 + 27/2, [313] = −r2/4 + 3/2, [322] = −5r2/4 + 153/2,

[323] = [332] = r2, [331] = −r2/4 + 3/2, [333] = −r2/4 + 15/2,
ãäå r2 ∈ {2, 6}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ. �

Ïî ëåììå 2.3 èìååì 69 ≤ [322] = −5r2/4 + 153/2 ≤ 74. Â ñëó÷àå r2 = 2 èìååì
[313] = [331] = −r2/4 + 3/2 = 1 è [333] = −r2/4 + 15/2 = 7. Ïðîòèâîðå÷èå ñ òåì,
÷òî Λ− {v, w} ñîäåðæèò 3 âåðøèíû âíå Λ(v) ∪ Λ(w). Çíà÷èò, r1 = 0

Ïóñòü v, w ∈ ∆. Òîãäà ÷èñëî ðåáåð e ìåæäó Λ(w) è Λ − ({w} ∪ Λ(w)) óäî-
âëåòâîðÿåò íåðàâåíñòâàì 1695 = 15 · 67 + 10 · 69 ≤ e ≤ 15 · 68 + 10 · 74 = 1760.
Îòñþäà 18.83 ≤ 89 − λ ≤ 19.56 è 69.44 ≤ λ ≤ 70.17, ãäå λ � ñðåäíåå çíà÷åíèå
ïàðàìåòðà λ(Λ).

Ëåììà 4. Åñëè d(u, v) = d(u,w) = 3, d(v, w) = 2, òî âåðíû ðàâåíñòâà:
(1) [122] = −2r3/3 − 3r4 + 232, [123] = [132] = 2r3/3 + 3r4 − 160, [133] =

−2r3/3− 3r4 + 175;
(2) [211] = −r3/3 − 2r4 + 96, [221] = [212] = r3/3 + 3r4 − 40, [222] = r3,

[223] = [232] = −4r3/3− 3r4 + 400, [233] = 4r3/3 + 4r4 − 326;
(3) [311] = r3/3 + 2r4 − 85, [312] = [321] = −r3/3 − 3r4 + 100, [313] = r4,

[322] = −r3/3 + 3r4 + 149, [323] = [332] = 2r3/3− 160, [333] = −2r3/3− r4 + 170,
ãäå r3 ∈ {240, 243, ..., 255}, r4 ∈ {0, 1, ..., 5}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ. �

Ïî ëåììå 2.4 èìååì 64 ≤ [322] = −r3/3 + 3r4 + 149 ≤ 84.
Çàìåòèì, ÷òî |

{
uv
33

}
| = p3

33 = 10 è |
{
uv
32

}
| = p3

32 = 90. Ïóñòü f � ÷èñëî ïàð

âåðøèí (y, z), íàõîäÿùèõñÿ íà ðàññòîÿíèè 3, ãäå y ∈
{
uv
33

}
è z ∈

{
uv
32

}
. Ïî ëåììå

2.3 èìååì 300 ≤ f = p3
33 ·

[
uvw
323

]
= 15r2 ≤ 900. Ñ äðóãîé ñòîðîíû, ïî ëåììå 2.4

÷èñëî f óäîâëåòâîðÿåò íåðàâåíñòâàì 300 ≤ f =
∑
i(−2ri3/3−ri4)+90 ·170 ≤ 900.

Îòñþäà 14400 ≤
∑
i(2r

i
3/3 + ri4) ≤ 15000 è 160 ≤

∑
i(2r

i
3/3 + ri4)/90 ≤ 166.67

Ïðîòèâîðå÷èå ñ òåì, ÷òî 65 + 3r4 ≤ r3/3 è
∑
i(2r

i
3/3)/90 ≤ 166.67−

∑
i r
i
4/90.

3. Ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {188, 162, 21; 1, 27, 168}

Â ýòîì ðàçäåëå ïðåäïîëàãàåòñÿ, ÷òî Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ
ìàññèâîì ïåðåñå÷åíèé {188, 162, 21; 1, 27, 168}. Òîãäà Γ èìååò 1 + 188 + 1128 +
141 = 1458 âåðøèí, ñïåêòð: 1881, 26188,−11128,−28141 è äóàëüíóþ ìàòðèöó ñîá-
ñòâåííûõ çíà÷åíèé

Q =


1 188 1128 141
1 26 −6 −21
1 −1 −6 6
1 −28 48 −21

 .

Ëåììà 1. Äëÿ ÷èñåë ïåðåñå÷åíèé ãðàôà Γ âåðíû ðàâåíñòâà
(1) p1

11 = 25, p1
21 = 162, p1

32 = 126, p1
22 = 840, p1

33 = 15;
(2) p2

11 = 27, p2
12 = 140, p2

13 = 21, p2
22 = 882, p2

23 = 105, p2
33 = 15;

(3) p3
12 = 168, p3

13 = 20, p3
22 = 840, p3

23 = 120, p3
33 = 0.
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Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ. �

Çàôèêñèðóåì âåðøèíû u, v, w ãðàôà Γ è ïîëîæèì {ijh} =
{
uvw
ijh

}
, [ijh] =[

uvw
ijh

]
.

Ëåììà 2. Ïîëîæèì Σ = Γ2. Òîãäà âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:
(1) Σ ÿâëÿåòñÿ ïñåâäîãåîìåòðè÷åñêèì ãðàôîì äëÿ pG140(188, 5), Σ(u) ÿâëÿ-

åòñÿ ïñåâäîãåîìåòðè÷åñêèì ãðàôîì äëÿ pG111(147, 5) è Σ2(u) ÿâëÿåòñÿ ïñåâ-
äîãåîìåòðè÷åñêèì ãðàôîì äëÿ pG42(48, 5) (Σ̄2(u) èìååò ïàðàìåòðû (329, 40, 3,
5));

(2) Σ íå ñîäåðæèò 7-êîêëèê è Γ íå ñîäåðæèò 6-êëèê.

Äîêàçàòåëüñòâî. Ââèäó ëåììû 3.1 ãðàô Σ ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ñ ïà-
ðàìåòðàìè (1458,1128,882,840). Ïîýòìó Σ ÿâëÿåòñÿ ïñåâäîãåîìåòðè÷åñêèì ãðà-
ôîì äëÿ pG140(188, 5). Òàê êàê ïàðàìåòð Êðåéíà q1

11 â ãðàôå Σ ðàâåí 0, òî
ãðàôû Σ(u) è Σ2(u) ÿâëÿþòñÿ ñèëüíî ðåãóëÿðíûìè.

Îòñþäà ñëåäóþò îñòàâøèåñÿ óòâåðæäåíèÿ èç (1).
Òàê êàê Σ̄2(u) èìååò ïàðàìåòðû (329,40,3,5), òî ïîðÿäîê êîêëèêè â Σ íå

áîëüøå 6. Äîïóñòèì, ÷òî Γ ñîäåðæèò 6-êëèêó S. Òîãäà Γ − S ñîäåðæèò 15 ·
(25 − 4) = 315 âåðøèí, ñìåæíûõ ñ ïàðàìè âåðøèí èç S, 15 · 15 = 225 âåðøèí,
íàõîäÿùèõñÿ íà ðàññòîÿíèè 3 îò ïàð âåðøèí èç S, 6(188 − 5 − 5 · 21) = 468
âåðøèí, ñìåæíûõ ñ åäèíñòâåííîé âåðøèíîé èç S, 6(141− 5 · 15) = 396 âåðøèí,
íàõîäÿùèõñÿ íà ðàññòîÿíèè 3 îò åäèíñòâåííîé âåðøèíû èç S, è 48 âåðøèí,
íàõîäÿùèõñÿ íà ðàññòîÿíèè 2 îò ëþáîé âåðøèíû èç S. ïðîòèâîðå÷èå. �

Ëåììà 3. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 1. Òîãäà [323] = t1 è îñòàëüíûå
òðîéíûå ÷èñëà ïåðåñå÷åíèé ðàâíû:

(1) [111] = t1 − 12, [121] = [211] = −t1 + 36, [122] = t1 + 126;
(2) [211] = −t1 + 36, [212] = [221] = t1 + 126, [222] = 588, [223] = [232] =

[322] = −t1 + 126 è [233] = [332] = t1;
(3) [333] = −t1 + 15,
ãäå t1 ∈ {12, 13, 14, 15}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ ñ ó÷åòîì ðàâåíñòâ S113(u, v, w) =
S131(u, v, w) = S311(u, v, w) = 0. �

Ëåììà 4. Ïóñòü d(u, v) = d(u,w) = 1, d(v, w) = 2. Òîãäà [233] = t2 è îñòàëü-
íûå òðîéíûå ÷èñëà ïåðåñå÷åíèé ðàâíû:

(1) [111] = t2 − 10, [112] = [121] = −t2 + 35, [121] = [211] = −t2 + 36, [122] =
t2 + 126;

(2) [211] = −t2 + 36, [212] = [221] = t2 + 105, [213] = 21, [222] = 630, [223] =
[232] = −t2 + 105;

(3) [322] = −t2 + 126, [323] = [332] = t2, [333] = −t2 + 15,
ãäå t2 ∈ {10, 11, 12, 13, 14, 15}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ ñ ó÷åòîì ðàâåíñòâ S113(u, v, w) =
S131(u, v, w) = S311(u, v, w) = 0. �

Äëÿ òðîéêè âåðøèí u, v, wi èç ëåììû 3.3 ïîëîæèì −ti1 + 36 =
[
uvwi

121

]
. Äëÿ

òðîéêè âåðøèí u, v, w′i èç ëåììû 3.4 ïîëîæèì ti2 − 10 =
[
uvw′

111

]
. Çàìåòèì, ÷òî

|
{
uv
11

}
| = p1

11 = 25, |
{
uv
12

}
| = p1

22 = 840.
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Ïóñòü e � ÷èñëî ïàð ñìåæíûõ âåðøèí (y, z), ãäå y ∈
{
uv
11

}
è z ∈

{
uv
12

}
. Ïî

ëåììå 3.3 èìååì [123] = −ti1 + 36 è âåðíû íåðàâåíñòâà 21 · 25 ≤ e = −
∑
i t
i
1 +

36 · 25 ≤ 24 · 25. Ñ äðóãîé ñòîðîíû, ïî ëåììå 3.4 èìååì [111] = ti2 − 10 è
÷èñëî e óäîâëåòâîðÿåò íåðàâåíñòâàì 0 ≤ e =

∑
i t
i
2 − 10 · 162 ≤ 5 · 162. Îòñþäà

2145 ≤ e =
∑
i t
i
2 ≤ 2200 è 13.240 ≤

∑
i t
i
2/162 ≤ 13.581.

Ëåììà 5. Ïóñòü d(u, v) = 1, d(u,w) = 2, d(v, w) = 2. Òîãäà [012] = [102] =
[220] = 1, [232] = t3, [111] = t0 è îñòàëüíûå òðîéíûå ÷èñëà ïåðåñå÷åíèé ðàâíû:

(1) [112] = t3 − 77, [113] = −t3 − t0 + 102,[121] = −t0 + 27, [122] = −t3 + 216,
[123] = t3 + t0 − 81;

(2) [211] = −t0 + 27, [212] = −t3 + 216, [221] = t3 + 2t0 − 4, [222] = 666,
[223] = −t3 − 2t0 + 177, [231] = −t3 − t0 + 117, [233] = t0 + 9;

(3) [321] = −t3 − t0 + 117, [322] = t3, [323] = t0 + 9, [331] = t3 + t0 − 96,
[332] = −t3 + 105, [333] = −t0 + 6,

ãäå t3 ∈ {90, 91, ..., 102}, t0 ∈ {0, 1, ..., 6}.

Äîêàçàòåëüñòâî. Êîìïüþòåðíûå âû÷èñëåíèÿ ñ ó÷åòîì ðàâåíñòâ S113(u, v, w) =
S131(u, v, w) = S311(u, v, w) = 0. �

Äëÿ òðîéêè âåðøèí u, v, wi èç ëåììû 3.5 ïîëîæèì −t0 + 27 =
[
uvwi

121

]
. t3 +

t0 − 81 =
[
uvwi

123

]
. Çàìåòèì, ÷òî |

{
uv
12

}
| = p1

12 = 162, |
{
uv
22

}
| = p1

22 = 840. Ïóñòü

e � ÷èñëî ïàð ñìåæíûõ âåðøèí (y, z), ãäå y ∈
{
uv
12

}
è z ∈

{
uv
22

}
. Ïî ëåììå

3.5 èìååì [221] = t3 + 2t0 − 4 è âåðíû íåðàâåíñòâà 13932 = 86 · 162 ≤ e =∑
i t
i
3 + 2

∑
i t
i
0 − 4 · 162 ≤ 110 · 162 = 17820.

Ñ äðóãîé ñòîðîíû, ïî ëåììå 3.4 èìååì [121] = −ti2 + 36 è ÷èñëî e óäîâëåòâî-
ðÿåò íåðàâåíñòâàì 13932 ≤ e = −

∑
i t
i
2 + 36 · 840 ≤ 21 · 840 = 17640. Îòñþäà

15 · 840 ≤
∑
i t
i
2 ≤ 36 · 30240− 13932 = 16308 è 15 ≤

∑
i t
i
2/840 ≤ 19.4.

Òàêèì îáðàçîì, t2 = 15, ïðîòèâîðå÷èå ñ òåì, ÷òî 13.240 ≤
∑
i t
i
2/162 ≤

13.581.
Òåîðåìà 2 äîêàçàíà.
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