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ABSTRACT. The paper considers the first boundary value problem in
a rectangle for the equation describing torsional vibrations of an elastic
rod. Existence and uniqueness theorems are proved for a generalized
solution of the first boundary value problem in Sobolev space.
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1. INTRODUCTION

In the work, we consider the first boundary value problem in a rectangle for the
equation

(I — D?)D?u + Du — a?D?u = f(t,x). (1.1)

Equation (1.1) is not resolved with respect to the highest-order derivative. Such
equations are often called Sobolev type equations, since it was S.L. Sobolev whose
works were the beginning of a systematic study on such equations. In the works by
S.L. Sobolev [1], detailed study on one equation nonresolved with respect to the
highest-order derivative was first performed and a number of new mathematical
problems were formulated. In particular, Sergei LuiSvovich Sobolev stated a problem
of constructing a theory on boundary value problems for differential equations
nonresolved with respect to the highest-order time derivative.
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The study [2] was devoted to solving that problem. This book distinguishes
between three classes of equations of the form

-1
LO(Dx)Diu + Z Ll—k(Dx)Dfu = f(t,x).

k=0
In particular, the equations of Sobolev type, pseudoparabolic, and pseudohyperbolic
equations. For these equations, the Cauchy problem and general mixed boundary
value problems in the quarter of the space have been studied. The works [3-7] are
dedicated to studying of the Cauchy problem for pseudohyperbolic equations. In [2],
also the boundary value problems for systems of Sobolev type and pseudoparabolic
ones were investigated.

The class of pseudohyperbolic equations, introduced by G.V. Demidenko (see

[2]), includes the equation that describes torsional vibrations of an elastic rod (see,
for example, [8])

plpett — pdp0ze + ElgOrree — plabzats = f(t, JC), (12)

where (¢, z) is the angle of cross-sectional rotation or twist angle, I, is the polar
moment of inertia, p is the Lame constant, I} is the torsional moment of inertia,
E is the Young’s modulus, I; is the moment of deplanation, f(¢,z) is the external
force. In the literature, equation (1.2) is referred to as Vlasov’s equation [8, 9].

It is easy to see that by performing the following substitution of variables

- ~ 1 ~ 1
T=ua\/I,/14, t=t/E/p\/I,/14, O(t,x)EE—;Qu(t,x), a2:%7
P P

equation (1.2) is reduced to the considered equation of the form (1.1). Note that
the equation describing longitudinal vibrations of the bar, the Rayleigh-Bishop
equation, can also be reduced to the equation of the form (1.1) [10, 11].

Our goal is to prove existence and uniqueness of a generalized solution of the
first boundary value problem in a rectangle.

2. THE STATEMENT OF THE PROBLEM

Consider the first boundary value problem for equation (1.1) in a rectangle:
I={(tx):te(0,T),z€(0,1)}:
(I - D})Diu+ Dyu—a’Diu= f(t,x),  (t,z) €l
Ulg=0 =0, Dyulz—0 =0,
ulz:l - 07 Dmu|a::1 - 0, (21)
ult:() = 901(37)7
Diuli=o = p2(x).
DEFINITION. The function u(t, x) belongs to the anisotropic Sobolev space W, (IT),
if u(t, z) € Lao(II), there exist generalized derivatives

DY DOy (t, ) € Lo(IT), (o, a0) € A = {% + % < 1}7

the norm is defined in the following way:

[u(t, ), Wy (M) = > D D2u(t, x), La(TT)].
(g 2)EA
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We denote
Wy 2 0a (M) = {u(t,z) € Wy*(II) : 3 D7, ult, x) € Ly(TD)}.

We will formulate the notion of a generalized solution to the boundary value
problem (2.1).

Suppose that f(t,z) € La(II), p1(z) € W2(0,1), pa(z) € W(0,1).
DEFINITION. The function u(t, x) € Wzlj’jdd(ﬂ) such that
uli=0 = ¢1(2), Ulz=0 = 0, Dyt|z=0 = 0, u|z=1 =0, Dyu|yz=1 =0, (2.2)

is called a generalized solution of the boundary value problem (2.1), if for every
function v(t,z) € W,2,,(I1) satisfying

v|t:T = 07 U|x:0 = 07 Dzv‘z:() =0, vlz:l =0, Dmv|m:1 = 07 (23)
the following equality holds:

T 1 T 1
// {Dtthv—FDfquthv—aszquv—DiuDiv] dx dt = —//f(t,x)v(t,x)dxdt
00 00

1

- [ [eatarete. o)y + Dl Dt )]y (2.4)

Theorem 1. The boundary value problem (2.1) cannot have more than one generali-
zed solution.

Theorem 2. Suppose that f(t,xz) € La(II) and p1(z) = 0, @a(x) = 0. Then the
boundary value problem (2.1) has a unique generalized solution u(t,z) € W-2(Il),
moreover,

[u(t, z), Wy *(ID)]| < cl| £(t, z), La(TD)]], (2.5)

where the constant ¢ > 0 does not depend on f.

Corollary 1. Let f(t,z) = 0 and ¢1(z) € W2(0,1), pa(z) € WL(0,1). Then the
boundary value problem (2.1) has a unique generalized solution u(t,z) € W, *(II),
moreover,

u(t, ), Wy ()| < e|lex(x), W30, D] + l2(x), W3 (0, ]|,
where the constant ¢ > 0 does not depend on o1 and ps.

3. PROOF OF UNIQUENESS

We will carry out the proof of uniqueness using the standard scheme (see, for
example, [12]). We will need the following formula:

O/t<P(T)<T/t<P(S) dS)dT_ ;(O/tqa(r) dr)Q, te0,7], (3.1)

which holds for every integrable function .
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We will prove the uniqueness of a generalized solution by contradiction. Assume
that there exist two distinct generalized solutions of the boundary value problem
(2.1): uq(t, x), ua(t,z). Then the function

u(t,z) = ur(t,2) — ua(t,z) # 0, u(t, ) € Wy'o, (I0),
satisfies (2.2) for ¢1(z) = 0 and

T 1
// {Dtthv + D} uD} v — a*DyuDyv — DiuD2v|dr dt = 0 (3.2)
00

holds for the derivative v(t,z) € W;fdd(ﬂ), satisfying (2.3). We fix an arbitrary
number 7 € (0,T") and take the following function for v(¢, x):
u(s,x)ds for te (0,7),

v(t,x) = ‘tf (5,2) ©.7) (3.3)
0 for e (r,T7).

It is easy to verify that v(t,z) € W,*(II), Dfxv( x) € Lo(II), (2.3) are fulfilled,
moreover,
—u(t, x) for te (0,7),

Dy(t,z) =
w(t,e) 0 for te(r,T),

Dot ) = thmu(s,x)ds for  te(0,7),
0 for te(r,T),

D2 u(t,z) = —Dyu(t, x) for te (0,7),
0 for te(r,T),

[ D2u(s,x)ds, for  te(0,7),

t

0 for te(r,T).

We substitute the mentioned function v(t, z) from (3.3) into (3.2), now we have

1 7

// [Dtu(t,x)u(t,x)+waU(t,x)Dmu(t,x)+a2D$u(t,x)</TDwu(5,x) ds>

00
+D§u(t,x)</D§u(s7x) ds)} dtdx = 0.
t

Dou(t, z)ult, ) + D2 u(t, z) Dault, ) = %Dt(u(t,x))Q + %Dt(Dwu(t,x))Q,

Noting that

and taking into account (3.1), we have that

T

(Jostrs)

1 7

1
1 2
//Dtu txdtdx+§//DtDutx dtdx+%/
0

0 0
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1 T
1 2
+2/</Diu(t,x)dt> dx = 0.
0 0

1 1 1 T

/u2(7',a:) da:+/(Dmu(T,m))2da:+a2/(/Dgcu(t,x) dt)gdac

0 0 0 0

1 T 2
+/ (/Diu(t,m) dt) dz = 0.
0 0

From here, in particular, we have

Integrating, we obtain

1
u?(t,x) dr = 0.
0

Due to the fact that 7 € (0,7) is arbitrary, we obtain u(r,z) = 0 almost
everywhere in II, which is a contradiction.
The theorem is proved.

4. PROOF OF EXISTENCE OF A GENERALIZED SOLUTION

We will perform the proof of existence of a generalized solution of the boundary
value problem (2.1) using a well-known scheme, constructing a sequence of approxi-
mate solutions by the Galerkin method (see, for example, [12, 13]).

We will describe the proof of Theorem 2 in detail.

Let {v,(z)} be an orthonormal basis in W2(0,1). We can assume that v,(z) €
C§°(0,1). We will seek for a sequence of approximate solutions in the form

u(t,w) = Y cp(t)up(a), (4.1)

p=1
where
cp(t) € WE(0,T), ¢(0)=0, Dic(0)=0, p=1,...,m,
moreover, for almost every ¢t € (0,7) we assume that the following relations are
fulfilled:

1
/ {(I — DA)D2u™(t,x) + D2u"(t, x) — a®>D2u™(t,z) | vk () dz
0

:/f(t,x)vk(x)da:, k=1,...,m. (4.2)
0

Taking into account definition (4.1) of the functions u™(¢,x) and the equalities

O/U;’(x)vk(x) dr = O/v;,(x)v;(a:) dx,
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relations (4.2) can be rewritten in the following way:
1

ZDtcp (/1%( You(z) dx+/v;(a;)u;(x)dx>
0

1
:/f(t,gv)vk(gc)dat7 kE=1,...,m. (4.3)
0

Fy(t) 1
F(t) = , where Fy(¢ /f (t, z)v(x) dz,
Fon(t) 0
c(t)
W= .|
cm (t)
relation (4.3) can be rewritten in the form
ADZ2c+ Be= F(t), (4.4)
moreover, as it follows from the definition of «™ (¢, ), we have that
¢(0) =0, D:c(0)=0. (4.5)

Since the vector function F'(t) has components from Ly (0, T), it is easy to show that
there exists a unique solution of Cauchy problem (4.4), (4.5) is the vector function
of ¢(t) € W3(0,T), and the sequence of Galerkin approximations u™ is well-defined
(see, for example, [12, 13]).

Lemma 4.1. For every m > 1, the following estimate holds

lu™ (8, 2), Wy *(I)|| < ellf(t, 2), La(ID)]],

where the constant ¢ > 0 does not depend on m and f.

Proof. Multiplying the k-th relation in (4.2) by D;cx and taking a sum over k
from 1 to m, given the definition of the function "™, we obtain
1

/ [(I — D2)D2u™(t,z) + Diu™(t,z) — a®?D3u™(t,x) | Dyu™(t, x) dx
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1
= /f(t, x) D™ (t, ) dx.
0

Integrating from 0 to ¢, using the formula for integrating by parts, and taking into
account

um(t,x)|x =u"(t,z)| _ =0, Dzum(t,x)|x: = D,u™(t, )| 0,

=0 1 0 z=1

we obtain that

// lDT((DTum(T,x))Q) —|—DT((D3xum(7',9:))2) + D ((D2u™(1,7))?)
00

+a2DT((Dmum(T,$))2)]d$dT2//f(T,$)DTUm(T,$)d$dT.
00

Since um(t,x)]t:o =0, Dtum(t7x)|t:0 = 0, we will have

1
/ [Dtum(t,w)P +[Dfu™ (8, 2)* + [ Dou™ (¢, )2 + [D3u™ (¢, 2)|* | dv
0

t o1
:QO/O/f(T,x)DTum(T,x) dx dr.

We integrate this relation with respect to ¢ from 0 to 7. Then, taking into account

the formula
T

0/ P(r)drdt = / (T — ) F(t)dt,

0

St~

we obtain

T 1
/ / [wtum(t,xn? +D2um (8, 2) + a2 D™ (1, 2)|? + |Dzum<t,x>2] du dt
0 0

T 1
< QT// | f(t,2) D™ (t, x)|da dt.
0 0
From here due to Holder’s inequality, it follows that
T 1
// [|Dtum(t,x)|2 D2 U™ (4, 2)[2 + 2| Dau™ (1, 2)|% + |Dgum(t,x)2] d dt
0 0

< 27| f(t,2), La(ID ||| Deu™ (¢, ), L2(1D)]].
We have

1
2

T 1
(// [|Dtum(t7w)2+|Dfmum(t7w)2+a2|DIum(t7m)2+|D§um(t,x)|2]dxdt>
0 O

< 2T f(t,x), Lo(IT)||.
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Since for almost every ¢ € (0,T), we have that u™(t,z) € W2(0,1), then the
Steklov’s inequality holds:

[u™, La(0, 1) < ¢llD7u™, L2(0,1)]].

Therefore, we will have

T 1
(f/ [|um<t,x>|2+ D™ (4 2) D3, (0,2) 2 + | D™ (1)
0 0

D2 (1, 2) dwdt) < || f(t, ), La(ID)|.

Since from every sequence bounded in Ly (IT) we can extract a subsequence weakly
converging to a function from Lo (II) (see, for example, [14, 15]), then, taking into
account the theorem on weak closedness of a generalized differentiation operator
(see, for example, [12]), we obtain that from {u™} we can extract a subsequence,
weakly converging in W;ﬁdd(l—[) to some function u € W;f 4a(II). For brevity, we
will denote this subsequence by the same symbol {u™}.

We will study some properties of a limit function u. To do that, we will use
Mazur’s theorem [16].

Theorem 3. Suppose that the sequence of elements {u™} of the Hilbert space
H weakly converges to w € H. Then there exists a sequence of convez linear

combinations
N
{Samif xwzo zm_l
i=1

strongly converging to u.

Using this theorem and the weakly converging Galerkin sequence {u™}, we
construct a strongly converging sequence {4V} of convex combinations

N
{aN} = in,Nui(t,I), N >0, Z)\ N=1, (4.6)

@™ (t,2) — u(t,z), Wy *(I)]| = 0, N — oc. (4.7)
IDZ,a™ (t,x) — Df,u(t,z), Lo(ID)[| = 0, N — oc. (4.8)
From definition (4.6) and the properties of the functions u®, we get
Nt 2)|, g =0, @ ()|, =0, @(ta)|,_, =0,

=0, D,u"(t,x)|,_, =0, Dya"(t,z)|,_, =0, (4.9)

Dt’[l/N<t (E) 1

and also

1o

N
N (¢, ), Wy ()] < 32 Al (8, 2), Wy (WD) < el £ (¢, ), La(ID)]],
=1 (410)
IDZa" (t,2), La(I)|| < el f(t, @), Lo (T)]].

Taking into account the theorem on embedding for anisotropic Sobolev spaces
(see, for example, [17]), we have that

maz_|@" (t,x) — u(t, )| < cl|a™ (¢, x) — u(t, z), Wy * ().
(t,x)€ll
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Due to (4.7), (4.9), we obtain

u(t, 2) |, | = 12" (t,2) |

oo Ut T) ’ | < maz |a™ (t,z) — u(t, z)]
= (t,x)ell
< ella (¢, x) = ult,2), Wy (W)]| = 0, N — oo,
therefore, u(t, ) ‘ —o=0.
By the same reasoning, it can be proved that
u(t7 x)|t:0 = 07

u(t,x)}zzl =0.

Taking into account the theorem on traces for the functions from Sobolev spaces

W, 2(I0) (see, for example, [17]), and also D,a™ (¢ )|
| Dyu(t, x) ’

_o =0, we have
w0 L2(0,T)|| = || Dyult, z) |
< | (t,z) —u

w0 — D2 (t,2) |

0r L2(0, T
(t, @), Wy (ID)]| — 0,

N — oo.
Therefore,

Dyu(t,z) |
Similarly we get that Dyu(t, x)| _.=0.

peo="0-
Taking into account relation (4 10) we get

lu(t, @), W ()| < el f(t,2), La(W)|| + @™ (¢, 2) — ult,z), Wy * (1))
|DZyu(t, z), La(TD)| < ell £(¢,2), La()[| + || DFyu(t, ) — D™ (t,z), La(TD)]).
From here due to the convergence (4.7), (4.8), for the function u(t,z) € W, ?(II)
follows the enequality (2.5) and
IDZyult, ), La(I)|| < cll £(2,2), L2 (D).
We will show that the limit function v € W.

»2(I1) is a generalized solution of the
first boundary value problem (2.1) given o1 (x) =0, p2(z)

=0.
Multiplying the k-th relation in (4.2) by ¢ (¢) and taking a sum over k from 1
to [, [ € N, given the notations

l
= atoi(x), &) |,_,=0, é(t) € W3(0,T), (4.11)
k=1
we obtain

o _

[(I D2)D?u™(t, x) + Diu™(t,x) — a®*D*u™(t,2) | v'(t, ) d

1
:/f(t,x)vl(t,m)dx, m >l
0

We integrate from 0 to ¢ and use the formula for integrating by parts, taking into
account that Dyu™(t,x) |t o= 0andv L(t,z) by construction satisfies (2.3), we will
have

T 1
//{Dtu (t,z) Dyt (t, ) + D2 u™(t, 2) D2 vl (t, 2) — a®>Dyu™ (t, 2) Dol (t, x)
00
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T 1
—D2u™(t,z) D20l (t, x) }dm dt = //f Yt x)dedt, m >1,
00
or, taking into account (4.6),

1
// [DtﬂN(t, z) Dyt (t, z) + D2 a™ (t, 2) D2 vl (t, 2) — a® D alN (t, 2) Dol (t, x)
00

T 1
—D2aN (t,z) D30 (t, x)]dxdt = —//f Ut x)dzdt, N >I.
0

Due to the fact that %" strongly converges to  in the norm W,*(II) and D2,a™
strongly converges to D7 u in the norm Lp(II) as N — oo, taking into account
Holder’s inequality, we obtaln

//‘ (D™ (t,2) — Dyu(t,z)) D' (¢, x) + (D7, aM (¢, 2) — Diu(t,z)) Div' (¢, x)
0

—a? (DIQN — Dmu)Dmvl — (DiﬂN — Diu)Divl dz dt

< c(naN(t,x) ultya), WEA)| + DR (1 x) — Dha(t, ), L2<H>) S0

as N — oo. Therefore, relation (2.4) holds for the functions v(t,z) = v!(¢,z) from
(4.11):

T 1
// [Dtu (t,x) D' (t, x) + D2 u(t, ) D30l (t, x) — a>Dyu(t, ) Dot (t, )
00

T 1
—D2u(t,z)D2v!(t, x) }dx dt = //f Ht,z)dx dt. (4.12)
00

Since C°(TI) is everywhere dense in W, *(II) (see, for example, [17]), then it
suffices to justify relation (2.4) for an arbitrary function v(¢,z) € C*°(II), satisfying
(2.3).

Recall that vx(z) is an orthonormal basis in WZ(0,1), therefore, taking into
account that for almost every t € (0,7) v(t,x) € WZ(0,1), Dyw(t,x) € WZ(0,1),
we obtain the following representations:

u(t,x) = Z ¢ (t)vg (), (4.13)
k=1
Dyu(t, x) ZDtck vg(z (4.14)

where ¢ (t) are the Fourier coefﬁments of the function v, that is,

e (t) = (v(t, ), k(@) yi2 0,1
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(s w20,y is a scalar product in W2(0,1). We denote by

Dt’Ul t IZ’

»»M
S
0
k‘
CE
EK"

the partial sums of the series (4.13) and (4 4) respectively. The following Parseval-
Steklov identity holds:

o0
D1 OF + D) = lo, W30, 1)1 + | Dev, W50, 1) (4.15)

Due to Steklov’s inequality,
HDtU(tv :C) - Dtvl(tv $), L2(07 1)” < C”Dtv(ta Z‘) - Dtvl(t7 $)7 W22(O7 1)”7

HD ot x) — D2 ui(t,x), La(0,1)|| < || Dev(t, z) — Dtvl(t,m),W§(0,1)||.

Then
||7)(t, CU) — U (t7 ZE)7 W22(07 1)”2 + ”Dtv(t7 :L‘) - Dtvl(t’ :L‘), L2(07 1)H2
+|DZu(t, x) — DEui(t, ), L0, 1)) < [lo(t, ) — wi(t, z), W3 (0, 1)||?
+é||DtU(t7x) - Dﬂ}l(t,x), VDVQQ(Ov 1)"2 = Z (C"k(t)|2 + O|Dtc~k(t)2> .
k=Il+1

Due to (4.15), for every ¢t € (0,T) the series converges. We integrate with respect
to ¢t from 0 to T'
T

/ W,x) (1) WO, IP + Dot ) — Dun, ) La(0, D
0
T
+HIDRu(t,) — D) L2<01||] o[ 3 (1aoF +Ipar )
Therefore,

lo(t, ) —vi(t, ), Wy ()| =0, | Dfo(t,2) — Diui(t,z), La(I)]| = 0 (4.16)

as [ — oo. Substituting into (4.11), (4.12) as v'(¢, z) a partial sum (4.13), and taking
into account the convergence (4.16), we obtain the required equality (2.4) for every
v(t,z) € C*(II), satisfying (2.3).

Theorem 2 is proved.

The proof of existence of a generalized solution of the boundary value problem
(2.1) in the case when f(t,z) =0, ¢;(z) # 0, j = 1, 2, replicates the reasoning used
in Theorem 2.

The authors would like to thank G. V. Demidenko for the statement of the
problem and for the attention to their work.
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