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Abstract. In the paper we consider a system of nonlinear di�erential
equations with distributed delay and periodic coe�cients in linear terms.
Su�cient conditions for exponential stability of the zero solution are
established, estimates that characterize the rate of decay of solutions
at in�nity are obtained, and attraction sets of the zero solution are
indicated. Similar results are obtained in the case of small perturbations
in linear terms.
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1. Ââåäåíèå

Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò áîëüøîå ÷èñëî ðàáîò, ïîñâÿùåííûõ èçó÷åíèþ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì (ñì., íàïðèìåð, [1-11]).

Â ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ðàñïðå-
äåëåííûì çàïàçäûâàíèåì ñëåäóþùåãî âèäà

d

dt
y(t) = A(t)y(t) +

t∫
t−τ

B(t, t− s)y(s)ds+ F (t, y(t),

t∫
t−τ

y(s)ds), (1.1)
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ãäå A(t) � ìàòðèöà ðàçìåðà n × n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñêèìè ýëå-
ìåíòàìè, B(t, s) � ìàòðèöà ðàçìåðà n × n ñ íåïðåðûâíûìè ýëåìåíòàìè, T -
ïåðèîäè÷åñêèìè ïî ïåðâîé ïåðåìåííîé, ò.å.

A(t+ T ) ≡ A(t), B(t+ T, s) ≡ B(t, s),

F (t, u1, u2) � âåùåñòâåííîçíà÷íàÿ íåïðåðûâíàÿ âåêòîð-ôóíêöèÿ, óäîâëåòâî-
ðÿþùàÿ ëîêàëüíîìó óñëîâèþ Ëèïøèöà ïî (u1, u2) è ñëåäóþùåé îöåíêå

‖F (t, u1, u2)‖ ≤ q1‖u1‖1+ω1 + q2‖u2‖1+ω2 , (1.2)

ãäå

q1, q2 ≥ 0, ω1, ω2 > 0 − const.

Öåëü ðàáîòû çàêëþ÷àåòñÿ â ïîëó÷åíèè äîñòàòî÷íûõ óñëîâèé ýêñïîíåíöèàëü-
íîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ, ïîëó÷åíèè îöåíîê íà ìíîæåñòâî ïðèòÿ-
æåíèÿ è îöåíîê ðåøåíèé ñèñòåìû, êîòîðûå õàðàêòåðèçóþò ñêîðîñòü óáûâàíèÿ
ïðè t→∞.

Âî âòîðîì ïàðàãðàôå èññëåäîâàíà óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû
(1.1), â òðåòüåì ïàðàãðàôå èññëåäîâàíà óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ â ñëó-
÷àå íàëè÷èÿ âîçìóùåíèé â ëèíåéíîé ÷àñòè ñèñòåìû (1.1).

Óðàâíåíèÿ ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì èññëåäîâàëèñü â [12-22], â
÷àñòíîñòè, â ðàáîòàõ [12, 13, 15, 17, 18, 20-22] èññëåäîâàí íåëèíåéíûé ñëó÷àé.
Â ðàáîòå [23] èññëåäîâàí ëèíåéíûé ñëó÷àé ñèñòåìû (1.1).

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ä.ô.-ì.í. Äåìèäåíêî Ã.Â., ê.ô.-
ì.í. Ìàòâååâîé È.È., ê.ô.-ì.í. Ñêâîðöîâîé Ì.À. çà âíèìàíèå è öåííûå ñîâåòû.

2. Óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ èñõîäíîé ñèñòåìû

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ (1.1) ïðè t > 0
d

dt
y(t) = A(t)y(t) +

t∫
t−τ

B(t, t− s)y(s)ds+ F (t, y(t),

t∫
t−τ

y(s)ds),

y(s) = ϕ(s), s ∈ [−τ, 0], ϕ ∈ C[−τ, 0],
y(+0) = ϕ(0).

(2.1)

Ïðè èññëåäîâàíèè óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ áóäåò èñïîëüçîâàòüñÿ ñëå-
äóþùàÿ ìîäèôèêàöèÿ ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî [12, 13, 23]

v(t, y) = 〈H(t)y(t), y(t)〉+

τ∫
0

t∫
t−η

〈M(t− s)y(s), y(s)〉dsdη

+

t∫
t−τ

〈K(t− s)y(s), y(s)〉ds, (2.2)

ãäå H(t), M(s), K(s) � ýðìèòîâû ãëàäêèå ïîëîæèòåëüíî îïðåäåëåííûå ìàòðè-
öû, íà êîòîðûå áîëåå ïîäðîáíûå óñëîâèÿ áóäóò èçëîæåíû â ñëåäóþùåé òåîðå-
ìå.
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Ââåäåì îáîçíà÷åíèÿ: hmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû
H(t), cmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû

C(t) = H−1/2(t)

τC11(t)−
t∫

t−τ

C12(t, t− s)C−122 (t− s)C∗12(t, t− s)ds

H−1/2(t),

ãäå

C11(t) = −1

τ

(
d

dt
H(t) +H(t)A(t) +A∗(t)H(t) +K(0)

)
−M(0),

C12(t, t− s) = −H(t)B(t, t− s), C22(t− s) = M(t− s).
Ñôîðìóëèðóåì òåîðåìó, êîòîðàÿ ÿâëÿåòñÿ àíàëîãîì òåîðåì èç [12, 13, 15].

Òåîðåìà 1. Ïóñòü ñóùåñòâóþò T -ïåðèîäè÷åñêàÿ ìàòðèöà H(t) ∈ C1(R) òà-
êàÿ, ÷òî

H(t) = H∗(t) > 0, t ∈ R,
è ìàòðèöû M(s) = M∗(s), K(s) = K∗(s) ∈ C1[0, τ ] òàêèå, ÷òî

M(s) > 0, K(s) > 0,
d

ds
M(s) < 0,

d

ds
K(s) < 0, s ∈ [0, τ ].

Âûáåðåì æ1, æ2 > 0 òàê, ÷òî

æ1M(s) +
d

ds
M(s) ≤ 0, æ2K(s) +

d

ds
K(s) ≤ 0,

ïóñòü òàêæå áóäåò âûïîëíåíî íåðàâåíñòâî

γ =

T∫
0

min{cmin(s),æ1,æ2/2}ds > 0. (2.3)

Âûáåðåì ÷èñëî α > 0 òàê, ÷òî

αq2τ
1+ω2

T∫
0

‖H(s)‖
hmin(s)

ds < γ, (2.4)

òîãäà äëÿ ðåøåíèÿ (2.1) ñ íà÷àëüíûìè äàííûìè èç

E =

{
ϕ ∈ C[−τ, 0] : v(0, ϕ) < r−2/ω1 ,

0∫
−τ

(
æ2θ

2
〈K(−s)ϕ(s), ϕ(s)〉 − q2τ

ω2‖H(0)‖
α

‖ϕ(s)‖2+2ω2

)
ds ≥ 0,

 max
s∈[0,T ]

h−1min(s) exp

− s∫
0

δ(ξ)dξ

[1− rvω1/2(0, ϕ)
]−2/ω1

v(0, ϕ)

ω2

<
αæ2‖K−1(τ)‖−1

2q2τω2 max
s∈[0,T ]

‖H(s)‖

}
,

ãäå θ ∈ (0, 1), ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

‖y(t)‖ ≤ 1√
hmin(t)

e
− 1

2

t∫
0

δ(s)ds [
1− rvω1/2(0, ϕ)

]−1/ω1

v1/2(0, ϕ), (2.5)
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ãäå

r = q1ω1

T∫
0

‖H(s)‖
h
1+ω1/2
min (s)

exp

−ω1

2

s∫
0

δ(η)dη

 ds

×

1− exp

−ω1

2

T∫
0

δ(η)dη

−1 , (2.6)

δ(t) = min{cmin(t)− αq2τ
1+ω2‖H(t)‖
hmin(t)

,æ1,æ2/2}. (2.7)

Çàìå÷àíèå. Â ñèëó (2.4) îöåíêà (2.5) õàðàêòåðèçóåò ýêñïîíåíöèàëüíîå óáû-
âàíèå ðåøåíèé íà áåñêîíå÷íîñòè, ïîñêîëüêó δ(t) � T -ïåðèîäè÷åñêàÿ ôóíêöèÿ
è ñïðàâåäëèâî íåðàâåíñòâî

T∫
0

δ(s)ds =

T∫
0

min{cmin(s)− αq2τ
1+ω2‖H(s)‖
hmin(s)

,æ1,æ2/2}ds

≥
T∫

0

(
min{cmin(s),æ1,æ2/2} −

αq2τ
1+ω2‖H(s)‖
hmin(s)

)
ds

=

T∫
0

min{cmin(s),æ1,æ2/2}ds− αq2τ1+ω2

T∫
0

‖H(s)‖
hmin(s)

ds > 0.

Îòñþäà ñëåäóåò ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ (1.1).

Äîêàçàòåëüñòâî. Ïðîäèôôåðåíöèðóåì ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî
(2.2) âäîëü ðåøåíèÿ (2.1)

d

dt
v(t, y) = −

t∫
t−τ

〈
G(t, t− s)

(
y(t)
y(s)

)
,

(
y(t)
y(s)

)〉
ds− 〈K(τ)y(t− τ), y(t− τ)〉

+2Re

〈
H(t)y(t), F (t, y(t),

t∫
t−τ

y(s)ds)

〉
+

τ∫
0

t∫
t−η

〈
d

dt
M(t− s)y(s), y(s)

〉
dsdη

+

t∫
t−τ

〈
d

dt
K(t− s)y(s), y(s)

〉
ds,

ãäå

G(t, t− s) =

(
C11(t) C12(t, t− s)
C∗12(t, t− s) C22(t− s)

)
.

Èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå

t∫
t−τ

〈
G(t, t− s)

(
y(t)
y(s)

)
,

(
y(t)
y(s)

)〉
ds

=

t∫
t−τ

〈(
C12(t, t− s)C−122 (t− s)C∗12(t, t− s) C12(t, t− s)
C∗12(t, t− s) C22(t− s)

)
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×
(
y(t)
y(s)

)
,

(
y(t)
y(s)

)〉
ds+ 〈C(t)H1/2(t)y(t), H1/2(t)y(t)〉.

Ó÷èòûâàÿ òî, ÷òî ñëåäóþùàÿ êâàäðàòè÷íàÿ ôîðìà íåîòðèöàòåëüíî îïðåäåëåí-
íàÿ〈(

C12(t, t− s)C−122 (t− s)C∗12(t, t− s) C12(t, t− s)
C∗12(t, t− s) C22(t− s)

)(
u1
u2

)
,

(
u1
u2

)〉
= 〈C−122 (t− s)(C∗12(t, t− s)u1 +C22(t− s)u2), (C∗12(t, t− s)u1 +C22(t− s)u2)〉 ≥ 0,

è äëÿ ýðìèòîâîé ìàòðèöû P = P ∗ ñïðàâåäëèâî íåðàâåíñòâî

pmin‖u‖2 ≤ 〈Pu, u〉, (2.8)

ãäå pmin � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P , èìååì

d

dt
v(t, y) ≤ −cmin(t)〈H(t)y(t), y(t)〉+

t∫
t−τ

〈
d

dt
K(t− s)y(s), y(s)

〉
ds

+2Re

〈
H(t)y(t), F (t, y(t),

t∫
t−τ

y(s)ds)

〉
+

τ∫
0

t∫
t−η

〈
d

dt
M(t− s)y(s), y(s)

〉
dsdη.

Â ñèëó (1.2) è íåðàâåíñòâà Ãåëüäåðà ïîëó÷àåì

d

dt
v(t, y) ≤ −cmin(t)〈H(t)y(t), y(t)〉+

t∫
t−τ

〈
d

dt
K(t− s)y(s), y(s)

〉
ds

+2‖H(t)‖‖y(t)‖

q1‖y(t)‖1+ω1 + q2τ
ω2

t∫
t−τ

‖y(s)‖1+ω2ds


+

τ∫
0

t∫
t−η

〈
d

dt
M(t− s)y(s), y(s)

〉
dsdη.

Èñïîëüçóÿ íåðàâåíñòâî 2ab ≤ αa2 + b2/α, α > 0, èìååì

d

dt
v(t, y) ≤ −cmin(t)〈H(t)y(t), y(t)〉+

t∫
t−τ

〈
d

dt
K(t− s)y(s), y(s)

〉
ds

+2q1‖H(t)‖‖y(t)‖2+ω1 + q2τ
ω2‖H(t)‖

ατ‖y(t)‖2 +
1

α

t∫
t−τ

‖y(s)‖2+2ω2ds


+

τ∫
0

t∫
t−η

〈
d

dt
M(t− s)y(s), y(s)

〉
dsdη.

Ñëåäîâàòåëüíî, â ñèëó (2.8)

d

dt
v(t, y) ≤ −

(
cmin(t)− αq2τ

1+ω2‖H(t)‖
hmin(t)

)
〈H(t)y(t), y(t)〉
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+
1

2

t∫
t−τ

〈
d

dt
K(t− s)y(s), y(s)

〉
ds+ 2q1‖H(t)‖‖y(t)‖2+ω1

+

t∫
t−τ

(
1

2

〈
d

dt
K(t− s)y(s), y(s)

〉
+
q2τ

ω2‖H(t)‖
α

‖y(s)‖2+2ω2

)
ds

+

τ∫
0

t∫
t−η

〈
d

dt
M(t− s)y(s), y(s)

〉
dsdη. (2.9)

Â ñèëó âòîðîãî íåðàâåíñòâà â îïðåäåëåíèè ìíîæåñòâà E è íåïðåðûâíîñòè ðå-
øåíèÿ (2.1) ëèáî ϕ(s) ≡ 0, èç ÷åãî ñëåäóåò, ÷òî ðåøåíèå (2.1) y(t) ≡ 0 è îöåíêà
(2.5) äîêàçàíà, ëèáî ñóùåñòâóåò t0 > 0 òàêîå, ÷òî ïðè âñåõ t ∈ (0, t0)

t∫
t−τ

(
1

2

〈
d

dt
K(t− s)y(s), y(s)

〉
+
q2τ

ω2‖H(t)‖
α

‖y(s)‖2+2ω2

)
ds < 0. (2.10)

Èç (2.9) ïðè t ∈ (0, t0) âûòåêàåò ñëåäóþùåå íåðàâåíñòâî

d

dt
v(t, y) ≤ −

(
cmin(t)− αq2τ

1+ω2‖H(t)‖
hmin(t)

)
〈H(t)y(t), y(t)〉

+
1

2

t∫
t−τ

〈
d

dt
K(t− s)y(s), y(s)

〉
ds+ 2q1‖H(t)‖‖y(t)‖2+ω1

+

τ∫
0

t∫
t−η

〈
d

dt
M(t− s)y(s), y(s)

〉
dsdη.

Èñïîëüçóÿ (2.8), îïðåäåëåíèå δ(t) èç (2.7), ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêî-
ãî (2.2), ïîëó÷èì

d

dt
v(t, y) ≤ −δ(t)v(t, y) +

2q1‖H(t)‖
h
1+ω1/2
min (t)

v1+ω1/2(t, y).

Åñëè v(t1, y) = 0 ïðè íåêîòîðîì t1, òî y(t) = 0 ïðè t ∈ (t1 − τ, t1]. Ïîñòàâèâ
íà÷àëüíóþ çàäà÷ó òèïà (2.1) ñ íóëåâûìè íà÷àëüíûìè äàííûìè íà èíòåðâàëå
(t1 − τ, t1], â ñèëó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ íà÷àëüíîé çàäà÷è
ïîëó÷èì, ÷òî y(t) = 0 ïðè âñåõ t > t1. Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî v(t, y) > 0.
Èìååì

v−1−ω1/2(t, y)
d

dt
v(t, y) ≤ −δ(t)v−ω1/2(t, y) +

2q1‖H(t)‖
h
1+ω1/2
min (t)

.

Ýòî ýêâèâàëåíòíî

d

dt

v−ω1/2(t, y) exp

−ω1

2

t∫
0

δ(s)ds

 ≥ −q1ω1‖H(t)‖
h
1+ω1/2
min (t)

exp

−ω1

2

t∫
0

δ(s)ds

 .

Ïðîèíòåãðèðîâàâ îò 0 äî t, ïîëó÷èì

v−ω1/2(t, y) exp

−ω1

2

t∫
0

δ(s)ds

 ≥ v−ω1/2(0, ϕ)
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−q1ω1

t∫
0

‖H(s)‖
h
1+ω1/2
min (s)

exp

−ω1

2

s∫
0

δ(η)dη

 ds.

Ñëåäîâàòåëüíî,

v−ω1/2(t, y) exp

−ω1

2

t∫
0

δ(s)ds


≥ v−ω1/2(0, ϕ)− q1ω1

∞∫
0

‖H(s)‖
h
1+ω1/2
min (s)

exp

−ω1

2

s∫
0

δ(η)dη

 ds. (2.11)

Ïîñëåäíèé èíòåãðàë ñõîäèòñÿ â ñèëó òîãî, ÷òî
T∫
0

δ(s)ds > 0 è H(t), δ(t) � T -

ïåðèîäè÷åñêèå.
Íåòðóäíî ïîêàçàòü ñëåäóþùåå ðàâåíñòâî

∞∫
0

‖H(s)‖
h
1+ω1/2
min (s)

exp

−ω1

2

s∫
0

δ(η)dη

 ds =

T∫
0

‖H(s)‖
h
1+ω1/2
min (s)

exp

−ω1

2

s∫
0

δ(η)dη

 ds

×

1− exp

−ω1

2

T∫
0

δ(s)ds

−1 =
r

q1ω1
,

ãäå r îïðåäåëåíî â (2.6). Èç (2.11) èìååì

v(t, y) ≤ e
−

t∫
0

δ(s)ds [
v−ω1/2(0, ϕ)− r

]−2/ω1

.

Ïðè ýòîì â ñèëó îïðåäåëåíèÿ E âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ïîëîæèòåëü-
íî. Â ñèëó (2.8) è îïðåäåëåíèÿ ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî ïîëó÷à-
åì îöåíêó (2.5) ïðè t ∈ (0, t0]. Ïîêàæåì, ÷òî ýòà îöåíêà ñïðàâåäëèâà ïðè âñåõ
t > 0. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî íåðàâåíñòâî (2.10) âûïîëíåíî ïðè
âñåõ t > 0, òîãäà, ïîâòîðÿÿ ðàññóæäåíèÿ ïîñëå (2.10), ïîëó÷èì îöåíêó (2.5).
Äîêàæåì îò ïðîòèâíîãî. Ìû çíàåì, ÷òî ïðè t ∈ (0, t0) âûïîëíåíî (2.10). Ïðåä-
ïîëîæèì, ÷òî t1 � ýòî ïåðâàÿ òî÷êà, ãäå èíòåãðàë èç ëåâîé ÷àñòè (2.10) ðàâåí
0, à ïðè t < t1 âûïîëíåíî (2.10):

t1∫
t1−τ

(
1

2

〈
d

dt
K(t− s)|t=t1y(s), y(s)

〉
+
q2τ

ω2‖H(t1)‖
α

‖y(s)‖2+2ω2

)
ds = 0.

Ïðîâîäÿ ðàññóæäåíèÿ, àíàëîãè÷íûå ðàññóæäåíèÿì ïîñëå (2.10), ìû ïîëó÷èì,
÷òî îöåíêà (2.5) ñïðàâåäëèâà ïðè t ≤ t1. Èç òðåòüåãî íåðàâåíñòâà â îïðåäåëåíèè
E è îöåíêè (2.5) ïðè t ∈ (0, t1] èìååì

‖y(t)‖2ω2 <
αæ2‖K−1(τ)‖−1

2q2τω2 max
s∈[0,T ]

‖H(s)‖
,

ñëåäîâàòåëüíî, ëèáî y(t) = 0 ïðè âñåõ t ∈ [t1−τ, t1], òîãäà â ñèëó ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ðåøåíèÿ íà÷àëüíîé çàäà÷è ïîëó÷èì, ÷òî y(t) = 0 ïðè t > t1
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è îöåíêà (2.5) âûïîëíåíà, ëèáî íà íåíóëåâîé ìåðå îòðåçêà [t1 − τ, t1] áóäåò
âûïîëíåíî ñòðîãîå íåðàâåíñòâî

q2τ
ω2 max

s∈[0,T ]
‖H(s)‖

α
‖y(t)‖2+2ω2 <

æ2‖K−1(τ)‖−1

2
‖y(t)‖2.

Îòêóäà â ñèëó (2.8) è îïðåäåëåíèÿ ìàòðèöû K(s) ïîëó÷èì

t1∫
t1−τ

q2τ
ω2 max

s∈[0,T ]
‖H(s)‖

α
‖y(η)‖2+2ω2dη <

t1∫
t1−τ

æ2

2
〈K(t1 − η)y(η), y(η)〉dη

≤ −
t1∫

t1−τ

1

2

〈
d

dt
K(t− η)|t=t1y(η), y(η)

〉
dη.

Ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî, (2.10) âûïîëíåíî ïðè âñåõ t > 0. Ïîâòîðÿÿ ðàñ-
ñóæäåíèÿ ïîñëå (2.10), ïîëó÷àåì, ÷òî îöåíêà (2.5) âûïîëíåíà ïðè âñåõ t > 0.

�

3. Óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ âîçìóùåííîé ñèñòåìû

Òåïåðü ðàññìîòðèì âîçìóùåííóþ ñèñòåìó (1.1)

d

dt
y(t) = A(t)y(t) +

t∫
t−τ

B(t, t− s)y(s)ds+ F (t, y(t),

t∫
t−τ

y(s)ds),

ãäå

A(t) = A(t) +A1(t), A(t+ T ) ≡ A(t),

B(t, s) = B(t, s) +B1(t, s), B(t+ T, s) ≡ B(t, s),

A1(t), B1(t, s) � ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè ýëåìåíòàìè. Âûïèøåì
íà÷àëüíóþ çàäà÷ó äëÿ âîçìóùåííîé ñèñòåìû

d

dt
y(t) = A(t)y(t) +

t∫
t−τ

B(t, t− s)y(s)ds+ F (t, y(t),

t∫
t−τ

y(s)ds),

y(s) = ϕ(s), s ∈ [−τ, 0], ϕ ∈ C[−τ, 0],
y(+0) = ϕ(0).

(3.1)

Òåîðåìà 2. Ïóñòü ñóùåñòâóþò T -ïåðèîäè÷åñêàÿ ìàòðèöà H(t) ∈ C1(R) òà-
êàÿ, ÷òî

H(t) = H∗(t) > 0, t ∈ R,

è ìàòðèöû M(s) = M∗(s), K(s) = K∗(s) ∈ C1[0, τ ] òàêèå, ÷òî

M(s) > 0, K(s) > 0,
d

ds
M(s) < 0,

d

ds
K(s) < 0, s ∈ [0, τ ].

Âûáåðåì æ1, æ2 > 0 òàê, ÷òî

æ1M(s) +
d

ds
M(s) ≤ 0, æ2K(s) +

d

ds
K(s) ≤ 0,
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ïóñòü òàêæå âûïîëíåíî (2.3) è äëÿ íåêîòîðîãî ôèêñèðîâàííîãî ÷èñëà β ∈
(0, 1) è ëþáîãî l ∈ N âûïîëíåíî íåðàâåíñòâî

lT∫
(l−1)T

(
‖H(s)‖2

hmin(s)

s∫
s−τ

‖M−1(s− η)‖ (2‖B(s, s− η)‖‖B1(s, s− η)‖

+ ‖B1(s, s− η)‖2
)
dη + 2

‖H(s)‖
hmin(s)

‖A1(s)‖

)
ds ≤ (1− β)γ

= (1− β)

T∫
0

min{cmin(s),æ1,æ2/2}ds. (3.2)

Âûáåðåì ÷èñëî α > 0 òàê, ÷òî

αq2τ
1+ω2

T∫
0

‖H(s)‖
hmin(s)

ds < βγ,

òîãäà äëÿ ðåøåíèÿ (3.1) ñ íà÷àëüíûìè äàííûìè èç

E1 =

{
ϕ ∈ C[−τ, 0] : v(0, ϕ) < r

−2/ω1

1 ,

0∫
−τ

(
æ2θ

2
〈K(−s)ϕ(s), ϕ(s)〉 − q2τ

ω2‖H(0)‖
α

‖ϕ(s)‖2+2ω2

)
ds > 0,

 max
s∈[0,T ]

h−1min(s) exp

− s∫
0

δ1(s)ds

[1− r1vω1/2(0, ϕ)
]−2/ω1

v(0, ϕ)

ω2

<
αæ2‖K−1(τ)‖−1

2q2τω2e(1−β)γmaxω2 max
s∈[0,T ]

‖H(s)‖

}
,

ãäå θ ∈ (0, 1), ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

‖y(t)‖ ≤ 1√
hmin(t)

e
(1−β)γmax

2 e
− 1

2

t∫
0

δ1(s)ds [
1− r1vω1/2(0, ϕ)

]−1/ω1

v1/2(0, ϕ),

(3.3)
ãäå

r1 = q1ω1e
(1−β)γmaxω1

2

T∫
0

‖H(s)‖
h
1+ω1/2
min (s)

exp

−ω1

2

s∫
0

δ1(η)dη

 ds

×

1− exp

−ω1

2

T∫
0

δ1(η)dη

−1 ,
δ1(t) = min{βcmin(t)− αq2τ

1+ω2‖H(t)‖
hmin(t)

, βæ1, βæ2/2},
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γmax = max
ξ∈[0,T ]

T∫
ξ

min{cmin(s),æ1,æ2/2}ds. (3.4)

Äîêàçàòåëüñòâî. Ïðîâîäÿ ðàññóæäåíèÿ, àíàëîãè÷íûå ðàññóæäåíèÿì â òåîðå-
ìå 1, ïîëó÷èì àíàëîã (2.11)

v−ω1/2(t, y) exp

−ω1

2

t∫
0

δ(s)ds


≥ v−ω1/2(0, ϕ)− q1ω1

∞∫
0

‖H(s)‖
h
1+ω1/2
min (s)

exp

−ω1

2

s∫
0

δ(η)dη

 ds, (3.5)

ãäå

δ(t) = min{cmin(t)− αq2τ
1+ω2‖H(t)‖
hmin(t)

,æ1,æ2/2},

cmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû

C(t) = H−1/2(t)

τC11(t)−
t∫

t−τ

C12(t, t− s)C−122 (t− s)C∗12(t, t− s)ds

H−1/2(t),

ãäå

C11(t) = −1

τ

(
d

dt
H(t) +H(t)A(t) +A

∗
(t)H(t) +K(0)

)
−M(0),

C12(t, t− s) = −H(t)B(t, t− s), C22(t− s) = M(t− s).
Â ñèëó îïðåäåëåíèÿ cmin(t) è cmin(t) èìååì

|cmin(t) − cmin(t)| ≤ ‖C(t)− C(t)‖ ≤

(
2
‖H(t)‖
hmin(t)

‖A1(t)‖+
‖H(t)‖2

hmin(t)

×
t∫

t−τ

‖M−1(t− η)‖
(
2‖B(t, t− η)‖‖B1(t, t− η)‖+ ‖B1(t, t− η)‖2

)
dη

)
. (3.6)

Ââåäåì îáîçíà÷åíèå
æ = min{æ1,æ2/2}. (3.7)

Èç îïðåäåëåíèÿ δ(t) ïîëó÷èì

δ(t) = min{cmin(t)− αq2τ
1+ω2‖H(t)‖
hmin(t)

,æ}

=
1

2

(
cmin(t)− αq2τ

1+ω2‖H(t)‖
hmin(t)

+ æ− |cmin(t)− αq2τ
1+ω2‖H(t)‖
hmin(t)

− æ|
)
.

Èñïîëüçóÿ íåðàâåíñòâî òðåóãîëüíèêà, èìååì

δ(t) ≥ 1

2

(
cmin(t)− αq2τ

1+ω2‖H(t)‖
hmin(t)

+ æ− |cmin(t)− αq2τ
1+ω2‖H(t)‖
hmin(t)

− æ|
)

−|cmin(t)− cmin(t)|

≥ 1

2

(
βcmin(t)− αq2τ

1+ω2‖H(t)‖
hmin(t)

+ βæ− |βcmin(t)− αq2τ
1+ω2‖H(t)‖
hmin(t)

− βæ|
)

+
1

2
(1− β) (cmin(t) + æ− |cmin(t)− æ|)− |cmin(t)− cmin(t)|.
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Â ñèëó îïðåäåëåíèÿ δ1(t), (3.7) ïîëó÷èì

δ(t) ≥ δ1(t) + (1− β) min{cmin(t),æ1,æ2/2} − |cmin(t)− cmin(t)|.
Ïóñòü t ∈ [(i− 1)T, iT ), òîãäà èìååì

t∫
0

δ(s)ds ≥
t∫

0

δ1(s)ds+(1−β)

t∫
0

min{cmin(s),æ1,æ2/2}ds−
t∫

0

|cmin(s)−cmin(s)|ds

=

t∫
0

δ1(s)ds+

i−1∑
j=1

(1− β)γ −
jT∫

(j−1)T

|cmin(s)− cmin(s)|ds


+(1− β)

t∫
(i−1)T

min{cmin(s),æ1,æ2/2}ds−
t∫

(i−1)T

|cmin(s)− cmin(s)|ds.

Îòñþäà â ñèëó (3.2) è (3.6) ñëåäóåò íåðàâåíñòâî

t∫
0

δ(s)ds ≥
t∫

0

δ1(s)ds− (1− β)

iT∫
t

min{cmin(s),æ1,æ2/2}ds.

Ó÷èòûâàÿ îïðåäåëåíèÿ γmax èç (3.4) è T -ïåðèîäè÷íîñòü cmin(s), èìååì

t∫
0

δ(s)ds ≥
t∫

0

δ1(s)ds− (1− β)γmax,

ñëåäîâàòåëüíî, èç (3.5) ïîëó÷èì

v−ω1/2(t, y) exp

−ω1

2

t∫
0

δ1(s)ds+
(1− β)γmaxω1

2


≥ v−ω1/2(0, ϕ)− q1ω1

∞∫
0

‖H(s)‖
h
1+ω1/2
min (s)

exp

−ω1

2

s∫
0

δ1(η)dη +
(1− β)γmaxω1

2

 ds.

Ïîâòîðÿÿ ðàññóæäåíèÿ, àíàëîãè÷íûå ðàññóæäåíèÿì â òåîðåìå 1 ïîñëå (2.11),
ìû ïîëó÷èì îöåíêó (3.3).

�
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