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Abstract. This paper considers the solution to the problem of the
transport of solvent and solute in a chemically inert elastically deformable
rock, for which only changes in stress and pore pressure are taken into
account. The chemistry of the saturating pore �uid has no direct e�ect
on the rock deformation. Chemical e�ects are taken into account by
changing the pore pressure and deformation of rocks in the transport
equations. The numerical algorithm for solving the problem under consi-
deration is based on a combination of the Laguerre integral transform and
the �nite di�erence method. The paper presents the results of numerical
calculations for the model of the transport of a solute through a semi-
permeable shale.

Keywords: porous medium, saturated �uid, elastic parameters, stress
tensor, partial density, permeability, chemical potential.

1. Ââåäåíèå

Â ñëàíöàõ ìîæåò ïðîèñõîäèòü êàòèîííûé îáìåí ìåæäó ãëèíèñòûìè ïîâåðõ-
íîñòÿìè è ó÷àñòâóþùåé ïîðîâîé æèäêîñòüþ. Äðóãèå ðàñòâîðåííûå âåùåñòâà
òàêæå ìîãóò àäñîðáèðîâàòüñÿ èëè äåñîðáèðîâàòüñÿ íà ñòåíêàõ ïîð. Ýòèìè ýô-
ôåêòàìè ìîæíî ïðåíåáðå÷ü [1]. Ðåçóëüòàò ýòîãî ïåðåíîñà ñïðàâåäëèâ ëèøü äëÿ
ìîëåêóë, êîòîðûå íå ñêëîííû àäñîðáèðîâàòü, èëè êîëè÷åñòâî êîòîðûõ óæå äî-
ñòàòî÷íî â ïîðàõ, òàê ÷òî ðàâíîâåñèå ìåæäó ïîðîäîé è ïîðîâîé æèäêîñòüþ íå
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íàðóøàåòñÿ. Ïðèìåðîì ìîæåò ñëóæèòü ïåðåíîñ íàòðèÿ ÷åðåç ãëèíó, êîòîðàÿ
èìååò òîëüêî íàòðèåâûå ïðîòèâîèîíû. Ïðåíåáðåæåíèå àäñîðáöèåé/äåñîðáöèåé
è íåïîñðåäñòâåííûìè õèìè÷åñêèìè ýôôåêòàìè â òåîðèè ïîðîóïðóãîñòè â ñî-
îòíîøåíèè íàïðÿæåíèå-äåôîðìàöèÿ ïðèâîäèò ê óïðîùåíèþ îñíîâíûõ óðàâíå-
íèé.

Ñëåäóÿ ðàáîòå [1], äëÿ ïðîñòîòû, ðàññìîòðèì ïîðèñòóþ æèäêîñòü, ñîñòî-
ÿùóþ èç îäíîãî íåçàðÿæåííîãî ðàñòâîðåííîãî âåùåñòâà ñ ìîëüíîé ôðàêöè-
åé Ψ = xs â ðàñòâîðèòåëå (âîäå) ñ ìîëüíîé ôðàêöèåé xw = 1 − Ψ. Ðàñòâîð
ñ÷èòàåòñÿ èäåàëüíûì. Õèìè÷åñêèå ïîòåíöèàëû ðàñòâîðåííîãî âåùåñòâà µs è
ðàñòâîðèòåëÿ µw èìåþò âèä

µs = pVs +RT lnΨ,

µw = pVw +RT ln(1−Ψ),

ãäå p� äàâëåíèå, R � ãàçîâàÿ ïîñòîÿííàÿ, T � òåìïåðàòóðà, Vs, Vw � ñîîòâåòñòâó-
þùèå ïàðöèàëüíûå ìîëÿðíûå îáúåìû ðàñòâîðåííîãî âåùåñòâà è ðàñòâîðèòåëÿ.
Ìîëÿðíûé îáúåì ðàñòâîðà (ïðè àòìîñôåðíîì äàâëåíèè) ðàâåí

Vsoln = (1−Ψ)Vw + ΨVs.

Â [2] ðàññìîòðåíà õèìîïîðîóïðóãàÿ ìîäåëü äëÿ îöåíêè ïðîôèëÿ íàïðÿæåíèé
îêîëîñêâàæèííîãî ïðîñòðàíñòâà, à â [3] ðåøåíà ñèñòåìà óðàâíåíèé õèìîòåðìî-
ïîðîóïðóãîñòè íà îñíîâå íåÿâíîãî êîíå÷íî-ðàçíîñòíîãî ìåòîäà. Äàëåå, â ïðåä-
ëàãàåìîé ðàáîòå ïðåäïîëîæèì, òàêæå êàê â [1], ÷òî îáúåìíûé ìîäóëü K ðàñ-
òâîðà íå çàâèñèò îò Ψ, è îãðàíè÷èìñÿ èçîòåðìè÷åñêèì ñëó÷àåì ïðè ïîñòîÿííîé
òåìïåðàòóðå. Â îòëè÷èå îò [1-3] â äàííîé ðàáîòå êîýôôèöèåíò äèôôóçèè ÿâ-
ëÿåòñÿ ôóíêöèåé ïîðèñòîñòè.

2. Òåîðèÿ ïîðîóïðóãîñòè

×òîáû ñâÿçàòü èçìåíåíèÿ äåôîðìàöèè eij ãîðíîé ïîðîäû ñ èçìåíåíèÿìè
ïðèëîæåííîãî íàïðÿæåíèÿ σij è èçìåíåíèÿìè õèìè÷åñêèõ ïîòåíöèàëîâ êîì-
ïîíåíòîâ ïîðèñòîé æèäêîñòè, âîñïîëüçóåìñÿ ìîäèôèöèðîâàííîé òåîðèåé ïî-
ðîóïðóãîñòè. Åñëè ïîðîâàÿ æèäêîñòü ñîäåðæèò n õèìè÷åñêèõ âåùåñòâ ñ õè-
ìè÷åñêèìè ïîòåíöèàëàìè µi (i= 1, . . . ,n) è ñ ìàññîé mi (íà åäèíèöó îáúåìà
ïîðèñòîãî ìàòåðèàëà), òî [4]

(1) deij = Sijkldσkl +

n∑
q=1

Qqijdµ
q, ,

(2) dmp = Qpijdσij +

n∑
q=1

Bpqdµq,

ãäå ïåðåêðåñòíûå êîýôôèöèåíòûQrij ÿâëÿþòñÿ îáùèìè äëÿ (1) è (2) èB
rs=Bsr.

Ïðåäïîëîæèì, ÷òî èçìåíåíèå ïðèëîæåííîãî íàïðÿæåíèÿ dσij ñæèìàåò êîì-
ïîíåíòû ïîðîâîé æèäêîñòè ïðîïîðöèîíàëüíî èõ ìîëÿðíûì äîëÿì è, ñëåäîâà-
òåëüíî, â (2) Qpij=x

p. Èç óðàâíåíèÿ Ãèááñà-Äþãåìà ñëåäóåò, ÷òî

n∑
q=1

Qqijdµ
q=Vsolndp
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è òîëüêî èçìåíåíèÿ ïîðîâîãî äàâëåíèÿ òðåáóåòñÿ äëÿ (1). Ïðåäïîëîæèì, ÷òî
ãîðíàÿ ïîðîäà èçîòðîïíà ñ ìîäóëåì ñäâèãà G, ïàðàìåòðîì Ñêåìïòîíà B è äðå-
íèðîâàííûìè è íåäðåíèðîâàííûìè êîýôôèöèåíòàìè Ïóàññîíà ν, νu, ñîîòâåò-
ñòâåííî. Òîãäà óðàâíåíèå (1) ïðèíèìàåò ñëåäóþùèé âèä [5]:

(3) 2Gdeij = dσij −
ν

1 + ν
dσkkδij +

3(νu − ν)

B(1 + ν)(1 + νu)
pδij

Èç óðàâíåíèÿ ðàâíîâåñèÿ [6] ñëåäóåò, ÷òî âûïîëíÿåòñÿ óðàâíåíèå

(4) ∆

[
σkk +

6(νu − ν)

B(1− ν)(1 + νu)
p

]
= 0.

Õèìè÷åñêèå ïîòåíöèàëû µi â (2) íå ìîãóò áûòü ñâåäåíû ê ïðîñòîìó ïîðîâîìó
äàâëåíèþ p. Òåì íå ìåíåå, â äâóõêîìïîíåíòíîé ïîðèñòîé æèäêîñòè óäîáíî
èñïîëüçîâàòü äàâëåíèå p è ìîëüíóþ ôðàêöèþ Ψ, à íå õèìè÷åñêèå ïîòåíöèàëû
µs, µw, ñîîòâåòñòâåííî. Òàêèì îáðàçîì, äëÿ íåêîòîðîé êîíñòàíòû α, êîòîðàÿ
îïðåäåëÿåòñÿ íèæå, èìåþò ìåñòî:

dms =
3Ψ(νu − ν)

2GB(1 + ν)(1 + νu)Vsoln

[
dσkk + 3B−1dp

]
+

α

Vs
dΨ,

dmw =
3(1−Ψ)(νu − ν)

2GB(1 + ν)(1 + νu)Vsoln

[
dσkk + 3B−1dp

]
− α

Vw
dΨ.

Åñëè îáúåì ïîð (íà åäèíèöó îáúåìà) � φ0, ÷èñëî ìîëåé ðàñòâîðèòåëÿ è ðàñòâî-
ðåííîãî âåùåñòâà:

mw = (1−Ψ)
φ0
Vsoln

, ms = Ψ
φ0
Vsoln

è, ñëåäîâàòåëüíî,

α=
φ0 Vw Vs
V 2
soln

.

Èñïîëüçóÿ çàêîíû ñîõðàíåíèÿ ìàññû è ïðåäïîëîãàÿ, ÷òî Ψ ìåíÿåòñÿ äîñòàòî÷-
íî ìàëî [1], ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé ïîëó÷èì ñèñòåìó óðàâíåíèé ïàðà-
áîëè÷åñêîãî òèïà:

(5)
∂Φ

∂t
= A∇2Φ +H∇2Ψ,

(6)
∂Ψ

∂t
= C∇2Φ + E∇2Ψ,

ãäå Φ = σkk + 3p
B , σkk� ñëåä òåíçîðà íàïðÿæåíèé,

A =
2GB2k(1− ν)(1 + νu)2

9(1− νu)(νu − ν)Vsoln
[γVsx

s
0 + Vw(1− xs0)] ,

H =
2GB(1 + ν)(1 + νu)(γ − 1)RTk

3(νu − ν)
,

C =
(γ − 1)Bk(1− ν)(1 + νu)VsVwx

s
0(1− xs0)

3(1− νu)(1 + ν)αVsoln
,

E =
Vs

αVsoln
[γDVsoln + (1− γ)RTkxs0] ,

γ- êîýôôèöèåíò ïðîïóñêàíèÿ, D � êîýôôèöèåíò äèôôóçèè.
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Êàê ïîêàçàíî â [7-10], êîýôôèöèåíòû ν è k ìîæíî ñâÿçàòü ñ ïîðèñòîñòüþ:

ν =
λ̃

2
(
λ̃+G

) , λ̃ = λ− (αρ2)−1K2, K = λ+
2

3
G, k =

µ

χρρl
,

ãäå µ - âÿçêîñòü âîäû, χ - êîýôôèöèåíò òðåíèÿ, ρ=ρl+ρs, ρs=ρ
f
s (1−d0) è ρl=ρ

f
l d0,

d0 - ïîðèñòîñòü, ρfs è ρfl - ôèçè÷åñêèå ïëîòíîñòè ïîðèñòîãî òåëà è âîäû ñî-
îòâåòñòâåííî, λ, G, αρ2 � óïðóãèå ïàðàìåòðû ïîðèñòîé ñðåäû [11]. Óïðóãèå
ïàðàìåòðû K,G, α âûðàæàþòñÿ ÷åðåç ñêîðîñòü ðàñïðîñòðàíåíèÿ ïîïåðå÷íîé
âîëíû cs è äâå ñêîðîñòè ïðîäîëüíûõ âîëí cp1 , cp2 [12, 13]:

G = ρsc
2
s, K =

ρ

2

ρs
ρl

(
c2p1 + c2p2 −

8

3

ρl
ρ
c2s −

√(
c2p1 − c2p2

)2 − 64

9

ρlρs
ρ2

c4s

)
,

ρ2α =
1

2

(
c2p1 + c2p2 −

8

3

ρl
ρ
c2s +

√(
c2p1 − c2p2

)2 − 64

9

ρlρs
ρ2

c4s

)
.

3. Ïîñòàíîâêà çàäà÷è è àëãîðèòì ðåøåíèÿ

Ôóíêöèè Φ(x, t) è Ψ(x, t) îïðåäåëÿþòñÿ èç ñèñòåìû óðàâíåíèé òåïëîïðîâîäíî-
ñòè

(7)
∂Φ

∂t
= A

∂2Φ

∂x2
+H

∂2Ψ

∂x2
, 0 < x < L, t > 0,

(8)
∂Ψ

∂t
= C

∂2Φ

∂x2
+ E

∂2Ψ

∂x2
, 0 < x < L, t > 0,

ñ ãðàíè÷íûìè

(9) Φ|x=0 = Φ0(t), Φ|x=L = Φ1(t), t > 0,

(10) Ψ|x=0 = Ψ0(t), Ψ|x=L = Ψ1(t), t > 0,

è íóëåâûìè äàííûìè Êîøè

(11) Φ|t=0 = 0, Ψ|t=0 = 0, 0 < x < L.

Äëÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (7) - (11) èñïîëüçóåì ìåòîä Ëàãåððà
èíòåãðàëüíîå ïðåîáðàçîâàíèå ïî âðåìåíè:

~Wm(x) =

∫ ∞
0

~W (x, t)(ht)−
α
2 lαm(ht)d(ht),

ñ ôîðìóëàìè îáðàùåíèÿ

~W (x, t) = (ht)−
α
2

∞∑
m=0

m!

(m+ α)!
~Wm(x)lαm(ht),

ãäå lαm(t) � ÿâëÿåòñÿ ôóíêöèåé Ëàãåððà.
Ôóíêöèè Ëàãåððà lαm(t) âûðàæàþòñÿ ÷åðåç êëàññè÷åñêèå îðòîíîðìèðîâàí-

íûå ìíîãî÷ëåíû Ëàãåððà Lαm(t) [14]. Â ýòîé ñòàòüå ìû âûáèðàåì ïàðàìåòð α
êàê öåëîå è ïîëîæèòåëüíîå, îòñþäà:

lαm(t) = t
α
2 e−

t
2Lαm(t).
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Äëÿ ïåðâîé è âòîðîé ïðîèçâîäíûõ ïîëèíîìîâ Ëàãåððà èìååì ñëåäóþùèå
ôîðìóëû:

∂

∂t
Lαm(ht) = −h

m−1∑
k=0

Lαk (ht),

∂2

∂t2
Lαm(ht) = h2

m−2∑
k=0

(m− k − 1)Lαk (ht).

Ëåãêî âèäåòü, ÷òî äëÿ óäîâëåòâîðåíèÿ íà÷àëüíûõ óñëîâèé çàäà÷è íåîáõîäè-
ìî äîñòàòî÷íî óñòàíîâèòü çíà÷åíèå α ≥ 2. Áîëåå òîãî, â ýòèõ ôîðìóëàõ ââåäåì
ïàðàìåòð ñäâèãà h > 0, çíà÷åíèå è ýôôåêòèâíîñòü êîòîðîãî ïîäðîáíî îáñóæ-
äàþòñÿ â [15, 16].

Â ðåçóëüòàòå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Ëàãåððà èñõîäíàÿ çàäà÷à (7) - (11)
ñâîäèòñÿ ê îäíîìåðíîé êðàåâîé çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîé
ñèñòåìû â ñïåêòðàëüíîé îáëàñòè, êîòîðàÿ ïåðåïèñûâàåòñÿ â âèäå:

(12)
h

2
Φm = A

d2Φm

dx2
+H

d2Ψm

dx2
− h

m−1∑
k=0

Φk, 0 < x < L,

(13)
h

2
Ψm = C

d2Φm

dx2
+ E

d2Ψm

dx2
− h

m−1∑
k=0

Ψk, 0 < x < L,

ñ ãðàíè÷íûìè óñëîâèÿìè

(14) Φm|x=0 = Φm0 , Φm|x=L = Φm1 ,

(15) Ψm|x=0 = Ψm
0 , Ψm|x=L = Ψm

1 .

Äëÿ ðåøåíèÿ çàäà÷è (12)�(15) èñïîëüçóåì êîíå÷íî-ðàçíîñòíûé ìåòîä ñî âòî-
ðûì ïîðÿäêîì òî÷íîñòè.

4. ×èñëåííûå ðåçóëüòàòû.

Äëÿ íà÷àëüíîé àïðîáàöèè ÷èñëåííîãî àëãîðèòìà è îïðåäåëåíèÿ òî÷íîñòè âû-
÷èñëåíèé, âìåñòî ïàðàáîëè÷åñêîé ñèñòåìû (7)-(8), ðàññìàòðèâàëàñü ãèïåðáî-
ëè÷åñêàÿ ñèñòåìà ñ ñîîòâåòñòâóþùèìè íà÷àëüíî-êðàåâûìè óñëîâèÿìè (9)-(11),
êîòîðàÿ îïèñûâàåò ðàñïðîñòðàíåíèå ïðîäîëüíûõ êîëåáàíèé â ñðåäå. Íà ðèñóí-
êàõ 1 è 2 ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ ñåéñìè÷åñêèõ òðàññ Φ(t) è Ψ(t)
êîìïîíåíò âîëíîâîãî ïîëÿ äëÿ òåñòîâîé ìîäåëè ñðåäû. Äàííàÿ ìîäåëü ñðåäû
çàäàâàëàñü ñëåäóþùèìè ôèçè÷åñêèìè õàðàêòåðèñòèêàìè: xs0 = 0.1, ϕ = 0.14,
B = 0.92, T = 300K, ν = 0, νu = 0.44, Vw = 1.8 · 10−5 ì3, Vs = 2.6 · 10−5 ì3,
G = 0.6ÃÏà, µ = 10−9ÌÏà·ñ, R = 8.3ÄæÊ−1ìîë−1, D = 10−7ì2 ·ñ−1, γ = 0.9,
k = 1.4 · 10−19 ì2 .
Òîãäà, èñõîäÿ èç çàäàííûõ êîýôôèöèåíòîâ ãèïåðáîëè÷åñêîé ñèñòåìû, ñêîðîñòè
ïðîäîëüíûõ âîëí îïðåäåëÿþòñÿ êàê: c1 = 0.355 · 10−5 ì/ñåê, c2 = 0.115 · 10−4

ì/ñåê.
Âîëíîâîå ïîëå ìîäåëèðîâàëîñü îò èñòî÷íèêà, íàõîäÿùåãîñÿ íà ëåâîì êîíöå ïî-
ðîóïðóãîãî ñëîÿ ãëèíèñòîãî ñëàíöà: Φ0(t) = 0,Φ1(t) = 0, Ψ0(t) =f(t), Ψ1(t) = 0.
Âðåìåííîé ñèãíàë â èñòî÷íèêå çàäàâàëñÿ â âèäå:

f (t) = exp

(
−2πf0 (t− t0)

2

κ2

)
sin (2πf0 (t− t0)) ,
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Ðèñ. 1. Òðàññû äëÿ êîìïîíåíòû Φ(t).

Ðèñ. 2. Òðàññû äëÿ êîìïîíåíòû Ψ(t).

ãäå κ = 4, f0 = 1 Ãö, t0 = 1, 5ñ.
Äëÿ ðàçíîñòíîé àïïðîêñèìàöèè ïî ïðîñòðàíñòâåííîé êîîðäèíàòå øàã äèñêðå-
òèçàöèè çàäàâàëñÿ 50 óçëîâ íà ìèíèìàëüíóþ äëèíó âîëíû.
Èç ïðåäñòàâëåííûõ ðèñóíêîâ âèäíî, ÷òî îáðàçóþòñÿ ñîîòâåòñòâóþùèå äâà òèïà
âîëí â ïîðîóïðóãîì ãëèíèñòîì ñëàíöå. Àíàëèç äàííûõ ðàñ÷åòîâ ïîêàçàë, ÷òî
ïîãðåøíîñòü âû÷èñëåíèé ìåíåå 0.1%.
Íà ðèñóíêàõ 3 è 4 ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïàðàáîëè÷åñêîé
ñèñòåìû (7)-(8), ñ íà÷àëüíî-êðàåâûìè óñëîâèÿìè (9)-(11). Ìîäåëü ñðåäû çà-
äàâàëàñü ñëåäóþùèìè ôèçè÷åñêèìè õàðàêòåðèñòèêàìè: xs0 = 0.1, ϕ = 0.14,
B = 0.92, T = 300K, ν = 0, νu = 0.44, Vw = 1.8 · 10−5 ì3, Vs = 2.6 · 10−5 ì3,
G = 0.6ÃÏà, µ = 10−9ÌÏà·ñ, R = 8.3ÄæÊ−1ìîë−1, D = 10−7ì2 ·ñ−1, γ = 0.9,
k = 1.4 · 10−15 ì2 .
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Ðèñ. 3. Òðàññû äëÿ êîìïîíåíòû Φ(t). Íîðìèðîâêà íåçàâèñèìà
äëÿ êàæäîé òðàññû.

Ðèñ. 4. Òðàññû äëÿ êîìïîíåíòû Ψ(t). Íîðìèðîâêà íåçàâèñèìà
äëÿ êàæäîé òðàññû.

5. Çàêëþ÷åíèå

Ðàññìîòðåíà õèìè÷åñêè èíåðòíàÿ äåôîðìèðóåìàÿ ãîðíàÿ ïîðîäà, äëÿ êîòî-
ðîé ó÷èòûâàþòñÿ òîëüêî èçìåíåíèÿ íàïðÿæåíèÿ è ïîðîâîãî äàâëåíèÿ: õèìèÿ
ïîðèñòîé æèäêîñòè íå îêàçûâàåò ïðÿìîãî âëèÿíèÿ íà äåôîðìàöèþ. Ïîêàçàíî,
÷òî èçìåíåíèÿ õèìè÷åñêèõ ýôôåêòîâ ïðèâîäèò ê èçìåíåíèþ ïîðîâîãî äàâëå-
íèÿ è äåôîðìàöèè ãîðíûõ ïîðîä. Ïðåäëàãàåìûé àëãîðèòì ÿâëÿåòñÿ àíàëîãîì
èçâåñòíûõ ñïåêòðàëüíûõ ìåòîäîâ ðåøåíèÿ äèíàìè÷åñêèõ çàäà÷. Îäíàêî â îò-
ëè÷èå îò êëàññè÷åñêèõ ïðåîáðàçîâàíèé Ôóðüå è Ëàïëàñà ïðèìåíåíèå ïðåîá-
ðàçîâàíèÿ Ëàãåððà ïðèâîäèò ê ñèñòåìå óðàâíåíèé, â êîòîðîé ïàðàìåòð ðàç-
äåëåíèÿ ïî ãàðìîíèêàì âõîäèò òîëüêî â ïðàâóþ ÷àñòü â ðåêóððåíòíîì âèäå.
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Â ðåçóëüòàòå ìàòðèöà ñèñòåìû ñâåäåííîé çàäà÷è èìååò õîðîøóþ îáóñëîâëåí-
íîñòü, ÷òî ïîçâîëÿåò èñïîëüçîâàòü ýôôåêòèâíûå ìåòîäû ðåøåíèÿ ïîëó÷åííûõ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. ×èñëåííî ðåøåíà çàäà÷à ïåðåíî-
ñà ðàñòâîðèòåëÿ è ðàñòâîðåííîãî âåùåñòâà ÷åðåç ïîëóïðîíèöàåìûé ãëèíèñòûé
ñëàíåö íà îñíîâå ïðåäëîæåííîãî àëãîðèòìà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èñ-
ñëåäîâàíèé (ïðîåêò No. 18-31-00120).
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