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TWO LIMIT CYCLES FOR A CLASS OF DISCONTINUOUS
PIECEWISE LINEAR DIFFERENTIAL SYSTEMS WITH TWO
PIECES

A. BERBACHE

ABSTRACT. This paper is a survey on the study of the maximum
number of limit cycles of planar continuous and discontinuous piecewise
differential systems formed by two linear centers and defined in two pieces
separated by

Y={(z,y) eR*:z=ly,l e Rand y >0}
U{(z,y) GRQ:y:OandeO}.
We restrict our attention to the crossing limit cycles, i.e. to the limit
cycles having exactly two or four points on 3. We prove that such
discontinuous piecewise linear differential systems can have 1 or 2 limit
cycles. The limit cycles having two intersection points with > can reach
the maximum number 2. The limit cycles having four intersection points
with 3 are at most 1, and if it exists, the systems could simultaneously
have 1 limit cycle intersecting ¥ in three points.

Key words: Discontinuous piecewise linear differential systems, linear
centers, first integrals, limit cycles.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

One of the most challenging problems in the qualitative theory of planar ordinary
differential equations is the second part of the classical 16th Hilbert problem: the
determination of an upper bound for the number of limit cycles (and their relative
positions) for the class of polynomial vector fields of degree n. This problem remains
unsolved if n > 2. The case n = 1, that is for the class of planar linear vector
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fields the problem has a trivial answer. However, this problem presents a surprising
richness when adapted to the class of the planar piecewise linear systems.

The study of the piecewise linear differential systems goes back to Andronov, Vitt
and Khaikin [1], and nowadays such systems still continue to receive the attention
of many researchers. These differential systems are widely used to model processes
appearing in electronics, mechanics, economy, etc..., see for instance the books of
di Bernardo [2] and Simpson [16], the survey of Makarenkov and Lamb [11], as well
as hundreds of references quoted in these last three works.

A periodic orbit of a differential system which is isolated in the set of all periodic
orbits of the system is a limit cycle. There are two types of limit cycles in the
planar discontinuous piecewise linear differential systems, the crossing and sliding
ones. The “sliding limit cycles” contain some arc of the lines of discontinuity that
separate the different linear differential systems (more precise definition can be
found in. [14]). The “crossing limit cycles” only contain isolated points of the lines
of discontinuity.

Discontinuous piecewise linear systems with two regions separated by a straight
line have received a lot of attention during the last years, see for instance [3, 5,
6, 7, 8, 9, 12] among other papers. In [5], the authors conjectured that piecewise
linear systems with two regions separated by a straight line could have at most two
crossing limit cycles. Later on in [6], the authors provided numerical evidence on
the existence of three crossing limit cycles, which was analytically proved in [9].
Sufficient condition on piecewise linear system implying the existence of at most
3 crossing limit cycles can be found in [3, 8, 12]. As far as we know, there are no
examples of piecewise linear vector fields separated by a straight line with more
than 3 crossing limit cycles. In fact, although there is no proof, it is common sense
that 3 is very likely the upper bound in this case. It is worthwhile to mention that
the shape of the discontinuity set plays an important role in the number of crossing
limit cycles. Indeed, if the discontinuity set is not a straight line, then one may find
an arbitrary number of crossing limit cycles (see [13]).

Here, our objective is to study the number of limit cycles, which can exhibit the
planar discontinuous piecewise linear differential systems separated by two pieces
of straight lines such that both linear differential systems are formed by centers. In
[8], it is proved that : A discontinuous piecewise linear differential system separated
by one straight line formed by two linear centers has no limit cycles.

In this work we study the crossing limit cycles of discontinuous piecewise differen-
tial systems separated by

E:{(x,y)6R2:y:OandeO}U{(m,y)ERQ:ley,leRandyZO},
and formed by two linear centers. The two components of R?\Y are
S; = {(z,y) €ER?*:2 >lyandy >0},
Sy = {(z,y) eR*:z<lyandy>0}U{(x,y) €R*: y <0,z € R},
or convenience, using the notations : ¥ = ¥; U 35 where
21:{(x,y)6R2:y:()andx20}, 22:{(x,y)€R2:x:lyandy20},

We observe that we have three types of crossing limit cycles, namely, crossing
limit cycles of type 1 which intersect in a unique point each branch of the set X,
crossing limit cycles of type 2 which intersect the set X in four points (intersect
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only two branches of in exactly two points in each branch) and crossing limit cycles
of type & which intersect in two points only one branch of the set X :

According to the uniqueness Theorem for the solutions of an ordinary differential
equation with a given initial value, then the solutions of any piecewise linear
differential system connecting the points (z;,0) and (ly;,y;) cannot intersect. Then
if any discontinuous piecewise linear system in the plane with two pieces separated
by ¥ has two crossing limit cycles, these two crossing limit cycles should be some
of Figure 7.

We note that if discontinuous piecewise linear differential system with two pieces
separated by the set ¥ and formed by two arbitrary linear centers the cases of
Figure 7 (A), (C), (D), (E), (I), (J), (M), (O) and (S) are not possible because in
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FiG. 7. Possible cases of two crossing limit cycles of any
discontinuous piecewise linear system in the plane with two pieces
separated by X.

these cases the pieces of the ellipses of linear differential centers in the regions S
and Ss, would not be nested which contradicts that the linear differential systems
in each of these regions are linear centers.

Here we do not consider the case where crossing limit cycles intersecting only
one branch of ¥ in two points (type 3), because in [10, 8] it was proved that
discontinuous piecewise linear differential systems separated by a straight line have
no crossing limit cycles, therefore the cases of Figure 7 (F), (G), (H), (K), and (L)
are not possible because the inner limit cycle that intersecting only one branch of
Y in two points do not exist.

In this subsection we give the upper bound of crossing limit cycles of planar
discontinuous piecewise linear differential centers and separated by the set . We
consider only the crossing limit cycles that intersect each branch of ¥ in one point(
type 1) and the crossing limit cycles intersecting the set ¥ in four points (type 2).

The following normal form for the discontinuous piecewise linear differential
systems in R? separated by the set ¥ when both linear differential systems have a
center will help us to prove our main result, the Theorem which follows the next
proposition.

Proposition 1. After a linear change of variables and a rescaling of the independent
variable any discontinuous piecewise linear differential systems in R? separated by
the set X when both linear differential systems have a center can be written as
a'cz—bx—‘u’zﬂy{l—a, y=axr+by+d in S1,
iz—Bw—%y—i—C, y=Ax+ By+ D in Ss,

with a 2 0,A #0,v > 0 and w > 0.

(1)

Proof. The linear differential system in the region 57 is
= PBr+yy+a, Y =ax+by+d,

assuming that it has a center. Since the eigenvalues of this system are

;(b+ﬂi (b6)2+4a7>
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in order to have a center we must have that b+ 8 = 0 and (b— 8)° + day = —w?
for some w > 0 and ay < 0, or equivalently 5 = —b, v = fi (4b2 + w2) . For the
linear differential system in the region Sy the proof is similar to the proof of linear
centre in S7. This completes the proof of the Proposition 1. O

Our main results are the following:

Theorem 1. For a planar discontinuous piecewise linear differential centers with
two pieces separated by the set 3, the following statements hold:

a) The mazimum number of crossing limit cycles intersecting in a unique point with
each of the two branches of ¥ in one point (type 1) is two.

b) The mazimum number of crossing limit cycles intersecting the set ¥ in four
points (type 2) is one.

Theorem 1 is proved in Section 2.
The next propositions shows that the upper bound for the maximum number of
crossing limit cycles provided in Theorem 1 is reached.

Proposition 2. The following statements hold.

i) There are discontinuous piecewise linear differential system separated by ¥ formed
by two linear centers, having exactly one crossing limit cycle of the type 1, see
Figures 24, 25, 26.

i1) There are discontinuous piecewise linear differential system separated by X formed
by two linear centers, having exactly two crossing limit cycle of the type 1, see
Figures 27, 28, 29.

i11) There are discontinuous piecewise linear differential system separated by X
formed by two linear centers, having exactly one crossing limit cycle of the type
2, see Figures 30, 31, 32.

This Proposition will be proved in section 2.

Here we study the maximum number of crossing limit cycles of a discontinuous
piecewise linear differential system separated by X formed by two linear centers
that intersect the set ¥ in two and in four points simultaneously, and we consider
only the existence and the number of crossing limit cycles of the type 1 and type 2
simultaneously.

Our main result is the following:

Theorem 2. A planar discontinuous piecewise linear differential system separated
by X formed by two linear centers, can have at most one limit cycle intersecting
the set 3 in exactly four points (type 2) and at most 1 limit cycle intersecting each
branch of X in one point (type 1). Moreover this upper bound is reached. See Figure
41.

Theorem 2 is proved in Section 3.

2. PROOF OF THEOREM 1

2.1. Proof of statement (a) of Theorem 1. Assume that we have a discontinu-
ous piecewise linear differential system separated by the set ¥ and formed by
two centers. By Proposition 1, we can write such a discontinuous piecewise linear
differential systems as

(2)

j::—bm—‘“’zﬁy—ka, y=axr+by+d in 51,
2
i:—Bm—%y—i—Cﬂ y=Ax+By+D in S,
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with A #£ 0,a # 0,v > 0 and w > 0. The first integrals of the tow linear differential
systems (2) in S; and S are

(3) Hi(zy) = Alaz+by)? + 8a(de — ay) + v%y?,
Hy(r,y) = A(Az+ By)>+8A(Da - Cy) +w’y?,

respectively. Suppose that this discontinuous piecewise differential system has some
limit cycles each one intersecting each branch of ¥ in one point, namely (x1,0) with
21 > 0 and (ly1,y1) with y; > 0. Then, the first integrals H;, and Hs must satisty
the following two equations

(4) Hl ($170)_H1 (lylayl)zov
Hs (ly1,y1) — Hz (21,0) =0,

or equivalently

4a’z? + 8adzr; — (4 (b+al)’+ v2> y3 +8a (o —dl)y; =0,

) 44242 + 8ADx, — (4 (B+ Al + w2) y? + 8A(C — D) y; = 0.

We recall that Bezout Theorem (see for instance [15]) states that if a polynomial
system of equations has finitely many solutions, then the number of its solutions is
at most the product of the degrees of the polynomials which appear in the system.
Then by Bezout Theorem system (5) has at most 4 solutions (z;,;),i = 1,2,3,4.
So, the discontinuous piecewise linear differential system (2) can have at most 4
limit cycles.

Notice that, the polynomial system (5) has the solution (0,0), which, cannot
contribute a limit cycle. So, in this case, system (5) can have eventually three real
solutions, (z;,y;) for i = 1,2,3 producing three limit cycles for the discontinuous
piecewise linear differential system (2). According to the Uniqueness Theorem for
the solutions of an ordinary differential equation with a given initial value, then the
solutions of the piecewise linear differential system (2) connecting the points (z;,0)
and (ly;,y;) cannot intersect So the polynomial system (5) can have eventually
three real solutions, (x;,y;) for i = 1,2,3, producing three limit cycles for the
discontinuous piecewise linear differential system (2), it is necessary that z1, z2 and
x3 have the same order as that of y;,y> and y3. For instance

(6) O0<zi<w2<z3 and 0<y; <yz <3,

to prove the system (5) cannot have 3 solutions (z;,y;),7 = 1,2,3 satisfying the
orders of (6), we write the first equation of (5) in

(7)

2
2 2 4a(a—dl) _ 2 16(a(a—dl))?
(2&1}1 + 2d) - (\/(4 (b + al) + ’U2>y1 — WM) = 4d* — W,

which is a hyperbola if 8la?da — 4a%a? + 8labd? + 4b%d? + d?v? # 0, denoted by H.
Moreover the hyperbola H has the two asymptotes:

L .2 (4b )2 2) __dalamd) L 9g_
i az1+\/ (b+al)” +v% )y (4(b+al)2+v2)+ ,

L2, : 2az, — (4b 1) 2) _Mala—d) | 95—,
2t 2ax4 \/ (b+al)” +v? )y + (4(b+al)2+02)+ 0



1494 A. BERBACHE

d 4a(a—dl)

- m) . We notice that the second equation of

which intersect at Iy = (

(5) can be write as

(8)

2
2 2 4A(C—1D) o 2  16A%(C—ID)?

which is a hyperbola if 81A2C'D —4A%C? +8IABD? 4+ 4B? D? +w?D? # 0, denoted
by H*. Moreover, the hyperbola H* has the two asymptotes

L. . 24 (43 Al)? 2) ___4ACZID)  L9p
" x1+\/ (B+ A" +w? (4(B+Al)2+wz)+ )

L 5 243 — ) (4(B+ A + w2y + 2D 4 9p —g
" o \/ (B+AD"+w? Jyr + (4(B+Al)2+w2)+ ’

_D M)
A 4(B+Al? w2

To study the maximum number of limit cycles of system (2) intersecting each branch

of ¥ in one point is equivalent to find the maximum number of intersection points

P;’s of the hyperbolas H in (7) with H* in (8), whose coordinates satisfy (6).

Denote by P; = (x;,y;) the intersection points of % with H*. Under condition (6),

hereafter, we write

which intersect at Iy~ = (

9) Py=1(0,0) < P, < P < ....

We further assume without loss of generality that the hyperbola H is in left-right
way, i.e., its two branches face, respectively, the left and right sides, and they are
denoted, respectively, by Hy and H, .

Case 1: if P; are located on the right branch H, of H.

— In case that the hyperbola H* is of left-—right type, i.e., the two branches of H*
face, respectively, left and right, and are denoted by H7, and H}, respectively, there
are at most two intersection points P; = (z;,y;),7 = 1,2, of H with H*, which
satisfy (9), one on H} and another on H;}. Note that in this case and in order that
there are exactly tow intersection points P; = (z;,¥;),% = 1,2 which satisfy (9),
should be the following conditions holds:

i) The straight line L3,. must have positive slope larger than that of L3,.

ii) Iy < Iy~ (I3 is located on the right hand side of H, or above the H,.).

iii) Py = (0,0) € H, NH3. See the figures 8 and 9.

— In case that the hyperbola H* is of upper—down type i.e., the two branches of H*
face, respectively, upper and down, and are denoted by #;, and H}, respectively.
there are also at most two intersection points P; = (z;,y;),i = 1,2, of H with
H*, which satisfy (9). These point are located on the upper branch H} of H* if
I3~ is located on the right hand side of #H, or are located on the down branch
H} of H* if Iy~ is located above the H,. In order that there exist exactly two
intersection points P; = (z;,¥;),¢ = 1,2 which satisfy (9), these points must satisfy
the following conditions:

i) The straight line L3,. must have positive slope larger than that of L3,.

ii) Iy < I+ and Iy« is located on the right hand side of #,. or above the H,,

iii) Py = (0,0) € H, NH}. See the figures 10 and 11.
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Lo Lx

Fic. 9. The tow
intersection  points
in the case P, are

Fic. 8. The tow
intersection  points

in the case P; are
located on the right
branch H, of H and
H* is of left—right
type with Iy~ is
located above the H,

located on the right
branch H, of H and
H* is of left—right
type with Iy« is
located on the right
hand side of H,

Fic. 10. The tow
intersection  points
in the cace P, are
located on the right
branch H, of H and
H* is of upper-down
type with Iy~ is
located above the H,

Fic. 11. The tow
intersection  points
in the case P, are
located on the right
branch H, of H and
H* is of upper down
type with Iy« is
located on the right
hand side of H,

Case 2: P; are located on the left branch Hj, of H.

In case that the hyperbola H* is of left—right type there are at most two intersection
points P; = (x4, y:),4 = 1,2, of H with H*, which satisfy (9). Moreover these two
points are located on the right branch H; of H* and exists if the following conditions
holds :

i) the straight line L?_L* must have positive slope larger than that of L%.

ii) Iy» < Iy and Iy is located on the left hand side of Hy, or under the #H;,.

iii) Py = (0,0) € Hy NH]. See the figures 12 and 13.

In case that the hyperbola H* is of upper—down type, there are also at most two
intersection points P; = (x;,y;),t = 1,2, of H with H*, which satisfy (9); one on
‘H; and another on H}; or the two pints on H;,. Notice that in order that there exist
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Fic. 12. The tow Fic. 13. The tow
intersection  points intersection points in
in the case P; are the caseP; are located
located on the left on the left branch Hj,
branch Hy of H and of H and H* is of
H* is of left—right left—right type with
type with Iy« is I~ is located on the
located under H, left hand side of H,

Fic. 14. The tow

intersection  points Fig. 15. The tow
in the case P; are intersection  points
located on the left in the case P, are
branch Hy of H and located on the left
H* is of upper—down branch Hpof H and
type with Iy« is H* is of upper—-down
located on the left type with Iy« is
hand side of Hj, located under Hp,

two intersection points P; = (x;,y;),¢ = 1,2 one on H} and another on H} (resp
there exists two intersection points P; = (z;,¥;),7 = 1,2 on H?) which satisfy (9),
should be the following conditions holds:

i) The straight line LZ,. must have positive slope larger than that of L3, (resp The
straight line L. must have positive slope larger than that of L%).

ii) Iy~ < I3 and I~ is located on the left hand side of Hy (resp Iy~ is located
under the Hp),

ili) Py = (0,0) € Hr NHj. See the figure 14 (resp Py = (0,0) € Hz NH}. See the
figure 15).

Case 3: P; are located on the two branches H; and H, of H.
In case that the hyperbola H* is of left-right type and P; are also located on
the two branches Hj and H; of H* there are at most two intersection points
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Fic. 16. The tow Fic. 17. The tow
intersection  points intersection  points
in the case P; are in the case P, are
located on the two located on the two
branches Hy and H, branches H; andH,
of H and H* is of of H and H* is of
left—right type with left—right type with
I;I <1y Ig < Ig-

P, = (x,y:),1 = 1,2, of H with H*, which satisfy (9), one in H} NH, and another
in Hy N H, or the two pints on H) N H,. In order that there exist exactly two
intersection points P; = (z;,y;),i = 1,2 which satisfy (9), the following conditions
must be holds:

i) the straight line L2,. must have positive slope smaller than that of L%_L.

ii) I~ is located in between Hp and H,.

iii) Py = (0,0) € Hy NH]. See the figures 16 and 17.

— In case that the hyperbola H* is of upper—down type and P; are also located
on the two branches H; and H} of #*; there are at most two intersection points
P, = (z;,y:),i = 1,2, of H with H*, which satisfy (9), one in 1 NH and another
in H; NHy or one in H;; N Hy and another on H;, N H,. In order that there exist
exactly two intersection points P; = (x;,y;),% = 1,2 which satisfy (9), the following
conditions must be holds:

i) the straight line L2,. must have positive slope smaller than that of L2,

ii) I3+ is located in between Hy, and H,.,

iii) Py = (0,0) € Hz NH}. See the figure 18 and 19.

—The case if the hyperbola H* is of left—right type and P; are located on the left
branch H} of H* or P; are located on the right branch H; of H*similar to the
case 1 (if P; are located on the right branch #, of H and the hyperbola H* is of
left-right type), enough just replace H* by H. See the figure 20 and 21.

In case that the hyperbola H* is of upper—-down and P; are located on the upper
branch H¥ of H* there are at most two intersection points P; = (x;,y;),% = 1,2, of
H with H*, which satisfy (9), these two points are located on the right branch H...
In order that there exist two intersection points P; = (z;,y;),4 = 1,2 which satisfy
(9), these points must satisfy following conditions:

i) the straight line L%* must have positive slope larger than that of L%,

ii) I+ < Iy and Iy is located in between Hj, and H,.,

iii) Py = (0,0) € Hp NHE.

In case that the hyperbola H* is of upper—-down and P; are located on the down
branch H} of H* there are at most two intersection points P; = (z;,¥;),% = 1,2, of
H with H*, which satisfy (9), one on H and another on #,. In order that there



1498 A. BERBACHE

Fic. 18. The tow Fig. 19. The tow
intersection points in intersection points in
the case H* is of the case H* is of
upper-down type and upper-down type and
P; are located on the P; are located on the
two branches Hy, and two branches Hj, and
H, of H and are also H, of H and are also
located on the two located on the two
branches H; and H} branches H; andH}
with Iy < I with Iy > IF;

Fic. 20. The tow Fic. 21. The tow
intersection  points intersection  points
in the case P; are in the case P, are
located on the two located on the two
branches Hy; and H, branches H; and H,
of H and H* is of of H and H* is of
left-right type with left-right type with
Iy~ is located on the Iy~ is located on the
right hand side of Hy, left hand side of Hyp,

exist two intersection points P; = (z;,y;),% = 1,2 which satisfy (9), the following
conditions must be holds:

i) the straight line L3,. must have positive slope larger than that of L3,,

ii) I3y < Iy~ and Iy is located in between Hy and H,.,

ili) Py = (0,0) € Hy NH}. See the figure 22 and 23.

Consequently, system (5) cannot have 3 solutions (x;,y;),i = 1,2,3 satisfying
the orders of (6). Hence, the discontinuous piecewise linear differential system (2)
cannot have 3 limit cycles. This completes the proof of statement (a) of Theorem 1.

2.2. Proof of statement (b) of Theorem 1. Suppose that we have an arbitrary
discontinuous piecewise linear differential system separated by the set ¥ formed by
the two linear centers given in (2). These linear centers in Sy, and Sy have the first
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Fic. 22. The tow
intersection points in
the case H* is of
upper-down type and
P; are located on the
two branches Hy, and
H, of H and on the
upper branch H; of
H*.

Fig. 23. The tow
intersection points in
the case H* is of
upper-down type and
P; are located on the
two branches Hj, and
H, of H and on the
down branch Hj of
H*
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integrals Hy, and Hj described in (3). Assume that this discontinuous piecewise
differential system has some limit cycles intersecting in four points of the set X.
We can assume that these four points are (x1;,0), (z2i,0), (Y14, y1:), and (ly2;, Y2:)
with 0 < z1; < 29; and 0 < y1; < yo;. In order that these four points correspond to

the intersection points of a limit cycle with the set X, they must satisfy:

Hy(211,0) — Hi(lya1,y11) = 0,
(10) Hi(291,0) — Hi(ly21,y21) = 0,

Hy(ly21,y21) — H2(ly11,y11) = 0,

Hjy(x11,0) — Hy(x21,0) =0,

or equivalently

40222, + Sadxzyy — (4 (b+al)® +v2) y2, + 8a (o — dl) y11 = 0,

(11) 40222, + 8adxay — (4 (b+ al)® +v2) 42, + 8a (o — dl) ya1 = 0,
(y11 — y21) (BAC — BAID — (4A%1% + 4B? + w?* + 8ABI) (y11 + y21)) =0,
4A (1’11 — xgl) (2D + Al’ll + szl) =0.

Since x117 < x21 and y11 < yo1 the previous system is equivalent to the system

40223, + 8adzyy — (4 (b+al)® +v?) y2 + 8a (o — dl) y11 = 0,

(12) da’w}; + 8adwor — (4(b+al)* +0?) y3; + 8a(a — dl) yo1 = 0,
(8AC — 8AID — (4A%1% + 4B? + w? + 8ABI) (y11 + y21)) = 0,
(2D + Az11 + Azgy) = 0,

from the third and fourth equations of (12) we isolated y21 and z2; we obtain

A(C—ID
(13) T = —% (2D + Az11),  yu = m - Y11-
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Substituting (13) into the second equation of (12), we get

2
4a2(2D2—2AI11)2 _ 8ad(2D2—A111) _ (4 (b+ al)Q —|—U2> ( S8AC—8AID yll)

4(B+Al)?+w?
+8a (o — dl) (% - yn) =0.

Summing up this last equation and the first equation of (12), we get
(a(dl—a)(4(B+AD>+w?)+A(4(b+al)®+v? ) (C—1D) ) (4A(ID—C)+(4(B+ AL +w? )y11)
(4(B+AD+w?)?
—aAdgifD (D + Al‘ll) —=0.

Now, solving (12) reduces to solve

4a’x?, + 8adryy — (4 (b+al)® + 112) v + 8a(a —dl) y11 = 0,

(14) (a(dl—a) (4(B+AD>+w? )+ A(4(b+al)* +v ) (C—ID)) (4A(ID—C)+(4(B+Al)*+w?)y11 )
(4(B+A? +w?)”

—a (AdfaD24(2D+A111) _ 0'

If a (Ad — aD) = a(dl — a) (4(B+Al)2+w2) + A (4(b+al)2+v2) (C—1D) =
0, then the second equation of (14) is trivial, and the first equation of (14) has a
continuum family of solutions, and so (12) has a continuum solution. Consequently,

system (2) has no limit cycles.
If a(Ad —aD) # 0 and

a(dl - a) (4(B—|—Al)2+w2) +A(4(b+az)2+u2) (C - ID) # 0,

we notice that the first equation of (14) can be write as (7) which is the hyperbola
H if 8la’da — 4a%a? + 8labd? + 4b?d? + d*v? # 0, and the second equation of (14)
is a straight line, denoted by L. Clearly, we can chose the values of the parameters
of system (2) such that the straight line £ can intersect the hyperbola H in either
zero point or one point or two points whose coordinates have only positive entries.
If £ does not intersect H, then (14) has no solution, and system (2) has no limit
cycle.

If £ intersects H in a unique point or in a point multiple two, again, system (2) has
no limit cycle.

If the intersection points are two, we denote them by (x11,y11) and (221, y21) with
0< 211 <x91 and 0 < Y11 < Y21- This implies that (3311, 0) and (.7321,0) ((lyn,yn)
and (ly21,y21)) are the four intersection points of the limit cycle (if exist) with the
branch of ¥. This completes the proof of statement (b) of Theorem 1.

2.3. Proof of Proposition 2.

2.3.1. Proof of statement (i) of Proposition 2. The proof of statement (i) of Proposi-
tion 2 is provide by the following examples

Example 1 (Case [ > 0). Consider the discontinuous piecewise linear differential
system with two pieces separated by the set ¥ = {(x, y) ER2:y =0 and z > 0} U
{(x,y) ER?:zx = %y and y > 0} , defined by
(15)
i=(4-4V/11) x4+ (4/11-26)y+8, y=8z+ (411 —4)y+16 in S,
&= —(8xz+ 10y — 8), 1y =8x+8y+8 in Ss,
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Fic. 24. The limit cycle of the discontinuous piecewise linear
differential system (15).

It is easy to see that this system has the first integrals

2
Hiay) = 4(o+X5y) 4800 —y) +9%
Hy(z,y) = 4(x+y)®+8(x —y) +y°

in S1, and Ss, respectively. The eigenvalues of the matrices of the two linear differen-
tial systems (15) are £4i. So the two systems have a linear center. We shall use the
notation and the expressions of the proof of statement (ii) of Theorem 1. System
(4) with | = % can be written as the

8xry + 4y1 + 43:% — 10y% =0,
1621 + 423 — 12y = 0.

Taking into account that 0 < x1 and 0 < y; the unique solution (x1,y1) of the
previous system is (2, 2). Straightforward computations show that : the implicit form
of the solution of the first linear differential system of (15) passing through the
crossing points (1,2) and (2,0) is Hy (z,y) = 48 and the implicit form of the solution
of the second linear differential system of (15) passing through the crossing points
(1,2) and (2,0) is Ho(x,y) = 32. Moreover, the orbit arc in Sy starting from (2,0)
satisfies (2,0 < 0 and yj2,0) > 0, so it runs in counterclockwise. The orbit arc
in Sy starting from (1,2) satisfies 1,2y < 0 and 12) > 0, and so it runs in
counterclockwise. Drawing the orbit

I'={(z,y) € S1: Hi(z,y) =48} U{(z,y) € Sa : Ha(z,y) = 32},
we obtain the limit cycle of Figure 24, which is traveled in counterclockwise sense.

Example 2 (Case | = 0). Consider the discontinuous piecewise linear differential
system with two pieces separated by the set ¥ = {(x, y) ER2:y =0 and z > 0} U
{(x,y) cER?2:2=0andy > 0}, defined by

i=—(8x4+10y—2), §y=8x+8y+16 in S,

(16) t=—-2y+1), y=28r+2 in Sa,
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Fia. 25. The limit cycle of the discontinuous piecewise linear
differential system (16).

It is easy to see that its corresponding Hamiltonian functions are
(17) Hy(z,y) = 4a+y)*+8 (22— Fy) +v°,
(18) Hy(z,y) = 4a® —(=2z—y) + 4%
in Sy, and Ss, respectively. The eigenvalues of the matrices of the two linear differen-
tial systems (16) are +4i. So the two systems have a linear center. System (4) with
I =0 can be written as the

43 + 16z, — 5yi + Ly, =0,

42 4+ 221 — 2 —y1 = 0.

The unique solution (x1,y1) of this last system satisfying the necessary conditions

x1 >0 and y1 > 0 is (x1,y1) = (%, %) . Straightforward computations show that

the solution passing through the crossing points (0,y1) and (x1,0) correspond to
I'={(xz,y) € S1: Hi(z,y) =48} U{(x,y) € S : Hao(x,y) = 20}.

On the other hand, the orbit arc in Sy starting from (%,O) satisfies i‘\(%p) <0

and yl(%o) > 0, so it runs in counterclockwise. The orbit arc in S starting from

) 12
Drawing the orbit I' we obtain the limit cycle of figure 25.

(O @) satisfies y(,a9y < 0 and Y)(0,42) > 0, and so it runs in counterclockwise.

Example 3 (Case | < 0). Consider the discontinuous piecewise linear differential
system with two pieces separated by the set ¥ = {(:c, y) ER2:y =0 and z > 0} U
{(z,y) eR? : 2= —y and y > 0}, defined by

i=—(do+Ty+1), y=22+4y+2 in S,

(19) izx—%gﬂ—%, y=x—y+1 in Sa,

It is easy to see that its corresponding Hamiltonian functions are
1
Hi(z,y) = 4a+2y)*+8 <x + 2y> +y,

5
Hy (z,y) = 4(x—y)2+8(x—2y>+y2,

in Sy, and So, respectively. The eigenvalues of the matrices of the two linear differen-
tial systems (19) are +i and :i:%i , respectively. So the two systems have a linear
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>
P

Fi1c. 26. The limit cycle of the discontinuous piecewise linear
differential system (19).

center. System (4) with | = —1 can be written as the

4a? + 8xy — 5yi + 4y = 0,
4a? + 8wy — 17y? + 28y, = 0.
The unique solution (x1,y1) of this last system satisfying the necessary conditions

x1 >0 and y; > 0 is (x1,y1) = (1,2) . Straightforward computations show that the
solution passing through the crossing points (x1,0), and (ly1,y1) correspond to

I'={(z,y) € S1: Hi(z,y) =12} U{(z,y) € S : Ha(zx,y) =12} .

The orbits arc in Q1 and Q2 starting from (1,0) and (—2,2) satisfies |19y < 0,
Y(1,0) > 0 and T(_2.2) < 0 and g§(_2,2) < 0, s0 it Tuns in counterclockwise. Drawing
the orbit T' we obtain the limit cycle of figure 26.

2.3.2. Proof of statement (ii) of proposition 2. proof of statement (ii) of Proposition 2
is provide by the following examples.

Example 4 (Case | > 0). Consider the discontinuous piecewise linear differential
system with two pieces separated by the set ¥ = {(:c, y) ER2:y =0 and z > 0} U
{(z,y) eR?*: 2 =y and y > 0} defined by

T = —16x — 34y + 16, y=8x+ 16y +64 in S,

T =—8x— 10y + 8, y=8xr+8y+8 in Sa,

It is obvious that The two linear differential systems of (20) have the following first
integrals

(20)

Hy(z,y) = 4(z+2y)* +8(8z —2y) + ¢,
Hy(z,y) = 4(x+y)’+8(x—y) +y°

in S and Sa, respectively. Since +4i are the eigenvalues of the matrices of the two
linear differential systems of (16), these systems have their equilibria as centers.
Then, for the discontinuous piecewise linear differential system (20), system (4)
withe [ = 1 becomes:

422 + 8x; — 1Ty? = 0,

422 + 64x; — 3Ty? — 48y; = 0.
Taking into account that we are only interested in the solutions (xz;,y;),i = 1,2
satisfying xo > x1 > 0, and y2 > y1 > 0, the unique two solutions of the previous
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Fia. 27. The two limit cycles of the discontinuous piecewise linear
differential system (20).

system are (xz1,y1) = (0.85359,0.75705), (z2,y2) = (3.7825,2.2686) . Straightfor-
ward computations show that the solution passing through the crossing points (x;,0),
and (%yi,yi),i = 1,2 correspond to

I'=TUly
={(z,y) € S1: Hi(x,y) =57.544} U{(x,y) € S2 : Ha(z,y) = 9.7432},
Iy =T3Uly

={(x,y) € S1: Hy (z,y) =299.31} U {(z,y) € S5 : Ha(z,y) = 87.489}.

For the orbit arc Ty = {(x,y) € S1 : Hi(x,y) =9.7432} in Sy starting from (x1,0)
we have used the facts that &)(;, 0y > 0,9|(,,0) > 0, s0 it Tuns in counterclockwise.
For the orbit arc T's = {(x,y) € Sz : Ha(x,y) = 57.544} in Sy starting from (y1,y1)
we have used the facts that |y, 4,) < 0,9|(y, y) > 0, s0 it runs in counterclockwise.
For the orbit arc T's = {(x,y) € S1 : H1 (x,y) = 87.489} in Sy starting from (x2,0)
we have used the facts that &)y, 0y < 0,9|(2s,0) > 0, 80 it Tuns in counterclockwise.
For the orbit arc Ty = {(x,y) € So : Ha(x,y) = 299.31} in Sy starting from (y2, y2)
we have used the facts that |(y, o) < 0,9|(ys.,y.) > 0, s0 it runs in counterclockwise.
Clearly, I'y UT3, and I's ULy are nested, and I'y Uy is the inner one and I's UL
is the outer one.

Example 5 (Case | = 0). Consider the discontinuous piecewise linear differential

system with two pieces separated by the set ¥ = {(x, y) ER?:y =0 and x > O} U

{(z,y) eR? ;2 =0 andy >0}, defined by

(21) x.:_(a:—&—ﬁy—i—w), y_a:-i—y—l-g m&,
i=—(y+73), y=z+1 in S,

It is easy to see that its corresponding Hamiltonian functions are
Hy(zy) = Az +y)°+8(3z+ Fy) +v°,
2
Hy (,y) b+ +@+1)7,
in Sy, and So, respectively. The eigenvalues of the matrices of the two linear differen-
tial systems (21) are :I:%i and =+i, respectively. So the two systems have a linear
center. System (4) with | =0 can be written as the
43522 + b5x; — 5yi2 — %yi =0,
o 42—y — Yy =
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Fi1c. 28. The two limit cycles of the discontinuous piecewise linear
differential system (21).

Taking into account that we are only interested in the solutions (x;,y;) satisfying
x; > 0 and y; > 0,the unique two solutions of the previous system are (x1,y1) =
(1, %) and (z2,y2) = (3,2). The orbit passing through the crossing points (z1,0),
and (0,y1) correspond to

Ty ={(z,y) € S1: Hi(x,y) =9} U {(x,y) € Sa: Ha(x,y) = 4

and the solution passing through the crossing points (x2,0), and (0,y2) correspond
to
Iy ={(z,y) € S1: Hi(z,y) =51} U {(aj,y) € Sy Hy(x,y) = 31—767

Clearly, T'1, and Ty are nested, and T'y is the inner one and T'y is the outer
one. Notice that the, the orbit arc in Sy starting from (1,0) (resp (3,0)) satisfies
T)1,0) < 0 and P00 > 0 (resp 230y < 0 and P30y > 0 ), so it runs in
counterclockwise. The orbit arc in Sy starting from (0,%) (resp (0,2)) satisfies
55\(0,%) < 0 and y.I(O,%) > 0 (resp Zj,2) < 0 and g2 > 0), and so it runs in
counterclockwise. Drawing the two orbits 'y, and I's we obtain the two limit cycles
of figure 28 which are traveled in counterclockwise sense.

Example 6 (Case | < 0). Consider the discontinuous piecewise linear differential
system with two pieces separated by the set ¥ = {(:c, y) ER2:y =0 and z > 0} U
{(z,y) eR? 1z = f%y and y > 0}, defined by

. 5 19 : 5
(22) i=—(z+3y—-1), y=xz+y—3 inSi,

z=—(6y—1), y=6x+5 in Sa,

the first integrals of the two linear differential systems of (22) are
Hy(wy) = 4@+y)* =8 (& +5y) +v°,
Hy(ay) = (y—§) +(@+3),

in S1, and Ss, respectively. The eigenvalues of the matrices of the two linear differen-
tial systems (22) are :I:%i and £61, respectively. So the two systems have a linear

center. System (4) with | = —% can be written as the
df — Fai — Tyl + Fvi =0,

2 5 10,2 8, _
X; “rg(Ei—jyi +§y¢ =0.
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Fia. 29. The two limit cycles of the discontinuous piecewise linear
differential system (22).

Taking into account that we are only interested in the solutions (x;,y;) satisfying
x; > 0 and y; > 0,the unique two solutions of the previous system are (x1,y1) =
(1,2) and (z2,y2) = (2,3). The orbit passing through the crossing points (x1,0),
and (0,y1) correspond to

Iy ={(z.y) € S1: Hi(z,y) = 3} U{(z,y) € Sz : Ha(z,y) = {3
and the solution passing through the crossing points (x2,0), and (0,y2) correspond
to

Ly ={(z,y) € S1: Hi(z,y) = F} U{(2,y) € Sz : Ha(z,y) = 17
Clearly, T'1, and 'y are nested, and I'y is the inner one and I's is the outer one.
Notice that the, the orbit arc in Sy starting from (1,0) (resp (2,0)) satisfies &)1,y <
0 and 91,0y > 0 (resp 2,0y < 0 and P2,0) > 0 ), so it runs in counterclockwise.
The orbit arc in Sy starting from (—2,2) (resp (—1,3)) satisfies a'cl(_g 2) < 0 and

3
yl(fg 2) >0 (resp 2)(—1,3) < 0 and y)—1,3) < 0), and so it runs in counterclockwise.
2

Drawing the two orbits 'y, and I's we obtain the two limit cycles of figure 29, which
are traveled in counterclockwise sense.

The next proposition shows that there are discontinuous piecewise linear differential
systems separated by the set ¥ with one limit cycle intersecting the set 3 in exactly
four points.

Example 7 (Case | < 0). Consider the discontinuous piecewise linear differential
system with two pieces separated by the set ¥ = {(x, y) ER2:y =0 and z > 0} U
{(x,y) cER?:zx = —iy and y > 0} defined by

(23) @:8x+10y—8, Q:—8x—8y+8 z:nSl,
T=8x+10y—32, y=-8xr—8y+28 in Sy,
the first integrals of the two linear differential systems of (23) are
Hi(z,y) = 4z+y)?+8(—z—y)+¢7
Hy(z,y) = 4(z+y)*+8 (—Zz —4y) + v,
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Fi1c. 30. The limit cycle of the discontinuous piecewise linear
differential system (23).

in S1 and Sa, respectively. Since the eigenvalues of the matrices of the two linear

differential systems of (23) are +4i, these systems have their equilibria as centers.

Then, for the discontinuous piecewise linear differential system (23), system (10),with
l= —i becomes

% (—32z11 + 24y11 + 1623, — 13y3,) =0,
] (—32221 + 24ya1 + 1623, — 13y3,) =0,
7 (11 —y21) (13y11 + 13y21 — 100) = 0,
4 (iCll — .’E21) (xll + o1 — 7) = 0

Taking into account that we are only interested in the solutions (x11,%21,Y11,Y21)
satisfying 0 < x11 < 21 and 0 < y11 < Y21, the unique solution of the previous
system is (T11,To1, Y11, Y21) = (1 20 20 280

353 39 E) . Straightforward computations show
that the solution passing through the crossing points (1 0) , (f%, %) , (2—30, O) and

3
(f%,%) correspond to
r = {(ajay)eslHl(‘ray):_%}u{(x7y)652HQ(a%y):_lflli?O ’

U{(z,y) € S1: Hi(z,y) = B2} U {(x,9) € Sa: Ha(x,y) = -5

For the orbit arc T = {(;z:,y) €51 : Hi(z,y) = f%} in S1 starting from (%,O) we

have used the facts that Z'E‘(l 0) < O,Q‘(l 0) > 0, so it runs in clockwise. For the
3 3>

orbit arc Ty = {(z,y) € So: Ha(z,y) = =122} in S, starting from (—=5,29) we

have used the facts that ds‘(fi 20) < o,yl(fi 20) > 0, so it runs in clockwise. For
39739 39

the orbit arc I's = {(:U,y) 6. Sy Hy (z,y) = %} in Sq starti‘ng from (f%, 23%)
we have used the facts that xl(_m 250) > O,y‘ —19,280) < 0, so it runs in clockwise.
397 39 3 3

( 97 39
For the orbit arc Ty = {(z,y) € Sz : Hy(x,y) = =%} in Sy starting from (%,0)

we have used the facts that i‘l(@ 0) > O,gjl(@ 0) < 0, so it runs in clockwise.
3 3

Example 8 (Case | =0). Consider the discontinuous piecewise linear differential
system with two pieces separated by the set ¥ = {(x, y) ER?:y =0 and z > 0} U
{(z,y) eR?*:2 =0 and y > 0} defined by

i=—(z+3y—1), y=x+y-—1 in S,

24
(24) T=-8x—10y+2V19+7, y=8x+8y—14 in Sy,
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Fi1c. 31. The limit cycle of the discontinuous piecewise linear
differential system (24).

the first integrals of the two linear differential systems of (24) are

Hy(z,y) = 4(x+y)” -8 +y) +y°

Hy (z,y) 4(x+y)2—2<7x+<\/ﬁ+%> y>+y2,
in S1 and Sa, respectively. Since the eigenvalues of the matrices of the two linear
differential systems of (24) are :l:%i and +41i, respectively. Then these systems have

their equilibria as centers. Then, for the discontinuous piecewise linear differential
system (24); the system (10), withe | = 0 becomes

4x}; — 8xyy — 4(1)2 +1)y? +8(1)yi1 =0,
4x3; — 8wgy — (4 (1)2 +1)y3 +8(1)y21 =0,

2(V1I9+ %) — (44 1) (y11 + y21) =0,
—5 11+ 221 = 0.

Taking into account that we are only interested in the solutions (x11,%21,Y11,Y21)

satisfying 0 < x11 < x21 and 0 < y11 < yo1, the unique solution of the previous
system is (11, To1, Y11, Yo1) = (%, 3, %, Ngﬁ) . Straightforward computations show
that the solution passing through the crossing points (0,y11), (211,0), (0,921) and
(221,0) correspond to

I'= {(l‘,y) €851 H1($,y) = —3} @] {(m,y) €5, HQ({L"y) = _6}7
U{(z,y) € S1: Hi (2,y) = 12} U {(%Z/) € Sy : Hy(x,y) = —@}.

On the other hand, the orbit arc in Sy starting from (3,0) satisfies 3,0y < 0
and 3,0y > 0, so it runs in counterclockwise. The orbit arc in Sz starting from

(O7 M%) satisfies )(0,y,,) < 0 and §)(0,y,,) > 0, and so it runs in counterclockwise.

The orbit arc in Sy starting from (0, 2) satisfies &|(0,4,,) > 0 and §)04,,) < 0, 50

it Tuns in counterclockwise, and the orbit arc in Sy starting from (%,O) satisfies
T2y >0 and Y)(1.0) <0, so it runs in counterclockwise.

Example 9 (Case | > 0). Consider the discontinuous piecewise linear differential
system with two pieces separated by the set ¥ = {(x, y) ER2:y =0 and z > 0} U



TWO LIMIT CYCLES FOR A CLASS 1509

{(z,y) eR? : 2 =2y and y > 0}, defined by
b=—(r+3y—1), y=z+y-—1 in S,
T = —(8x+10y+\/33—2\/591+40), y=8x+8y—22 in Sq,
the first integrals of the two linear differential systems of (25) are
Hi(z,y) = 4le+y)?—8(@+y)+y°
Hy(z,y) = 4e+y)?—8(Yo+ (SR ¥E - 3)y) 42
in S1 and Sy, respectively. Since the eigenvalues of the matrices of the two linear
differential systems of (25) are j:%i and +41i, these systems have their equilibria
as centers. Then, for the discontinuous piecewise linear differential system (25),
system (10), withe | = 2 becomes
4a?, — 8x11 — 3Ty3, + 24y = 0,
433, — 8191 — 3Ty3; + 24y9; = 0,

—3Ty21 — 3Ty11 — V33 4+ 2591 +4 =0,
T11 + X21 — 1721 =0,

(25)

taking into account that we are only interested in the solutions (x11,x21,Y11,Y21)

satisfying 0 < x11 < x21 and 0 < y11 < yo1, the unique solution of the previous
1 12—/33 2591412
50 T gr 37

system is (T11, T21,Y11,Y21) =
ons show that the solution passing through the crossing points (2y11,vy11), (211,0),
(2y21, yo1) and (x21,0) correspond to
I'= {(xay) € Sl : Hl(l',y) = _3} U {(x,y) € SZ : HQ(xay) = _10}
U{(z,y) € S1 : Hy (x,y) = 60}
U{(z,y) € Sz : Ha(z,y) = & (V33 +8) (V5I1+6)}.

On the other hand, the orbit arc in Sy starting from (5,0) satisfies |50y < 0
and Y50y > 0, so it runs in counterclockwise. The orbit arc in Sz starting from

4v591+24 24591412 . . . .
( 37+ , 37+ ) satisfies T)(2y1,y21) < 0 and Y|(2y21,y21) > 0, and so it runs

) . Straightforward computati-

b

24—2v33 12—+/33
37 37

in counterclockwise. The orbit arc in Sy starting from ( ) satisfies
TY(2y11,511) > 0 and Y21, ,401) < 0, s0 it Tuns in counterclockwise, and the orbit
arc in Sy starting from (%,0) satisfies a'c|(%70) < 0 and g1 ) < 0, so it runs in

3
counterclockwise.

3. PROOF OF THEOREM 2

Suppose that we have an arbitrary discontinuous piecewise linear differential
system separated by the set 3 formed by the two linear centers given in (2). These
linear centers in Sy, and Sy have the first integrals Hq, and Hs described in (3).
Here we study the maximum number of crossing limit cycles of planar discontinuous
piecewise linear differential system (2) that intersect ¥ in two and in four points
simultaneously.

For the proof of Theorem 2 we apply the notations given in the proof of Theorem
1. We assume that systems (4) and (10) have two real solutions where each real
solution provides one crossing limit cycle with four points on X (type 3) and one
crossing limit cycle intersecting each branch of ¥ in one point (type 2), like in
Theorem 1 we proved that discontinuous piecewise linear differential system (2)
has at most 1 crossing limit cycle with four points on ¥. We prove that if there
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Fi1c. 32. The limit cycle of the discontinuous piecewise linear
differential system (25).

exist one limit cycle intersecting the set 3 in exactly four points (x11,0), (z21,0),
(ly11,911) and (ly21,y21) with 0 < 217 < x2; and 0 < y11 < y21. System (2) can
have at most one limit cycle (of the type 2) intersecting each branch of ¥ in one
point, denoted by (z1,0) and (ly1,y1) with ;1 > 0 and y; > 0. We note that the
limit cycle intersecting > in two points must contain the limit cycle intersecting
in four points in its interior (see Figure 7 (N)), this restriction induces the next
condition

(26) 0< 1 <x91 <y and 0 < y11 < Y21 < ¥i-
Notice that the systems (10) and (4) can be written as

2
2 2 4a(a—dl 16(a(a—dl))?
H:4(axyy +d)° — 4(b+al)” + v32y11 — 74(bgral)2)+u2 =4d? — 74(1()4:(1[)2_&32 ,
re_ (a(di—)(4(B+AD>+w? )+ A(4(b+al)? +v? ) (C—1D) ) (4A(ID—C)+(4(B+ AL +w?)y11 )
’ (4(B+AL?+w?)*

_ a(AdfaD)gD+Ax11) -0
A =Y,
8AC — 8AID — (4A2l2 +4B% + w? + SABZ) (y11 + ygl) =0,

2D + Axq1 + Azoy = 0,

and

2
. 2 2 2, 4da(a—dl) _ 492 _ 16(a(a—dl))?
H:d(am +d) (\/ 4(b+al)”+ vy 4(b+al)2+v2) = 44" = ra o
2

. 2 2 4 2y, — AACD)
M4 (A + D) = (V4B + Ay - ACD)

_ 2 16A%(C—ID)?

=4D% - 1(B+A)Z+w? "
If the intersection points of H and L are two, we denote them by P11 = (z11,y11)
and Po; = (221,Yy21) with 0 < 17 < 291 and 0 < y11 < yo21. Under condition (26),
hereafter, we write Py = (0,0) < P;; < P2;. This together with (13) forces

4A(C—1D)

D
O<$11<—Z7 O<y11<m

and, consequently

4A(C—1D)

(27) O<1‘11 <—%<J)21, O<Z/11 < m<y21.
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FiG. 33. The
intersection  points
of H with H* in the
case P;; and Po;
are both located on
the right branch H,
of H and H* is of
left-right type

Fia. 34. The
intersection  points
of H with H* in the
case P;; and P are
located, respectively,
on the left and right
branches Hy and H,
of H and H* is of
left-right type
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To study the maximum number of a limit cycles I'y,k = 1,2,... of system (2)
intersecting ¥ in two points provided the existence of a limit cycle intersecting
¥ in four points is equivalent to find the maximum number of intersection points
Pi; = (z14,y14) ,¢ = 1,2, ... of the hyperbolas H with H*, whose coordinates satisfy
(27) and (26) knowing that £ intersects H in two points P;; = (z11,%11) and
Py = (221,y21) with 0 < 217 < 291 and 0 < y11 < yo21. By (26) we must have

(28) Py = (0,0) < P11 <Py <P ,i=12,..

Note that Py = (0,0) € HNH* and Py = (_g, %) is a point of the line
L. In order that the condition in (27) hold the straight line £ must have positive
slope, we further assume without loss of generality that the hyperbola H is in left—
right way, then we have three cases possible for the existence two intersection points
of £ with H :

1: P, is located on the right hand side of H, , and £ has its slope larger than that

of L3,.

2: P, is located in between Hy and H, , and £ has its slope smaller than that of
2,

3: P is located on the left hand side of Hy, , and £ has its slope larger than that
of L%_[.

Since I3+ has the same vertical coordinate as that of P, ,then in order that there
exist at least two P; satisfies (28); I3~ must be located on the right hand side of

‘P. both above the horizontal line y = %.

Case 1- If P11 and P»; are both located on the right branch H,. of H or if P;; and
Py are located, respectively, on the left and right branches Hy and H, of H.

In case that the hyperbola H* is of left-right type,. Since Py = (0,0) € HNH* and
Py < P11 < Py then, there are at most one intersection point P = (z1,y1), of H
with H*, which satisfy (28), in this case P; on H}. See figures 33 and 34.

In case that the hyperbola H* is of upper—-down type and since Py = (0,0) € HNH*
and Py < P;; < Pay,.then there are at most one intersection point P; = (x1,y1) of
H with H*, which satisfy (28), and P; on #} . See figures 35 and 36.
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Fia. 36. The
Fic. 35. The intersection  points
intersection points of of H with H* in the
H with H* in the case caseP;; andPy; are
P and Pyjare both located, respectively,
located on the right on the left and right
branch H, of H and branches H; andH,
H* is of upper—down of H with H* is of
type upper—down type

FiG. 37. The Fia. 38. The
intersection  points intersection  points
of H with H* in the of H with H* in the
case P;; and Po; case P;; and Po
are both located on are both located on
the right branch H; the right branch H;
of H and H* is of of H and H* is of
left-right with P; in left-right with P; in
Hy NH, HyNHyg

Case 2- If P;; and P»; are both located on the left branch H;, of H.
In case that the hyperbola H* is of left-right type,.and since Py = (0,0) € HNH*
and Py < P11 < Psj,.then there are at most one intersection point Py = (z1,y1),
of H with H*, which satisfy (28), and Py in H* NHy or in H} NH,. See figures 37
and 38.
In case that the hyperbola H* is of upper—down type, there are at most two
intersection points Py = (0,0) and P; = (x1,y1) of H with H*, which satisfy
(28), and Py in H: NHy or in HE NH,. See figures 39 and 40.

This proves that if there exist one limit cycle intersecting the set X in exactly
four points (type 2), system (2) can have at most one limit cycle (of the type 1).

Now we verify that this upper bound is reached, for this we present the following
example.
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Fic. 39. The
intersection  points
of H with H* in the
case P;; and Py
are both located on
the right branch H;
of H and H* is of
upper—down with P,
in H NH,

Fi1G. 40. The
intersection  points
of H with H* in the
case P;; and Py
are both located on
the right branch H;
of H and H* is of
upper—down with Py
in H; NHp,
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Example 10. Consider the discontinuous piecewise linear differential system with
two pieces separated by the set

S={(z,y) eR*:y=0and x>0} U{(z,y) ER*:2 =0 and y > 0},

defined by
(29)
@ =558z — ky — 36y/14 — 1119, ¢ = ka + (16v/14 — 412) y + 16114 + 828 in Sy,

r=-x—y+2, y=2zx+y—4 i So,

where k = 93\/@ The two linear differential systems of (29) have the
following first integrals:

2
i eag) =4 (5= /0, ) s (2 + 3) o+ (S + ) ) + 07

2
Hy (z,y) =4 (z + 3y)” +8(—2z —y) + 37,

in S and S, respectively. Since £27% and +i are the eigenvalues of the matrices
of the two linear differential systems of (29), these systems have their equilibria as
centers. For the discontinuous piecewise linear differential system (29), the system

(4),withe | = 0 becomes
(30)

2
4a3 — 8 (—2‘3{? + %) T — 4 (é 5453312‘/ﬁy1> +8 (—82‘454 + %) y1—yi =0,

422 — 1621 — 2y3 + 8y; = 0,
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and system (10),withe | = 0 becomes
(31)

2
42, — 8 (2\ﬁ + i’;g) z11 —4 (é 545;”12my11) +8 (8 + f%) Y1 —yh =0,

2
e = (0 3) 4 (/2500 ) 8 (5 + ) =i =0

—yi1 + 8y11 + 2y3; — 8y21 =0,
4a3, — 16211 — 423, + 16291 = 0.

N

V)
ﬂ 3
'S

Taking into account that we are only interested in the solutions (x11,%21,Y11,Y21)
satisfying 0 < x17 < xo1 < @1 and 0 < y11 < yo1 < Y1, the unique solution
of the system (31) is (x11,%21,Y11,Y21) = (3, 130,1 3) and the unique solution of
the system (30) is (z1,y1) = (5 V14 + 2) Straightforward computations show that
the solution passing through the crossing points ( ,O), (0,1), (0,3) and (1—3?,0)
correspond to

Iy = {(@,9) € S 2 Hifw,y) = — 25 - 28} U{(a,y) € S : Hala,y) = —6},
U{(:c,y)GSlel(x,y):f% 14 280}U{:vy € Sy : Ho(x,y) = 80}

and the solution passing through the crossing points (5,0) and (0, V14 + 2) corres-
pond to

Ty = {(,y) € S1 : Hi(a,y) = 2582 — ST LU {(a,y) € Sp : Ha(a,y) = 20}

Clearly, T'1, and I's are nested, and I'y is the inner one and I's is the outer one.
Moreover, the orbit arc in S1 starting from (5,0) satisfies @50y > 0 and g0y >
0, so it runs in counterclockwise. The orbit arc in Ss starting from (0,\/ﬁ—|—2)
satisfies i|(0,\/ﬁ+2) < 0 and y‘(wmz) > 0, and so it runs in counterclockwise,

thus T'y is traveled in counterclockwise sense. And the orbit arc in S1 starting from
(1—30,0) satisfies i"(g 0) > 0 and yl(m 0) > 0, so it runs in counterclockwise. The
3 3

orbit arc in Sy starting from (0,3) satisfies (o 3) < 0 and 0,3y > 0, and so it runs
in counterclockwise and the orbit arc in Sy starting from (0,1) satisfies &|(p,1) < 0
and Yj0,1) > 0, so it runs in counterclockwise. The orbit arc in Sy starting from
(%70) satisfies a'c‘<%70) >0 and yl(%o) < 0, and so it runs in counterclockwise, thus
T'y is traveled in counterclockwise sense. Then the discontinuous piecewise linear
differential system (29) has ezxactly two limit cycles intersecting the set ¥ in exactly
two points, which are traveled in counterclockwise sense; see them in Figure 41.
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