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ABSTRACT. A model statical problem for a thermoelastic body with
thin inclusions is studied. This problem incorporates two small positive
parameters § and e, which describe the thickness of an individual inclu-
sion and the distance between two neighboring inclusions, respectively.
Relying on the variational formulation of the problem, by means of the
modern methods of asymptotic analysis, we investigate the behavior of
solutions as ¢ and € tend to zero. As the result, we construct two models
corresponding to the limiting cases. At first, as § — 0, we derive a lim-
iting model in which inclusions are thin (of zero diameter). Then, from
this limiting model, as ¢ — 0, we derive a homogenized model, which
describes effective behavior on the macroscopic scale, i.e., on the scale
where there is no need to take into account each individual inclusion.
The limiting passage as ¢ — 0 is based on the use of homogenization
theory. The final section of the article presents a series of numerical
experiments for the established limiting models.
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INTRODUCTION

The properties and behavior of real mechanisms and constructions significantly
depend on the heterogeneity of the materials from which they are made. Composite
materials stand out among other heterogeneous materials: they are composed of
dissimilar components that, when combined, result in a new material with improved
characteristics. The family of composites includes fibrous composites — bodies
consisting of a binder matrix stitched with reinforcing fibers (threads), which actual-
ly behave like thin inclusions incorporated into the matrix. The constantly growing
demand for fibrous composites over the past decades motivates the development
and implementation of mathematical tools for their effective design and description
in the framework of high-level mathematical models.

The present article is devoted to a model problem of description of a thermoelas-
tic body incorporating thin deformable inclusions. In this introduction, we briefly
explain the structure of the article and the essence of the study.

A two-dimensional model problem that describes statical equilibrium of a linearly
thermoelastic body is the starting point of the research. The peculiarity of this
problem is that we distinguish a rectangular subdomain of a small dimensionless
thickness § > 0 in the entire domain occupied by the thermoelastic body, so that
this subdomain corresponds to an inclusion whose thermomechanical properties
drastically differ from those of the rest of the body. Value § plays the role of a
small parameter in this formulation. The original problem, called Problem A, is
set up in variational form, and its well-posedness is established for all fixed values
6 > 0, see in Secs. 1.1 and 1.2. Also, in Sec. 1.1 we give the differential formulation
of Problem A. This formulation is a boundary value problem for the system of
two elliptic equations. We call it Problem A-diff, and Problem A is its weak
formulation in the sense of distributions.

In Secs. 1.3 and 1.4 we study the asymptotic behavior of solutions of Problem A
as d tends to zero. Relying on the techniques, developed earlier in the articles [14]
and [31], the limiting passage as ¢ — 0 is fulfilled and the variational formulation of
the limiting problem is constructed. This variational formulation is called Problem
B and its equivalent in the sense of distributions differential formulation is called
Problem B-diff. Problem B (equivalently, Problem B-diff) describes statical equi-
librium of the thermoelastic body with one thin inclusion. In this problem, the
governing equations for the inclusion are set up on the subset of co-dimension
one (with respect to the domain, occupied by the entire body). Worth noticing
that similar formulations for thin inclusions in elastic bodies have been intensively
studied recently, see, for example, articles [13,17,19-21,23-25, 30, 32, 35].

In Sec. 1.5 we make a simple but very important observation that all considerat-
ions of Secs. 1.2-1.4 are naturally generalized to the case of an arbitrary finite
number of inclusions: this generalization of Problem B is formulated in Sec. 2.1 and
is called Problem B.. The problem comprising many thin inclusions incorporates
the small dimensionless parameter £ > 0, which describes the distance between two
neighboring inclusions. Despite the fact that the formulation of the problem for the
case of multiple inclusions is mathematically well-posed, its application in practice
is very difficult, since for small values of the parameter € (that is, for a large number
of inclusions), the thermomechanical properties rapidly oscillate. This circumstance
leads to the idea to conduct a study of Problem B, as ¢ — 0 by the homogenization
method with the aim to derive the homogenized model whose solution is close
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to solutions of Problem B, for small ¢ > 0 and at the same time whose form
is rather simple and does not require to consider each inclusion separately. This
study is fulfilled in Secs. 2.2 and 2.3. It consists in performing the homogenization
procedure, i.e., carrying out and rigorously justifying the passage to the limit as
¢ — 0. The corresponding constructions are based on the original Allaire-Nguetseng
method of two-scale convergence [5,29] and its version for homogenization on curves
and surfaces, proposed by G. Allaire, A. Damlamian, and U. Hornung in [6]. As
the result of the homogenization procedure, the well-posed homogenized model,
called Problem H, is derived. Its solution is the L?-strong limit of the family
of solutions to Problem B. as ¢ — 0. The differential form of Problem H, called
Problem H-diff, is the boundary value problem for the system of thermoelasticity
equations with homogenized coefficients of elasticity, heat conductivity and thermal
expansion. These homogenized coefficients depend on microscopic data, i.e., on
physical characteristics of the inclusions and the binder matrix.

The final section of the article (Sec. 3) presents a series of numerical experi-
ments for the established limiting models. The results of these experiments confirm
the correctness of the theoretical study, and also clearly demonstrate that, in the
numerical calculation, it is advantageous to use Problems B and H in comparison
with Problems A and B., respectively.

From a general point of view, the presence of two independent small parameters
0 and ¢ in the model under study and the fact that the passages to the limit along
them are performed one after another indicate the presence of three well-separated
scales: the characteristic scale of the body as a whole is the large (macroscopic)
scale, the characteristic scale of the cross section of the layer between two neigh-
boring inclusions is the intermediate scale, and the characteristic scale of the cross
section of an individual inclusion is the smallest (microscopic) scale. In this view,
the problem considered in the article is indeed a problem of multiscale analysis, as
noted in the title of the article.

Generally speaking, various methods of multiscale modeling are widely used in
the design of composite materials (in a broader context: reinforced media) and
the study of their effective characteristics is described in detail, for example, in
the classical monographs by V. V. Bolotin, Yu. N. Novichkov [9], A. M. Skudra,
F. Ya. Bulavs [36], and R. M. Christensen [11] and in the recently published
monographs by R. M. Jones [18] (the newest edition) and S. K. Golushko and
Yu. V. Nemirovsky [16] (see also survey [15]). In the present article, we apply
two original methods in this direction. As noted above, the passage to the limit
as § — 0 is fulfilled and mathematically strictly justified in Sec. 1 using a new
technique developed in detail in the articles [14,31]. This technique makes it possible
to model thin inclusions in elastic bodies by passing to the limit as the volume
(or area, in the two-dimensional case) of the cross-section of the original ‘bulk’
inclusion tends to zero. This technique goes back to the classical works of E.
Sanchez-Palencia [33], [34, chapter XIII]. Worth to note that by now there are
many works in which the derivation of models with thin inclusions from models
with ‘bulk’ inclusions is carried out by formal methods of mechanics, for example,
by the method of formal asymptotic expansions. As well, there is a number of
works in which rigorous mathematical justification of the asymptotics is provided,
see, for example, articles [7,8] and references therein. The results of Sec. 1 of the
present article make an additional contribution to this theory.
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In Sec. 2 the method of two-scale convergence is used for the passage to the
limit as € — 0. This method arose from the pioneering works [5,29] and in the last
thirty years has shaped in a consistent theory and received some modifications and
generalizations. To date, a huge array of scientific texts — articles, monographs,
textbooks — has been created on the homogenization of bulk inclusions, see, for
example, [10,12,28]; but the problems of averaging thin inclusions have been stud-
ied much poorer. In addition to the already mentioned work by G. Allaire, A.
Damlamian, and U. Hornung [6], we can also mention the series of articles by V. V.
Zhikov [37,38], A. Ainouz [1-4] and V. A. Kovtunenko and A. V. Zubkova [26,27].
In [6] the authors successfully applied the method of two-scale convergence on sur-
faces to the study of some homogenization problems in poromechanics. In [37,3§]
a modification of the Allaire-Nguetseng two-scale convergence method for Radon
measures is constructed and with its help a number of questions of the theory of
elasticity of singular and fine structures are studied. In [1-4], with the help of
the technical tools from [6], some new averaged models for filtration flows of a
liquid with an admixture are built with account of the effects of molecular diffu-
sion and sedimentation. In [26,27], using the methods of scale transformation and
Zhikov-Kozlov-Oleinik asymptotic correctors, the authors succeeded to homogenize
surfaces in the framework of homogenization problems for the system of Poisson-
Nernst-Planck equations of nonlinear diffusion describing electrochemical processes
in a porous medium. At the same time, the homogenization problems for compos-
ites with thin inclusions were not studied by the two-scale convergence methods so
far.

Concluding this introduction, firstly, we note that any physically meaningful
model of a thermoelastic composite reinforced with thin fiber-inclusions is signific-
antly complicated: in it, the fields of the sought quantities are represented by high-
rank tensors connected by complex systems of differential equations. The model
problems considered in this article are simpler. At the same time, they convey
the main feature of fibrous composites, which is the difference in the scale of the
composite as a whole, the thickness of a single fiber-inclusion, and the distance
between neighboring inclusions. Thus, the authors hope that the approach used
here in the article for model problems will be further developed and will be fruitful
for more complex models of fibrous composites used in practice. Secondly, we make
a technical note that the article contains many notations, which is a usual thing in
studies of homogenization problems, so for the convenience of readers, an appendix
with a fairly complete list of notations is placed before the list of references.

1. JUSTIFICATION OF THE MODEL WITH THIN INCLUSIONS

Synopsis. This section is devoted to justification of well-posedness of the antiplane
shear problem describing the statical state of a thermoelastic body with thin inclus-
ions. As the starting point of the research, we formulate and consider the statical
problem for an isotropic nonhomogeneous thermoelastic body consisting of the two
two-dimensional components with distinct thermomechanical properties. Primarily,
we set up this problem as the variational formulation such that the solution of this
formulation is a weak generalized solution of the corresponding boundary value
problem for the system of partial differential equations of elasticity with account of
heat transfer. This formulation incorporates a small parameter J: we assume that
one of the components occupies a rectangular domain Q2 of a small height J, so
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that the two parts Qi and Q° of the second component are adjacent to Q‘sm at the
top and bottom, as shown in Fig. 1. As well, we assume that the thermomechanical
characteristics of the component occupying 2, also depend on ¢ in a special way.
The form of dependence is clarified in Sec. 1.3.

Further in this section, the precise formulation of the problem is given and its
unique solvability for fixed values § > 0 is proved. After this, the limiting passage
in the family of solutions is fulfilled as § tends to zero, and the resulting limiting
problem is analyzed. As will be seen, the solution of the limiting problem exactly
corresponds to the statical state of a thermoelastic body with a thin inclusion.

1.1. Geometric structure of the body. Let us give a detailed description of
geometric structure of the thermoelastic body under consideration, followed by a
variational formulation of the equilibrium problem for it.

Let Q C Rg be a bounded domain with a Lipschitz boundary 0. Set the
Cartesian coordinate system Oyjys so that Q is intersected by Oy, axis along the
segment

7= (2N {y2=0}) = {(y1,92) ER*: 0 <y <yi, y2 =0}, y; = const >0,

and is divided by this intersection into two non-empty subdomains 4 with Lips-
chitz boundaries 0Q2+. Introduce the following geometrical objects associated with
Q4 and ~:

Q. ={0<y <y} x{=0/2<ys </2},
Q% ={(y1,52) €R?: (Y1, 42 F0/2) € Qs },

e =7+(0,6/2) =
= {(y1,52) €R®: (y1,92) € ({0 <y <y} x {y2=+6/2})},

i.e., Q0 is the rectangle located symmetrically relative to the abscissa axis, Qi is
the translation of the subdomain €2 upwards parallel to the ordinate axis by height
§/2 and, correspondingly, 9 is the translation of the subdomain Q_ downwards
parallel to the ordinate axis also by §/2. Clearly, the union of the sets €2,,, QJ,
and 'yi is a domain with a Lipschitz boundary. Denote it by Q°:

Q=0 U U Uyl U,

Also, we define the sets T9. = 992NN, which are the parts of the outer boundary
09Q° of the domain Q°.

Resuming, we have that the plain two-component thermoelastic body under
consideration occupies the domain €°, with one component located in the rectangle
Q% . The second component consists of two parts Qi and Q9 adjacent to the first
component at the top and bottom, see on Fig. 1.

1.2. Basic formulation and its solvability. Let us proceed to formulation of
the equilibrium problem for a body with the geometry described above.
Introduce the functional space

Ve = {(u,0) € [HNQ) x HH Q) x H'(O,)]:

u:(u+vufaum)v 0:(9+30730m)§ Ut = U, 0+ = 0y, on ’)’i}a
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Y2

Y1

Fia. 1. Geometric structure of the body

where
HE(QS) = {ve HY(9): v=0o0n Fi},

and by H1(0), O := Q‘i, 0, le, we denote the Sobolev space equipped with the
1/2
standard norm [wl g0y = ([wl20) + IVywlZz0))

For (u,0),(v,9) € V° define the bilinear forms

b‘lg(u,'v) = /agvyu+ -Vyvy dy + /agvyu_ -Vyv_ dy + / a5V ylUp, - Vyvp, dy,

Q8 Q 0,
b5(0,v) = / (a5850+) 1 - Vyvi dy
o

+ / (a(;ﬂ(;@,) 1- Vyv, dy + / (a(sﬂgem) 1- Vyvm dy,

91 Q2

b(0,9) = /Aévym.vym dy+/)\5vy6_~vy19_ dy+/A5vy9m.vyﬂm dy.
Qi 0% QS

m

Here and further functions as, Bs, As € L°°(Q‘5) are given and, moreover, as and As
are uniformly positive, i.e., as, \s > const > 0 in Q°. Also, 1 = (1,1)7 is the vector
in R? with the components equal to unity. We use the standard notations for the
gradient operator V,, = (9y,,0y,)T and for the scalar product in R?:

P =1y + patha, Ve, b € R%

In particular,

Vyu - Vyv = Oy, u 0y, v + Oy, u Oy,v, 1:-Vyv = 0y,v+ 0y,v.
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Next, introduce the linear functionals v — 1 (v) and 9 — 15(19) by the formulas
) = [ Feedy+ [ Foody, 50) = [a0.dy+ [50-ay.
Q3 Qs Ql Ql

where f,§ € L?(Q°%) are given functions vanishing on Q9.
For every fixed § > 0 we consider the following variational problem.

Problem A. Find a pair of vector-functions (u,0) € V° satisfying the integral
equalities

(1) b(l5 (ua ’U) - bg(a’ ’U) = lf(v)v
(2) 03(6,9) = I3(9),
for all pairs of test vector-functions (v,9) € VO.

Remark 1. Problem A admits a more simple and explicit form as follows:

find a pair of functions (u,0) € H® x H% such that

(3) /agvyu -Vyvdy — / (asBs6) 1-Vyvdy = /fv dy,
Qs Qs Qs

(4) /AgVyG -Vyidy = /919 dy,
Qs Qs

for all pairs of test scalar functions (v,9) € H® x H°.

Notation 1. Here by H? we denote the space

{ve HY(Q%): v=0on Fi UI“E}.
The components of vectors u = (uy,u—,uy) and @ = (04,0_,6,,) are the restrict-
ions of the functions u and 6 to the subdomains Q‘i, Q% , and Q9 , respectively.

As compared to the formulation given in Remark 1, the original formulation of
Problem A looks more cumbersome. However, the original formulation appears to
be more convenient for studying and therefore it is used as the basic one for analysis
of the limiting passage as § — 0+.

Remark 2. In the sense of distributions, Problem A is the weak formulation of
the following boundary value problem.

Problem A-diff. In Q°, find functions u = u(y) and 0 = 0(y) satisfying the
following system of equations and boundary conditions:

(5) ~ V- (as(Vyu—B501)) = f in Q°,

(6) —V,-(\sVy0) =g inQ°,

(7) u=0, 0=0 onT’ andT?,

(8) (a5(Vyu—B501)) -n® =0 on 9Q°\ (I, UT?),
(9) (AsVy0) -m? =0 on 9Q°\ (TS UT?),

where n® is the unit outward normal to HQ°.
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The equivalence assertion for Problems A and A-diff in the sense of distributions
is easy to verify. To this end, it is sufficient to establish the formal equivalence of
the systems (1)-(2) and (5)-(9) on a class of rather smooth solutions by means of
the formula of integration by parts. At the same time, the system (5)-(9) can be
identified as the simplified model statical problem for a thermoelastic body. Indeed,
the equations (5) and (6) describe the equilibrium state of a body under the action
of a given mass force f and a given heat source §; in this case, u and 6 are the
sought displacement and temperature fields, and the coefficients as, 85 and A5 are
the given elastic modulus, thermal expansion coefficient, and thermal conductivity,
respectively. The conditions (7) characterize the immobility and isothermicity of
the body on one of the parts of the boundary, more certainly, on I‘i UT?. The
conditions (8) and (9) mean that the surface stresses and heat flow on the other part
of the boundary, i.e., on 997\ (Fi UT?), are equal to zero. Note that the equation
(6) omits the inertia term asf8s1- (V,0pu) coupling it with the equation (5). (Here,
by J; we mean the time derivative.) For the fully coupled thermoelastic model with
an interface (thin inclusion), moreover, when unilateral interface conditions are
taken into consideration, we refer to Sec. 3.3 in the monograph [22] and references
therein.

Now we prove the assertion on existence and uniqueness of Problem A.

Theorem 1. Let f,g} € L%(Q%) be given functions vanishing on Q° . Then, for
every fized 6 > 0, Problem A has a unique solution.

Proof. On the strength of Remark 1, it is sufficient to prove existence and unique-
ness of solution to the problem (3)-(4). Note that the left hand side of (4) is the
continuous bilinear form of the arguments 6 and ¢. This form is coercive due to the
Poincaré-Friedrichs inequality. Also note that, for a fixed g, the right hand side of
(4) defines the linear continuous functional. This allows to apply the Lax-Milgram
theorem and conclude that, for any ¢ € H?, there exists the unique function § € H?
satisfying (4). Thus, the problem (3)-(4) reduces to the following one:

find u € H®satisfying the integral equality

(10) /a(;Vyu -Vyvdy = / (asBs0) 1-Vyvdy + /fv dy, VwveH?,
Qs Qs Qs

where the function 0 is already known.

In turn, existence and uniqueness of solution to this problem also follows from
the Lax-Milgram theorem. Indeed, it is easy to verify that the left hand side of
(10) is the coercive continuous bilinear form of v and v and the right hand side of
(10) is the linear continuous functional of v. As the result, we conclude that there
exists the unique solution to (3)-(4), which completes the proof of Theorem 1. O

1.3. Refinement of the formulation of Problem A.

Assumption A. Starting from here, we assume that the coefficients in the different-
ial equations (5) and (6) and in the corresponding bilinear forms in the formulation
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of Problem A have the following special representation:

as = a+ as =6 ta,
(11) Bs =P in QF, Bs = Bm in ),
As = A\t s = (5_1/\m

where a4+, B+, A, Gm, Bm, and A\, are given constants such that a4, Ay, am, Ay >
0. Thus the geometrical shape of the body and the coefficients in the equations
in Problem A depend on the small parameter . Obviously, this means that the
solution a priori depends on §.

Notation 2. In line with this, the notation (u%,8°) will be used further for solu-
tions of Problem A, where v’ = (ud,u’ ,ud,) and 0° = (05.,6°,62,).

—Ym

F1G. 2. Passage to the problem with a thin inclusion

Our goal now is to fulfill and justify the limiting passage in Problem A and, as
the result, to derive the formulation of the limiting problem as ¢ tends to zero.
With this aim, in R?, alongside Oy,y, we introduce two more coordinate systems:
Ozx1xs and Oz1z5. We introduce the coordinate transformations by the formulas

Y1 Ty, —
(12) y2 = 0 for zo = 0, {yl 61,
= 0z29.
Yo =29 £0/2 for a9 >0, b2 2

Note that the pre-images of the subdomains Q4 C R? and Q° C R2 under the
coordinate transformation (12) are exactly the subdomains Q, C RZ and Q_ C R?2
introduced in Sec. 1.1. Let us denote the pre-image of the domain Q°, C R2
by Q,, C R?2 . We emphasize that the coordinate transformations (12) establish
a diffeomorphism between Q9 and Qi and between Q2 and Q,,, and that the
description of Q24+ and €, in the coordinate systems Oxix2 and Oz;zs does not
depend on ¢, in particular, ©,, = {0 < 21 <yi} x {—1/2 < 22 < 1/2}.

In order to study the limiting passage in Problem A, it is convenient to formulate
this problem in terms of domains whose description is independent of §. To this end,
in (1) and (2) we fulfill the inverse change of variables to change (12). Notice that
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(12) establishes a one-to-one correspondence between the triple of spaces H{(92°.),
HE(Q2), HY(Q?,) and the triple of spaces HE(Qy), HE(Q_), H'(Q,,) and that the
image of the space V? is the space

Vo = {(u.6) € [HA(Q) x HL(Q) x H(,)]*:
u = (ug,u_,upm), = (04,0_,00); utly = Un|x, 0], = Qm\vi}

where v1 = {(y1,¥2) : (y1,y2 F 1/2) € v}. Furthermore, changing variables in
the bilinear forms and linear functionals in equations (1) and (2), we arrive at the
representations

b‘ls(u‘s,'u) = b1 (ugs,v) + b1(0; us, v),
b3(0°,v) = by(Bs,v) + ba(6; 05, v),
b3(0°,9) = b3(85,9) + bs(6;05,9),

1(1;(”) = lL(f;v), lg(ﬂ) =l2(g;9),

where

f(w):f(xla$2):f(x17$2j:5/2)7 g(m):g(xth):§($17x2i5/2) in Qﬂ:v
us = (Ust, Us—, Usm ), 05 = (05+,05—,05m),

ust (21, x0) = ui(ml,xg +4/2), Os+(x1,22) = Hi(l‘l,ﬂ?g +4/2) in Qy,

Usm (21, 22) = ud, (21, 022), Osm (21, 22) = 00, (21,622) PI Qpp,
and
b1(u,v) = ay / Veuy - Vevyp de +a_ / Vau_ - Vyv_de
Oy a_
+ G, / Oz, U 0z, U, dz,
Qo
bg(o, 'U) = CL_A,_ﬁ_A,_ / 9+ 1. Vw’l}_t,_ dx + G,_ﬁ_ / 0_1- va_ dx
Qg O

+ @ Pm / 010z, Vm dz,
Qm

b3(60,9) = A, / Vol - Vol do+ A /vme, - V,9_ dz

Q4 Q

+ Am / 02,00z, Uy, dz,
Q

m

b1 (8;u,v) = %/822um8Z2vm dz,  by(5;0,v) = % /emazzvm dz,
Qi Qi

b3(6:0,9) = %’; /az2emazzq9m dz,
Qm



292 S.A. SAZHENKOV, L.V. FANKINA, A.I. FURTSEV, ET AL.

I (f;v) :Q[ fv+dac+ﬂ/ fo_dx, lg(g;ﬁ):/gﬂ+dac+/gz9_dm.

Q4 Q_
Taking into account the above considerations, we conclude that Problem A is equiv-
alent to the following one:

find a pair of vector-functions (us,0s5) € Vy satisfying the relations
(13) bi(us, v) + b1 (3 us,v) — b2(0s,v) — b2(0;05,v) = L1 (f;v),

for all pairs of test vector-functions (v,9) € V.

Further, we pass to the limit as § — 0+ in this very formulation.
1.4. Passage to the limit as § — 0+4. The limiting formulation with a thin
inclusion. Let us prove that it is possible to extract a convergent subsequence from

the family of solutions of the problem (13)-(14). Choosing (v, ) = (us, 05s) as the
pair of test vector-functions in (13) and (14), we get the identities

bi(us, us) + b1(0;us, us) — ba(Os, us) — b2(9;05,us5) = 11 (fius),

b3(05,05) + b3(6;05,05) = 12(g; 05).

With the help of the Poincaré-Friedrichs and Cauchy-Bunyakovsky inequalities,
from these identities we deduce the uniform in § (6 € (0,dy], where §p is some
sufficiently small fixed value) bounds

ust ||l mray) < co, 10z usmll2(0,,) < co, 16710z, usm | L2(0,) < o,

105l 100y < 00 10205mllL2(00) < cor 1071 0205mllL2(0,) < co
with a constant ¢y > 0 independent of . At the same time, from [31, lemma 1] it
follows that the inequality

lgll72q,) < e (102all72q,,) + lall72(r.y) (1 = const > 0)

holds true for any ¢ € H'(£2,,).

Taking into account this inequality, the bounds (15), and continuity of the trace
operator (on 7), we establish the estimates
(16) usm L2, < c2,  Nsmllz2(,,) < cas
where ¢o is a constant independent of m. Now, the estimates (15) and (16) allow
us to choose such subsequence of solutions (still labeled by §) that

us+ — ut weakly in Hp(Q4), s+ — O+ weakly in HL(Q4),

Ugm — U, Weakly in L2(Q,,), Osm — Oy weakly in L?(Q,,),

17
(7 Dy Usm — Oz Upy weakly in L2(Q,,), 0.,05m — 0.,0,, weakly in L?(Q,,),

(15)s (15)¢
||822’U/5mHL2(Q7n) < ¢d — 0, ||83295m||L2(Qm) < ¢d — 0,

as 0 — 0+. From the limiting relations (17) and the definition of the space Vj it
follows that the limiting point (u, 8) belongs to the space

Vii={(u,0) € Vo: 9oyt =0, 9.,0,, =0in Q).
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Finally, fixing arbitrarily a pair of vector-functions (v,®) € V; in the problem (13)-
(14), we pass to the limit as 0 — 04 using the limiting relations (17). As the result,
we arrive at the following formulation:

find a pair of vector-functions (u,0) € Vi satisfying the equalities
(18) bi(u,v) —b2(6;v) = L1 (f;v),
(19) b3(6,9) = l2(g; 9),

for all pairs of test vector-functions (v,9) € V.
Thus we arrive at one of the main results of the article:

Theorem 2. As § — 0+, the family {us,0s5}s5>0 of solutions of the problem (13)-
(14) (equivalently, the solutions of Problem A) converges to the solution of the
problem (18)-(19) in the sense of the limiting relations (17).

Let us simplify the presentation of the obtained limiting problem (18)-(19).
Notice that any pair (u,0) € Vi corresponds to an element (u,f) € Hg(£) x
H} () such that

(20) ul € Hy(v), 0|, € Hy(v),
and, simultaneously,

U+ = 1u, 0r =10 in Qu,
ey = o=de) e

U (21, 22) = u‘,y(zl), O (z1,22) = 9‘7(21) in Q.
Here and further we standardly denote H}(Q2) := {v € H'(Q): v =0 on 90Q}.

Notation 3. Also, in (20) and further, H}(y) := HE(0,y;) is the Sobolev space
of functions defined on a one-dimensional set (interval) [0,yf] x {y2 = 0} and
vanishing at the endpoints 9y = {(0,0)} U {(y7,0)} of this interval. This space is
supplemented with the standard norm

1/2
I8l = (19132, + 100 0l32)) 5 Vo € Hy(),
2 ui 2
where  |[¢[|72(,) :/ |(z1,0)|*dxy. (Here ¢ := ¢, Oy, ¢.)
0
Guided by the formulas (20), let us introduce the space
V= {(w6) € H(Q) x H(Q): u|_ € HI(3), 0], € Hi()}.

Notice that the relations (21) establish a one-to-one correspondence between V; and
V. Moreover, by means of rather simple arguments we conclude that the relations

by (u,v) — ba(0;v) = /avzu -Vyvdx — /(aﬂ@) 1-Vyvdze
Q Q

+ am, /(amu — Bim8)0z, v day

ol
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and
b3(0,9) = /)\V:EO -Veddx 4+ A\, /896198:5119 dxy,
Q v
hold, where
a4 in Q+, 5+ in Q+, )\+ in Q+,
a={"" p={"%" A=t
a_in Q_, B_in Q_, A_in Q_.

On the strength of the above considerations, we arrive at the variational formulation
as follows.

Problem B. Find a pair of functions (u,8) € V satisfying the integral equalities
(22) /avxu -Vevde — /(aﬁ@) 1-V,vdx + an, /(&Clu — Bm0)0y, vday

Q Q ¥
= /fvdsc,
Q

(23) /)\Vaﬁ -Veddx 4+ Ay, / 03,0 0,0 dxy = /919 dx,
Q lo% Q
for all pairs of test-functions (v,9) € V.
Thus, the following assertion is valid.

Proposition 1. The two limiting formulations, namely, the problem (18)-(19) and
Problem B, are equivalent to each other.

Remark 3. In the sense of distributions, Problem B is the weak formulation of
the following boundary value problem.

Problem B-diff. In the bounded domain Q2 C R2, find the functions u = u(x) and
0 = 6(x) such that

(24) — Ve (ax(Vou—01)) = in Q,
25 - )\:tA;ve =g m Qi7

26 u=0, 6=0 onlg,

27 u=0, =0 on dv,

(25)
(26)
(27)
(28) at(Vou—B401) -ny +a_(Vou— -_01) -n_

= amaﬂcl (8331’& - Bme) on ~,
(29) AyOn, 0+ A_0,_0= /\mﬁilﬁ on v,

where ny are the unit outward normal vectors to 004+ and O, = ny -V, are the
derivatives in the directions of ny.

Problem B-diff and its equivalent variational formulation — Problem B — can be
identified as the model problem for description of a statical state of a thermoelastic
body with thin inclusion. In its formulation, functions u and 6 are the sought
displacement and temperature, equations (24) and (25) are the equations of statical
equilibrium of the body, relations (26) and (27) are the conditions of immobility
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and isothermicity on the exterior boundary, and equations (28) and (29) are the
equations of statical equilibrium of the thin inclusion.

Clearly, we have proved the existence of solutions to Problem B directly by
the limiting passage from Problem A, as 6 — 0+. It is important to note that
the existence theorem for Problem B can be established in an alternative way,
independently of Problem A. More certainly, we have:

Theorem 3. For any given f,g € L*()) Problem B has a unique solution.

Proof. Similarly to the proof of Theorem 1, both existence and uniqueness asser-
tions follow from the Lax-Milgram theorem. (]

1.5. Generalization to any finite num-
ber of thin inclusions. The results of
Secs. 1.2-1.4 can be generalized (in a nat-
ural way) to any finite number of two-
dimensional inclusions of the form €2, in
the original Problem A and, correspond-

\ in t 0 [i

l x € i g ) ) any Ili te number Of ‘hin inClusiO 1S
%
/

7 of the form 7 in the limiting Problem B.
In particular, using the similar argu-
ments (with natural modifications), as in
Secs. 1.2-1.4, we construct the well-posed
model of thermoelastic body incorporating
a family of thin inclusions v = QN {z9 =
je, j € Z}, which are parallel to each other
FiG. 3. Several thin inclusions and spaced apart from each other at a dis-
tance of ¢ > 0, as in Fig. 3. In this case,
the essential requirement is only that each
of the subdomains, into which the domain €2 is divided by the set ~¢, has a Lipschitz
boundary.
In the next section, the precise formulation of the problem with a finite number
of periodically situated inclusions is set (see Problem B, in Sec. 2.1) and then the
homogenization procedure is fulfilled for it as ¢ — 0+.

2. HOMOGENIZATION BY THE NUMBER OF THIN INCLUSIONS

2.1. Equations of microstructure and their solvability. The precise formulat-
ion of the problem with a finite number of periodically situated inclusions is as
follows.

Let thin inclusions occupy the set of physical positions

(30) v =Qn{x: =je, j €L},

where € > 0 is a dimensionless parameter characterizing the distance between two
neighboring inclusions. We suppose that € is small enough so that +* is nonempty.
Let us define L?(7¢) and H}(7¢) in the standard way.
We say that a function w: v° — R belongs to L?(7¢) if it is Lebesgue-measurable
and has a finite norm

1/2
|wllL2(ye) := (/ |w(w)|2d05(:c)> < 4o0.
ryE
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By do € here and further we denote the one-dimensional Lebesgue measure on ~¢,
i.e., do®(x) = dz1 on any segment {x, < x1 < Zys, T2 = j&, j € Z} C A~
We say that a function w: 7 — R belongs to H{ (7¢) if w, d,,w € L?(y*) and

(31) /8w1w¢d06(ac)z—/w&;l(ﬁdas(w), Vo e C1(Q),

')/E —YE
This integral equality expresses the fact that w vanishes on 94 = 7€ N 9N in the
trace sense. The norm in Hg(¥°) is defined by the canonical formula

1/2
[wll vy = ([l 72(ye) + 102, w]F2(,e))

Introduce into considerations the Sobolev space
Ve = {(u,@) € Hy(Q) x H}(Q): u e € Hi(v9), 6

- € Ho(v)}

supplemented with the standard norm and scalar product.
With account of these notations, we set the following variational formulation.

Problem B.. For any fized ¢ > 0 and p € R, find a pair of functions (u®,0%) € V¢
satisfying the integral equalities

(32) /avgmE -Vyvde — /(a,@@g) 1-V,vdx

Q Q
+ ame? /(ﬁmu6 — Bmb°)0y,vdot (x) = /fv dx,
ve Q
(33) /Wmee -Vgidx + )\map/awﬂa@mﬁdas(w) = /gﬁ dx,
Q ve Q

for all pairs of test functions (v,d) € V=.

Remark 4. As well as ¢, the exponent p € R in Problem B, is considered a given
parameter. Asis obvious from the formulation, p corresponds to the ‘contrast’ of the
thermomechanical properties of the components (2\7°) and v°. Based on the vast
body of results in homogenization theory, one should expect that different values
of p will lead to essentially different homogenized models for families of solutions
to Problem B, as ¢ — 0+. In this article, we restrict ourselves to considering the
case p = 1, see further Assumption B in Sec. 2.3.

According to the note made in Sec. 1.5, for Problem P’. the following well-
posedness result holds true.

Proposition 2. For any fized value of ¢, for all given f,g € L?(Q), Problem P’.
has a unique solution.

In Secs. 2.2-2.3, we fulfill and rigorously justify the homogenization procedure
for Problem P’, as ¢ — 0+. As the result, we derive the homogenized model whose
solution is the limit of the family {(u®,6°)}.>0 of solutions to Problem B..

2.2. The toolbox of the method of two-scale convergence. The homogenizat-
ion procedure for Problem P’ as ¢ — 0+, i.e., the limiting passage in the integral
equalities (32) and (33), is based on implementation of the standard Allaire-Nguet-
seng method of two-scale convergence and its modification for homogenization on
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manifolds of minor dimension, proposed by G. Allaire, A. Damlamian, and U. Hor-
nung. In order to formulate the provisions of this method necessary for further
considerations, we first introduce some spaces of periodic functions.

Notation 4. In the space R% of variables & = (£1,&2), by = we denote the unit
square [0,1)2. Following the commonly accepted terminology in homogenization
theory, we call = the periodicity cell and say that the variables & = (&1, £2) are the
fast (or microscopic) variables.

Definition 1. Function f = f(£), defined on R? and satisfying the equalities
fE+e)=[&), fE+e)=/[(§), VEERE,

is called Z-periodic or 1-periodic in &.

Here and further, e; = (1,0) and ey = (0,1) are Cartesian basis vectors in R2.
Using this definition we standardly introduce the spaces of periodic functions as
follows.

Definition 2. Let C{°(Z) be the subset of C*°(RZ), consisting of Z-periodic funct-
ions. By Cy(=), C’ﬁ (2), and Hﬁ (E) we denote the closures of C$°(E) in the norms
of the spaces C(Z), C*(Z), and H'(Z), respectively.

We outline the notion of two-scale convergence and the basic properties of two-
scale convergent sequences following the original works [5,29].

Definition 3. Let {v°}._04 be a sequence in L?(Q). We say that {v}. .oy two-
scale converges to a function vy € L*(Q x Z) if the limiting relation

/va(w)ap( da: €_>—0>+//vo x,€)dédx

Q
holds for all p € C(Q; Cy(=)).

Proposition 3. (Existence of two-scale convergent sequences.) Assume
{v°}o~0 is a bounded family in L2(Q2); then there is a sequence {v° } and a function

v € L2(Q x E) such that {v°'} two-scale converges to vy as & — 0+, in the sense
of Definition 3.

Proposition 4. (Two-scale convergence of gradients.) Assume {v°}._ o4 is
a sequence in H*(Q) such that v° AL weakly in H*()); then
E—r

(1) {v°} two-scale converges to vo in the sense of Definition 3;
(ii) there exist a subsequence {¢' — 0+} and a function vi = v (x,§) belonging
to L*(Q; H} (Z)) such that

Vo —> Vavo + Vevr two-scale in the sense of Definition 3.

e’—0

We will also use the notion and a number of properties of two-scale conver-
gence for sequences of functions defined on thin inclusions, which are straight line
segments in the plane in our problem.

First, we give a description of thin inclusions in a form suitable for using the
two-scale convergence toolbox, and then present the necessary concepts and results
on two-scale convergence on thin inclusions.
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IL

a) I b)
Fia. 4. Covering Q) with a regular e-net

Set the structure of the pattern periodicity cell =, as shown on Fig. 4(b). The
formal description of this structure is that, inside =, the thin inclusion ~, is the
segment parallel to abscissa axis O&; spaced from O¢; at a distance & = const €
(0,1), ie

e ={€=(&,L) €E: L =6}
Then construct the periodic repetition of = all over Rg and set v := v, +k, k € Zg.

Clearly, the union of inclusions yutq = U ~¥ is an infinite number of straight lines
kez?
in Rg parallel to the O&; axis and spaced by a unit distance from each other:

Yatd = {€ = (£1,&) ER?: —00 < & < +00, & =& + ko, ko € Z}.

Based on this construction, we introduce into consideration the regular e-net
covering €, see Fig. 4(a). Each cell of the net is a cube Z5 with edge length equal
to e. Each cube Z5, i = 1,2,..., N (N = N(¢) = O(1/£?) for ¢ < 1), is obtained
from = by means of the linear homeomorphism II5 consisting of compressing 1/e
times and parallel translation to the vector ek, where k ranges over all values from
Z? such that Z5 N Q # (. Thus, the set yyuq is compressed 1/e times, and the
intersection of this compression with € exactly forms the set +°, defined by the
formula (30).

The following basic notions and results regarding two-scale convergence on thin
inclusions are given following the original work [6] in the form adapted for the
purposes of the present article.

Definition 4. Let {w}._,04 be a sequence in L?(v¢). We call it two-scale conver-
gent to wy € L?(2 x 7,) (we have wg = wo(x, &1, £5)) if the limiting relation

E/wE(IB)SD< ) E_>0+//w0 (z,61,85) oz, &1, £3) dEy dx

e Q v
holds for all p € C(Q; Cy(=)).

Evidently, in this definition and further, integral on +, is an integral in d§; on
the interval {0 < & < 1}.
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The following fundamental result on existence of two-scale convergent sequences
holds true.

Proposition 5. Assume {w®}. .oy is a sequence in L*(¥°) such that
e 2wt p2(yey < cs,

where c¢3 > 0 is independent of €; then there exist a subsequence from {¢ — 0+},
still labeled by €, and a limiting function wy € L*(Q X v.) (wo = wo(x, &1, E5)) such
that the limiting relation

w® —0> wo two-scale in the sense of Definition 4
e—0+

takes place.

The next two assertions allow us to pass to the limit in integrals incorporating
derivatives and traces on ¢, if the necessary estimates are available.

Proposition 6. (i) Assume {w®}. 0. is a sequence in H' () such that
wl[2(0) + €l Vaw® || L2y < c4,

where ¢y > 0 is independent of ; then, for € > 0, the trace of w® on ¢ does exist
and satisfies the bound
: [ 10 @) Pdo*(@) < es
,-yE

where c5 > 0 is independent of .

(ii) Let, in addition to hypotheses of item (i), the limiting relation

/ws(:c)go(m, E) de — //wo z,€) o(x,&)déde, Ve C(Q;C(E)),
e e—0+
Q
hold true with some function wy € LQ(Q;HJ(E)), in line with Proposition 8. In
other words, let {w®}._,04 converge to wy two-scale in the usual sense, i.e., in the
sense of Definition 3.
Then there exists a subsequence {¢' — 0+} of {¢ — 0+} such that the sequence

of traces of w on 'ye/ converges to the trace of wg on 7y two-scale in the sense of
Definition 4 as ¢’ — 0+, i.e.,

a/wﬁm( )w E%M//mw&g)@&@mwm

'YE/ Q vV«
Vo € C(Q;Cy(2)).

(iii) Furthermore, in hypotheses of items (i) and (ii), the limiting relation for the
gradients holds true:

E’Q/Viwe/(a:)~¢’( dw bavdl //ngo ®(x, &) d¢ dx,

V& e O Cy(2))2
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Proposition 7. Assume {w®} is a sequence in H*(y%) such that

(34) 51/2||w8\|L2(7€) + 53/2||aac1w€”L2('y€) < cs,

where cg > 0 is independent of e; then there exist a subsequence {¢' — 0+} from
{e = 04} and a function wy € L*(Q; Hy (7)) (w1 = wi(=x,&1)) such that, in the
sense of Definition 4, the subsequences {wsl} and {s’@xlwsl} two-scale converge to

wy and Og, w1, respectively, as €’ — 0+.

2.3. Homogenization of Problem B.. Now we pass to the limit in Problem B,
as € — 0+. Let us start with derivation of uniform estimates.

Lemma 1. Assume g > 0 is fizred and sufficiently small; then there exists a
constant c; > 0, which depends on a, am, B, Bm, A, Am, |fll2(), and ||gllz2c0)
and is independent of € and p such that the family {(uE,HE)}

| of solutions to
Problem B. satisfies the estimates

e€(0,e0

(35) l|lu®|| 1) < cr, 10° 1| a2y < er,
(36) 2w mriyey S ern EPPRNIO% | yey < cr
Proof. Taking (v,9) = (u®,6°) in (32) and (33), we get the energy identities

/a|Vmu5|2 dm+am€p/|8w1u5|2das(a:)
Q ve

= /fu6 dx + /(aﬂ@s) 1-V,u®dx + apne? / B 0° 0y, u® do® (),
Q Q ve

/)\|Vz98|2 dx + )\msp/|6$195|2d08(ac) = /g9E de.

Q e Q
On the strength of the Poincaré-Friedrichs and Cauchy inequalities, we derive the
uniform estimates (35) and (36) from these energy identities by rather simple stan-
dard arguments. (]

Assumption B. Set p =1 further in the article.

On the strength of Assumption B, the uniform estimates (35) and (36), and the
provisions of the method of two-scale convergence from Sec. 2.2, we establish the
limiting relations for a subsequence of solutions to Problem B..

Lemma 2. Let Assumption B hold.

Then there exist a subsequence {(u®,0%)}c—04 C V© in the family of solutions
to Problem B. and limiting functions u*, 0* € H}(Q) and u', 6! € LQ(Q;Hﬁ1 (2)
such that the following limiting relations hold:

i “(z) - b
(37) Eg%lJr Vut(x) go(ac,g)da:

Q
- / [ (Vo @)+ Veul @.8) - ola. € dedo, Voo & CU@CE),
Q =

e—0+

(3%) lim (&/amlus(x)@(m, g) daf(m)> —0, VpeC'(QCHE),
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. € T
(39) lim [ V,0°(x) ¢z, —)dz
e—=0+ £

— [ [(9u8° @)+ Vet (@.0)) - el ) de dz, Vo € C@CLE)
J

(40) El_i,r51+<s/u5(a:)go( . ) // o(x,&1,£5) d& de,

e Q Va

Ve CH G4 (E)),

(41) El_i>r51+<s/95(w)cp(w,: > //0* o(x, &1,85) dé de,

Q v«
Ve e CH Qs C4(2)),

(42)  lim <62/3m195(w) Lp(a:, %) dge(w)> =0, VeeOi (o Cﬁl(E))

Proof. On the strength of the estimates (35), there exist subsequences {u } C {u<}
and {0¢'}  {#¢} and limiting functions v* € H}(Q) and 6* € H}(Q) such that

(43) ue = u* weakly in H'(Q),
e—0

(44) 9 —5, 0" weakly in H'(Q).
e—0

Then, from assertion (ii) of Proposition 4 it follows that the limiting relations (37)
and (39) (with e := ¢’) are valid for ¢ and 6°', and from assertion (i) of Proposition
4 it follows that the limiting relations

(45) E/lirg+ u (:c)go(m, da:f// (x, &) dé dx
Q

and

(46) Jim [0 (:c)ga(m, : dw—//ﬁ o(a, &) dé d
Q

hold true.

Further, the subsequences {u¢ } and {#¢'} satisfy the estimates (36) (with p = 1).
Due to this and the relations (45) and (46), on the strength of assertion (i) of
Proposition 6, there exist subsequences {u”} C {u'} and {#¢"} C {#¢'} such that
the limiting relations (40) and (41) hold true (with e :=¢&”).

The subsequences {u¢" } and {05}, as well as the subsequences {u } and {0¢'},
also satisfy the estimates (36) (with p = 1). Due to this and the relations (40)
and (41) (with e = £”), on the strength of Proposition 7, there exist subsequences
{us"} c {u"} and {#="} € {#="} such that the following limiting relations hold:

13;( / "0y (@) o (@, ;) do™ (w))

1"

e
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- [ [ @)t 6) e da

. 22 €T 1"
131+< / 0,6 (@) o, 5, ) do® (m))

v
Qv

Here, in the right hand sides, the both limiting integrals vanish:

//8E1U*(w) (p(xvflags) dfl dx = Oa //8510*(33) ¢($a£1,£§)d£1 dx = 0>
Q v« Q Vs

since u* and 6* do not depend on & . Thus, the limiting relations (38) and (42)
hold (with e := €”’), which completes the proof of the lemma. O

Now we formulate and prove the second main result of this paper, namely, the
homogenization result for Problem B, as ¢ — 0+.

Theorem 4. Let Assumption B hold, i.e., p = 1. Then, as ¢ — 0+, the family
{(u®,0°) € V=}.~0 of solutions to Problem B. converges weakly in H*(2) x H(Q)
to the solution (u*,0*) € H () x H}(Q) of Problem H formulated below. Moreover,
(u*,0*) is the unique solution of Problem H.

Problem H. (The effective homogenized model.) Find a pair of functions
(u*,0%) € H(Q) x HE () satisfying the variational equations

(47) /A*(Vzu* —a36") Vo do = /fzpda;, Ve € Hi(Q),
Q Q

(48) L*V,.0* - Vypdr = | gopde, V¢ <€ HH(Q),
/ /

where

A* = < a +Oam 2 > is the matriz of effective elasticity moduli,

. (aﬁ + amfBm
a',B = —_—

T
. ,5) is the vector of effective coefficients of linear thermal
m

expansion,

L* = ( A +0>\m ())\ > is the matriz of effective thermal conduction

coefficients.

Remark 5. In the sense of distributions, Problem H is the weak formulation of
the following boundary value problem.

Problem H-diff. In the bounded domain Q C R2, find the distributions of displace-
ments u* = u*(x) and temperature 0* = 0*(x) satisfying the equilibrium equation

(49) V.- (A% (Vou' —aj0%) = f, ze,
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the heat equation

(50) —Vy - (L*vxe*) =9, xTc Q,
and the homogeneous boundary conditions
(51) u () =0, 0°(x)=0, xed.

Proof. We divide the proof of Theorem 4 into three stages. As has already been
noted, Problem B, naturally splits into two subproblems. At first, we find 8¢ from
the variational equation (33). Then we determine u° from the variational equation
(32), with 0°¢ given as the solution of the former subproblem. Correspondingly, the
homogenization procedure as e — 0+ consists of the two stages. At the first stage,
we homogenize the equation (33) and thus derive the equation (48). At the second
stage, we homogenize the equation (32) and derive the equation (47). Finally, at
the third stage, we prove the uniqueness assertion for the solution of Problem H.

Stage 1. Derivation of the variational equation (48). In (33) take the test
function of the form

x
(z) = 0. () = o(x) + 20’ (2. 2).
where ¢ € C5°(Q) and ¢! € CSO(Q;Cﬁl(E)) are arbitrary functions. Thus we get
the integral equality

(52) /)\Vzﬁs(w) Va (qb(a:) +ep! (ac7 %)) dx

Q

Notation 5. Here and further by %w we denote the full gradient with respect to
x, i.e., for all sufficiently smooth functions ® = ®(x, £) we have

%cp(:c, %) - (qu)(a:,ﬁ) + éVg@(m,ﬁ))’gzw/s.

At the same time, V, and V¢ are the gradient operators consisting of the partial
derivatives, i.e., for all sufficiently smooth functions ® = ®(x, &) we have

e Z) = (Tatea) o veled) = (Towo)

Ezw/s’
~ 1
In accord with this, we have that V, = V, + V..
E ~

Quite similarly, we define the full derivative 0,, and the partial derivatives 0,,

and Og, . In particular, we have O, = Oy, + — O, -
€

Let us study each of the integrals in (52) separately and, using Lemmas 1 and

2, pass to the limit in (52) as € — 0+.

Remark 6. In order not to repeat ourselves each time, note that each of the
following limiting relations at stages 1 and 2 of this proof is valid for some chosen
subsequence. As a matter of fact, at stages 1 and 2, we prove that there exists
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some subsequence (u®,0°) of solutions to Problem B, that converges to a solution
of Problem H weakly in H{(Q) x H}(Q).

For the first integral in the left hand side, we have

/)\VIGE(:E) Vs (d)( ) + et (m —)) dx

Q

- /Avw95(:ﬂ)-vw¢($) d:l:+8/)\v$98(a:)-vz(bl (a: g) da
Q Q
+/)\VI95(1:) “Veo! (a:, %) de — ...
Q

e—0+

we pass to the limit using the relations (39) and (46):

..H(H///\VH )+ Vo0 (2,€)) - (Vao(@) + Ved' (@, £)) dé da

://\vza*(x).vm(a:) dm+///\v591(m,g).v5¢1(m,§) d¢ de.
Q Q=

Here, the last equality holds true due to the identities
63) [de=1, [Vet(@. &) Voola)de =0. [ .6°(@) Veo'(w,6) dg =0,

which, in turn, are valid due to the definition of the periodicity cell = and due to
Z-periodicity of functions #' and ¢'.
Thus we conclude that the limiting relation

(54) / AV65() - Vo (9(2) + <0 (2. 7)) dw —

e—0+
Q
/W 0* (x) - Vi (x dw-f—//)\VE ) Veo(x, &) dE dz
holds true.

Now consider the second integral in the left hand side of (52). We have

(55) e [ 02,6°(2) 8., ((2) + 0! (2, ) ) do (a)
- ;ma [ 06%(@)0.,6(a) do%(@) 4 Ane® [ 0,,0%(@)01,0" (2. %) do(a)
" /\:5 [on07@0c0' (=.%) do%x)ws
= Am:/ 0°(2) 02, 6(x) do® () + Ane? / 02,0°(@) 01,0 (. %) do* (@)

e

+ Ame / O, 0° () O, " (:c, %) do(x).

e
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Due to the estimate (36)2 (with p = 1), on the strength of Proposition 5, there
exist a subsequence in {¢ — 0+} (still labeled by ¢€) and a limiting function Q; €
L2(2 x 7,) such that

(56) 0y, 0° e Q1 two-scale in the sense of Definition 4.
€

Passing to the limit in (55) due to (41), (42), and (56) we get the limiting relation

Ams/axle%w)éml (6(2) +26" (2, %)) do(a) —

e—0+

_>\ 9* dé-l Ciw"’()"'_A Ql w 51762)a§1¢ (w 61752)d§1d$
o Jree -/
Since g € L2(f2), for the right hand side of (52) we have
(58) /g(az) (qﬁ(a:) + ¢! (a:, %)) dx 6_}—0>+ g(x) p(x) dz.
Q Q

As the result, using the limiting relations (54), (57), and (58), integrating by
parts in x; in the first limiting integral in (57), and taking into account the identity
f% d¢y = 1, from (52) we derive the integral equality

(59) /W 0* (x) - Vad(x dm+//wgel ) Veo! (x, &) dE dz

+/\ /awle* ( d$+)\ //Ql xr fl,fz)agl(b (QZ 617£2)d€1 dx
Q s
= [ 9(x)¢(x) da.
/

Note that, since C§°(€) is dense in Hi (), in (59) we can take any function be-
longing to Hi () as a test function ¢.

Also note that the macroscopic and microscopic scales are separated in (59).
More precisely, in the integrals containing the test function ¢, only the sought
function 6* takes place and the functions ' and Q; and the fast (microscopic)
variables &; and &3 are absent. In turn, the sought function 6* is absent in the
integrals containing the test function ¢*.

Inserting the test function ¢; = 0 into (59), we arrive exactly at the variational
equation (48).

Stage 2. Derivation of the variational equation (47). In (32) (with p = 1) let
us take the test function

v(@) = (@) = (@) + v’ (2, 2 ),

where ¢ € C3°(Q) and ¢" € C§°(Q; C/(E)) are arbitrary. Thus we get the integral
equality

(60) /anuE(w) Vi (w(m) + eyp? (:c, g)) dx

Q
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= /f(:c) (1/}(:13) + eyt (m, %)) dz.
Q

Let us study each of the integrals in (60) separately, and, using Lemmas 1 and
2, pass to the limit in (60) as € — 0+.

Quite similarly to the limiting relation (54), on the strength of (39) and Z=-
periodicity of the functions u' and !, for the first integral in the left hand side of
(60) we deduce

(61) / Vo (@) Vo (@) + 20t (2,2 ) do —

e—0+
0
/avxu*(m) - Veth(z) dz + //avful(m,f) -Vep! (z, €) d€ dex.
0 O =

On the strength of the relation (46), i.e., due to the fact that 6 ° = 0" two-scale
e—

in the sense of Definition 3, taking into account identity (53); and Z-periodicity of
!, for the second integral in the left hand side of (60) we obtain

(62) — /(aﬁ@e(m)) 1-V, <1/1(a:) + eyt (:c, g)) dx
!

—— [ (@0 (@) 1- Vo) de — ¢ [ (030°(@) 190" (2, %) da

Q Q

- /(aﬁof(a:)) 1. Ve (a: g) de —

e—0+

)
- //(aﬂ@*(:c)) 1 (Vob(z) + Verb! (z,€)) d€ de
Q =
- / (6" (@) 1 - Vaih(x) dav.

Q

Now we turn to consideration of the third integral in the left hand side of (60).
At first note that, on the strength of Proposition 5, due to the bound (36); (with
p = 1) there exist a subsequence from {¢ — 0+} (still labeled by ¢) and a limiting
function P; € L?(2 x 7,) such that

(63) O, u® A P1 two-scale in the sense of Definition 4.
e—

Now we fulfill the limiting transition in the third integral in the left hand side of
(60) on the basis of (31), (40), (38), and (63) quite similarly to the derivation of
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the limiting relation (57). Thus we get

(64) ams/amlug () D, (w(m) + eyp? (:1:, g)) dof(x) —

e—0+
—am / / z) dé, dz

+am//7>1 (@,61,63) e, ' (2, €1, 65 dé, dae

—am/é)mu e )dw+am//7>1 2,61,63) Be ) (m, 641, £5) dé, d.

Q v

On the strength of (41), (42), and Z-periodicity of 1!, for the last integral in the
left hand side of (60) we deduce

(65)
—amﬂme/w( )8, () + 20 (2,2)) dot (@)

= —amfime / 0° () s, () do* (x)

— U e /96(:1:) D, 1 (m, %) do®(x)

e

—amﬂma/@f x) Og, (:c E) do®(x) —

e—0+
_amﬁm//a* d€1 dx

QY
- amBm 9* a£1¢ (15 517 52) dfl dx = amﬁm 9* :01 ’(/J(CB) dx
zz j

Finally, for the right hand side of (60) the limiting relation

(66) / f(@) (v@) + <0 (2.2) ) do — / fla

holds true.
As the result, using the limiting relations (61), (62), (64), (65), and (66), as
e — 0+ from (60) we derive the integral equality

(67)
/anu*(m) -Vet(x) de + //aViul(a:,é) . Vfwl(:c,ﬁ) d€ dx

Q

_/(agg*(m)) -V apth(x) dw+am/8zlu ) Oz, () dz

Q
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tan [ [ Prl@60,65) 0601 @.60,6) s do — anBin [ 0 ()00, 0(@) da

Q v

Q
- [ 1@) vl do.
Q

Notice that, since C§°(€2) is dense in H}(Q), it is admissible to take a ¢ € HZ ()
as a test function in (67).

Further note that the macroscopic and microscopic scales are separated in (67),
similarly to how in the integral equality (59). More precisely, in the integrals
containing the test function 1, only the sought macroscopic functions v* and 6*
take place and the functions u! and P; and the fast (microscopic) variables & and
&y are absent. In turn, the sought functions u* and 6* are absent in the integrals
containing the test function ¥!.

Inserting the test function ¢, = 0 into (67), we arrive exactly at the variational
equation (47).

Thus, at the stages 1 and 2 we established that there exists a subsequence
{(u®,0%)}c—04 of solutions to Problem B, convergent weakly in H}(Q) x H(Q) to
the solution of Problem H. Clearly, the existence assertion for solution of Problem
H follows immediately from the limiting passage as € — 0+ (along the chosen sub-
sequence).

Stage 3. Uniqueness of solution to Problem H. The same as for the uniqueness
assertions in Theorems 1 and 3, justification of uniqueness of solution to Problem
H is rather simple and relies on the Lax-Milgram theorem. By the way, the use of
the Lax-Milgram theorem also provides the proof of the assertion on existence of
solutions to Problem H independently of the above constructed limiting passage as
e — 0+.

Finally, on the strength of uniqueness of the solution (u*,6*), we conclude that
the whole family {(u®,0°)}.~¢ of solutions to Problem B, converges to (u*,6*) as
e — 0+ and therefore there is no need to choose a subsequence following Remark
6. This observation completes the proof of Theorem 4. ([l

3. THE RESULTS OF NUMERICAL ANALYSIS

In this section, we present the results of the series of numerical experiments for
the established limiting models. The main goal of these experiments is to show
numerically that the family of solutions of the original model Problem A converges
to the solution of Problem B as § — 0+ and the family of solutions of Problem B,
converges to the solution of Problem H as ¢ — 0+.

3.1. The problem with one thin inclusion. At first, let us focus on Problem
B, which considers only one elastic inclusion. The input data are taken as follows:
ar =1, ap=2, =1 Ap=2, Br=1, B,=2
f(x) = f(z1,22) = 21 +0.25, g(x) = g(z1,22) = 100 sinz;.
The rectangle {—0.5 < 21 < 0.5} x {—1 < @2 < 1} with width L,, =1 and height
L,, = 2 is taken as a computational domain 2. An elastic inclusion occupies the

segment {—0.5 < x; < 0.5} x {xo = 0}. The homogeneous Dirichlet conditions
u =0 and 6 = 0 are imposed on the entire boundary 9f).

(68)
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Let us introduce a uniform mesh in Q. We fix the number of triangle elements
in the mesh to 10 x 1000. Characteristic element size along the Oz, axis is equal to
2e-2. To approximate the displacement and temperature functions, we use second-
order Lagrangian finite elements Ps.

The graphs of the distributions of temperature and displacements in the presence
of one elastic inclusion are shown in Figs. 5 and 6.

Temperature

Displacements

1.0 L0 0.02
0.64

0.00
0.48

0.5 0.5

032 -0.02

0.16 -0.04

S 0.0f 0.00 S 00 —0.06
-0.16

-0.08
-0.32

-0.5} —0.5F -0.10
-0.48

-0.12
-0.64

-1.0L~ L L L L -1.0 — —-0.14

-0.4-0.2 0.0 0.2 0.4 -0.4-0.2 0.0 0.2 04
x1 x1
FiG. 5. Temperature FiG. 6. Displacements

Now, let us consider the initial formulation — Problem A — with various values
of parameter §. Recall that J is the dimensionless thickness of the inclusion and
that § vanishes in the limit. Let us remind that the coefficients characterizing the
intermediate layer (i.e., the bulk inclusion) are defined by the formulas (11)s.

The parameters of the mesh and the types of the finite elements are taken the
same as for Problem B. The graphs of the distributions of temperature and dis-
placements for various values of § are shown in Figs. 7-12. We observe that for
sufficiently small value of §, namely, for § =5e-4, the distributions of temperature
and displacements calculated by Problem A (see Figs. 9 and 12) are close to the
solution of Problem B (see Figs. 5 and 6).

Comparison of the results obtained for Problem B with the results obtained for
Problem A in the relative L?-norm is presented in Table 1. The corresponding

TABLE 1. Convergence to the solution of Problem B

§ | E2(0) | Epa(w)
5e-2 | 0.2780 | 0.3874
5e-3 | 0.1078 | 0.0725
5e-4 | 0.0173 | 0.0078
25e-5 | 0.0555 | 0.0204

relative errors for displacements and temperature are defined by the formulas

10— 05|12

(69) Er2(0) = : _ M
0] 2

Bra(w) = i
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1.01emperature o 1.0 1emperature 1.01emperature
. 064 0.64
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-0.032 —o.0a
-0.032

—0.048 0.0}

x2

0.0F

x2

-0.06
—0.048 0.064

—0.08

~0.064 -0.080

-0.5 -0.5
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where u and 6 are the distributions of displacements and temperature calculated by
Problem A, and us and 65 are the distributions of displacements and temperature
calculated by Problem B. The relative error for the distribution of displacement in
the case 6 =5e-2 is large (38.74%), as should have been expected. At the same
time, in the case § =5e-4 the relative error is essentially smaller (0.78 %).

Note that, for § =25e-5 the relative error starts to increase, which is explained
by a too small value of the parameter § for this given size of the mesh. Indeed, in
this case, the characteristic size of one element 2e-4 is comparable to the value of 4,
which leads to inaccurate approximation of the behavior of the intermediate layer
(i.e., of the bulk inclusion).

At the same time, the solution of Problem B does not depend on J, and there-
fore the size of the mesh for Problem B can be chosen independently of §, which
makes it possible to take a larger mesh and thereby significantly save computational
resources.

3.2. The problem with multiple inclusions. In this section we present the
results of numerical experiments corresponding to the limiting transition ¢ — 0+.
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Recall that the parameter ¢ is the dimensionless distance between two neighboring
inclusions. It tends to zero as the number of inclusions infinitely increases. Analog-
ously to the numerical experiments for the case of just one inclusion, we use the
uniform mesh consisting of 10 x 1000 triangular elements and the second-order
Lagrangian finite elements. Furthermore, the input data are taken the same as in
(68). At first, we consider Problem H. Its numerical solution is shown in Figs. 13
and 14.

1.0— Tgmpgratqre T 1.0 ‘Dls‘placeme‘nts‘ 0.000
0.032 0024
0.024 ~0.048
0.5} { 0.5}
0.016 0072
0.008 ~0.096
N 0.0f 4 0.000 S 0.0+ ~0.120
—0.008 -0.144
—0.016 -0.168
-0.5F 8 -0.5¢
-0.024 -0.192
-0.032 -0.216
—1.0= i . i i _1. 0L il
—-04-020.0 0.2 0.4 -0.4-0.20.0 0.2 0.4
x1 x1
F1G. 13. Temperature F1G. 14. Displacements

Next, we turn to the case with a finite number of inclusions that was described
with Problem B.. We thus incorporate a finite number of elastic inclusions equidist-
ant from each other into the computational domain  so that the boundaries of
the inclusions fall on the boundaries of the mesh. The distributions of temperature
and displacements for different values of ¢ is shown in Figs. 15-20.

10 Temperature 10 Temperature 0.08 10 Temperature
- - 0.16 : 1 0.064
| 0.06
Q - 012 0.048
os ) (S vos 0.5 004 osf voss
' - 0.04 0.02 0.016
S 0.0f . - 0.00 S 0.0 0.00 < 00 0.000
: = -0.04 002 -0.016
-0.08 -0.032
-0.5 ‘ - -0.5 -0.04 0.5}
Q - -012 -0.048
-0.06
- - -016 ~0.064
1.0+ L L L -1.0 -0.08 -1.0
F1G. FiG. F1G.
15. Temperature, 16. Temperature, 17. Temperature,

e=2/10 e—2/50 £—2/100
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As ¢ decreases, the relative errors between the solutions of Problems H and B,
are defined by the formulas

~ 0* — 95 2 ~ u* — Ue || 1,2
(70) B = 170 = 1 el

where u* and 6* are the distributions of displacements and temperature calculated
via Problem H, and u. and 6. are the distributions of displacements and temper-
ature calculated via Problem B.. Based on the data in Table 2, we conclude that
the solution of Problem B. tends to the solution of Problem H as ¢ decreases.

[ 22

TABLE 2. Passage to the solution of Problem H

€ ELz (9) ELz (u)
2e-1 | 0.2093 2.580
4e-2 | 0.0106 | 0.1286
2e-2 | 0.00267 | 0.0325

We underline that, when solving Problem H, there is no need to refine the mesh
sharply, while for Problem B, it is necessary that the finite element mesh passes
through the boundaries of elastic inclusions. This leads to a very fine mesh if a
number of inclusions is large. Thus, when implementing Problem H, there is a
significant saving in computing resources, as compared to Problem B..

By this remark, we finish observation of numerical experiments in the article.
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In this appendix, we put the fairly complete list of notations used in the article.

APPENDIX. NOMENCLATURE

Roman Symbols

Notation Description Introduced in

a, as, A+ moduli of elasticity Secs. 1.2-1.4

A* matrix of effective elasticity formula (47)
coeflicients

aj vector of effective coefficients of formula (47)
thermal expansion

b9, b3, b3 bilinear forms Sec. 1.2

b1(u,v), bilinear forms in the refined Sec.1.3

b1(0; u,v), formulation of Problem A

bQ (0, ’U),

b2(8;6,v),

b3 (0’ 19)7

b3(5;6,9)

C4(E), C§(E) spaces of periodic functions Definition 2

5 (2)

do® one-dimensional Lebesgue measure on ¢ Sec.2.1

el, € Cartesian basis in R? Sec.2.2

Erz(u) the relative error for the distributions formula (69)
of displacements in Problems A and B

Er2(0) the relative error for the distributions formula (69)
of temperature in Problems A and B

Er2(u) the relative error for the distributions formula (70)
of displacements in Problems B, and H

Er2(6) the relative error for the distributions formula (70)
of temperature in Problems B, and H

f,f distributed mass force Secs. 1.2,1.3

g, g distributed heat source Secs.1.2,1.3

Hi(v) the Sobolev space defined Notation 3
on inclusion ~y

H (%) the Sobolev space defined Sec.2.1

on inclusion ~¢
Sobolev spaces
Sobolev space of periodic functions

Sec.1.2, Notat. 1

Definition 2

1 1=(1,1)T ¢ R? Sec. 1.2
19,13 linear functions Sec.1.2
l1, lo linear functions in the refined Sec.1.3
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U, us

Uy Uty U—
*

V: Vl

Vo

V6

Ve

Ty, T2

Y1, Y2

*

Y1

21, 22
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formulation of Problem A

matrix of effective coefficients

of heat conductions

width of the computational domain
height of the computational domain
unit outward normal to 9Q°

unit outward normals to 04
exponent of ‘contrast’

limiting two-scale deformation on Q x ~,
limiting two-scale gradient of
temperature on 2 X v,

displacements in Problem A

U= (Uyp, U, Up,)

limiting two-scale displacement
displacements on Q9 Qi, Q0 resp.
homogenized field of displacements
Sobolev spaces

Sobolev space

Sobolev space

Sobolev space

Cartesian coord. in Problems B, B., H
Cartesian coord. in Problem P
abscissa of the right endpoint

of the inclusion in Problem A
Cartesian coordinates in the proof

of Theorem 1

formula (48)

Sec. 3.1
Sec.3.1

formulas (8), (9)

f-las (28), (29)
formula (33),
Remark 4

formula (63)
formula (56)

Secs.1.2,1.3
Notation 1
formula (61)
Notation 1
Theorem 4
Sec. 1.4
Sec.1.3

Sec. 1.2
Sec.2.1
formula (12)
Sec. 1.1

Sec. 1.1

formula (12)

Greek Symbols

Notation Descripition Introduced in
B, Bs, B+ coefficients of thermal expansion Secs.1.2-1.4
¥ symmetry axis of the set Q9 | Secs.1.1,1.2
the thin inclusion
Yatd union of thin inclusions in Rg Sec.2.2
Y+ shift of v to 1/2 upwards in Oy;yo-system Sec.1.3
y_ shift of v to 1/2 downwards in Oy;ys-system Sec. 1.1
F‘j_, I parts of the exterior boundary of Q° Sec.1.1
73 shift of v to §/2 upwards Sec.1.1
7 shift of v to §/2 downwards Sec. 1.1
~E set of thin inclusions (fibers) Sec. 1.5
Ve inclusion in periodic cell = Sec.2.2, Fig. 4
§ thickness of bulk inclusion, Sec.1.1
small parameter
€ distance between neighboring Sec. 1.5

inclusions, small parameter
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0, 0s temperature in Problem A Secs.1.2,1.3
0 0=(0.,0_,0p) Notation 1
o limiting two-scale temperature formula (54)
O,y 04, 0_ temperature on Q9 , Qi, Q0 resp. Notation 1
0 homogenized temperature field Theorem 4
A As, At coefficients of heat conduction Secs.1.2-1.4
= periodicity cell Notation 4
£ 6,8 fast (microscopic) variables Notation 4
& ordinate of thin inclusion 7, on = Sec. 2.2
QCR2 domain of composite in Problems B, B., H Secs.1.1,1.5,2.1
QC RZ pre-image of Q° in Problem A Sec.1.1
Qo domain of composite in Problem A Sec. 1.1
(91N bulk inclusion Sec.1.1
Q4 pre-image of Q‘i when shifting on +6/2 Sec. 1.1
Q_ pre-image of Q2 when shifting on —4§/2 Sec. 1.1
Q3 0% components of the thermoelastic body Sec. 1.1

in Problem A

Some operators

Notation Description Introduced in
5” full derivative w.r.t. xy Notation 5
Vaz, Vy gradient operators Sec.1.2

Va full gradient in x Notation 5

(1]
(2]
(3]
[4]
(5]
(6]
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