S@©MR ISSN 1813-3304

CUBNPCKHNE SJIEKTPOHHDBIE
MATEMATUYECKHUE U3BECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 18, Ne2, cmp. 1435-1466 (2021) VIIK 517
DOI 10.33048 /semi.2021.18.108 MSC 35K45, 58A10, 35Q35, 47B01

AN OPEN MAPPING THEOREM FOR THE NAVIER-STOKES
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ABSTRACT. We consider an initial problem for the Navier-Stokes type
equations associated with the de Rham complex over R™ x [0,7T], n > 3,
with a positive time 7. We prove that the problem induces an open
injective mappings on the scales of specially constructed function spaces
of Bochner-Sobolev type. In particular, the corresponding statement on
the intersection of these classes gives an open mapping theorem for
smooth solutions to the Navier-Stokes equations.
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1. INTRODUCTION

The problem of describing the dynamics of incompressible viscous fluid is of great
importance in applications. The principal problem consists in finding a sufficiently
regular solution to the equations for which a uniqueness theorem is available, cf.
[19]. Essential contributions has been published in the research articles [23, 24],
[15], [14], as well as surveys and books [18]), [25, 26], [43], [8], etc.

We consider a family of a little bit more general problems associated with the
de Rham complex. More precisely, denote by A? the bundle of exterior forms of
degree 0 < g < n over R". We write 29(R™) for the space of all differential forms of
degree ¢ with C'* coefficients on R™. These space constitute the so-called de Rham
complex £2°(R™) on R™ whose differential is given by the exterior derivative d. To
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display d acting on ¢-forms one uses the designation du := dyu for v € 29(R"™) (see
for instance [6], [41]); it is convenient to set dy = 0 if ¢ < 0 or ¢ > n. As usual,
denote by dj the formal adjoint for d,. Then, as it is known, we have

(1.1) dgy10dg = 0, dodq +dg—1dy_y = —Engpd, 0<g<n,

where E,, is the unit matrix of type (m x m) and A =92 + 02, +---+ 92 is the
usual Laplace in the Euclidean space R", n > 2.

We also consider the induced vector bundle A%(t) over R™ x [0, +00) consisting
of the differential forms with coefficients depending on both the variable x € R™
and on the real parameter ¢ € [0, +00).

In the sequel we consider the following Cauchy problem. Given any sufficiently
regular differential forms f = Z#I:q fr(z,t)dx; and ug = Z#[:q uro(x)dzy on
R™ x [0,T] and R™, respectively, find a pair (u,p) of sufficiently regular differential
formsu="73"4;_ ur(z,t)dzrandp =3, pr(z,t)drr on R™ x[0,T] satisfying

Ou— pAu+Ngu+de_ap = f,  (x,t) e R" x (0,7),
(1.2) di_yu = 0, (x,t)€R"x(0,T),
u = wug, (x,t)€R™x{0}

with positive fixed numbers 7" and p and a non-linear term Myu that is specified by
the following assumptions (cf. [27], [31] for more general problems in the context of
elliptic differential complexes):

(1.3) Nyu = Ml(q)(dqu, u) + dq_lMQ(q)(u7 u)

with two bilinear differential operators with constant coefficients and of zero order:
(1.4) M (v, u) : QUFHR™) x 9(R™) = QI(R™),

(1.5) MSD (v, 1) : QUR™) x QI(R™) = 2971 (R™).

For n =1, ¢ = 0 and Myu = v’ u relations (1.2) reduce obviously to the Cauchy
problem for Burgers’ equation, [3].

Next, identifying the sections of the bundle A° with functions over R™ and the
sections of the bundle A! with n-vector fields over R”, we may write dy = V,
d§ = —div where V and div are the gradient operator and the divergence operator,
respectively. In this way, the identification of the sections of the bundle A? with
n(n—1)/2-vector functions over R™ yields d; = rot, the rotation operator for n = 3.
In particular, if we denote by x the x-Hodge operator and by A the exterior product
of differential forms then for n =3, ¢ =1 and

(1.6) NMu = (u-V)u = x(xdiu A u) + dolu|?/2,

relations (1.2) are usually referred to as but the Navier-Stokes equations for incom-
pressible fluid with given dynamical viscosity w of the fluid under the consideration,
density vector of outer forces f, the initial velocity ug and the search-for velocity
vector field u and the pressure p of the flow, see for instance [22], [43].

Of course, motivated by both the uniqueness theorem and the physical reasons,
one have to assume that the data and the solutions are essentially decreasing
at the infinity. We do it using proper scale of Bocnher-Sobolev (Banach) spaces
providing reasonable Lebesgue integrability for the coefficients of the froms and
their derivatives under the consideration.
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For n = 2 the most important results on the Navier-Stokes equations are due
to J. Leray [23, 24] and O.A. Ladyzhenskaya [16]. After Leray [23, 24], a great
attention was paid to weak solutions of the Navier-Stokes equations in cylindrical
domains in R3 x [0, +o0). E. Hopf [14] proved the existence of weak solutions to
the Navier-Stokes equations satisfying reasonable estimates. However, in this full
generality no uniqueness theorem for a weak solution has been known. On the
other hand, under stronger conditions on the solution, it is unique, cf. [18, 19] who
proved the existence of a smooth solution for the two-dimensional version of problem
(1.2). Namely, beginning from the end of 1960-s, it is known that the uniqueness
theorem and improvement of regularity actually follow from the existence of a
weak solution in the Bochner class L*(]0,T], L*(R")) with Ladyzhenskaya-Prodi-
Serrin numbers s, t, satisfying 2/s + n/t = 1 and v > n, see [34], [38], [18] and
[25, 26] (the limit case n = r = 3 was added to the list in [7]). On the other
hand, the standard energy estimate provides the existence in L*([0, 7], L™ (R™)) with
2/s+n/r =n/2, only. Obviously, the uniqueness/regularity class and the existence
class coincide for n = 2, while the cases n > 3 require additional investigation. Thus,
the scientific community was convinced that the principal problem is to provide
conditions for local interior regularity of the solutions to the Navier-Stokes equations
or to estimate the set of their singular points, cf., for instance, [4], [35]. Some
attention was paid to the so-called periodic setting, where no questions of boundary
regularity arise, see [38], [44]. Beginning from Leray [23, 24], many attempts were
made to construct a counter-example to the existence of smooth solutions, see for
instance, [45] by T. Tao or [36] by G. Seregin. Some arguments that smooth data
may generate solutions to the Navier-Stokes equations with singularities for n > 5
were indicated in [33].

In the present paper we focus on the so-called stability property discovered by
O. A. Ladyzhenskaya for the Navier-Stokes equations in some Bochner type spaces
(see [18, Ch. 4, § 4, Theorems 10 and 11]). Namely, if for sufficiently regular data
(f, up) there is a sufficiently regular solution (u,p) to the Navier-Stokes equations,
then there is a neighbourhood of the data in which all elements admit solutions with
the same regularity (cf. also [9] for the problem in the class of infinitely smooth
vector fields with zero force). We extend this property to the spaces of sufficient
smoothness, expressing it as an open mapping theorem for (1.2). As the case n = 2
is much more easy to handle proving existence/regularity theorems, we will be
concentrated on n > 3.

Namely, we prove that if n > 3 then for each 0 < ¢ < n — 1 and for each finite
positive T equations (1.2) induce open injective mappings of each Banach space
of the scale under the consideration (Theorem 3.3). In particular, intersection of
these classes with respect to the smoothness indexes s € N gives an open mapping
theorem for smooth solutions to (1.2) for each T" > 0 and smooth data (Corollary
3.3). Finally, we use the standard topological arguments immediately implying that
a nonempty open connected set in a topological vector space coincides with the
space itself if and only if the set is closed.

The remaining case ¢ = n is degenerate in some sense; it can be treated in a
different way, see Example 2.1.

We emphasize that we do not need any existence theorem for non-linear equations
(1.2) in order to achieve the open mapping theorem in the Bochner-Sobolev type
spaces. On the other hand, the open mapping theorem changes somehow the accents
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for investigations of existence theorems related to smooth solutions to (1.2). For
instance, it implies that dealing with the problem in the the Bochner-Sobolev type
spaces using apriori estimates, one should prove them for the elements of the pre-
image of precompact sets, only (see Corollary 3.2). This echoes the idea of using the
properness property to study nonlinear operator equations, see for instance [40].

2. PRELIMINARIES

As usual, we denote by Z, the set of all nonnegative integers including zero, and

by R™ the Euclidean space of dimension n > 2 with coordinates z = (z?,...,z").

In the sequel we use systematically the Gronwall type lemma in the integral form
for continuous functions.

Lemma 2.1. Let 0 < v < 1 and A > 0 be constants and let B, C and Y be
nonnegative continuous functions defined on a segment [a, b]. If moreover Y satisfies
the integral inequality

Y (t) §A+/ (B(s)Y (s) + C(s)(Y(s))' )ds

for all t € [a,b], then

s <AW o 0 /at Bls)ds) + /at C(s)exp (7 /: B(t’)dt’)d8> -

for all t € [a,b)].

Proof. See for instance [11] or [28, p. 353] for v = 1 and [32] or [28, p. 360] for
0<y<l ([l

Also the (discrete) Young inequality will be of frequent use in this paper. To wit,
given any N = 1,2, ..., it follows that

N N al?j
(2.1) I
=1 = b
N
for all positive numbers a; and all numbers p; > 1 satisfying Z 1/p; = 1.
j=1

We continue with introducing proper function spaces. For p € [1, +00), we denote
by LP(R™) the usual Lebesgue space of functions on R™ with the standard norm.
Of course, for p = 2 the norm is generated by the standard inner product and so
L?(R") is a Hilbert space. As usual, the scale LP(R™) continues to include the case
p = 00, t0o.

The integral Holder inequality is one of the frequently used tools for us, to wit,

N N
(2.2) T aillzoqeny < TT laglles eny
j=1 j=1

N
for all a; € L% (R™), provided that ¢ > 1, ¢; > 1 and Zl/qj = 1/q, see for
j=1
instance [1, Corollary 2.6].
For a domain & in R™, we denote by C§°(X) the set of all C* functions with
compact support in X. If s = 1,2,..., we write W*P(X") for the Sobolev space
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of all functions u € LP(X) whose generalised partial derivatives up to order s
belong to LP(X), equipping it with the standard norm. Then W#P(X) denotes
the closure of the subspace C§°(X) in W*P?(X). The space W?(X) consists of
functions belonging to W*P(U) for each relatively compact domain U C X.

We will fairly often use the fact that C5°(R™) is dense in the normed space
WeP(R™) if p € [1,+00). Let also D'(R™) stand for the space of distributions
over R™. The space W,;)’”(R™) consists of functions belonging to W*?(X) for each
relatively compact domain X C R".

As usual, in the case p = 2 we simply write H*(X) instead of W*2(X) equipping
it with the standard inner product. It is convenient to identify H°(R") and L?(R").

The scale of Sobolev spaces continues to include the case of negative s, too. We
will use only the space H~*(R™) defined as the completion of C§°(R™) with respect
to the norm

_ \(va)LQ(R"ﬂ
[l s s(Rr) = Sup
vECE (R™) ||U||H5(R")

v#£0

It may be easily identified with the dual of H*(R"™), see for instance [1, Theorem
3.12]. The the pairing (-,-)s on H*(R™) x H*(R") is given by

(fiv)s = hm (fTTH )L2 (R™)

where v € H*(R"™), f € H*(R") and the sequence {f,,} C C5°(R") approximates
fin H*(R"™).

The Lebesgue and the Sobolev spaces give us an important tool for obtaining
apriori estimates for solutions the Cauchy problem: this is the family of the Gagliar-
do-Nirenberg inequalities, see [30]. More precisely, let us set for 1 < p < oo

||DijLp(]Rn) = IIIllaX ||8°‘v||Lp(Rn).
o|=]

Then for all v € L% (R")NL*°(R™) such that D’°v € LP°(R") and D™v € L™ (R™)

we have

(2.3) [1D700]| Lo (rmy < € [D™00]|% 0 (o) 101 Ly

with a positive constants ¢ = c;:’)mmso (po, go, o) independent on v where
1 1 1-— j

(2.4) 1 Jo+ ( mo>+<a>andﬂo§a§1
Po To n q0 myo

with the following exceptional cases:
1) if jo =0, moro < n and gg = 400 then it is necessary to assume additionally
that either u tends to zero at infinity or u € LI(R™) for some finite G > 0;
2) If 1 < 19 < +oo and mg — jo — n/ro is a non-negative integer then the
inequality is valid only for 731—00 <a<l.
Next, for s = 0,1,... and 0 < X\ < 1, we denote by le”\(R”) the space of all s
times continuously differentiable functions on R™ with finite norm

el gr @y = lullggogny + 2 D [0%ulagn,

la|<s
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where
Hu”cg”"(Rn) = Z sup |0%u(x)),
la|<s rER™
[’U,])\ - sup |’LL($) - u(y)|

eyern |z —y|?
TH£Y

If 0 < A < 1, these are the so-called Holder spaces, see for instance [21, Ch. 1, § 1],
[18, Ch. 1, § 1]. The normed spaces le’)‘(R") with s € Z; and X € [0, 1) are known
to be Banach spaces which admit the standard embedding theorems. As usual,
CR(R™) = N2,CoO(R™) stands for the Fréchet space of C™°-smooth functions
endowed with the topology, induced by the family of seminorms {H’U’HCI'?’O(R")}S€Z -

We will use the symbol L, for the space of the differential forms u of degree ¢
on R™ with components u; in LP(R™). The space is endowed with the norm

lull 2, = ( > /R |u1(x)\de)1/p.

#1=q
In a similar way we designate the spaces of forms on R™ whose components are of
Sobolev or Holder class. We thus get WP, H5, and C;’ﬁq, respectively. By Cp%,
and D/, are meant the spaces ¢g-forms with coefficients of C'* or distribution class
on R".
In order to avoid fractional powers of the Laplace operator, for j € N and a form
u of degree q we set

; ATl j is even
j/2 — ’ ) J )
A u { (dg ® d;,l)A(J_l)mu, j is odd.
Then the integration by parts and (1.1) yield
2, — ||Aj/2u|\%2“, j is even,
D No%ulzs, =3 | airzy)2, . jis odd.
lal=j Adtlgaa—1

for each u € Hflq, JE L.

Remark 2.1. As all the norms on a finite dimensional space are equivalent, we
see that there are positive constants c1, co such that

Al AP0l < Do, < o A 0]3s

for allv € wa. Thus, in the special case p = 2 we may always replace the norm
||Dju||Lz/Jw with the norm

_AV)I/2 — ||V
I~ Ay 2ull s = [Vl
Let us begin to comment problem (1.2) for different g.

Example 2.1. For ¢ = 0 identifying the sections of the bundle A° with functions
over R™ and the sections of the bundle A' with n-vector fields over R™, we may write
do =V, dj = —div. Asd_1 =0, d*; = 0 then relations (1.2) reduce obviously to
the Cauchy problem

{ Ou — pAu + Nou

u

f, (z,8) e R" x (0,T),

(2.5) ug, (z,t) € R™ x {0}
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Taking in account that the non-linearity is of type (1.3) we see that
Nou =1 Z c;j0ju

j=1
with some constants c¢;. Thus, for n =1 we arrive to the Burgers’ equation, [3] with
Nou = v u. As it is known, it can be reduced to the heat equation by the Hopf-Cole
transformation, see [13] and [5] and then it can be treated within the frame of linear
theory.

Example 2.2. For q = n identifying the sections of the bundle A™ with functions
over R™ and the sections of the bundle A"~' with n-vector fields over R", we may
write d,—1 = div, df_; = =V. As d,, =0, d}, = 0 then relations (1.2) reduce to the
following:

0w — pAu+divp+Nou = f, (x,t) € R" x (0,T),
Vu = 0, (x,t) €R"x(0,7),
u = up, (z,t)eR”x{0}

Taking in account that the solutions of the gradient operator do not depend on the
space variables x we arrive at the following linear problem:

YOt divp(e,t) = flo.t), (2,t) €R"x (0,T),
uw(0) = g, ug € R.

(2.6)

If we assume that u is vanishing at the infinity with respect to the space variables
then immediately u = 0 and then ug = 0 and the remaining equation
divp(z,t) = f(z,t) in R™ x (0,T)
is always uniquely solvable in reasonable function spaces under reasonable additional
assumptions, cf. Proposition 2.2 below. However, without this assumption we can
not achieve uniqueness even for n = 1.
Indeed, if n =1 and ug =0, f =0 then
du(t)
dt

with an arbitrary function a(t) and an arbitrary function u(t) satisfying u(0) = 0.

px,t) = —x +af(t)

As the case n = 2 is much more easy to handle proving existence/regularity
theorems, we will be concentrated on n > 3. Thus, according Examples 2.1, 2.2 we
can limit ourselves to the cases where n > 3 and 0 < ¢ < n.

Let us introduce the function spaces directly related to Navier-Stokes type equati-
ons (1.2). With this purpose we denote by V4. the subspace of Gopa, consisting of
all differential form with the coefficients from C§°(R") satisfying d _;u = 0 in R™.
In particular, Vo = C§°(R"), V4n = {0} and V1 can be easily identified with the
space V of all divergence-free n-vector fields with components from C§°(R").

Fix a non-zero function hy € C§°(R™) such that

(2.7) /n ho(z)dx = 1.

The following two proposition are well known.

Proposition 2.1. Letn > 2 and F € D';,. The following conditions are equivalent:
(1) there is a function p € D'(R™) with
(2.8) Vp=F in R™;
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(2) F satisfies rot F' = 0 in the sense of distributions in R";
(3) F satisfies (F,v) 1 =0 for allv € V.

IfF e H', s €Z, thenp € H*(R") for s <0 and p € H (R") for s > 0. Under

loc
assumption (2) equation (2.8) has the unique solution satisfying

(2.9) (p, ho) = 0.

Proof. Follows from [6, Theorem 17']. because R™ is a star-like domain. O

In the case where 1 < ¢ < n we need some additional information on the
behaviour of solutions to d-equations at the infinity.

Proposition 2.2. Letn > 2,1 < ¢ <n and F € D'y,. The following conditions
are equivalent:

(1) there is a form p € D'y, with
(2.10) dg—1p = F in R";
(2) F satisfies dg F' = 0 in the sense of distributions in R";
(3) F satisfies (F,v) e =0 for all v € Vq.
Under assumption (2) equation (2.10) has a solution p € D',,_, satisfying
(2.11) dg—2d;_o5p =0 in R";
if F e Hj;l, s € Z, thenp € H3,, fors <0 and p € H _ ,,. for s > 0.

Moreover, if n > 3 and F € Hj;l, s > n/2, then under assumption (2) equation
(2.10) has the unique solution p(®) € Hfoc’/lq,l satisfying

(2.12) di_op'® =0 in R™;
(2.13) <p§0)’ ho) =0 for all #I = q — 1,
(2.14) 1PN, or < +o0.

Proof. We may follow the same scheme as the proof of Proposition 2.1. The equiva-
lence of (1) and (3) follows from [6, Theorem 17']. The equivalence of (1) and (2)
is true because R™ is a star-like domain.

Moreover, as there is a distribution G € D’Aq_2 with

AG =d;_,pin R"
we see that the form p = p — d,;_oG satisfies
dq—lﬁ - Fa dq—2d;;—2]3 =0
in the sense of distributions in R™. In this case, if F' € Hj;l then

Ap=d;_F e H5.?

and hence p € H}  ,,. by the elliptic regularity, and even p € H3,_, for s <0.

Let ¢n(z) the standard two-sided fundamental solution of the convolution type
to the Laplace operator in R", n > 3,

pn(z) =

1 |x|2—n

on 2—n’
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where o,, the area of the unit sphere in R™. As usual, we define the kernels
D (@,y) = Y onl —y)(xdyr)dar.
#1=q
For n > 3 we consider the potentials

W) = F(y) Ay ()90 V().
P #I—qu/ﬂw Yy y)p Yy

First, we see that
(2.15) 0% pn(x = y)| < calz —y[>1"

with a constant ¢, > 0 independent on z,y if a € Z and then we have

[ P A @ena )y <
#I=g—1 7ly—z|21

(2.16) ClIFl L2, @\ e — yI' M @\ By < cllFllzz,

with a constant ¢ independent on z,y because n > 3 (here B(z, 1) is the unit ball in
R™ with the center ar ). Besides, as s > n/2, the Gagliardo-Nirenberg inequality
(2.3) implies that the space H*~!(R") is embedded continuously into LP with some
p > n (for example, p = n722';+2 if s < (n+1)/2). Hence the dual number p" = £
is less than "5 and hence

[ |rwnd @i - neddn| <
#1=q—1" ly—z|<1

(2.17) AFN e, Byl =y o By < lFlez,

with a constant ¢ independent on x,y because p’'(n — 1) < n.
Thus, the potential p(l)(:c) converges for each z absolutely and it defines a
differential form with bounded coefficients over R™ such that

(2.18) PPN, yomr < call Fllggssn

with a constant ¢, > 0 independent on F.
Next, as ¢y, is the fundamental solution of the convolution type to the Laplace
operator in R™, (1.1) implies that the distribution p(!) € D’,, , satisfies

Ap) =d; | Fin R

in the sense of distributions. Hence, by the elliptic regularity, p") e H}P . gar if

F € Hi;l, s > n/2. In particular, by the Sobolev Embedding theorem, we may
consider the coefficients of the form p(*) as continuous functions over R™.

Next, the Norguet integral formula for the de Rham complex, see, for instance,
[41, Corollary 2.5.6] suggests that p(1) satisfies (2.10) and (2.12) for closed forms
F with sufficient decay at the infinity. Let us show that it is the case if F' € H /51;1’
s>n/2.

Indeed, by (1.1),

dgA = Ady, dyA = Ady,
and then

(2.19) dgp® = PV dy, dypl® = {1V dy,

n
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on the forms having the coefficients with compact supports in R™.
Fix an arbitrary differential form h € D j4-2. Then, by (1.1) and (2.19),

(P, dg—2h) o1 :/ F(y)Aqu(y)(y)/ P (2, ) A wdga(2)h(z) =

[ @A ) [ oD ) Ahia) =0,

Rn

n

i.e. p(1) satisfies (2.12).
Next, for an arbitrary differential form h € D ¢ we have

GO e e = | Fly) A e () /

Pl (2, y) Axdi_y (z)h(2) =
R" R"

q—1

| P A @ideat) [0 ) nshla) =

(Fih)pa — | F ANdp—gordiy_y_100" 9 (xh)
R’n
because ¢, is the fundamental solution to the Laplacian A.
However, d,F' = 0 and then, integrating by part we arrive at the following:

* (n—q) —(_1\¢ | * (n—q)
/n EFA dn*qfldnqulspn (*h) ( 1) R1—1>I£oo =R FA dnqul(pn (*h>
If the last limit does not equal to zero then there is the positive limit
; * (n—q)
RLHJIrloo |y|:R |F A dn—q—l@n (*h)|

and therefore the integral
I PN iR = [P A0
yl= n

diverges. On the other hand, as h € D 44, using (2.15) we see that
| g1 (+h) (@) < O(R) ||~

with a positive constant C'(h) independent on x. Then arguing as at the beginning
of the proof we conclude (see formulae (2.16), (2.17)) that this integral is convergent
if F e H5,", s >n/2. Thus p(!) satisfies (2.10).

Finally, if p and p are bounded solutions to (2.10) satisfying (2.10) and (2.12)
then the difference (p — p) is harmonic over R™, and therefore it is a constant in R™
by the Liouville Theorem. If in addition p and p satisfy (2.13) then, according to
2.7),

0 = (pr, ho) — (P1, ho) = (pr — Pr1, ho) = (p1 —151)/ ho(z) dx = pr — pr,

n

for all I with #I = ¢ —1, i.e. p and p coincide. Moreover, as p(!) satisfies to (2.10),
(2.12) and (2.18) then the form
p@ =pM = 3" (pi, ho) da
#I1=q—1

is solution to (2.10), (2.12) satisfying (2.13), (2.14) because (pgl), ho) are constants.
O
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Next, for s € Z,, the closure of V44 in the space Hj}, will be denoted by Hj 4a.
As usual, the duals Hf 4, of Hs s« can be identified with the completion of C§%,
with respect to the norm

w,V)r2 n

(2.20) lwllg = sup 10w, v) 2, )|
24T ey o]z,
v£0 A

The characterization of the space H; = H; 41 may be found in many books and
papers, see for instance, [20, Lemma 3.1] or [43, §1.4] for n = 3.

Proposition 2.3. Let s € Z, 0 < g < n. The space H, pa coincides with the

subspace I:I&Aq of the space H3,, consisting of all the differential forms w satisfying
dy_yw =0 in R" in the sense of distributions theory.

Proof. For ¢ = 0 we have d;_; =0, V0 = C§°(R") and then the statement holds
because C§°(R"™) is dense in H*(R™). As we mentioned above, for ¢ = n we have
Va» = {0} and the operator d;_; can be identified with the gradient operator.
Hence H, qe = H, 4« = {0} because there are no constants in the space H*(R™)
for s > 0. As we have mentioned above, for ¢ = 1 the statement is known to be
true.

Thus, it is left to consider n > 3 and ¢ with 2 < ¢ <n —1.

By the definition, the space Hy C H, is a (closed) subspace H?%,. Next, the
differential operator d_, induces bounded linear operator in the Hilbert spaces:

. s—1
d;—l : qu — Hjlq—l’ s € Z+.

Thus the space Hy is a (closed) subspace of H?,, representing the null spaces of

the continuous operator d;_;.

Let w € ﬁs}Aq, such that for all v € V41« we have
(2.21) 0= (w,v)ms, = (Lsw,v)s aa
where Lyw = Zlalgs(fl)wa%‘w € H,; is form with the coefficients being distri-
butions in R"™. Besides, by the definition of the differential operator L; we have
(2.22) (Lyw,w)s, a0 = [[w]|Fs, -

If we treat the distribution Lsw as a current over R™, using Propositions 2.1 and
2.2 we conclude that there is a differential form p € D’Aq_l such that

dg—1p = Lsw, dy—2d;_5p =10

in the sense of distributions in R™; p € H/lgfl for s > 2 and p € Hllo;jxw for
0<s< 1.

On the other hand, as the scalar operators with constant coefficients commute,
we see that

dy_1 Lsw = Zaj Z (—1)ll§?qp; = Z Bzad;_l w=0in R"
i=1  al<s lal<s
in the sense of distributions and then, by (1.1),
Aﬁ == d;fldq,ﬂ; = d;fldqfl LS’LU =0in R"

in the sense of distributions. In particular, as A and L, are elliptic differential
operators with constant coefficients, we conclude that p € C%,_., w € CF, see [10].
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Next, we note that for each h € C%, we have
h(z) = dg—1h1(z) + (h(z) — dg—1h1(z)) for all z € R™
where
m@) =dis [ 0w A b)
Hence (1.1) imply
dgdg—1h1 =0, dy_ydg—1hy =dy_1h, dj_; (h—dy—1h1) =0 in R™.

Keeping in the mind that h € 0Aa We see that h; € Hf{q, s’ € Z4 because n > 3

and (2.15). Hence, h; can be approximated in H¥,, by a sequence {h; ;} from
Cx Aspe Clowe Aa—1>

0,A9—1"
(dg—1P; )s, 10 = (dg—1D, h) 12, =

i (dg-1p, dg—1haj + (h = dg-1h15)13, =
jl}gloo(d;qdq—lﬁ, hij)rz, , + (Lsw,h —dgahi)s a0 = (0, h = dg1hi)ms,
because dj_;d;—1p =0 in R" and the definition of the operator Ls.
But, according to (1.1),

h—dg_1h1 = h—dg_1d;_1 0P h = didy '@ h.

1

Again, as h € C§%q, by (2.15), dqgagfnh € HZIQH, s’ € Z, if n > 3. Then dqcple)h
can by approximated in H/S;,lll by a sequence of forms {g;} from Coaa+r and hence
h — dg4—1hy can by approximated in H3, by the sequence {d;g;} from Vy a¢. In
particular, this means that

(dg-1p, h)sa0 = (W, h —dgahi)ps, = lim (w,dyg;)ms, =0

1 Jj—4o0

because w € H, 44 satisfies (2.21). Therefore

dy 15, h)s
ldyrly s = sup LdatP el

5 (17l s
heC§q h Hs,

h#£0
and d,—1p = Lyw = 0 and (2.22) implies that w = 0; in particular, I:IS7Aq =H; pq,
S € Z+. O

We will also use the so-called Bochner spaces of functions of (x,t) in the strip
R™ x I, where I = [0,T]. Namely, if B is a Banach space (possibly, a space
of functions on R™) and p > 1, we denote by LP(I,B) the Banach space of all
measurable mappings v : [ — B with the finite norm

lullze .8y == lllul Ollsllr @),
see for instance [43, Ch. III, § 1]. In the same line stays the space C(I, B), i.e., it is
the Banach space of all mappings u : [ — B with finite norm
lulle(r,s) = sup [lu(:, t)|5-
tel

Let P, be the Helmholtz-Leray type projection
(2.23) P,: L3, — Ho 4.



AN OPEN MAPPING THEOREM FOR THE NAVIER-STOKES TYPE EQUATIONS 1445

Lemma 2.2. For each p > 1 there is positive constant D(p) such that
(2.24) IPols, < D)ol for allve L2,
Besides, if v e H}, then

0;(Pqv) = P 24(0;v) for each 1 < j < n.

Moreover P, maps C(I, H3,), L*(I,H3,), L*(I, H) 4.), C(I, L¥,) continuously to
themselves if s € Z, p € (1,+00).

Proof. As before, let ¢, stand for the standard fundamental solution of the Laplace
operator in R™. By (1.1) we have

v =D (didg + dg1d;,_1 v

q—1
for g-form v with the entries from the Schwartz space S(R™). Moreover, (1.1) implies
that
P =@ did, for all v € Sy
From the viewpoint of the theory of pseudo-differential operators, it is a matrix
Fourier multiplier (see, for instance, [42, Ch. I, and Ch. X1]) given by

(2.25) P =3"(ag(Q)F()), ve LA,

where §(v) stands for the Fourier transform of the vector v, F~!(w) stands for the
Fourier transform of the vector w, and a,(¢) can be identified with (m(q) x m(q))-

matrix
. B U(d;dq)(o n
W(©) =l — (T gr ) CERM{0)

where o(B)(() is the principal symbol of the differential operator B. As the projec-
tion P, is a matrix Fourier multiplier in theory of pseudo-differential operators,
then applying [42, Ch. X1, §1, Theorem 1.1]), we conclude that P, maps L’/}q
continuously to itself for all p > 1. In particular, for each p > 1 there is positive
constant D(p) such that (2.24) is fulfilled.

Fix v € H}, and j € N, 1 < j < n. By the properties of the Fourier transform
(see, for instance, [42, Ch. I], we conclude that

I8W)llzz, = llvllzz, . I8050)lzz, = 105012,

F(00)(Q) = (V=1 (0)(Q),

then both (v/—1¢)F(v) and (v/=1¢)a(¢)F(v)(¢) belong to L%, because entries of
the matrix a, belong to L>(R™). Hence, according to (2.25),

Py (05v) = § (aqg(OV-1¢E(v)(Q)) = 9;5 " (aq(O)F(v)(C)) = 9Py (v).

This proves that P, maps C(I, H},), L*(I, H,) continuously to itself for s € Z..
For negative s this fact follows from the definition of the duality between H, and
H 7, which was to be proved. O

After Leray [23, 24], a great attention was paid to weak solutions to the Navier-
Stokes equations in cylinder domains in R3 x [0,00). Considering them in the
Bochner spaces yields the classical existence theorem for the weak solutions. To
formulate it we set H, = H 1.
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Theorem 2.1. Let k € N and 2k < n < 2(k+1). Given a pair (f,uo) € L*(I,H}) x
Hy, there exists a vector field u € L°°(I,Hy) N L?(I,H;) satisfying

d
(2.26) GV, Ta D 0%, = (f-u Vo),

jal=1

u(-,0) = wug
for all v € Hy,. Moreover, Oyu € Lwra=a (I,H},).

Proof. See, for instance, [26, Ch. II, Theorem 6.1] or [43, Ch. III, Theorems 3.1,
3.3, 4.1], cf. the proof of Theorem 3.1 below). a

The key property of the non-linear term ANju = u - Vu used in the proof of
Theorem 2.1 is that

(2.27) (Mu, u)Li1 =0

if u satisfies divu = 0 in R™ and decreases sufficiently at the infinity. For ¢ # 1
and general non-linearity of type (1.3) property (2.27) is not necessarily true. For
instance, if n = 3 and

Nou = xdou A u = udivu

we easily have
(NanU)Li2 = /Rn(divu) lu|?dzx.

Thus, the standard arguments fail and we can not guarantee the Leray-Hopf weak
solutions to (1.2) as in Theorem 2.1 in general (see, however, [33] for non-linearities
including the last non-linearity as a summand, where Navier-Stokes type equations
admit Leray-Hopf type weak solutions).

However we may achieve a Uniqueness Theorem for (1.2). For n > 3 the space
L*>=(I,Hy) N L*(I,H;) is, perhaps, too large in order to achieve a uniqueness
theorem even for the usual Navier-Stokes equations. The spaces L? (I, L*(R™)) with

2
g—&-ﬁ:l, 2<s<o0, 2<n<trt<

v
are well known to be uniqueness and regularity classes for the Navier-Stokes equa-
tions, see [34], [17], [38]. The limit case s = co, n = vt = 3 was added to the list in
[7] but we will not discuss it here. As the non-linearity (1.3) is more general than
the standard one related to the Navier-Stokes equations, the assumptions appear

to be stronger.

Theorem 2.2. Letn >3, 0 < q < n. Then for each data (f,ug) € L*(I, H} 4q) %
Ho 44, there is at most one form u in the space L>(I,Hg 1a) N L?(I,H;y 44) N
L3(I,L5,) N L (I, LY,) satisfying the nonlinear Navier-Stokes type equations

d (6% (6%
%(U,U)Liq(w) + p Z (0%u,0%) 2 mny = (f —Ngu,v)aa,

la|=1

(2.28)
u(-,0) = wug
for all v € Hy, xa where Nyu is given by (1.3).

Proof. Tt is almost literally the same as the proof of [18, Ch. 6, § 2, Theorem 1],
[26, Theorem 6.9] or Theorem 3.4 and Remark 3.6 in [43] or Lemma 3.3 below. [

We now proceed with an Open Mapping Theorem for 1.2.
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3. AN OPEN MAPPING THEOREM

This section is devoted to the so-called stability property for solutions to the
Navier-Stokes type equations. One of the first statements of this kind was obtained
by Ladyzhenskaya [18, Ch. 4, § 4, Theorem 11] in the case of the Navier-Stokes
equations for flows in bounded domains in R3 with C? smooth boundaries.

In order to extend the property to the spaces of high smoothness, we consider a
linearisation of problem (1.2). To formulate it we set

B, (w, 1) = M{* (dgw,u) + dg—1 M{® (w, ) + M{* (dgu, w) + dg—1 M{" (u,w)

for g-forms v and w.

Namely, given differential ¢g-forms f and w with sufficiently regular coefficients on
R™ x [0,T] and g-form ug on R™, find sufficiently regular ¢-form v and (¢ — 1)-form
p in the strip R™ x [0, 7] which satisfy

O — pAu+By(w,u) +dg_1p = f, (z,t) e R" x (0,7),
di_ju = 0, (x,t)€eR"x(0,7),
(3.1) 1 n
diyp = 0, (w,t) €R"x(0,T),
u = ug, (x,t)€R™x{0}.

Here the third equation is introduced because of Proposition 2.2; for ¢ = 1 it
obviously disappears. Again, motivated by both the uniqueness theorem and the
physical reasons related to the Navier-Stokes equations, one have to assume that the
data and the solutions are essentially decreasing at the infinity. As the case n = 2
is much more easy to handle proving an existence theorem, we will be concentrated
onn > 3.

Considering this problem in the Bochner spaces yields an existence theorem for
the weak solutions to (3.1).

Theorem 3.1. Letn > 3,0 < q < n, and suppose w € C(I,Ho aa)NL*(I,H1 4a)N
L2(I,L5,) N L=(1, LY,). Given any pair (f,uo) € L*(I,H] 4,) x Ho 4, there is
a unique differential form u € C(I,Ho aa) N L*(I,Hy p4) with dyu € L*(1,H, 4,),
satisfying

d
(3.2) g (w0, T D @ w0, = {f = Bylw,u).v)as,

la]=1

u(-,0) = wg
for all v € Hy pa.

Proof. Tt is similar to the proof of the uniqueness and existence theorem for the
Stokes problem and the Navier-Stokes problem, see [44, § 2.3, § 2.4] (or [26, Ch. II
Theorem 6.1 and Theorem 6.9] or [43, Ch. III, Theorem 1.1, Theorem 3.1 and
Theorem 3.4] for domains in R?). We shortly recall the arguments in the part we
will use in order to obtain existence theorems related to (3.2) for more regular data
and solutions. First we note that H; 4« is separable because it is a subspace of a
separable space. According to Proposition 2.3, the space V¢ is everywhere dense
in Hy p¢. Pick a linearly independent countable system {b;};en C Vaq such that
its linear span L({b;};en) is everywhere dense in Hy 4a. As V4o C Hy pe C Ho 4a
L({bj}jen) is everywhere dense in both Hy 4« and H; 44, too. Then, keeping in the
mind the Gram-Schmidt orthogonalization process, without loss of generality, we
may assume that the system {b;};en is a L%, (R")-orthogonal basis Hg 4.
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Next, one defines the Faedo-Galerkin approximations in the usual way,

Um = Zg(m) z l‘

(m) satisfy the following relations

where the functions g,

(83)  (Drtum,by)a, + 1 D (0%, 0°b;) 2, + (B(w,um), bj) 2, = (f,b;) a0,
la]=1
U (2,0) = g m(x)

for all 0 < j < m with the initial datum ug ,, from the linear span L({b;}7.,) such
that the sequence {ug ,} converges to ug in Hg sq. For instance, as {ug ., } we may
take the orthogonal projection onto the linear span L£({b;}7.,).

In this way (3.3) reduces to an initial problem for a (m xm)-system of of ordinary
differential equations with respect to the variable ¢t with respect to the unknown
coefficients g§m) on the interval [0, 7T7:

a0+ L € 00 (1) = Fi),
](m)(o) = (uo,m,bj)r2, = a(m)7
where the scalar functions F;(t) = (f(-,t),b;) 1« belong to L?(0,T), and

(3.5) () = Y (07bi, 0°by) 1, + (By(w(-,1),:),b) 2 .
lal=1

(3.4)

Integrating by parts, we see that
(3.6) (g1 ME? (w, ), v) 2, = (M3 (w,u), d_yv) g2, =0,

(Ml(q) (dqu U), U)Liq = (’LU, Ml(q) (u7 U))LQA(I

for all v € V44, where M 1(q) is a first order bilinear differential operator with constant
coefficients. Therefore

(3.7)  (By(w,u),v)e, = (M (dgu,w),v) e, + (w, M{? (u,0)) 2,

for g-fors w,v,w with sufficiently regular coefficients, approximable by elements
of Ve (see, for instance, [43, Ch.3, §3.1, formula (3.2)] for the Navier-Stokes
equations). Thus, the components of the matrix €™ (t) belong to L>°(0, T') because
bj,bi S VAq and w € C(I,Hoy/}q) N L2(I,H1,Aq) N L2(I, L;.loq)

Let us denote by ¢(™), F("™) and a(™) the m-vectors constructed with the use of

the components g](»m) F; and a(-m), respectively, and by €(")(t) the corresponding

functional matrix constructed with the use of the components Q:(m)( t). Then (3.4)
transforms to
{ a9 () + €M (t)gtm (1) = FIM(2),

and hence for each m € N the system (3.3) admits a unique vector-solution g™
on the interval (0,T") given by

g™ (t) = exp (/Ot Q(m)(T)dT> /Ot exp ( - /OT e(m) (T/)d’T/)F(m)(T)dT,
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where

exp (/t Q:(m)(T>dT) = i % ( /t (’:(m)(T)dT)k.
0 k=0 70

Since w € C(I,Ho 4a) N L3(I,H1 4a) N L?(I, L%,), formula (3.5) means that the

entries of the matrix .
exp (/ elm) (T)dT)
0

belong actually to C%1[0,7] and then the components of the vector g™ belong to
C'/2[0,T]. In particular,

Up € L*(1,Hg 40) NC(I,H,_1 pa), ul, € L*(I,H] 4,)
for each s € N.

In order to obtain a solution to (3.1) one usually appeals to a priori estimates.
To obtain them, we invoke the following useful lemma by J.-L. Lions.

Lemma 3.1. Let V, H and V' be Hilbert spaces such that V' is the dual to V and
the embeddings V. .C H C V' are continuous and everywhere dense. If u € L*(I,V)
and Oyu € L2(1,V') then

d
(3.8) )3 =2 @y )
and u is equal almost everywhere to a continuous mapping from [0,T] to H.
Proof. See [43, Ch. III, § 1, Lemma 1.2]. O

Thus, if we multiply the equation corresponding to index j in (3.3) by g](m) then,
after the summation with respect to j, we obtain for all 7 € [0, T:

1d
(3.9) 5 g lumllzz, +ulVunlis =
(fotm) a0+ (M (gt 0), ) 2, + (w0, M () g2,

because of (3.8) and (3.7).
The following standard statement, where

2 1/2
10 e = (ol + - 17 rm ) + IR )

144 1,A9

2 2 /
oar = (IelZ 3, + 1IVEIZa02,)) s
gives a basic a priori estimate for solutions to (3.2).

Lemma 3.2. Letn > 3 and w € C(I,Hy r¢) N L?>(I,Hy 4a) N L2(I,L%,). If u €
C(I,Ho,pa) N L*(I,Hy pa) and (f,uo) € L*(I,H] 4,) x Ho pa satisfy

[[u

1d
(3.10) Sdr HU(',T)||2L§W +H ||VU||2Lglq = (fiu)a + (Bq(wvu)vu))Liq
u(,0) = g
for allt € [0,T), then there is a constant C, > 0 independent on u,w,t, i such that
q

C T
e < N0 gir (1+2VZexp (T2 [ ot 0l )

¥ ﬁé%mmmwwmd%Amem%@)

(3.11)
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Besides, if

9 9
(3.12) S itho<r< L 2< s < 400,
S r 2 n—2

then there is a positive constant cg‘fs)(w) independent on u and T such that

el e,z ) < 9 (W) I(f, 0) o,
Proof. Tt is similar to the proof of energy estimates for solutions to the Navier-
Stokes equations, see [18, Ch. IV, § 3] or [43, Ch. III, Theorem 3.1].
The Holder inequality, (2.1) and (3.7) imply
t
< a [ IVl oz, s, ds

[ @), ds
0

1% g 2 02 t 9 9
< 1/0 ”VUHLaquj’/O lwllZe, lull?s  ds
(3.13)

with a positive constant ¢, independent on u, v, ¢ and p.
On the other hand, by (2.20), we get

2 / (f(r8), u(-, ) aadls

t
< 2 [ 1l o9l ds

IN

2 [, (19030, + 93, )

IN

t
2 Iz
/0 (MU, + I, + 20l o 9)lcs, ) ds
(3.14)

for all ¢ € [0,T]. Integrating (3.10) with respect to 7 over [0,¢] and taking both
(3.13) and (3.14) into account yields

t
(3.15) luC-8)l22, +p / IVu(9)lI2 ds < lluols +

; 1,A4 1,49

t 2
2 C
| G, + 207 s, + ol eyl )

Finally, on applying Lemma 2.1 with v = 1/2 and Y (¢) = [Ju(-,1)[|2, we readily
Aa

obtain
2 2 2 2 1/2 [t )
”U(-,t)”Liq S ((”uO”Liq(Rn)+;||f||L2([07t]7H/1YAq)> exp (ﬁ . ”w”LC/}xchS)
t 1 t ) 9
/
[0l e (5[ (i3 as)as)
) 282 T )
< 2B e (52 [ ity ds)

for all t € [0,T]. Estimate (3.11) follows from the latter inequality.
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It is easy to see that
(3.16) lullr(r,z2,) < TP lull o (r.z2,)

holds for any p > 1, which accomplishes the energy estimate (3.11).
Finally, the last statement follows from Gagliardo-Nirenberg inequality (2.3) for
g =710=2,50=0,my=1,pyg = %, a= % with the exceptional case where

n=2,r=+4o00 and a = 1. (Il

Lemma 3.2 and (3.9) imply that the sequence {u,,} is bounded in the space
C(I,Hg a¢) N L3(I,Hj pq). So, it bounded in L (I, Hoy aq) N L?(I,H; 44) and we
can extract a subsequence that converges weakly-* in L°°(I,Hp 44) and converges
weakly in L?(I,Hj 44) to an element u € L°°(I,Ho 4a) N L?(I,H; p¢). For abuse
of notation, we use the same designation {u,,} for such a subsequence.

At this point, rather delicate arguments involving compact embedding theorems
for the Bochner-Sobolev spaces on bounded domains show that the sequence {u,,}
may be considered as convergent in the space L?(I,L%,(R™)), see [26, Ch. II,
Theorem 6.1] or [43, Ch. III, Theorem 3.1]. This allows us to pass to the limit
with respect to m — oo in (3.3) and to conclude that the element u satisfies (3.2).
We proceed with the uniqueness.

Lemma 3.3. Letn > 3,0 < ¢ < n, and w € L*(I,H; z¢) N L>®(I,Hp 44) N
L2(I, L5, )N L2 (I, LYy, ). For each pair (f,uo) € L*(I, H) 4,) X Ho 4 the linearised
Navier-Stokes equations (3.2) have at most one solution in the space L*(I,Hj pq)N
L>(I, Ho_1a).

Proof. First, we note that (3.6), (3.7) and the Holder inequality yield

|(Bq(w7 u)7 ’U)Liq ‘ <

Cq(llwlngq IVullg, ol 2z + llwlleg, lulcs, HWHLqu)

n—2
A4

for all v € Hy a4, v € V¢ with a constant ¢, indepenent on u, w, v.
As n > 3, then by (2.3)

(3.17) [ull 20, < Cil[Vullzz,

n—2
A4

with the Gagliardo-Nirenberg constant C4, because

n—2 1 1 -«
. <§fﬁ>a+T,forozflandlf()fn/2<0.

On applying the Holder inequality and (3.17), we readily conclude that for any
w € L2(I,Hy 2¢) N L®(I,Ho p¢), w € L*(I,Hy ) N L>®(I,Hg aa) N L*(1, L) N
L>(I,L"%,), we have

T
1By (w, )l aqer, ) < / (ol a2, + Callwli3y, 9025 )t <

1

Hw”%"’(LLioq)||u||%°<>(I,Liq) + Cl||wH2Loo(1,L;;q)HVUH%W,L?AQV

ie, By(w,u) € L*(I,H] 4,) and dyu € L*(I,H ,,), if u is a solution to problem
(3.2).
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Let now «’ and u” be any two solutions to (3.2) from the declared function space.
Then the difference u = u’ —u” is a solution to (3.2) with zero data (f,ug) = (0, 0).
Hence it follows that

(O, u) Ao + p ||Vu||2L31q = (By(w,u),u) pq.

Next, as u € L*(I,H; 44) and dyu € L*(I,H) ,,), integrating the above equality
with respect to ¢ and using Lemma 3.1, we get

t t
-0l + 2 [ 1), a5 =2 [ (B .0) a0 ds

because By (w,u) € L*(I,H, ,,) (and form w is assumed to belong to L*(I, Hy 14)N
Lo°(I,Ho q) N L3(I, L55,) N L% (I, L7%,), using (3.6) and (3.15) gives

lu(t)l[72, < */ lw(-, )Lz, llul-, 517, ds.
Applying Gronwall’s Lemma 2.1 to this inequality yields
2
0< Ju(-t)[Zs, <0
for all t € [0,77], and so u = 0, as desired. O

Finally, the form u belongs to C(I,Hg 14), because dyu € L*(I,Hj 4,), u €
L*(I,H; pa) and the embeddings Hy 4« C Hoa« C H) 4, are continuous and
everywhere dense, i.e., the assumptions of Lemma 3.1 are fulfilled. O

Of course, similarly to the Navier-Stokes equations, Propositions 2.1 and 2.2
allow us to recover the "pressure" p as a form with distribution coefficients but we
will do it for in the case of more regular solutions, only.

We are now in a position to introduce appropriate function spaces for solutions
and for the data in order to obtain an open mapping theorem for regular solutions to
the Navier-Stokes type equations. More precisely, as the principal differential part
of the Navier-Stokes type equations is parabolic, we prefer to follow the dilation
principle when introducing function spaces for the unknown "velocity" and given
"exterior forces". Namely, for s,k € Z,, we denote by chlzsAi the set of all g-forms

win C(I,Hgi2s 4a) N L*(1, Hy 41425 4) such that
920]u € O(I, Hpyasja|—2j.10) N L*(1, Hyy 1425 |a|—2j.40)

provided |a| +2j < 2s.

We endow the spaces BffefsAZ with the natural norms

: ani, |12 1/2
lullgrass = (30 0 Nopodullf,r)

i=0 || +2j<2s

. . 1/2
where ||ull; g1 = (HVZUHQC(I,LZ(I) +N||V1H“||igq(z,m> '
Similarly, for s,k € Z., we define the space Bf’z)f °15 to consist of all g-forms f in
C(I, H35™) N L2(1, H357F 1) with the property that

000l f € C(I,HY,) N L2(1, HiY
provided |a| + 25 < 2s.
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If fe B?OfSA:, then actually
070/ f € (L Hy* 7 A L2 (1, 1yl

for all o and j satisfying |o| + 25 < 2s. We endow the spaces Béf‘;i with the
natural norms

) ) ) , 1/2
W hgra = (D2 IV 080 FI2rp) + IV 080 F s 1a,)) -

lor|+27 <25
0<i<k
Finally, Proposition 2.2 suggests us defining the spaces B’;rtl/’l%fjf for the "pressu-

re" p to consist of all (¢ — 1)-forms from the space C(I, Hf;jjfill) NL*(I, Hfj‘jfi%)
satisfying (2.13) for each ¢ € [0, T7,

(3.18) di_yp =0 in R™ x [0, 7],
(3.19) Hp||Lz(1_rcvaq71) < +oo for 2s + k > n/2,
(3200 Iplliso, vy Pllowe, vy < oo for 25+ k> /241,

and such that d,_ip € Bfo’sz,l.

spaces with the norms [[p|| gr+1.2:s =
pre,A4—1

Obviously, Proposition 2.2 allows us to equip the

||dq_1p||Bfk,zsA,;, 2s+k <n/2,
||dq71p||3f’j)=r2f/{; + Hp”LQ(I,beAq—l)’ n/2<2s+k<n/2+1,
||dq71p||3§;37; + HPHL?(I,vaAq,l) + ||P||C2(I,Cb1Aq,1), n/2+1<2s+k.

It is easy to see that
k,2s,s k,2s,s k+1,2s,s
Bvel,/\‘l7 Bfor,/lq’ Bpre,A‘lfl’

are Banach spaces. We proceed with two simple lemmata.

Lemma 3.4. Ifn > 3 and s € N then the following embedding are continuous:

k,2s,s k+2,2(s—1),s—1 k,2s,s k+2,2(s—1),s—1
By aa = Byel Aa s Beor.as = Bioy Aa )

k+1,2s,s k+3,2(s—1),s—1
Bprc,A‘I*1 Bprc,A‘I*1 '

If, in addition, k + 2s > n/2 — 1 then the embedding
Blittis = LI L3) N L(I, L)
18 continuous, too.

Proof. The continuity of the first three embeddings follows immediately from the
definition of the spaces.

Next, by the definition, the space B\]fefsAf, is continuously embedded into the
spaces C'(I, H5 %) and L2(I, H; 251,

Note that, by the Sobolev embedding theorem (see, for instance, [1, Ch. 4,
Theorem 4.12]), for any k', s’ € Z4 and A € (0,1) satisfying

(3.21) K —s —X>n/2,
there exists a constant c(k, s, A) depending on the parameters, such that

[l orr eny < €k, A) Tl o
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for all u € H* (R™).

Since 2s +k > n/2 — 1 we see that L2(I, H5?**1) is continuously embedded to
L2(1,L%).

If, in addition, m’ > n/2 — 1 then by (2.3) and the hypothesis of the lemma,

2m’ —n+t2

s

2 m/

(3.22) fullLn, < Cy va u|

with the Gagliardo-Nirenberg constant C,,, because

!

1 1 m 1—a n—2

S (L P 0,1).

n (2 n)a+ 3 T g €O
Then, since 25 + k > n/2 — 1, we see that C(I, H:*) is continuously embedded
to L(I, L,). O

Lemma 3.5. Suppose thatn >3, s €N, k€ Z,, 2s+k > 5 —1. As defined above,
the mappings

. k+1,2(s—1),s—1 k,2(s—1),s—1
dqfl . pre,Aa—1 - Bfor,/l‘l ’
. k,2s,s k,2(s—1),s—1
A Bvel Ad - Bfor,(/lq ) ’
k 25 s k,2(s—1),s—1
at : Bvel As Bfor,Aq ’
k,2s,s
Bvel Ad 2 U(JZ t) — ’U,(J?, O) € Hk+23,/1‘1,
. k,2(s—1),s—1 k—18],2(s—1),s—1
85 . Bvel,(/lq - Bfor,|/1q ( ) ’ |ﬂ| < ka
. k,2(s—1),s—1 k—|8],2(s—1),s—1 n
amﬂ . Bvel,Aq - vel, A4 (I R ) ‘B| < k?
. k,2(s—1),s—1 k— |ﬁ| 2(s—1),s—1
oy - Bior, a4 = Bior e 1Bl < K,
. k+2,2(s—1),s—1 k,2(s—1),s—1
N’I . Bvel,/l‘l - for,(Aq ) ’
. k,2s,s k,2(s—1),s—1
Nq . Bvel,/l‘l - Bfor,A‘I .
. . . k+2,2(s—1),s—1 .
are continuous. Besides, if w € Bv:l_ /;q(g 571 then the mappings
. k+2,2(s—1),s—1 k,2(s—1),s—1
By(w,): Be1 - Bfor7(/1‘1 : 5
. k,2s,s k,2(s—1),s—1
Bq (w7 ) : Bvcl,/lq - Bfor,/l‘l )
. k4+2,2(s—1),(s—1
are continuous, too, and for all u,w € Bv:;/iq(g ) ),
(3.23) ||B (w U)HBk 2(; 1),s—1 < C(q) ||wHBk+2,2(s—l),s—l ||UHBA-,+2,2(S—1),S—1,
vel, A4 vel, A4

(q

with positive constants c, ) independent on u,w.

Proof. Indeed, the first seven linear operators are continuous by the very definition
of the function spaces.

We begin with s = 1. By the definition, the space ijl?A*S’O is continuously
embedded into the spaces C(I, H%?) and L2(I, H ).

Applying (3.22) with m’ = k42 > n/2 — 1, we obtain

(3.24) By (w, w)lzz, < lwlin, IVul* 2
LY,

A4

+ ||V1U|\£22||U\|m <

R I N P e el M i
2 IVl 2 5 4 92wl 92l B ),
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where the constant ¢ being independent of u and w, and so

(3.25) [Bg(w, u)||20(1,L2Aq) <

(Il 7 gy IVl 12, + 19200 s lul 2 g, )
By Leibniz rule,
(3.26) 0By (w,u) = By(9jw, u) + By (w, 0ju).
As n > 3, using (3.22) we also get

(3.27) 9B, (w, w2, < el IVl 2, +

Ad

29wl [Vl e, + V7017, a, lly,) <
Ad

02y V20l ey + 2 0l a1Vl oy + 120113, ]2y )

with a constant ¢ independent of u and w. On combining (3.24) and (3.27) we
deduce that, for n > 3,

(3.28) HBq(wvu)Hiz(I,H}”) < C<||w||é(I’H§;rz)||V3“||2L2(1,Liq)

+ 2Hw||L2(I HELS) ||V2UH%'(I,L§W) + ||V3w||i2(1,1:3‘q)||UH2C(I,H§;2))~

Inequalities (3.25), (3.28) provide that the operator B,(w,-) maps ijla‘;o

continuously to B?ga’gq ifk>n/2-3
If || = k" < ko, ko = k or kg = k + 1, then, similarly to (3.26) we get
(3.29) 9B ( = Y cpyBy(0fw, 0]u).
Btr=a
Next, for any 0 < k' < ko, similarly to (3.27), using the Holder inequality with
a number p = p(k’,1) > 1 we obtain
IV By (w,u) 2 <
k/
> e (||vlw||2 2o IVl + [l [Vl )
=0 Liq !
the coefficients cg , and Ck’,l being of binomial type.
If 0 < k' < ko, then we take p = p(k’,0) = -5 and use (2.1), (3.22) with
m' = k + 2, to obtain

! !
(3.30) IVF )2, |w]? 2, = ||V “uI\Q% [[w] i;q <
N 4 Ljq
2k—n+6
C | V* +2UIIL HV’“+2 ||2““+2> [|w || T

Cho k|| V¥ PullZs ||7UH§{§;2

with positive constants Cj/ j independent on u, w.
If 1 <1 <k < kothen we may apply (2.3) to each factor in the typical summand

’
992, [V
Ad p—1

A4
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O}

with entries p = p(k',1), a; = a;”, satisfying
T
(3.31) Bl Ly (% _ w)a SISy
E —1+1
k0+—; §a1<1,k+2 <0[2<1
Relations (3.31) are actually equivalent to the following;:
E—1+1 n 1 1 1+4+K-1
3.32 ———<a; = (——— 7)<1
(3:32) kot+2 — T ho+2\2 2p n
l n 1 l
3.33 S <a= (o) <L
(3:33) e s A e
The lower bounds are always true if p > 1 and so, these inequalities are reduced to
1 K —1—(ko+1 1 k+2-1
,+¢<7<+7,p>1'
2 n 2p n

The segment for 5 is not empty because

1 K—-1l-1-ky k+2-1

=+ <

2 n n

provided by the assumptions k 4+ 3 > n/2, 0 < k¥’ < ky. Moreover, as
1 kK —-l—-ke—1 1 k+2-1
-+ <=, >0,
2 n 2 n

we see that there is a proper ¢ > 1 to achieve (3.32), (3.33).

Then, similarly to (3.30), and using Young’s inequality (2.1),
(3.34) V5 Lo gy [V 0| 25 <

A4

o w75 <

lk) ||vko+2 ||2a1 \\Vk+2

Cy ko w||L22 [|u ||

lk
Co 2, wnwnw

with positive constants Ck, r, independent on u, w.
Hence, (3.30), (3.34) yleld

(3.35) 1By (w,0) 27 gy <

C(||u||QC(I7H§;r2)||w||20(17H§;2) + ||wHé([7Hij;Q)||UH2'(17H5‘$2)>7

(3.36) 1By (w, u) <

”i%wﬁﬁ
(It sy 111 gy + 0113, g 0112 sy
with a positive constant ¢ independent on wu, w.

Now (3.35), (3.36) imply that the mapping B, (w, -) maps ijfAS ¥ continuously
to Bfo’ﬂ’/?q for any k > n/2—3if n > 3 and bound (3.23) hold true for s = 1 because
of (2.1).

Next, we argue by the induction. Assume that for some s’ > 1 the mapping

B,(w,-) maps the space Bf:l_%ﬁ(s “DsL g Bfof(jq_l) s’ continuously for any

k > n/2—2s'—1 and bound (3.23) holds true for s = s’. Then the space Bfe"{iﬁs/’s,
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k+4,2(s'—1),s'—1

is embedded continuously to the space B o1 A and, by the inductive
assumption, B, (w,) maps Bf;jf(s ~ 71 continuously to B?Oji{z(s 1 for

any (k+2) > n/2 —2s' — 1 or, the same, k > n/2 —2(s’ + 1) — 1. Moreover, bound
(3.23) holds true for s = s’ and with k + 2 instead of k.

It is left to check the behaviour of the partial derivatives 9 d°B,(w,u) with

|a] < k+ 1. By the very definition, of space B\’fiz/ﬁs/’sl, the partial derivatives d;u,

diw belong to Bfg{iﬁ(s/_i)7(sl_i), c(I, Hﬁj2+2(sl_i)) and L2(I, Hﬁ;ﬁ-?r‘r?(s/—i))'

By the Leibniz rule,
0By (w, u) = B4(0yw, u) + By (w, Opu).

Then for acceptable o € Z; and 4, similarly to (3.29), we get with binomial type
coeflicients cg 4 and C’;

i
(3.37) 050/Bg(w,u) = > > c5,ClBy(0)04w, 0]0] ).
B+y=a 1=0
Similarly to (3.30), if 0 < k¥’ < k+ 1 then we take p = pz(-i;) = %5 and use (2.1),
(3.22) with m’ = 2s' 4+ k + 2, to obtain
(338) 0 VUl [l ny = 107Vl el <
. Lid Laq
b , , , 7},—2 2(25'4;k)—n+6
Ok’,,so ”ats vk +2u||iiq ||V2S +k+2w‘|12/(2:: +k+2) ”w”L%fs +k+2) <

k7 ’ ./ /
Ck’,so ||6iS vk +2u||2L§1q Hw||iliz’+k+2

with positive constants C,’:,’i;’ independent on u, w.
Again, similarly to (3.34), If 1 < j < k¥’ < kg then we may apply (2.3) to each
factor in the typical summand
107 = VE )y 10,V w2
A4 Lfqu_l

with entries satisfying

1 kK —jtt 1 ko+242i 1—a;

2p e b P o + =51,

p=1 _ J 1 k+2+2(s'—i) 1o
(3.39) —1= i+ (2 2 an + 1522,

k'—j+1 j

Rotota =1 <1, o= = @2 < 1.

Relations (3.39) are actually equivalent to the following:

K —j+1 n 11 14K —j
3.40 SN T — _(,_7 )<1
(3.40) ko+242 — M T ke r2+2\2 2 7
(3.41) g -, —*(iJﬂ)a
' k+2+2(s' —i) — ° k4242 —)\2p n '

The lower bounds are always true if ¢ > 1 and so, these inequalities are reduced to
1 K —j—(ko+1+2i 1 kE+2+2(s —i)—j
1 Jj— (ko + +z)<7<++(s i) —j

n 2p n

, p>1.
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The segment for %j is not empty because
1 kK —j—1—-ky—2i k+2—7+2(s—1
1, K= 0=2 _k+2-j+2(5 )
2 n n
provided by the assumptions k > n/2 —2(s' +1) — 1, 0 < k' < kg. Moreover, as
1 K —j—(ho+1+2) 1 k+2+2(s —i)
S+ <z,
2 n 2 n
we see that there is a proper ¢ > 1 to achieve (3.40), (3.41).
Then, similarly to (3.30), and using Young’s inequality (2.1),

(3.42) 107" F )| (0] VI w]| 2 <
LP

A4

—J S,

cllof TR gy OV w0 0s 10 ul 0 0wl 2 <

I .
CH@: 1u||H§%+2+2i 8Zw||Hﬁ;2+2<s/,i)

with positive constants ¢ independent on wu, w.
Hence, (3.38), (3.42) yield

(3.43) 107 Bg(w, U)HZC(I,qu) <

Alwl|? X -
t Hc(AHZf““’””ﬁ

s/
s’ —i 2
¢ Zo [10; U”C(Iﬂﬁgzwi)
1=

’
S

s’ —i 2
cz; ||at ch([}Hf\‘gQ"'%)
1=

(3.44) 105 By (w, w)

Alul? ;
t ||C(I)Hﬁ-g2+2(5’—l))’

2
HLZ(I,Hﬁél) S

’
S
- .
C% 107 Zu||2Lz(1$Hﬁ;3+%) |\a;w||20(I’HWH<S,,i))+
i=

!
S
;s )
C'Zo 197 le;(l,Hﬁf’“i) Ha§u||2c(LHﬁB+2(s’fi>)
i=

with a positive constant ¢ independent on u,v.
Now (3.43), (3.44) imply that the mapping B, (w, -) maps BFH2:2555" continuously

vel, A9

to Bfo’is/;;s/ if n > 3. Moreover, by (2.1), bound (3.23) holds true for s = s’ + 1.
This finishes the proof of inequality (3.23) and the continuity of operator B4(w, ) :
85533(3—1),5—1 — Bf(;i(/f;l)’s_l, for n > 3 and for all k € Z and s € N satisfying
25+ k>n/2— 1.

The boundedness of the operator B, (w, ) : BfefSAi — Bﬁj (j; D51 how follows
from Lemma 3.4.

Now, since the bilinear form B, is symmetric and By (u, u) = 2N, (u), we easily
obtain

(3.45) Ny(u) — Ny(ug) = Bglug, u —up) + (1/2) By(u — ug, u — ug).
Therefore, by the continuity of the mapping B, (w, -),

1
HNQ(U) - Nq(uO)HBW(S*UvS*l < §C(k, S)Hu - UOH2Bk+2,2(S—1),s—1+
for, A4 vel, A4

or
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C(k, S) ||u0||B§:1-‘2/,é(s—1),s—1 ||’LL - UO||B‘1:-;12A§(S—1),5—1

with a positive constant ¢(k, s) independent of u and uyg, i.e., the nonlinear operator

k+2,2(s—1),s—1 . . k,2(s—1),s—1 k,2s,s .
Ny maps B A continuously into By [, and B )", continuously
. k,2(s—1),s—1
into By, 4 . (I
k,2(s—1),s—1

Proposition 3.1. Letn > 3,1 < g <n, 2s+k > n/2 and F' € B ),

satisfies (F,v)qa = 0 for all v € Vpa. Then there is a unique form p©) from the
k+1,2(s—1),s—1

bro,Ad—1 , satisfying

space B
(3.46) dy1p® = F in R™ x [0, T].

Proof. Indeed, the space Bfo’i(/fq_l)’s_l is embedded continuously to C(I, Hﬁst_Q)ﬂ
L2(I, HF271). Then for almost all ¢ € [0, T the unique solution p(®) (-, ) to (3.46),
satisfying (2.13), (2.14), (2.18) and (3.18) was constructed in Proposition 2.2. Then
(2.18) for p(® yields

||p(O)HL2(I,C ) < chF||L2(I’H/2‘Z+k—1) for 2s +k > n/2,

b,Aq—1
1PV lewr.c, 001 < Call Fllo s, for 25 +k > n/2+1.
Finally, by the elliptic regularity, p(® € C(I, HZ2 870) N LA(1, HﬁfjA’:,I). O

Now we arrive at the principal theorem related to linearizations of the Navier-
Stokes type Equations associated with the de Rham complex.

Theorem 3.2. Letn > 3,0 < g <n,s € N,k € Zy, 25+ k > n/2, and
w e Bfef;{s, Then (3.1) induces a bijective continuous linear mapping

. pk,2s,s k+1,2(s—1),s—1 k,2(s—1),s—1
(3.47) A Byt x B — Byt X Hog g, pa.

which admits a continuous inverse (Aﬁf))—l.

Proof. Tt follows the same scheme as the proof of similar regularity theorems for
Stokes and Navier-Stokes equations, see, for instance, [18], [43].
We begin with a simple lemma.

Lemma 3.6. Ifn >3,se N, k€ Z,, 2s+k > n/2 then (3.47) is an injective
continuous linear mapping.

Proof. Indeed, the continuity of ,455) follows from Lemma 3.5. Let

k,2s,s k+1,2(s—1),s—1
(u’p) € Bvel,/l‘? X Bpre,Aq*1 )

AP (u,p) = (fruo) € BlGr ™! x Hypog a0

The integration by parts with the use of (1.1) yields

(3.43) ~(Buw)gs, = [VulO)s |
Asdy_ju=0in R" x [0,T], we see that
(349) (dq—1p7 u)Liq = (p, d;—l U)Liq71 =

As 2s +k+ 1 > n/2, Lemma 3.4 implies that the space Bfefs/li is continuously

embedded into L2(I, L5, )NL> (I, L",). Then formulas (3.8), (3.6), (3.48) and (3.49)
readily imply that u is the unique weak solution to (3.1) granted by Theorem 3.1,
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i.e., (3.2) is fulfilled. In particular, if (f,up) = 0 then u = O and p satisfies dg_1p =0
in R™ x [0, T']. By the definition of the space Bk:;l AQQ(SI D=1 the form p satisfies also
(2.13) for each t € [0,T7, (3.18) and (3.19). Hence p(-,t) = 0 for almost all ¢ € [0, T

by Proposition 3.1 and then the operator AS,?) is injective. ([
Let us continue with the proof of the surjectivity.

Lemma 3.7. Letn>3,seN, ke€Z,,2s+k>n/2 andw € Bfefs/li Then for
each (f,up) € B?O’i(/qul)’sfl X Hosyp aa there is a solution u € BffClQSAi to (3.2).

Proof. Let (f,ug) be arbitrary data in Bg)rz(jq D=l o Hosyk 40 and and let {u,,}
be the sequence of the corresponding Faedo-Galerkin approximations, constructed
in the proof of Theorem 3.1. The scalar functions F;(t) = (f(-,t),b;) 1« belong to
C*~10,T) N H*[0,T] and the components @E?)(t) belong to C*[0,T] N H**1(0, T,
k,2s,s
vel, A4

exp (fot (’:(m)(T)dT) belong actually to C*T1[0,7] N H*T2[0,T] and then the com-

ponents of the vector (™) belong to C*[0,T] N H*+1[0, T).
Let us begin with s = 1 and k € Z satisfying k > n/2 — 2. If we multiply the

(m)

see (3.5). Since w € B formula (3.5) means that the entries of the matrix

equation corresponding to index j in (3.3) by — then, after the summation with

respect to j, we obtain for all 7 € [0, T:

(3.50) Haummp +55-

(f7 8Tum)Liq + (Bq (uma ’UJ), a‘rum)Liq .
After the integration with respect to 7 € [0,¢] and the application of the Holder
inequalities with ¢ = 00, @2 = 2, ¢g3 = 2 and p; = %, p2 = n, ps = 2 with the
use of (3.6), (3.7) we arrive at the following:

(3.51) ||aTum||2L2([o t],L2 + 1l Vi (-, )H%iq < 2||vu0m||2L§1q+

1 Aq

”VumHL? =

)dTS

t
mm@@@0+%4wwmww%mz+wm@

2V, + 207 2acr 0o+

t 2k—n+4
k
<aA (ol + 152l 57 19wl ) V2, ),

with a constant ¢, > 0 independent on w and m, the last bound being a consequence
of the Sobolev Embedding Theorems and Gagliardo-Nirenberg inequalities (3.17),
(3.22) with m’ =k +1>n/2 — 1.

As ug,,» we may take the orthogonal projection on the linear span £({b;};en) in
H; 14 achieving

A4

limJuo — wo,mlla, =0, lwomlay, < luollay,

cf. [43, formula (3.87)].
On the other hand, k > n/2 — 2 provides =2 < 2 and then

k+1
(352 [Vl [Vul £ < S22 el

k42
”Liq ~n-— ”V HL2 2k —n+4

2
1wl

by Young’s inequality (2.1).
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Since w € C(I, H¥T2(R™)), inequality (3.51) implies that the sequence {u,,} is
bounded in the space C(I, H},) N L?(I, H},) and the sequence {9;u,,} is bounded
in the space L?(I, L%,). In particular, we may extract a subsequence {t,, }, {9t }
such that

1) {um } converges x-weakly in L°°(I, L%,) to an element u € L>(I,H 44),

2) for each 1 < j < n, the sequence of forms {O;u,, } converges x-weakly in
C(I,Hp p4) to an element u) € C(I,Hy aq),

3) {um} converges weakly in L?(I,H; 44) to an element u € L?(I, Hj 44),

4) {Oyum } converges weakly in L?(I,Hg 44) to an element @ € L*(1, Hg pq).

By the very construction and Theorem 3.1, the form w is the unique solution
to (3.2) from the space C(I,H 4a) N L*(I,H1 4a) with dyu = @ € L*(1,Hg pq),
8ju =ul) ¢ C(I, H07/1q).

Moreover, similarly to (3.24), using the Holder inequality, (3.6), (3.7) and (2.3),
we obtain

[P,B, (w, )2, < [B,(w,u)2 <

o (IVulls, ol +1V0liy, lul? 2, ) <
Ad
2k

n c—
k k
L2

—2 n44
ey (Il lolZage + 19420 v,
with a constant ¢, independent on u,w and then, by (3.52),
(3.53)
”Pqu(wvu)HQLZ’(LLiQ) < HBq(W,U)Hiﬂ(I,Liq) < CQHUH%(I,H}W)”w”;(I,Hf‘fyz)’
(3.54)
||Pqu(w7u)H2C(I,L2Aq) < HBq(w>u)||(2:'(I,L2(]R{")) < Cq||u||%‘(17H}1q)”wHé(LHZ;r?y

[V

A

with a constant ¢, > 0 independent on w,w. Thus, the forms P By(w,u) and
B, (w,u) belong to L*(I,L%,)NC(I,L3,).

Actually, (3.2) imply that, in the sense of distributions,
(3.55) pAu = du+Py(By(w,u) — f) in R™ x (0,T).

Then, by Lemma 2.2 the form Au belongs to L?(I,Hg 44).
As it is known, one of the equivalent norms on H?, is the norm

(3.56) (I + ¢ *F (w2,
As u,Au € L?(I,Hg 44), we see that (|1 + |C|2)3(U)”L2(I,L§m) is finite and then
u e L2(I7 HQ’Aq) n C(I7H1’Aq).

Thus, we constructed a unique solution u € L*(1, Ha 2q) N C(I, Hy 4) to (3.2)
if up € Hy e, f € L*(I,L%,). But we have actually at least ug € Hy 4, f €
L?(1,HY,). Moreover, for each 1 < j < n, using the Sobolev Embeddings and

(3.22) with m’ = k + 1, (3.52), we obtain with a constant ¢, > 0 independent on
u? w7

IBy@yu w3y, < oI5l IVul, + 10, V0l IVl 2, ) <
Aq

cq lwlless lullzs,

||BQ(6jw>u)||2L2(I,Liq) < C||w||iz([’Hf‘;r3)||u||é(I,H}1q)7
i.e. By(9;w,u) € L*(1,L%,).
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Next, by Lemma 3.5, for each 1 < j < n we have (9;f,0;uo) € L*(I, H3,) x
H; 44, Therefore, by the already proved part of the lemma, there is a unique solution
u) € C(I,Hy p¢) N LI, H p4) to
(3.57)

AT 0, ), e )

—ar +M| 2‘:1(3 u? 0%) 2 = (0;f — Bq(Ojw,u) — Be(w,u"),v) sa,

U(]) (', 0) = 8]‘U0

for each v € Hy se. On the other hand, d;u € L?(I,H; x¢) N C(I,Ho aq) satisfies
(3.57), too. Hence the uniqueness provides that d;u = ul9) for each 1 < j < n.
Combining this with the fact that (3.56) define the equivalent norms on the Sobolev
scale H¥, we conclude that u € C(I,Hz aa) N L*(I,H3 44).

Next, by the Sobolev Embedding Theorem and inequality (3.22) with m’ = k+1,

||quBq(w7u)“%2(I,Liq) < HVBq(w’U)H%2(I,L§‘q) <

T
o [ (Il ol +219 0l IV0l? o, + 19wl

A4

ul® 2, )dr <
Ln—Q

A4

CCIHUH%,Q(I,H%I)||w||2C(I7Hﬁ;r2) + C||UH20(1,H}W)||wHiz(LHEs),

with a constant ¢, independent on u,w, i.e., because of (3.53), (3.54), the forms
P,B,(w,u) and B,(w,u) belong to L*(I, H},) N C(I,L?,). Then it follows from
(3.55) that dyu € C(I,Hoae) NL2(I, Hy 40) if f € C(I,L3,)NL* (I, H,) = By,
and up € Hy pq.

Thus, for each pair (f,ug) € Bfo’f,’gq x Hy 4q and each w € BE21 ks n/2—2,

vel, A9
there is a unique solution u € Bgi’}w to (3.2).
If ¥ = 0 then the proof of the lemma for s = 1 is complete (however this is
possible for n = 3 only because k > n/2 — 2). For k > 1 we argue by the induction

with respect to k' € Z,, 0 < k' <k — 1.

Assume that for each pair (f,ug) € Bg;OA*(; X Hoypr pe and w € Bféf’/llq, k>
n/2 — 2, there is a unique solution u € Bfef/’llq to (3.2). We have to prove that the
solution u belongs to B\’fefr/llf’l if (f,uo) € Bﬁ):rjgo’o X Hs g pa.

Indeed, by Lemma 3.5, for each 1 < j < n we have
k’,0,0 k—1,2,1
(9;f,0ju0) € Bioy ga X Haqpy a0, Ojw € By Ay

and, by Lemma 3.5, we have B, (0w, u) € ch:;?/ﬁ. Then, by the inductive assump-

tion there is a unique differential form u() e Bf;i?/’llq satisfying (3.57). Moreover,
(3.35), (3.35), (3.36) and Lemmata 2.2, 3.5 imply that the forms P B (w,u),
B, (w,u) belong to the space C(I,Hy —1 4¢) N L*(I,Hy 4q). Now, formula (3.55)
yields dyu € C(I, Hys—1,04) N L*(I,Hy pq). Thus, we conclude that u € Bf;f}l’f’l.

Finally, we invoke an induction with respect to s. With this purpose, assume that
the statement of the lemma is true for s = sy and each k € Z, satisfying 2s¢g + k >
n/2. Let us prove it for s = s9 + 1 and any k € Z, satisfying 2(sp + 1) + &k > n/2.
More precisely, we have to show that each data (f,ug) € Bﬁ)’ii{’q’so X Ho(sy11) 4k, A

ko,2(so+1),s0+1 . . . ko,2(so+1),s0+1
and w € By, admits a unique solution u € B ", to (3.2).
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k+2,2(so—1),s0—1

According to Lemma 3.4 we have (f,uo) € By, 3 X Hog 442,44 and
w € B\’fg{%ﬁso’so. Then, by the inductive assumption, there is a unique solution

u € Bf;i{‘;so’so to (3.2). Again, (3.35), (3.36), and Lemmata 2.2, 3.5 imply that

the forms P,B,(w,u), B,(w,u) belong to Bé’iiﬁ;s“ and then (3.55) yields d;u €

.. k,2(s0+1),s0+1
B?O’f‘ij’so, too. Summarizing, we conclude that u belongs to the space B (/‘;’2+ ),s0+ ,

that was to be proved. ([

At this point it follows from Proposition 3.1 that there is a unique function

pE 3521/,12(1(75:1),571 such that

(3.58) dy1p = (I = P)(f — By(w,u)) in R x [0,T].
Adding (3.55) to (3.58) we conclude that the pair

k,2s,s k+1,2(s—1),s—1
(u,p) € Bvel,Aq x Bpre,Aq*1

is the unique solution to (3.1) related to the datum (f,ug) € Bfo’f(j;ll)’s_l X

Hoy, i aa-1. This implies the surjectivity of the mapping Aq(f,]).

Finally, as the mapping Ag) is bijective and continuous, the continuity of the
inverse (A%)~! follows from the inverse mapping theorem for Banach spaces. [

Since problem (3.1) is a linearisation of the Navier-Stokes equations type at an
arbitrary ¢-form w, it follows from Theorem 3.2 that the corresponding nonlinear
mapping given by the Navier-Stokes type equations is locally invertible. The implicit
function theory for Banach spaces even implies that the local inverse mappings can
be obtained from the contraction principle of Banach. In this way we obtain what
we shall call the open mapping theorem for problem (1.2).

Theorem 3.3. Letn>3,0<qg<n,s€Nandk € Zy, 2s+k >n/2. Then (1.2)
induces an injective continuous nonlinear mapping

q) . pk2s,s k+1,2(s—1),s—1 k,2(s—1),s—1
(359) A( ) : Bvel,A‘I x Bpre,/lq*1 - Bfor,/l‘l X H25+k;Aq

which is moreover open.

Proof. Indeed, the continuity of the mapping A@ is clear from Lemma 3.5. More-
over, suppose that

k,2s,s k+1,2(s—1),s—1
(uap) € Bvel,A’I Bpre,/lq_1 ’

AD(u,p) = (f,uo) € Bgi(j;l)’kl X Hyyos Aa-

As in the proof of Theorem 3.2, formulas (3.8), (3.6), (3.48) and (3.49) imply that
(2.26) is fulfilled, i.e., u is a weak solution to equations (1.2).

As 2s+k+1>n/2, by Lemma 3.4 the space chfixi is continuously embedded
into L2(I,L5,)NL>(I,L%,). Hence, Theorem 2.2 shows that if (v/,p’) and (u”, p")

belong to B"felgili X Bs:gl/ﬁ(ffl)’sil and AW (v, p') = A@D(u”, p") then v’ = v and

dg—1(p" =p") (1) = 0, dy_o(p" —p")(-,1) =0

for all ¢ € [0,T]. Then p’ = p” according to Proposition 3.1 if 1 < ¢ < n. Of course,
for ¢ = 0 we do not need any p. So, the operator A@ of (3.59) is injective for any
¢, 0<g<n.
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Finally, equality (3.45) makes it evident that the Frechét derivative (AEZJ) o)) Of

the nonlinear mapping A9 at an arbitrary point

Bk+172(s—1),s—1

k,2s,s
(’Ll),p()) € Bvel,A‘I X pre,A9—1

coincides with the continuous linear mapping AD of (3.47). By Theorem 3.2, A is
k+1,2(s—1),s—1 to

. . . . . k,2s,s
an invertible continuous linear mapping from the space B, ol Aa X Bpre’ a1

B?O’i(j;l)’s*l X Hj 425,44 Both the openness of the mapping A(@ and the continuity

of its local inverse mapping now follow from the implicit function theorem for
Banach spaces, see for instance [12, Theorem 5.2.3, p. 101]. O

In particular, for ¢ = 1 we obtain an open mapping theorem for the classical
Navier-Stokes equations over the constructed scale of the Bochner-Sobolev type
spaces.

Theorem 3.3 suggests a clear direction for the development of the topic, in which
one takes into account the following property of the so-called clopen (closed and
open) sets.

Corollary 3.1. Letn >3,0<g<n,seNandk € Z;, 2s+k > n/2. The range
of the mapping (3.59) is closed if and only if it coincides with the whole destination
space.

Proof. Since the destination space is convex, it is connected. As is known, the only
clopen sets in a connected topological vector space are the empty set and the space
itself. Hence, the range of the mapping A(? is closed if and only if it coincides with
the whole destination space. ([l

The following statement echoes the idea of using the properness property to
study nonlinear operator equations, see for instance [40].

Corollary 3.2. Letn>3,0<¢g<n,s€eNand k € Zy, 2s+k > n/2. The range
of the mapping (3.59) is closed if and only if pre-image of precompact sets under
this map are bounded.

Finally, we set

0o _ ~© 1,2(s—1),5—1 oo _ oo R0.2s,s
Cprc,/lq*1 - ﬁs:prreyAqfl » Yvel, A1 — ﬂs:1Bve1,A‘1’
_ oo oo _ e R02s,s
HOO,AQ - ﬂs:lHQS,A"’ C’for,/lq - s:OBfor,Aq‘

Corollary 3.3. Let n > 3. Equations (1.2) induce an injective continuous nonlinear
mapping

AW O3 pq % Co pa1 = Cionaa ¥ Hog pa

which is moreover open.
Proof. Tt follows immediately from Theorem 3.3. (]

We finish the paper by mentioning a familiar example by P. Fatou (1922). He
constructed a holomorphic mapping f(z) of C? whose Jacobi matrix f/(z) has a
constant determinant different from zero. The mapping f is a homeomorphism onto
the image, however, the image of f leaves out a closed subset of C? with nonempty
interior. This shows that nonlinear mappings may behave rather intricately.
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