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EQUILIBRIUM PROBLEM FOR AN THERMOELASTIC
KIRCHHOFFLOVE PLATE WITH A NONPENETRATION
CONDITION FOR KNOWN CONFIGURATIONS OF CRACK
EDGES
N.P. LAZAREV

We formulate a new variational problem on the equilibrium
of a thermoelastic KirchhoLove plate in a domain with a cut. It is
assumed that the plate is under the special loads for which the conguration of crack's edges is known in advance. This circumstance makes it
possible to write down the general boundary condition of nonpenetration
in a rened form, which, in turn, leads to new relations describing the
possible mechanical interaction of opposite crack edges. The initial formulation of a problem presupposes the fulllment of boundary conditions on
the crack curve in the form of system of two inequalities and an equality.
Solvability of the problem is proved, an equivalent dierential setting is
found.
Abstract.

thermoelastic plate, crack, non-penetration, variational inequality, dierential setting.
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1.

Introduction

The success of mathematical models describing the deformation of bodies with
cracks and validity of the further analysis of some properties of selected mathematical models depend, among other things, on the boundary conditions on crack faces.
In the framework of the elasticity theory, along with the classical approach of linear
boundary conditions of equality type (see, for example, [14]), there is a wide
Lazarev, N.P., Equilibrium problem for an thermoelastic KirchhoffLove plate
with a nonpenetration condition for known configurations of crack edges.
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class of nonlinear problems applying boundary conditions of inequality type for
displacements. These conditions make it possible to model a possible mechanical
contact of two independent bodies, or opposite faces of a crack. [521].
In this context, as in the case of the well-known Signorini conditions [23], the
use of inequality-type constraints for displacements means that we already know
a denite behavior of body's points at some part of boundaries where a contact
interaction is possible. Taking into account that sets of contact zones for this type of
problems is unknown, they can be considered as so-called free boundary problems. A
wide range of various problems has been investigated in the framework of Kirchho
Love plates with the well-known general non-penetration condition [13, 18, 20, 24,
25, 26]. The overwhelming majority of results for cracked KirchhoLove plates
were obtained for vertical cracked plates. At the same time, some results were
obtained for plates with oblique cracks, see, for example, [9, 13, 15, 27].
In this work, we pay attention to the case when a certain conguration of plate's
edges near the crack is known in advance for an equilibrium state of a plate.
This circumstance means that some geometrical features of a possible contact are
known, which makes it possible to write out the boundary condition in a rened
form. Based on these conditions, we dene the corresponding set of admissible
functions in a suitable Sobolev space. Taking into account temperature eects can
play a signicant role in applied problems arising from the issues of operation
in the Far North. It is well known that the KirchhoLove model is formulated
in a two-dimensional domain, while plates are three-dimensional objects. In the
case when boundary conditions of nonpenetration in the form of inequalities are
applied, some diculties arise with the description of a three-dimensional object
through a two-dimensional model. In particular, if a solution of an equilibrium
problem for this type of boundary conditions has nonzero jumps on the crack
curve for vertical displacements (deections), then the solution, generally speaking,
can have displacements that satisfy the general nonpenetration condition and,
nevertheless, for which we have a physically unacceptable phenomenon since there
is a mutual penetration of opposite crack faces, see [18]. Therefore, the abovementioned questions of the study of problems for special cases with rened
modications of the nonpenetration condition is a justied branch of the development
of the mechanics of deformable solids, see, for example, [28, 29].
A new mathematical model describing an equilibrium of a thermoelastic plate
with a crack is formulated. The existence of a solution is established for the
corresponding variational problem. Under an assumption of sucient smoothness of
the solution, a dierential formulation is found that is equivalent to the
corresponding variational formulation.
2.

Formulation of the problem

Let Ω ⊂ IR be a bounded domain with a smooth boundary Γ. Suppose that a
smooth curve without self-intersections lies strictly inside Ω, i.e. γ̄ ⊂ Ω. In addition,
we assume that γ can be extended to Γ so that Ω is splitted into two subdomains
Ω1 and Ω2 with Lipschitz boundaries ∂Ω1 and ∂Ω2 where meas(Γ ∩ ∂Ωi ) > 0, i =
1, 2. The assumption is sucient for Korn's inequality to hold in the non-Lipschitz
domain Ωγ = Ω\γ̄ [13]. Depending on the direction of the normal ν = (ν1 , ν2 ) to γ
we will speak about a positive face γ + or a negative face γ − of the curve γ . The
jump [q] of the function q on the curve γ is found by the formula [q] = q| γ + − q| γ − .
2
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For simplicity, we assume that the thickness 2h of the plate is constant and
is equal to two, i.e. h = 1. We introduce a three-dimensional Cartesian space
{x1 , x2 , z} such that the set {Ωγ } × {0} ⊂ IR3 corresponds to the middle plane
of the plate. The curve γ denes a vertical crack (a cut) in the plate. This means
that the cylindrical surface of the through crack specied by the relations x =
(x1 , x2 ) ∈ γ, −1 ≤ z ≤ 1, where |z| is the distance to the middle plane. Denote by
χ = (W, w) the vector of mid-plane displacements, where W = (w1 , w2 ) are the
displacements in the plane and {x1 , x2 } and w are the displacements along the axis
z . The temperature eld in the plate is denoted by θ. We also need the following
set Qγ = Ωγ × (0, T ), T > 0. The strain and integrated stress tensors are denoted
by εij = εij (W ), σij = σij (W ), respectively [13]:

σ11 = ε11 + κε22 , σ22 = ε22 + κε11 , σ12 = (1 − κ)ε12 ,


∂wj
1 ∂wi
+
, i, j = 1, 2, x1 = x, x2 = y,
εij (W ) =
2 ∂xj
∂xi
where κ = const, 0 < κ < 1/2.
In order to describe the possible contact interaction of the crack's edges, for
the case of prior knowledge of a certain equilibrium conguration of plate edges
near the crack (see Fig. 1), we specify following mutual nonpenetration condition
of opposite crack faces [29]
(1)

[

∂w
] ≥ 0,
∂ν

[W ]ν ≥ [

∂w
],
∂ν

[w] = 0

on γ T = γ × (0, T ).

An example of crack edges congurations for initial (the
upper image) and equilibrium (the lower image) states.
Ðèñ. 1.

We should note that the inequality (1) is written for functions χ given in the
domain Qγ . In the case when considered functions are dened in Ωγ , we change γ T
to γ and the non-penetration condition will be written as:

∂w
∂w
] ≥ 0, [W ]ν ≥ [
], [w] = 0 on γ.
∂ν
∂ν
In addition, we can mention that if condition (1) holds for some function, then
this function also satises following well-known general nonpenetration condition
(2)

[
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for cracks in KirchhoLove plates [8, 13].

∂w
]| on γ T .
∂ν
Let some initial temperature distribution be given:
(3)

[W ]ν ≥ |[

(4)

θ = θ0

at t = 0.

On the exterior boundary of the plate, we require the fulllment of the following
conditions:
∂w
= W = 0 on Γ × (0, T ).
(5)
θ=w=
∂n
Introduce the Sobolev spaces
o
n
v = 0 on Γ ,
H 1,0 (Ωγ ) = v ∈ H 1 (Ωγ )
n
o
H 2,0 (Ωγ ) = v ∈ H 2 (Ωγ )
v = ∂v
∂e = 0 on Γ ,

H(Ωγ ) = H 1,0 (Ωγ )2 × H 2,0 (Ωγ ),
where e is the external normal vector to Γ. Consider the following sets

K = {χ = (W, w) ∈ H(Ωγ ) |

χ satises (2)

K = {χ ∈ L2 (0, T ; H(Ωγ )) | χ(t) ∈ K

a. e. on γ} ,

a. e. on (0, T )}

of admissible displacements. We will use the following well-known bilinear forms
for KirchhoLove plates

f ) = hσij (W ), εij (W
f )i,
B(W, W
Z
b(w, w)
e =

(wxx w
exx + wyy w
eyy + κwxx w
eyy + κwyy w
exx
Ωγ

+ 2(1 − κ)wxy w
exy ),

where h · , · i corresponds to the inner product in L2 (Ωγ ).
3.

Existence of a solution.

Let us introduce the following spaces for sought functions and their components
Ξ = {θ ∈ L2 (0, T ; H 1,0 (Ωγ )) | θt ∈ L2 (Qγ )} equipped with the norm

kθk2Ξ = kθk2L2 (0,T ;H 1,0 (Ωγ )) + kθt k2L2 (Qγ ) ;
H = H 1 (0, T ; H(Ωγ )),

U = Ξ × H.

We will assume that θ0 ∈ H (Ωγ ). Properties of Ξ guarantee that an arbitrary
θ ∈ Ξ has a well-dened trace at t = 0; in particular, θ(0) ∈ L2 (Ωγ ). The operation
of taking a trace acts continuously from Ξ into L2 (Ωγ ). It is easy to show that the
following set
S = {(θ, χ) ∈ U | θ(0) = θ0 in Ωγ , χ ∈ K}
1,0

is convex in U . Consider the following linear and continuous operator L : U → U ? ,
with values in the dual space U ? dened by the formula

Z 
∂
{L(θ, χ), (θ̄, χ̄)} =
θt + δ 2 (div W − ∆w) θ̄
∂t
Qγ
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ZT

Z
+

∇θ∇θ̄ +

f ) + b(w, w)
f i),
(B(W, W
e + δ 2 hθ, ∆wi
e − δ 2 hθ, div W

0

Qγ

where bracket { · , · } denotes the dual pairing between U and U ? [5].
Now we can formulate our problem. Assume that f ∈ L2 (Qγ ). An element
(θ, χ) ∈ U is said to be a solution to the equilibrium problem for a thermoelastic
plate with a crack if it satises the variational inequality
Z
(6)
{L(θ, χ), (θ̄, χ̄) − (θ, χ)} ≥
f (θ̄ − θ), (θ, χ) ∈ S ∀ (θ̄, χ̄) ∈ S.
Qγ

Note that L is pseudo-monotone, but non-coercive in space U [5]. The following
result can be proved.

Òåîðåìà 1. For δ small enough, there is a solution to problem (6).
The proof of this statement repeats the steps of reasonings given in [5]. It is
expedient to note here that the dierence between the considered sets of admissible
functions in [5] from K and K of this paper does not make a signicant dierence
to the course of reasoning.
4.

Equivalent differential statement

In this section, we derive equations for describing quasistatic equilibrium for the
plate and conditions that are satised on γ T for the solution (θ, χ) of (6). In order
to focus on the qualitative properties of the considered model, assume that the
parameter δ = 1. In what follows, we will assume that the solution is suciently
smooth. For brevity, hereafter we denote the quantities W t , wt , θt by W , w, θ,
indicating each time the value of the variable t at which the corresponding relations
hold. With respect to the geometry Ωγ , we require additional properties necessary
to use Green's formulas. Suppose that γ can be extended to a closed curve Σ so
that the domain Ωγ is split into two domains Ω1 , Ω2 with boundaries of class C 1,1
and ∂Ω1 = Σ, Ω̄1 ⊂ Ω, ∂Ω2 = Σ ∪ Γ.
Substituting into (6) test functions of the form (θ̄, χ̄), θ̄ = θ + θ̃, θ̃ ∈ C0∞ (Qγ ),
χ̄ = χ + χ̃, χ̃ ∈ C0∞ (Qγ ), we obtain that the following equalities hold
(7)
(8)
(9)

∂
∂θ
− ∆θ + (div W − ∆w) = f
∂t
∂t
−σij,j + θ,i = 0,

i = 1, 2,

in Qγ ,

in Qγ ,

∆2 w + ∆θ = 0 in Qγ .

Let O ⊂ R2 be a bounded domain with a smooth boundary Υ and having an
outer normal n = (n1 , n2 ). Below we write out auxiliary Green's formulas that are
valid for suciently smooth functions u and v


∂v
(10)
bO (u, v) = M (u),
− hR(u), viΥ + h∆2 u, viO .
∂n Υ
Here, the subscripts O and Υ signify that the integration is taken over the domain
O and the boundary Υ respectively. The operators in the formula (10) are dened
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on Υ as follows:

∂
∂2u
∂3u
, R(u) =
,
∆u + (1 − κ)
2
∂n
∂n
∂n∂s2
where s = (−n2 , n1 ). For functions of the form ϕ = (ϕ1 , ϕ2 ), the following formula
holds:
hϕ, ∇uiO = hϕn, uiΥ − hdiv ϕ, uiO .
Applying the last formulas, it is easy to derive the following equalities which hold
for the domain Ωγ and smooth functions vanishing on the outer boundary Γ
M (u) = κ∆u + (1 − κ)

(11)

hϕ, ∇ui = −[hϕν, uiγ ] − hdiv ϕ, uiΩγ ,


hσij (U ), εij (V )i = −hσij,j (U ), vi i − hσν (U ), V νiγ + hστ (U ), V τ iγ ,

(12)
where

στ (U ) = (στ1 (U ), στ2 (U )) = (σ1j (U )νj , σ2j (U )νj ) − σν (U )ν,

σν (U ) = σij (U )νi νj ,

V τ = (Vτ1 , Vτ2 ), vi = (V ν)νi + Vτi , i = 1, 2;

 

∂v
b(u, v) = − hM (u),
iγ + hR(u), viγ + h∆2 u, vi.
∂ν

V ν = vi ν i ,
(13)

Substituting separately into (6) the functions of the both types (θ̄, χ), (θ, χ
e), we
obtain two variational inequalities

Z 
∂
∂θ
+ (div W − ∆w) − f (θ̄ − θ)+
(14)
∂t
∂t
Qγ

Z
∇θ(∇θ̄ − ∇θ) ≥ 0 ∀ (θ̄, χ) ∈ S,

+
Qγ

ZT 

(15)

f − W ) + b(w, w
B(W, W
e − w) + hθ, ∆w
e − ∆wi
0


f − div W i ≥ 0,
−hθ, div W

∀ (θ, χ
e) ∈ S.

Note that summing (14) and (15), we get the relation (6). Using (11) from (14) we
nd that

Z 
Z
∂θ
∂
∂θ
(16)
+ (div W − ∆w) − f − 4θ θ̄ − [
θ̄ ] = 0, ∀ θ̄ ∈ H 1,0 (Ωγ ).
∂t
∂t
∂ν
γ

Ωγ

Hence, in view of (7) and the arbitrariness of θ̄ ∈ H 1,0 (Ωγ ), we get

or

∂θ
=0
∂ν

on γ + ,

∂θ
=0
∂ν

on γ − ,

∂θ
= 0 on γ.
∂ν
From (15) it follows that for a.e. t ∈ (0, T ) the inequality
(17)

(18)

B(W, W̄ − W ) + b(w, w̄ − w)+
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hθ, ∆w̄ − ∆wi − hθ, div W̄ − div W i ≥ 0, ∀ χ̄ ∈ K
takes place. Substituting in the last inequality test functions of the form (W̄ , w)
satisfying
∂w
] on γ,
[W̄ ]ν ≥ [
∂ν
we derive
(19)

B(W, W̄ − W ) − hθ, div W̄ − div W i ≥ 0,

∀ χ̄ ∈ K.

Considering (19) with test functions W̄ = W + W̃ , W̃ ∈ H 1 (Ωγ ), [W̃ ]ν ≥ 0 on γ ,
we obtain by the Green's formulas (11), (12) the following boundary conditions
(20)

[σν (W ) − θ] = 0,

στ (W ) = 0

on γ.

Substituting now (W, w)
e into (18), we justify the inequality
(21)

b(w, w
e − w) + hθ, ∆w
e − ∆wi ≥ 0,

which holds for all w
e satisfying conditions

[W ]ν ≥ [∂ w/∂ν]
e
≥0

on γ,

w
e ∈ H 2,0 (Ωψ ).

Let us analyze (21) by substituting into it the test functions w + ϕ, with smooth
functions ϕ dened on the domain Ωγ such that supp(ϕ) ⊂ O+ (x), O(x) is a
neighborhood of some point x ∈ γ , and O+ (x) is a subdomain of O(x) lying to
the side γ + , [∂ϕ/∂ν] = 0, [ϕ] = 0. Further transforming, taking into account the
formulas (11), (13) and the conditional arbitrariness of ϕ, we nd
(22)

[M (w) + θ] = 0,

on

[R(w)] = 0

γ.

f , w)
We continue the analysis of (18) by substituting test functions (W, w) + (W
e,
f , w)
(W
e ∈ K . After some transformation, we have
f ) + b(w, w)
f i ≥ 0.
B(W, W
e + hθ, ∆wi
e − hθ, div W
Application of the formulas (11), (13) along with (20), (22) gives



∂w
e
f ]νiγ ≤ 0.
+ hσν (W ) − θ, [W
(23)
M (w) + θ,
∂ν
γ

f, w
Substituting into (23) functions W
e smooth in Ωγ and having support in O(x)+ ,
f ]ν , we obtain
for an arbitrary point x ∈ γ , [∂ w̃/∂ν] = [W
(24)

M (w) + σν (W ) = M (w) + θ + σν (W ) − θ ≤ 0

on γ.

f, w
Now choosing in (23) functions W
e, smooth in Ωγ , with the following properties:
+
f
f ]ν ≥ 0, we get
w
e ≡ 0, supp(W ) ⊂ O (x) ⊂ γ , for an arbitrary point x ∈ γ , [W
f ]νiγ ≤ 0
hσν (W ) − θ, [W

on γ.

f,
Whence, due to the arbitrariness of x ∈ γ and the conditional arbitrariness of W
we derive that
(25)

σν (W ) − θ ≤ 0

on γ.

f , w)
Now we rewrite (23) for (W
e = (W, w) in the following form





Z
∂w
∂w
(26)
(M (w) + θ + σν (W ) − θ)
+ (σν (W ) − θ) [W ]ν −
≤ 0.
∂ν
∂ν
γ
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Hence, since each term in (26) is non-positive, we deduce that


∂w
(27)
M (w)
+ σν (W )[W ]ν = 0 on γ.
∂ν
Let us justify that from the dierential setting consisting of equations (7)(9),
initial and boundary conditions (1), (4), (5), (17), (20), (22), (24), (25), (27) the
variational inequality (6) can be derived. To do this, consider a smooth function
f , w)
χ
e = (W
e ∈ K . Multiply equations (8), (9), taken at a xed t ∈ (0, T ), by
w
ei − wi (t) and w
e − w(t), respectively. Afterwards, integrate over Ωγ and apply the
formulas (11)(13) on taking boundary conditions (5), (17), (20), (22). Further,
summing the found relations, for a xed t, we conclude that the equality holds
(within the framework of this section δ = 1)

f − W ) + b(w, w
f − div W i
B(W, W
e − w) + hθ, ∆w
e − ∆wi − hθ, div W
 



∂w
∂w
e
f ]ν − [W ]νiγ = 0.
−
+ hσν (W ) − θ, [W
+ M (w) + θ,
∂ν
∂ν
γ
In view of (24), (25), (27) in the last equality the sum of the integrals over the
boundary have non-positive values, whence inequality (18) immediately follows.
Consequently, we derive (15). For xed t ∈ (0, T ), multiplying (7) by θe − θ(t) and
integrating again over Ωγ along with the formulas (11) and boundary conditions
(4), (5), (17), we get (14). At this stage, we can apply the approach used in [5], and
obtain the inequality (6).

Òåîðåìà 2. Assuming that the solution (θ, χ) is suciently smooth, the variational
problem (6) is equivalent to the boundary value problem consisting of the equations
(7)(9), initial and boundary conditions (1), (4), (5), (17), (20), (22), (24), (25),
(27).
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