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ON THE ORLICZ COHOMOLOGY OF STAR-BOUNDED
SIMPLICIAL COMPLEXES

YA.A.KOPYLOV

ABsTRACT. We prove that the Whitney transformation induces an iso-
morphism between the Orlicz cohomology of a star-bounded simplicial
complex and the cohomology of the corresponding Orlicz—Sullivan com-
plex. Our main result is an extension of the isomorphism in the L, case
proved by Gol'dshtein, Kuz'minov, and Shvedov in 1988.
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INTRODUCTION

In 1976 in [1], Atiyah defined simplicial Lo-cohomology for free simplicial cocom-
pact group actions. Later in [3], Cheeger and Gromov used simplicial l5-cohomology
to define singular l-cohomology for countable groups. For arbitrary p, L,-methods
in the study of simplicial complexes were initiated by Gol’dshtein, Kuz'minov, and
Shvedov in [6]. They proved the de Rham isomorphism for L,-cohomology of a trian-
gulated Riemannian manifold under certain conditions on the triangulation. In [7],
Gromov also considered the £,-cohomology of a simplicial complex with bounded
geometry and proved its quasi-isometry invariance in the uniformly contractible
case. The £,-cohomology of simplicial complexes and it quasi-invariance properties
was also considered by Pansu [10].

In his thesis [4], Ducret introduced the L,-cohomology of a simplicial complex
of bounded geometry for a sequence of real numbers 7 = (pg), 1 < pr < oo, and,
under certain conditions, established the L,-de Rham isomorphism.
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In 2017 in [2], Carrasco Piaggio introduced simplicial /®-cohomology for a Young
function ® and proved its quasi-isometry invariance in the uniformly contractible
case. He also proved the de Rham theorem in degree 1 for Orlicz cohomology.
Then, in [11], Sequeira introduced a relative version of simplicial ¢,-cohomology
and Orlicz cohomology and established its quasi-isometry for Gromov-hyperbolic
uniformly contractible simplicial complexes of bounded geometry. He also proved
the de Rham isomorphism for Orlicz cohomology of Lie groups.

In the present paper, by analogy with [6], we establish an isomorphism between
the Orlicz cohomology of a star-bounded simplicial complex and the cohomology
of the corresponding Orlicz Sullivan complex.

The structure of the article is as follows: In Section 1, we recall the main notions
and necessary properties of Young functions and Orlicz function spaces. Section 2
deals with the Orlicz cohomology of star-bounded simplicial complexes. First, we
introduce an Orlicz Sullivan complex on a Riemannian manifold. Then we recall
the definition of the Whitney transformation and prove that it induces an isomor-
phism between the Orlicz cohomology of a star-bounded simplicial complex and
the cohomology of the corresponding Orlicz Sullivan complex (Theorem 2.5).

1. YouNnG FUNCTIONS AND ORLICZ FUNCTION SPACES

A function ® : R — R} U {oo} is called a Young function if
(i) @ is even and convex;
(ii) ®(0) =0, tlim D(t) = oo.

— 00

Let ® be a Young function and let (2, ¥, 1) be a measure space.
Given a measurable function f: Q — R, we put

polf) = [ ®(1)d
The linear space
L*=L%(Q)=L%(Q, %, u)={f : Q — R measurable : py(af) < oo for some a > 0}

is called an Orlicz space on (2, %, 11).
Below we as usual identify two functions equal outside a set of measure zero.
The gauge (or Luzemburg) norm of a function f € L?® is defined by the formula

i f
Hf”(‘?) = HfHL(‘I’)(Q) = lnf{/\ >0 : pq></\ <15,
We will need the following familiar assertion, which we prove here for complete-

ness:

Lemma 1.1. If ® is a Young function and « is a positive number then the norms
|- [l and || - ||(ae) are equivalent:

- ll@) <1 ll@e) < all-ll@) #a=1;

all i@ <l ll@e) < ll@ Ffa<l

Proof. Assume first that a > 1.
Put ® = a®. We have for any A > 0 and f € L*(Q) due to convexity:

(L1) oa (Cj;) ~ aps (Cj;) < ps ({) .
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oo (8=} {1}

If A € Mg then it follows from (1.1) that aX € Mg, and hence A € 1 M. Therefore,
Mg C £ Mg. This gives inf My > T inf Mg, or

- lae) < ol - [l(@)-
On the other hand, if f € L%(Q) then

(1.2) pa (i) = épa (i) <3 (J;) :
Using (1.2), we conclude that Mz C Mg, and hence
I liwy = inf M < inf Mg = [ a0
The case of a < 1 is obtained by noticing that ® = é;I; O

Remark 1.2. The above considerations also hold for Orlicz sequence spaces with in-
tegrals replaced by infinite sums.

2. OrLicZ COHOMOLOGY OF STAR-BOUNDED SIMPLICIAL COMPLEXES

2.1. The Sullivan complex. Let K be a simplicial complex and let | K| its geo-
metric realization. We will endow |K| with the standard metric induced by em-
bedding |K| into a Hilbert space, where each vertex of K is mapped to a point
having one coordinate equal to one and the remaining coordinates equal to zero.
The embedding is affine on each simplex of K.

Denote by C*(K) the space of real k-cochains of K.

As was observed in [6], given a simplex T and a face 7" of T, the identical
embedding jpvr : T — T induces a restriction mapping of the spaces of forms
g+ Qe (T) — Q5 (T"). The norm of each of the operators j7, , does not ex-
ceed 1.

A Sullivan form, or, briefly, an S-form, of degree k on K is a collection w =
{w(T)}rex, where w(T) € QF (T) for each T € K, satisfying the following condi-
tion: if 7" is a face of T then j7, rw(T) = w(T").

Denote by S*(K) the vector space of Sullivan forms of degree k on K. The form w(T')
is called the T-component of the form w.

Given a Sullivan k-form w, define the exterior differential Sullivan form dw com-
ponentwise. Since djj, = jiv rd, we have dS*(K) C S¥*1(K). Thus, (S*(K),d) is
a cochain complex of real vector spaces. It is called the Sullivan complex of the sim-
plicial complex K. Its cohomology space is denoted by H*(S*(K)).

Define the integration morphism [4, 6] as the linear mapping I : S*(K) — C*(K),

(Iw)(T) = / w(T),

T
where w € S¥(K), T € K (recall that T is regarded as a standard Euclidean sim-
plex). Then the transformation I : S*(K) — C*(K) of cochain complexes induces
an isomorphism in cohomology (see [12]).
Let M be a smooth manifold and let 7 : |K| — M be its smooth triangulation.
Consider the spaces

L®(M,AF) = {w e L (M, A¥) : ||w||eo = esssup |w(z)| < co};
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QF (M) = {w e L®(M,A") : dw € L=®(M, A" 1)}
The elements of Q* (M) are sometimes called flat forms.

The following assertion can be found in [13]:

Proposition 2.1. Let f : My — My be a Lipschitz mapping between Riemannian
manifolds. Then for any flat form w € QF_(My) the form f*w is well defined and
is a flat form. Moreover, df*w = f*dw.

Given w € Q’;oJOC(M) and a simplex T' € K, we put

w(T) = (1)7)" w.

The following assertion is [6, Lemma 1]:
Lemma 2.2. The collection of forms p,w = {w(T)}rex is an S-form on K.
The mapping @, : QEO,IOC(M) — S*(K) is an isomorphism of vector spaces.

2.2. The Whitney transformation. In what follows, we assume that the com-
plex K in question is of finite dimension n.

In addition to the mapping [ : S*(K) — C*(K), there is a mapping w : C*(K) —
S*(K), called the Whitney transformation (see [13]), defined as follows.

Let T be an s-simplex of the complex K and let T% be a k-face of T, k < s.
For each of the vertices e;, the barycentric coodinate function 3; : |K| — R is
defined (see [13]). For ¢ € C*(K) and T = [eg, €1, .. ., €], we put

k k

0T =k > clleis-en)) D (=) BidBiy A NdB A Adf,,

0<ig< - <ix<s r=0

where ~ means the omission of the corresponding term. The k-form 0(T') does not
depend on the order of the vertices of T'. If T” is a face of T then 0(T") = jo 76(T).
Therefore, w(c) = {0(T) }rex is an S-form on K. Moreover, dw(c) = w(dc) for any
cochain ¢ € C*(K).

2.3. (3, 3,,~-Cohomology of a simplicial complex. Let § : C*(K) — C*+1(K)
be the coboundary operator. If ® is a Young function and ¢ € C*(K) then consider
the space

Ci(K)={ce C*EK): Y  ®(a|e(T)]) < oo for some a > 0}.
dim T'=k

Endow the space C¥(K) with the gauge norm

||c(¢):inf{)\>0: > <I><C(AT)|)§1}.

dim T'=k
C%(K) is a Banach space continuously isomorphic to £*(Z). Put
ZE(K) ={cec CE(K) : dc=0}.
Given two Young functions ®; and ®;;, we also put
BY, 0, () = 65, () 1 Ch,, (K) © 26, (K);
let E{;I@”(K) be the closure of thq)”(K) in Oy, (K).
The kth ls, o,,-cohomology of K is the seminormed space
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the reduced kth {s, o,,-cohomology of K is the Banach space

—k —k
H<1>I,‘I>II (K) = Zgn (K)/B<I>I,<I>H (K)

If &; = ®&;; = & then we will write only one subscript ® in all the above
notations instead of @, ®.

Like in the case of the complex (C;(K),d) (see [6]), the following lemma holds.
The technique of dealing with estimates of gauge norms here and in some situations
below is borrowed from [2, p. 446], where the boundedness of the operator § in Orlicz
spaces was established under different constraints on K.

We call a simplicial complex star-bounded if the number of simplices in the star
of each of its vertices is bounded from above.

Lemma 2.3. If K is a star-bounded simplicial complex then 6(CE(K)) € CE™(K)
and § : C%(K) — CEYY(K) is a bounded operator-.

Proof. Let the number of (k + 1)-simplices in the star of a k-simplex be bounded
by N. For A > 0, we have

[0e(T)] ) _ (LT o
dimgz:k-&-l ? ()\(k + 2)> - dimgz:k—&-l < dimT'= >\ k + 2 ) )
[T T o (] e(T)
SR P <k+2>‘1’< )

dim T=k+2dim T"=k

1 Z (T , N ()|

E+2 Ty T-TN < —— 7] '
2 dim T'=k < A ) Z |[ ]| =L B E P X

dim T=k+1 dim T’ =k
Here we have put [T : T'] = 0 if T” is not a boundary simplex for T Since || -
le(T)]

||(k o) ~ ||l (@), the set of A for which k+2 Y dim Tk P ( ) < 1is not empty,

and is in fact an interval, and so such A can be taken arbltrarlly close to ||c|| (2 )"

For such A,
> o (yy) <t
dim T=k+1 (k+2)
and hence || 2 rzll <A or
(2.1) lloc|l < Ak +2).

Taking infimum on the right-hand side of (2.1) and applying Lemma 1.1, we obtain
I6cl ) < Nlell( o < Lllellay

for some positive constant L depending only on N and k. Thus, the operator 9§ :

Ck(K) — CETH(K) is bounded. O
Given a closed subcomplex L C K, denote by CX(K, L) the subspace in CX(K)

consisting of chains equal to 0 on L. The exact sequence of complexes

0—-C3(K,L)— C3;(K)— Cy(L)—0
induces an exact sequence of cohomology spaces

o= Hy(K) — Hy(L) — Hy (K, L) — HEHK) — ...
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For an S-form 6 of degree k on K and a Young function @, we put

0T
1nf{)\ §<I>(” Q”T>><1}.
TeK

It is easy to see that S§ (K) is a Banach space (cf. [4, Proposition 2.3]) and in fact
can be treated in many aspects as an Orlicz sequence space.

Since the norm of the differential d : Q% (T') — Q¥F1(T) is at most 1, d(S%(K)) C
SET1(K). We thus obtain the Ly Sullivan complex {S%(K),d}.

If L is a subcomplex of a simplicial complex K then the mapping j7 x : SE(K) —
Sk (L) is defined by the formula

Ji,x{w(T)}rex = {w(T)}rer.

Lemma 2.4. If L is a subcomplex in a star-bounded finite-dimensional simplicial
complex K then jj j is an epimorphism.

Proof. As was in fact demonstrated in the proof of [6, Lemma 2], if T is a simplex
then there exists a bounded linear operator v : S§(9T) — Q% (T") such that jp 7o
Y(W)(T) = w(T") for any face T” of T.

Let now K be a star-bounded finite-dimensional simplicial complex, L be its
subcomplex, and K ) be the jth skeleton of K. Let us prove by induction on j that
JI.Luk( 18 an epimorphism. Put K; = LU KU). Suppose that w;_ € S¥(K;_1),
and JLK,_,Wj-1 = w. Put

w(T) _ wj_l(T) lf T € Kj—la
I ’}/Ong7Kj71w]',1(T) if TGKj\Kjfl.

Then wj is an S-form on K. Indeed, take a simplex 7' € K, T" € 0K and calculate
Jrrqwi(T). T € Kj_1 then, clearly j7. pw;(T) = w(T"). Let now T € K; \ K;1.
Then

j;/,ij(T) = j;”,T oyo ng,Kj,Iijl(T) = jST,Kj,lefl(T/) = wjfl(Tl) = Wj(T/)
by the definition of ~.

Estimate the norm of w;. Let ||7|| be the norm of the operator v : S¢(9T) —
Q* (T). We infer for any A > 0 (the sums below can be finite or infinite):

llew; (Tl 2x_ (1)
2 q’(w+1><mn+1>>

TEKJ'
<Y o ()|\|°{j—11(T)||Q§o(711) ) Y e (”'YO,]';'\’;T’.K].11Wj—1(T)1|Q’;C(T)>
R O (TR VY A G+ ORI+
lwj—1(T)llax, (1) )
< Z (
R S VISV
Jiedl /
+ Z (I)< ; Z ij—l(T)”Q’go(T’)
TeK\Kj—1 AG+ DI+ T'€dT

1 |wj—1(T)llex, (1)
< GF ORI+, 2 ‘I’( X >

TEKj—l
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1 Jiedl , >
+ — E E (0] ( wi_1(T k(| = A.

1
I+ TeK;\K;_1 T'€dT

Let N be the supremum of the number of j-dimensional simplices in the stars
of (j — 1)-dimensional simplices. We proceed as follows:

1 |wj—1(T)lax, (1)
<, X e(TEREe)

TeK; 1
N Wji—1 T "k ’
+j+1 ”,YH’YJHFI Z P ( J ( /\)”S 0Q(T))
T/EKj_l
(T X
J + 1 TEKJ'—I >\
In accordance with Lemma 1.1, || - ‘S§V+1¢(K) ~ || - llsz (x)- Therefore, for all A
j+1
sufficiently close to [lw;—1]|sy,, , we have
it
- (T ’
N+1 Z P (”“JJ 1( )”Q’;C(T)) <1
J + 1 TEK]'—I )\

For such A,

Z o ()\H%(l )||Qg;o(:r)1 > <1
rek, G+ DU +1)
Consequently, as in the proof of Lemma 2.3, we obtain

Wi
- < Mwj—allssy,, x)-
MG+ DT+ D) [y 0~ 7 oo™

Thus, w; € S;(K;) and also jr x,w; = w. Since K is finite-dimensional, the lemma
is proved. O

Under the conditions of Lemma 2.4, denote by S} (K, L) the kernel of the map-
ping ji x : S3(K) — S3(L). Then we have an exact cohomology sequence

c = HNSH(K, L)) — H(S3(K)) — H*(S§(L)) — H*1(S3(K, L)) = ...

2.1. 2.4. The isomorphism between the simplicial and Orlicz—Sullivan
cohomology.

Theorem 2.5. Let K be an arbitrary star-bounded finite-dimensional simplicial
complex and L be its subcomplex. The Whitney transformation takes the cochain
complex {C} (K, L),d} to S (K, L) and induces a topological isomorphism of the co-
homology spaces.

Proof. Let dimK =n, c € C¥(K,L), T € K, dimT = s, § = w(c). Then the defi-
nition of the Whitney transformation implies that

e < (1) X ke el

0<ip< + <ip<dimT

We have for \ > 0:
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o(T (M52 Jelle---ea))l
Z || ( )”Q’;Q(T) 0<ip< <t <dim T
N e P :
TeK k+1 TeK k+1
0<i ‘i Tlc([eim"'veik]”
<0<+ <1 <dim
= Z ® dim T+1) y
TEK ( k+1 )

1 C([€igy -+ Ciy
< Z Z (dimT+1)q) (| : A ])|)

TeK 0<ip<-<ip<dimT \ k+1

<> @<M)SNZ¢<4§U|>

TEK 0<ig< - <ip<dim T dim T=k

for some constant N > 0 due to the star-boundedness of K. Thus,

w(c)
n+1 2

< |lell gy (,1)*

whence (cf. Lemma 1.1)

()l a2y < const [l .1

which implies that the operator ¢ — w(c) is a bounded operator Ck(K,L) —
Sk(K,L).

Now, let w € S%(K, L). Denote by vy, the volume of the standard k-dimensional
simplex. Given a k-dimensional simplex T" of K,

‘/TW(T)' < w(@llax, (7)vk-

Hence, for any A > 0,

Z (I)<IL;Q(,Z)D§ Z ¢(||W(T))\7|J|ZQO(T)W>_ Z (I)<|W(T)£Q’;C(T)>.

dim T=k dim T=k dim T=k

Therefore,
[{w(T) ||C1;;(K,L) < Uk ||W||SZ;,(K,L)~

This means that the operator w ~ Iw is a continuous operator S&(K,L) —
Cr(K,L).

Since we have two transformations w : C} (K, L) — S (K,L)and I : S} (K,L) —
Co(K,L) with T ow = idc: (k). the induced mapping of the cohomology spaces
»: H*(S}(K,L)) — H*(C4(K,L)) is an epimorphism. We need to prove that s
is @ monomorphism. Since [ is an epimorphism, for this it suffices to find for every
cocycle 8 € Sy (K, L) with 16 = 0 an S-form w € S¥™1(K, L) with the property
dw = 6.

Let KU) be the jth skeleton of K and let K;=LU KU, Using induction on j,
construct S-forms w; € Sg_l(K, L), j > k, such that dw; = j}'}j’KH.
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Let T be the standard j-simplex. Then S}(T,0T) = S*(T,0T), and hence,
by Sullivan’s theorem,

R, k=7,

H(53,(T. 0T)) = {0, o

The isomorphism HJ(S3(T,0T)) = R is given by the mapping 0 — [,.0(T).

Denote by B* the space of k-dimendional boundaries of the complex S (T, 9T).
The space B* is closed in S&(T',dT), and hence the mapping d : S=(T,0T) — B*
is an epimorphism of Banach spaces. By Banach’s Theorem, there is a constant C
satisfying the following condition: for every a € B*, there exists 3 € ng_l(T7 oT)
such that

df =« and HﬁHSi’l(T,BT) < C||O‘HS§;(T,8T)'

Turn to constructing the forms w;. If T € Kj_; then we put w(T) = 0. Let
T € Kj \ Kj—1. Since [;,0(T) = 0 and df = 0, we have j7. ;0 € BE. There exists
a form Br € QE-Y(T,0T) = SE~1(T, dT) such that

dfr = jr b and |[|Brllgs-1 4 < C'O(T) | ax (-

Here the constant C’ does not depend on T since all k-dimensional simplices in K
are isometric to the standard simplex. Put wy(t) = Sr. We have

”wk(T)”Q’;gl(T) B H/BT||Q§O—1(T)
Z(D(AC’ = 2 Ta

TEKy TEK\Kr_1

TeKi\Kr-1 TEK
This implies that wy, € Sk~(K, L) and
HwkHsg’l(K,L) = C/HQHS";(K,L)'

Suppose that we have constructed a form w;_; € Skfl(Kj,l,L) for which
dwj—1 = ji, k0. Using Lemma 2.4, find a form ' € S&=Y(K;, L) such that
Ik, w0 = wj—1. BT € Kj_y then put w”(T) = 0. Let T' € K \ K;_1. Then
Jbr K, (0 —dw') = 0. Therefore, § —dw’ is a cocycle of the complex S (T, dT). Since
H*(S%(T,0T)) = 0 for k < j, we have § — dw’ € B*. There exists a form 37 such
that

dﬁT =0 dw/ and ”BT”Q’&TI(T,@T) < C’||0 - dw’HQ;;o(TﬁT).

Put w”(T) = Br. This gives an S-form w” € S¥™Y(K;,L). Let w; = o' + w".
Then w; € S5~ (K;, L) and dw; = Jk,,k0- This finishes the induction step. Since
dim K < oo, for j > dim K we obtain the S-form w = w; € Sé_l(K, L) for which
dw = 0. Consequently, I induces an isomorphism of the cohomology groups. Both
mappings I and w induce continuous mappings of the cohomology spaces. Hence,
I and w induce mutually inverse isomorphisms in cohomology.

Theorem 2.5 is proved. g

Remark 2.6. In [6], the isomorphism between the £,-cohomology of a star-bounded
simplicial complex and the cohomology of the corresponding L,, Sullivan complex
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was one of key tools in proving the L, de Rham isomorphism. It reduced the prob-
lem to proving that the L,-cohomology of a Riemannian manifold is isomorphic
to the cohomology of the L, Sullivan complex corresponding to the triangulation
under consideration. This involves homotopy operators constructed with the use
of regularization. However, in contrast to the L? spaces, where there is practi-
cally no difference between the norm and the corresponding modular, regulariza-
tion in Orlicz spaces was proved to be bounded only in norm (see [8]), and not
in the strong modular sense (cf. [9]), which makes it impossible to glue up a global
estimate of the Orlicz norm of a homotopy operator from existing “local” esti-
mates. Thus, the general Orlicz—de Rham isomorphism remains an open problem.
The Orlicz—de Rham isomorphism was established by Sequeira in the particular
case of Lie groups (see [11, Theorem 1.5]).

The author is grateful to Vladimir Gol’dshein and Emiliano Sequeira for a care-
ful reading of the manuscript and valuable remarks, which substantially improved
the exposition.
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