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ON COMPRESSED ZERO-DIVISOR GRAPHS OF FINITE

COMMUTATIVE LOCAL RINGS

E.V. ZHURAVLEV, O.A. FILINA

Abstract. We describe the compressed zero-divisor graphs of a commu-
tative �nite local rings R of characteristic p with Jacobson radical J such
that J4 = (0), F = R/J ∼= GF (pr) and dimF J/J2 = 2, dimF J2/J3 = 2,
dimF J3 = 1 or dimF J/J2 = 3, dimF J2/J3 = 1, dimF J3 = 1.
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1. Introduction

All rings in this paper are considered to be �nite, associative and commutative
rings with identity. By J = J(R) and R∗ denote the Jacobson radical and the group
of unit elements of R respectively. Also let F denote a �nite �eld GF (q) of order
q = pr where p is prime.

By Γ(R) denote a zero-divisor graph of the ring R, i.e. a graph with elements of
R as its vertices and pairs (x, y) (where x may be equal to y) such that xy = 0 as
its edges (see [1, 2]).

Let S be a commutative semigroup with zero. For every x ∈ S consider

Ann(x) = {y ∈ S |xy = 0}.

We introduce the following equivalence relation:

for all x, y ∈ S x ∼ y ⇔ Ann(x) = Ann(y).

By [x] denote the equivalence class of x ∈ S and by S/∼ denote the quotient set
with respect to said equivalence relation.
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Note that ∼ is in fact a congruence relation on S: indeed, for all x1, x2, y1, y2 ∈ S
if x1 ∼ x2 and y1 ∼ y2 then x1x2 ∼ y1y2. Hence we can consider S/∼ a semigroup
with the operation [x][y] = [xy].

Consider a graph Γ(S/∼) with elements of S/∼ as its vertices and with pairs of
vertices ([x], [y]) where [x] may be equal to [y], such that [x][y] = [0] (or equivalently
such that xy = 0) as its edges. Such graphs are called compressed zero-divisor
graphs (see [3, 4]). If [x] ∈ Γ(S/∼), then either ab = 0 for all a, b ∈ [x] or ab 6= 0
for all a, b ∈ [x]. Therefore every vertex [x] with a loop in Γ(S/∼) is a complete
subgraph in Γ(S), such that all of its vertices have loops, while a vertex [x] without
a loop in Γ(S/∼) is an empty subgraph of Γ(S), i.e. a set of isolated vertices.

The ring R is said to be local if R/J = F is a �eld. All zero-divisors of a local
ring form a radical J , that is a nilpotent ideal of nilpotency index K, K ∈ N (the
set of natural numbers), and every element of the local ring is either a unit element
or a nilpotent element. It is known that the �nite commutative ring with identity
is a direct sum of local rings (see [5, 6]).

Proposition 1. [5, 6, 7]Let R be a local ring of characteristic p, R/J = GF (pr) = F
and K be the nilpotency index of J . Then

(1) Jk/Jk+1 is a �nite-dimensional vector space over F for all 1 ≤ k ≤ K − 1,
(2) there exists n ∈ N such that |R| = pnr and |J | = p(n−1)r.

Zero-divisor graphs were �rst introduced by D.F. Andrerson, P.S. Livingston
and I. Beck in [1, 2]. The research on that topic is connected to the problem of
describing the rings, such that their zero-divisor graphs satisfy certain conditions.
For instance, one can �nd complete descriptions of rings with planar zero-divisor
graphs [8, 9, 10, 11], eulerian zero-divisor graphs [12], and �nite rings with complete
bipartite zero-divisor graphs. Additionally, in [14, 15], a description of ring varieties,
such that �nite rings with isomorphic zero-divisor graphs are isomorphic, while in
[16] a study of commutative �nite rings with compressed zero divisor graphs of
order 2 has been carried out and all graphs of order 3 that are zero-divisor graphs
for some �nite ring were found.

These results show that the problem of presenting zero-divisor graphs of �nite
rings is still relevant. In [3, 4, 17] one can �nd a description of such graphs for
commutative local rings R of order pnr, where nr ≤ 5. The authors of these
papers used the classi�cation of �nite rings from [18, 19, 20, 21]. More speci�cally,
Tadayoyonfar and Ashra� used their knowledge of the rings' multiplication table as
well as the presentation of a zero-divisor graph as a union and sum of empty and
complete graphs (see [17]), while Bloom�eld (see [4]), presented the geomtetric
representation of the graphs Γ(R/∼) for such rings.

Currently, local rings of order pnr, nr > 5 are classi�ed only in some special cases.
For instance, in [22, 23] all local rings R of characteristic p of all the following types

(1) dimF J/J
2 = 2, dimF J

2/J3 = 2, dimF J
3 = 1, J4 = (0);

(2) dimF J/J
2 = 3, dimF J

2/J3 = 1, dimF J
3 = 1, J4 = (0),

are described up to isomorphism. These are the rings of order p6r. Moreover,
in [24], the compressed graphs of rings of characteristic 2 with extra conditions
dimF J/J

2 = 2, dimF J
2/J3 = 2, dimF J

3 = 1, J4 = (0) are considered. The aim
of this paper is to continue the research, started in [24]. For both types of rings and
for any p we wish to show the equivalence classes for the relation ∼ and to present
the geometric representations for graphs Γ(R/∼).
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2. Preliminaries

Let R be a local ring of characteristic p and dimF J/J
2 = 3, dimF J

2/J3 = 1,
dimF J

3 = 1, J4 = 0. Then R can be presented as a sum

R = F ⊕ Fu1 ⊕ Fu2 ⊕ Fu3 ⊕ Fv ⊕ Fw

and

J = Fu1 ⊕ Fu2 ⊕ Fu3 ⊕ Fv ⊕ Fw,
where {u1, u2, u3, v, w} is a basis of J over F . Note that u1, u2, u3 ∈ J \ J2, v ∈
J2 \ J3, w ∈ J3 (see [22]). Since uiuj ∈ J2 and uiv ∈ J3, we have that

uiuj = aijv + bijw è uiv = ci1w

for some aij , bij , ci1 ∈ F , i, j = 1, 3. Let

A =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 , B =

b11 b12 b13
b21 b22 b23
b31 b32 b33

 , C =

c11c21
c31


be the multiplication matrices of he ring R and let δ1 be some element of F ∗ \ F ∗2.
All pairwise non-isomorphic local rings that are considered here can be de�ned by
the following matrices (see [22]):

(1) A =

1 0 0
0 0 0
0 0 0

, B =

0 0 0
0 0 0
0 0 0

, C =

1
0
0

;

(2) A =

1 0 0
0 0 0
0 0 0

 , B =

0 0 0
0 1 0
0 0 0

 , C =

1
0
0

 ;

(3) A =

1 0 0
0 0 0
0 0 0

, B =

0 0 0
0 0 1
0 1 0

, C =

1
0
0

, where p = 2;

(4) A =

1 0 0
0 0 0
0 0 0

, B =

0 0 0
0 1 0
0 0 d

, C =

1
0
0

, where d ∈ {1, δ1}.

Let R be a local ring of characteristic p and dimF J/J
2 = 2, dimF J

2/J3 = 2,
dimF J

3 = 1, J4 = 0. Then R also can be presented as a sum

R = F ⊕ Fu1 ⊕ Fu2 ⊕ Fv1 ⊕ Fv2 ⊕ Fw

and

J = Fu1 ⊕ Fu2 ⊕ Fv1 ⊕ Fv2 ⊕ Fw,
where {u1, u2, v1, v2, w} is a basis of J over F . Note that u1, u2 ∈ J \ J2, v1, v2 ∈
J2 \ J3, w ∈ J3 (see [22, 23]). Since uiuj ∈ J2 and uivj ∈ J3, we have that

uiuj = a
(1)
ij v1 + a

(2)
ij v2 + bijw è uivj = cijw

for some a
(1)
ij , a

(2)
ij , bij , cij ∈ F , i, j = 1, 2.

Let

A1 =

(
a
(1)
11 a

(1)
12

a
(1)
21 a

(1)
22

)
, A2 =

(
a
(2)
11 a

(2)
12

a
(2)
21 a

(2)
22

)
, B =

(
b11 b12
b21 b22

)
, C =

(
c11 c12
c21 c22

)
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be the multiplication matrices of R.
Now we introduce some auxiliary de�nitions and provide the list of all pairwise

non-isomorphic rings, that are considered in our case (see [22, 23]).
Let

M1 =
{
z ∈ F ∗ | ∀x ∈ F z(1 + 3δ1x

2)− xδ1(3 + δ1x
2) 6= 0

}
.

Now consider the set of functions

K1 =
{
ϕ±a,c : M1 → F

}
, ϕ±a,c(z) =

±az(a2 + 3δ1c
2)− cδ1(3a2 + δ1c

2)

a(a2 + 3δ1c2)∓ cz(3a2 + δ1c2)
,

where a = 0, c = 1 or a = 1, c ∈ F .
This set is a group with respect to the binary operation (φ1 ◦φ2)(z) = φ1(φ2(z))

(φ1, φ2 ∈ K1). This group is acting on the set M1 (see [22]). The set M1 splits into
non-intersecting orbits, we denote the set of their representatives by K1 \M1.

Let δ2 be an element of F , such that ∀x ∈ F δ2 6= x + x2. Also let µ = a2c +
ac2 + c3(1 + δ2), η = a3 + ac2δ2 + c3δ2,

M2 = {z ∈ F | ∀s ∈ {0, 1} ∀a, c ∈ F, a 6= 0 or c 6= 0, (η(1 + s) + µδ2)z + η 6= 0} .

Again, consider a set of functions

K2 = {ϕs,a,c : M2 → F} , ϕs,a,c(z) =
(η + µs)z + µ

(η(1 + s) + µδ2)z + η
,

where s ∈ {0, 1}, a, c ∈ F , a 6= 0 or c 6= 0. This set also forms the group acting
on M2 with respect to the binary operation (φ1 ◦ φ2)(z) = φ1(φ2(z)) (φ1, φ2 ∈ K2)
(see [23]). By K2 \M2 we again denote the set of orbit representatives.

For p = 2 all pairwise non-isomorphic local rings are de�ned by the following
quadruples of matrices (see [23]):

(1) A1 =

(
0 1
1 0

)
, A2 =

(
1 0
0 0

)
, B =

(
0 0
0 0

)
, C =

(
0 1
0 0

)
;

(2) A1 =

(
0 1
1 0

)
, A2 =

(
1 0
0 0

)
, B =

(
0 0
0 1

)
, C =

(
0 1
0 0

)
;

(3) A1 =

(
0 1
1 0

)
, A2 =

(
1 0
0 0

)
, B =

(
0 0
0 0

)
, C =

(
1 0
0 1

)
;

(4) A1 =

(
0 1
1 0

)
, A2 =

(
1 0
0 0

)
, B =

(
0 0
0 1

)
, C =

(
1 0
0 1

)
;

(5) A1 =

(
0 1
1 1

)
, A2 =

(
1 0
0 δ2

)
, B =

(
0 0
0 0

)
, C =

(
0 1
δ2 0

)
;

(6) A1 =

(
0 1
1 1

)
, A2 =

(
1 0
0 δ2

)
, B =

(
0 0
0 0

)
, C =

(
1 z

1 + δ2z 1

)
,

where z ∈ K2\M2;

(7) A1 =

(
0 1
1 1

)
, A2 =

(
1 0
0 0

)
, B =

(
0 0
0 0

)
, C =

(
1 0
1 1

)
,

(8) A1 =

(
0 1
1 1

)
, A2 =

(
1 0
0 0

)
, B =

(
0 0
0 0

)
, C =

(
1 1
1 1

)
,

(9) A1 =

(
0 1
1 1

)
, A2 =

(
1 0
0 0

)
, B =

(
0 0
0 0

)
, C =

(
1 z
1 1

)
,
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where z is an element of F such that z + 1 /∈ (F ∗)3, z 6= 1.

While for p 6= 2 all pairwise non-isomorphic local rings are de�ned by the
following quadruples of matrices (see [22]):

(1) A1 =

(
1 0
0 0

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 0

)
, C =

(
1 0
0 0

)
;

(2) A1 =

(
1 0
0 0

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 1

)
, C =

(
1 0
0 0

)
;

(3) A1 =

(
1 0
0 0

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 0

)
, C =

(
1 1
1 0

)
, for p = 3;

(4) A1 =

(
1 0
0 1

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 0

)
, C =

(
1 0
0 1

)
;

(5) A1 =

(
1 0
0 δ1

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 0

)
, C =

(
1 0
0 δ1

)
;

(6) A1 =

(
1 0
0 1

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 0

)
, C =

(
1 1
1 1

)
;

(7) A1 =

(
1 0
0 1

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 0

)
, C =

(
1 ζ
ζ 1

)
,

where ζ 6= ±1,
1− ζ
1 + ζ

/∈ (F ∗)3;

(8) A1 =

(
1 0
0 δ1

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 0

)
, C =

(
1 ξ
ξ δ1

)
,

where ξ ∈ K1 \M1;

(9) A1 =

(
1 0
0 0

)
, A2 =

(
0 1
1 0

)
, B =

(
0 0
0 0

)
, C =

(
0 1
1 0

)
.

3. Zero-divisor graphs

We recall some useful properties of ∼ - classes (i.e. the equivalence classes of ∼
de�ned earlier) (see. [4]).

Proposition 2. Let R be a local ring and let A ⊆ R. If x ∈ Ann(A), then [x] ∈
Ann(A). In other words, an annulator of any subset of R is a union of ∼ � classes.

Proposition 3. Let R be a local ring and also let JK = 0, JK−1 6= 0, K ∈ N.
(1) If x ∈ JK−1 \ {0}, then [x] = Ann(J) \ {0}.
(2) If for x ∈ J \ {0}, α ∈ R∗, y ∈ Ann(J) the element αx + y 6= 0, then

Ann(x) = Ann(αx+ y).

We now consider a compressed graph Γ(R/∼) of a local ring R and introduce
some additional notation regarding the way groups of similar vertices are presented
in the following pictures. If Γ(R/∼) contains a complete subgraph with loops, we
will picture this subgraph as a single vertex with a loop. If a set of vertices of
Γ(R/∼) contains a subset of pairwise non-adjacent vertices that have no loops we
will picture that subgraph as a single vertex without a loop. In all other cases we will
picture the subgraph as a single vertex with a dashed loop. For every such "vertex"
we will provide a condition for its elements being adjacent (or having a loop) at the
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bottom of the picture. If a group of vertices, that is depicted per rules described
above is connected by an edge to some vertex [x] of Γ(R/∼) it means that every
vertex from this group is adjacent to [x]. Similarly if such group is connected by a
dashed edge then some vertex from this group is adjacent to [x], when a condition
presented at the bottom of a picture is satis�ed.

It is obvious that [0] = {0} and [1] = R∗ for every local ring R. Therefore, for the
sake of brevity, we will not include vertices [0] and [1] into a geometric representation
of a graph Γ(R/∼). Note that [0] is adjacent to every other vertex of Γ(R/∼), while
[1] is only adjacent to [0].

Theorem 1. Let R be a local ring of characteristic p and

J4 = 0,dimF J/J
2 = 3,dimF J

2/J3 = 1,dimF J
3 = 1,

where F = R/J = GF (pr). Then, in addition to [0] = {0} and [1] = R∗, R/∼ is
de�ned by one of the following sets:

(1) [u1] = F ∗u1 + Fu2 + Fu3 + Fv + Fw, [v] = F ∗v + Fu2 + Fu3 + Fw,
[w] = (Fu2 + Fu3 + Fw)\{0};

(2) [u1 +miu2] = F ∗(u1 +miu2)+Fu3 +Fv+Fw, [u2 +niv] = F ∗(u2 +niv)+
Fu3 + Fw, [v] = F ∗v + Fu3 + Fw, [w] = (Fu3 + Fw)\{0};

(3) [u1 + siu2 + lju3] = F ∗(u1 + siu2 + lju3) + Fv + Fw for all si, lj ∈ F ,
[u2+niu3+kjv] = F ∗(u2+niu3+kjv)+Fw for all ni, kj ∈ F , [u3+miv] =
F ∗(u3 +miv) + Fw for all mi ∈ F , [v] = F ∗v + Fw, [w] = F ∗w;

(4) [u1 + siu2 + lju3] = F ∗(u1 + siu2 + lju3) + Fv + Fw for all si, lj ∈ F ,
[u2+niu3+kjv] = F ∗(u2+niu3+kjv)+Fw for all ni, kj ∈ F , [u3+miv] =
F ∗(u3 +miv) + Fw for all mi ∈ F , [v] = F ∗v + Fw, [w] = F ∗w.

For every case presented above, the geometric representation of the graph Γ(R/∼)
(excluding the vertices [0] and [1]) looks as follows:

(1)

pic. 1

(2)

(1) if mi + nj = 0.
pic. 2
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(3)

1) if mi + sj = 0;
2) if kj + lβ + nisα = 0.
3) if nα + nβ = 0.

pic. 3

(4)

1) if mi + dlj = 0;
2) if kj + sα + dlβni = 0;
3) if dninj + 1 = 0;
4) if ni = 0.

pic. 4

Proof. To �nd the graph Γ(R/∼) of a ring R, we use the following algorithm:

(1) Present a splitting of R into ∼ - classes.
(2) Find the annulator for every ∼ - class, while noting that annulators for all

elements from the same ∼ - class are equal and that annulators of elements
from di�erent ∼ - classes are di�erent. Beacuse of this, by Proposition 3,
for example, instead of the set F ∗u1 + Fv + Fw we can consider the set
u1 + Fv + Fw.

(3) Note that the order of a union of considered classes is equal to the order of
the ring, i.e. it is equal to q6.

(4) Find the splitting of annulators of ∼ - classes into equivalence classes (such
a splitting exists by Proposition 2) and provide a geometric representation
of the graph.

Let α1, α2, α3, β, γ, α
′
1, α

′
2, α

′
3, β

′, γ′, denote the elements of F and let x and
x′ denote the elements of the radical J . For instance, for the ring R = F ⊕ Fu1 ⊕
Fu2 ⊕ Fu3 ⊕ Fv ⊕ Fw:

x = α1u1 + α2u2 + α3u3 + βv + γw;
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x′ = α′1u1 + α′2u2 + α′3u3 + β′v + γ′w.

We now consider each case in more detail:

Case 1. Letu1u1 u1u2 u1u3
u2u1 u2u2 u2u3
u3u1 u3u2 u3u3

 =

1 0 0
0 0 0
0 0 0

 v +

0 0 0
0 0 0
0 0 0

w,

u1vu2v
u3v

 =

1
0
0

w.

We will show that
R = [1] ∪ [u1] ∪ [v] ∪ [w] ∪ [0],

[u1] = F ∗u1 + Fu2 + Fu3 + Fv + Fw,

[v] = F ∗v + Fu2 + Fu3 + Fw,

[w] = (Fu2 + Fu3 + Fw)\{0}.
In that case

xx′ = 0⇔ βα′1 + α1β
′ = 0, α1α

′
1 = 0.

If x ∈ u1 + Fu2 + Fu3 + Fv + Fw, then α1 = 1 and

xx′ = 0⇔ βα′1 + β′ = 0, α′1 = 0.

From this we get that α′1 = 0, β′ = 0. Therefore

Ann(x) = Fu2 + Fu3 + Fw.

If x ∈ v + Fu2 + Fu3 + Fw, òî α1 = 0, β = 1 and

xx′ = 0⇔ α′1 = 0.

Therefore
Ann(x) = Fu2 + Fu3 + Fv + Fw.

If x ∈ (Fu2 + Fu3 + Fw)\{0}, then α1 = β = 0, α2 6= 0 or α3 6= 0 or γ 6= 0, and
xx′ = 0 for all x′ ∈ J . Hence

Ann(x) = J.

Moving on, we get that

|R∗|+ |F ∗u1 + Fu2 + Fu3 + Fv + Fw|+ |F ∗v + Fu2 + Fu3 + Fw|+
+|(Fu2+Fu3+Fw)\{0}|+|{0}| = (q6−q5)+(q−1)q4+(q−1)q3+q3−1+1 = q6.

Thus we obtain that
R = [1] ∪ [u1] ∪ [v] ∪ [w] ∪ [0],

Ann[u1] = [w] ∪ [0],

Ann[v] = [w] ∪ [v] ∪ [0],

Ann[w] = J.

The geometric representation of the graph can be seen on picture 1.

Case 2. Letu1u1 u1u2 u1u3
u2u1 u2u2 u2u3
u3u1 u3u2 u3u3

 =

1 0 0
0 0 0
0 0 0

 v +

0 0 0
0 1 0
0 0 0

w,

u1vu2v
u3v

 =

1
0
0

w.

We want to show that

R = [1]
⋃

mi∈F
[u1 +miu2]

⋃
ni∈F

[u2 + niv] ∪ [v] ∪ [w] ∪ [0],
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[u1 +miu2] = F ∗(u1 +miu2) + Fu3 + Fv + Fw,

[u2 + niv] = F ∗(u2 + niv) + Fu3 + Fw,

[v] = F ∗v + Fu3 + Fw,

[w] = (Fu3 + Fw)\{0}.
In that case

xx′ = 0⇔ α2α
′
2 + βα′1 + α1β

′
= 0, α1α

′
1 = 0.

If x ∈ u1 +miu2 + Fu3 + Fv + Fw for some mi ∈ F , i ∈ {1, . . . , q}, then α1 = 1,
α2 = mi and

xx′ = 0⇔ α′1 = 0, β′ + βα′1 +miα
′
2 = 0.

From this we get that, α′1 = 0, β′ = −miα
′
2. Therefore

Ann(x) = F (u2 −miv) + Fu3 + Fw.

If x ∈ u2 + niv + Fu3 + Fw for some ni ∈ F , i ∈ {1, . . . , q}, then α1 = 0, α2 = 1,
β = ni and

xx′ = 0⇔ α′2 + niα
′
1 = 0.

From this we obtain that, α′2 = −niα′1. Hence

Ann(x) = F (u1 − niu2) + Fu3 + Fv + Fw.

If x ∈ v + Fu3 + Fw, then α1 = 0, α2 = 0, β = 1 and

xx′ = 0⇔ α′1 = 0.

So we get that

Ann(x) = Fu2 + Fu3 + Fv + Fw.

If x ∈ (Fu3 + Fw)\{0}, then α1 = α2 = β = 0, α3 6= 0 or γ 6= 0, and xx′ = 0 for
all x′ ∈ J . Hence Ann(x) = J .

Moving on, we get that

|R∗|+

∣∣∣∣∣ ⋃
mi∈F

(F ∗(u1 +miu2) + Fu3 + Fv + Fw)

∣∣∣∣∣+
+

∣∣∣∣∣ ⋃
ni∈F

(F ∗(u2 + niv) + Fu3 + Fw)

∣∣∣∣∣+|F ∗v+Fu3+Fw|+|(Fu3+Fw)\{0}|+|{0}| =

= (q6 − q5) + (q − 1)q4 + (q − 1)q3 + (q − 1)q2 + q2 − 1 + 1 = q6.

Thus

R = [1]
⋃

mi∈F
[u1 +miu2]

⋃
ni∈F

[u2 + niv] ∪ [v] ∪ [w] ∪ [0]

and for all mi, ni ∈ F , i ∈ {1, . . . , q} it is true that

Ann[u1 +miu2] = [u2 −miv] ∪ [w] ∪ [0],

Ann[u2 + niv] = [u1 − niu2] ∪ [v] ∪ [w] ∪ [0],

Ann[v] =
⋃
ni∈F

[u2 + niv] ∪ [v] ∪ [w] ∪ [0],

Ann[w] = J.

The geometric representation of the graph can be seen on picture 2.



1540 E.V. ZHURAVLEV, O.A. FILINA

Case 3. Let p = 2,u1u1 u1u2 u1u3
u2u1 u2u2 u2u3
u3u1 u3u2 u3u3

 =

1 0 0
0 0 0
0 0 0

 v +

0 0 0
0 0 1
0 1 0

w,

u1vu2v
u3v

 =

1
0
0

w.

We will show that

R = [1]
⋃

si,lj∈F

[u1+siu2+lju3]
⋃

ni,kj∈F

[u2+niu3+kjv]
⋃

mi∈F
[u3+miv]∪ [v]∪ [w]∪ [0],

[u1 + siu2 + lju3] = F ∗(u1 + siu2 + lju3) + Fv + Fw,

[u2 + niu3 + kjv] = F ∗(u2 + niu3 + kjv) + Fw,

[u3 +miv] = F ∗(u3 +miv) + Fw,

[v] = F ∗v + Fw,

[w] = F ∗w.

In that case

xx′ = 0⇔ α2α
′
3 + α3α

′
2 + βα′1 + α1β

′ = 0, α1α
′
1 = 0.

If x ∈ u1 + siu2 + lju3 +Fv+Fw for some si, lj ∈ F , then α1 = 1, α2 = si, α3 = lj
and

xx′ = 0⇔ α′1 = 0, β′ + ljα
′
2 + siα

′
3 = 0.

Therefore α′1 = 0, β′ = ljα
′
2 + siα

′
3. Hence

Ann(x) = F (u2 + ljv) + F (u3 + siv) + Fw.

If x ∈ u2 + niu3 + kjv + Fw for some ni, kj ∈ F , i, j ∈ {1, . . . , q}, then α1 = 0,
α2 = 1, α3 = ni, β = kj and

xx′ = 0⇔ α′3 + kjα
′
1 + niα

′
2 = 0.

From this we get that α′3 = kjα
′
1 + niα

′
2. Therefore

Ann(x) = F (u1 + kju3) + F (u2 + niu3) + Fv + Fw.

If x ∈ u3 + miv + Fw for some mi ∈ F , i ∈ {1, . . . , q}, then α1 = 0, α2 = 0,
α3 = 1, β = mi and

xx′ = 0⇔ α′2 +miα
′
1 = 0.

So we get that α′2 = miα
′
1. Hence

Ann(x) = F (u1 +miu2) + Fu3 + Fv + Fw.

If x ∈ v + Fw, then α1 = 0, α2 = 0, α3 = 0, β = 1 and

xx′ = 0⇔ α′1 = 0.

Therefore

Ann(x) = Fu2 + Fu3 + Fv + Fw.

If x = w, then α1 = 0, α2 = 0, α3 = 0, β = 0 and xx′ = 0 for all x′ ∈ J . From this
it is clear that, Ann(x) = J .
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Moving on, we get that

|R∗|+

∣∣∣∣∣∣
⋃

si,li∈F

(F ∗(u1 + siu2 + lju3) + Fv + Fw)

∣∣∣∣∣∣+
+

∣∣∣∣∣∣
⋃

ni,kj∈F

(F ∗(u2 + niu3 + kjv) + Fw)

∣∣∣∣∣∣+

∣∣∣∣∣ ⋃
mi∈F

(F ∗(u3 +miv) + Fw)

∣∣∣∣∣+
+ |F ∗v + Fw|+ |F ∗w|+ |{0}| =

= (q6 − q5) + (q − 1)q4 + (q − 1)q3 + (q − 1)q2 + (q − 1)q + q − 1 + 1 = q6.

So we can see that

R = [1]
⋃

si,lj∈F

[u1+siu2+ lju3]
⋃

ni,kj∈F

[u2+niu3+kjv]
⋃

mi∈F
[u3+miv]∪ [v]∪ [w]∪ [0]

and that for all si, lj , ni, kj ,mi ∈ F , i, j ∈ {1, . . . , q} it is true that

Ann[u1 + siu2 + lju3] =
⋃
nα∈F

[u2 + nαu3 + (lj + nαsi)v] ∪ [u3 + siv] ∪ [w] ∪ [0],

Ann[u2+niu3+kjv] =
⋃
sα∈F

[u1+sαu2+(kj+nisα)u3]
⋃
kβ∈F

[u2+niu3+kβv]∪[v]∪[w]∪[0],

Ann[u3 +miv] =
⋃
lα∈F

[u1 +miu2 + lαu3]
⋃

mα∈F
[u3 +mαv] ∪ [v] ∪ [w] ∪ [0],

Ann[v] =
⋃

nα,kβ∈F

[u2 + nαu3 + kβv]
⋃

mα∈F
[u3 +mαv] ∪ [v] ∪ [w] ∪ [0],

Ann[w] = J.

The geometric representation of the graph can be seen on picture 3.

Case 4. Letu1u1 u1u2 u1u3
u2u1 u2u2 u2u3
u3u1 u3u2 u3u3

 =

1 0 0
0 0 0
0 0 0

 v +

0 0 0
0 1 0
0 0 d

w,

u1vu2v
u3v

 =

1
0
0

w.

We shall prove that

R = [1]
⋃

si,lj∈F

[u1+siu2+lju3]
⋃

ni,kj∈F

[u2+niu3+kjv]
⋃

mi∈F
[u3+miv]∪ [v]∪ [w]∪ [0],

[u1 + siu2 + lju3] = F ∗(u1 + siu2 + lju3) + Fv + Fw,

[u2 + niu3 + kjv] = F ∗(u2 + niu3 + kjv) + Fw,

[u3 +miv] = F ∗(u3 +miv) + Fw,

[v] = F ∗v + Fw,

[w] = F ∗w.

In that case we have that

xx′ = 0⇔ α2α
′
2 + dα3α

′
3 + α1β

′ + βα′1 = 0, α1α
′
1 = 0.
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If x ∈ u1 + siu2 + lju3 + Fv + Fw for some si, lj ∈ F , i, j ∈ {1, . . . , q}, òî α1 =
1, α2 = si, α3 = lj and

xx′ = 0⇔ α′1 = 0, β′ + βα′1 + siα
′
2 + dljα

′
3 = 0.

From this we get that, α′1 = 0, β′ = −(siα
′
2 + dljα

′
3). Therefore,

Ann(x) = F (u2 − siv) + F (u3 − dljv) + Fw.

If x ∈ u2 + niu3 + kjv + Fw for some ni, kj ∈ F , i, j ∈ {1, . . . , q}, then α1 = 0,
α2 = 1, α3 = ni, β = kj and

xx′ = 0⇔ α′2 + kjα
′
1 + dniα

′
3 = 0.

Thus α′2 = −(kjα
′
1 + dniα

′
3). Therefore

Ann(x) = F (u1 − kju2) + F (u3 − dniu2) + Fv + Fw.

If x ∈ u3 +miv+Fw for some mi ∈ F , i ∈ {1, . . . , q}, then α1 = 0, α2 = 0, α3 = 1,
β = mi and

xx′ = 0⇔ dα′3 +miα
′
1 = 0.

Thus α′3 = −mid α
′
1. Hence

Ann(x) = F (u1 −
mi

d
u3) + Fu2 + Fv + Fw.

If x ∈ v + Fw, then α1 = 0, α2 = 0, α3 = 0, β = 1 and

xx′ = 0⇔ α′1 = 0.

So we obtain that

Ann(x) = Fu2 + Fu3 + Fv + Fw.

If x = w, òî α1 = 0, α2 = 0, α3 = 0, β = 0 and xx′ = 0 for all x′ ∈ J . Therefore
Ann(x) = J.

Moving on, we get that

|R∗|+

∣∣∣∣∣∣
⋃

si,lj∈F

(F ∗(u1 + siu2 + lju3) + Fv + Fw)

∣∣∣∣∣∣+
+

∣∣∣∣∣∣
⋃

ni,kj∈F

(F ∗(u2 + niu3 + kjv) + Fw)

∣∣∣∣∣∣+

∣∣∣∣∣ ⋃
mi∈F

(F ∗(u3 +miv) + Fw)

∣∣∣∣∣+
+ |F ∗v + Fw|+ |F ∗w|+ |{0}| =

= (q6 − q5) + (q − 1)q4 + (q − 1)q3 + (q − 1)q2 + (q − 1)q + q − 1 + 1 = q6.

Thus

R = [1]
⋃

si,lj∈F

[u1+siu2+ lju3]
⋃

ni,kj∈F

[u2+niu3+kjv]
⋃

mi∈F
[u3+miv]∪ [v]∪ [w]∪ [0]

and for all si, lj , ni, kj ,mi ∈ F , i, j ∈ {1, . . . , q} it is true that

Ann[u1 + siu2 + lju3] =
⋃
nα∈F

[u2 + nαu3 − (si + dljnα)v] ∪ [u3 − dljv] ∪ [w] ∪ [0],

Ann[u2 + kjv] =
⋃
lβ∈F

[u1 − kju2 + lβu3]
⋃

mα∈F
[u3 +mαv] ∪ [v] ∪ [w] ∪ [0],
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Ann[u2 + niu3 + kjv] =
⋃
lβ∈F

[u1 − (kj + dlβni)u2 + lβu3]

⋃
kα∈F

[u2 −
1

dni
u3 + kαv] ∪ [v] ∪ [w] ∪ [0], ãäå ni 6= 0,

Ann[u3 +miv] =
⋃
sα∈F

[u1 + sαu2 −
mi

d
u3]

⋃
kα∈F

[u2 + kαv] ∪ [v] ∪ [w] ∪ [0],

Ann[v] =
⋃

nα,kβ∈F

[u2 + nαu3 + kβv]
⋃

mα∈F
[u3 +mαv] ∪ [v] ∪ [w] ∪ [0],

Ann[w] = J.

The geometric representation of the graph can be seen on picture 4.
�

Theorem 2. Let R be a local ring of characteristic p such that

J4 = 0,dimF J/J
2 = 2,dimF J

2/J3 = 2,dimF J
3 = 1,

where F = R/J = GF (pr).
If p = 2, then, in addition to [0] = {0} and [1] = R∗, R/∼ is de�ned by one of

the following sets:

(1) [u1] = F ∗u1 + Fu2 + Fv1 + Fv2 + Fw,
[u2] = (Fu2 + Fv2)\{0}+ Fv1 + Fw,
[w] = (Fv1 + Fw)\{0};

(2) [u1] = F ∗u1 + Fu2 + Fv1 + Fv2 + Fw,
[u2] = F ∗u2 + Fv1 + Fv2 + Fw,
[v2] = F ∗v2 + Fv1 + Fw,
[w] = (Fv1 + Fw)\{0};

(3) [u1 + niu2] = F ∗(u1 + niu2) + Fv1 + Fv2 + Fw for all ni ∈ F ,
[u2 + kiv2] = F ∗(u2 + kiv2) + Fv1 + Fw for all ki ∈ F ,
[miv1 + v2] = F ∗(miv1 + v2) + Fw for all mi ∈ F ,
[v1] = F ∗v1 + Fw,
[w] = F ∗w;

(4) [u1 + niu2] = F ∗(u1 + niu2) + Fv1 + Fv2 + Fw for all ni ∈ F ,
[u2 + kiv2] = F ∗(u2 + kiv2) + Fv1 + Fw for all ki ∈ F ,
[miv1 + v2] = F ∗(miv1 + v2) + Fw for all mi ∈ F ,
[v1] = F ∗v1 + Fw,
[w] = F ∗w;

(5) [u1 + niu2] = F ∗(u1 + niu2) + Fv1 + Fv2 + Fw for all ni ∈ F ,
[u2] = F ∗u2 + Fv1 + Fv2 + Fw,
[v1 +miv2] = F ∗(v1 +miv2) + Fw for all mi ∈ F ,
[v2] = F ∗v2 + Fw,
[w] = F ∗w;

(6) [niu1 + u2] = F ∗(niu1 + u2) + Fv1 + Fv2 + Fw for all ni ∈ F ,
[u1] = F ∗u1 + Fv1 + Fv2 + Fw,
[miv1 + v2] = F ∗(miv1 + v2) + Fw for all mi ∈ F ,
[v1] = F ∗v1 + Fw,
[w] = F ∗w;
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(7) [niu1 + u2] = F ∗(niu1 + u2) + Fv1 + Fv2 + Fw for all ni ∈ F , ni 6= 0, 1,
[u1] = F ∗u1 + Fv1 + Fv2 + Fw,
[u2 + kiv2] = F ∗(u2 + kiv2) + Fv1 + Fw for all ki ∈ F ,
[u1 + u2 + liv1] = F ∗(u1 + u2 + liv2) + F (v1 + v2) + Fw for all li ∈ F ,
[v1 +miv2] = F ∗(v1 +miv2) + Fw for all mi ∈ F ,
[v2] = F ∗v2 + Fw,
[w] = F ∗w;

(8) [u1] = {α1u1 + α2u2 + β1v1 + β2v2 + γw |αi, βi, γ ∈ F, α1 6= 0, α1 6= α2},
[u2] = F ∗u2 + Fv1 + Fv2 + Fw,
[u1 +u2 + v1]={α1(u1+u2)+β1v1+β2v2+γw|α1, βi, γ∈F, α1 6=0, β1 6=β2},
[u1 + u2] = F ∗(u1 + u2) + F (v1 + v2) + Fw,
[v1] = {β1v1 + β2v2 + γw |βi, γ ∈ F, β1 6= β2},
[w] = (F (v1 + v2) + Fw) \{0}, i = 1, 2;

(9) [niu1 + u2] = F ∗(niu1 + u2) + Fv1 + Fv2 + Fw for all ni ∈ F , ni 6= 0, 1,
[u1] = F ∗u1 + Fv1 + Fv2 + Fw,
[u2 + kiv2] = F ∗(u2 + kiv2) + Fv1 + Fw for all ki ∈ F ,
[u1 + u2 + liv1] = F ∗(u1 + u2 + liv2) + F (v1 + v2) + Fw for all li ∈ F ,
[miv1 + v2] = F ∗(miv1 + v2) + Fw for all mi ∈ F ,
[v1] = F ∗v1 + Fw,
[w] = F ∗w.

For every case presented above, the geometric representation of a graph Γ(S/ ∼)
(excluding the vertices [0] è [1]) looks as follows:

(1)

pic. 5

(2)

pic. 6
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(3)

(2)

(1)

(1) if ki = kj;
(2) if mi = nj.

pic. 7

(4)

(2)

(1)

(1) if ki + kj + 1 = 0;
(2) if mi = nj.

pic. 8

(5)

(1)

(1) if mi = δnj.
pic. 9
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(6)

(1)

mi 6= z, ni 6= δz + 1.
(1) if minj + znj + (δz + 1)mi + 1 = 0.

pic. 10

(7)

ni 6= 0, 1.
(1) if mi = nj + 1;
(2) if mi = 0;
(3) if mi = 1;
(4) if li = kj.

pic. 11

(8)

pic. 12
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(9)

(1)

(3)

(4)

(2)

ni 6= 0, 1.
(1) if mi = z;
(2) if 1 +mi +minj + njz = 0, mi 6= 1, z;
(3) if mi = 1;
(4) if li = (1 + z)kj.

pic. 13

If p 6= 2, then, in addition to [0] = {0} and [1] = R∗, R/∼ is de�ned by one of
the following sets:

(1) [u1] = F ∗u1 + Fu2 + Fv1 + Fv2 + Fw,
[u2] = (Fu2 + Fv1) \ {0}+ Fv2 + Fw,
[w] = (Fv2 + Fw) \ {0};

(2) [u1] = F ∗u1 + Fu2 + Fv1 + Fv2 + Fw, [u2] = F ∗u2 + Fv1 + Fv2 + Fw,
[v1] = F ∗v1 + Fv2 + Fw, [w] = (Fv2 + Fw) \ {0};

(3) [u1 + niu2] = F ∗(u1 + niu2) + Fv1 + Fv2 + Fw for all ni ∈ F ,
[u2 + kiv1] = F ∗(u2 + kiv1) + Fv2 + Fw for all ki ∈ F ,
[v1 +miv2] = F ∗(v1 +miv2) + Fw for all mi ∈ F ,
[v2] = F ∗v2 + Fw, [w] = F ∗w;

(4) [u1 + niu2] = F ∗(u1 + niu2) + Fv1 + Fv2 + Fw, ni 6= ±1 for all ni ∈ F ,
[u1 + u2 + kiv2] = F ∗(u1 + u2 + kiv2) + F (v1 + v2) + Fw for all ki ∈ F ,
[u1 − u2 + liv2] = F ∗(u1 − u2 + liv2) + F (v1 − v2) + Fw for all li ∈ F ,
[u2] = F ∗u2 + Fv1 + Fv2 + Fw,
[miv1 + v2] = F ∗(miv1 + v2) + Fw for all mi ∈ F ,
[v1] = F ∗v1 + Fw,
[w] = F ∗w;

(5) [u1 + niu2] = F ∗(u1 + niu2) + Fv1 + Fv2 + Fw for all ni ∈ F ,
[u2] = F ∗u2 + Fv1 + Fv2 + Fw,
[miv1 + v2] = F ∗(miv1 + v2) + Fw for all mi ∈ F ,
[v1] = F ∗v1 + Fw,
[w] = F ∗w;

(6) [u1]={α1u1+α2u2+β1v1+β2v2+γw|α1 6=α2, α1 6=−α2, α1, α2, β1, β2, γ∈F},
[u1 + u2] = F ∗(u1 + u2) + Fv1 + Fv2 + Fw,
[u1 − u2 + v1] = {α1(u1 − u2) + β1v1 + β2v2 + γw|α1 6= 0, β1 6= −β2,
α1, β1, β2, γ∈ F},
[u1 − u2] = F ∗(u1 − u2) + F (v1 − v2) + Fw,
[v1] = {β1v1 + β2v2 + γw|β1 6= −β2, β1, β2, γ ∈ F},
[w] = (F (v1 − v2) + Fw) \ {0};

(7) [u1 + kiu2] = F ∗(u1 + kiu2) + Fv1 + Fv2 + Fw for all ki ∈ F , ki 6= ±1,
[u1 + u2 + niv2] = F ∗(u1 + u2 + niv2) + F (v1 + v2) + Fw for all ni ∈ F ,
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[u1 − u2 + liv2] = F ∗(u1 − u2 + liv2) + F (v1 − v2) + Fw for all li ∈ F ,
[u2] = F ∗u2 + Fv1 + Fv2 + Fw,
[v1 +miv2] = F ∗(v1 +miv2) + Fw for all mi ∈ F ,
[v2] = F ∗v2 + Fw,
[w] = F ∗w;

(8) [u1 + niu2] = F ∗(u1 + niu2) + Fv1 + Fv2 + Fw for all ni ∈ F ,
[u2] = F ∗u2 + Fv1 + Fv2 + Fw,
[v1 +miv2] = F ∗(v1 +miv2) + Fw for all mi ∈ F ,
[v2] = F ∗v2 + Fw,
[w] = F ∗w;

(9) [u1 +miu2] = F ∗(u1 +miu2) + Fv1 + Fv2 + Fw for all mi ∈ F ,
[u2 + niv1] = F ∗(u2 + niv1) + Fv2 + Fw for all ni ∈ F ,
[v1 + kiv2] = F ∗(v1 + kiv2) + Fw for all ki ∈ F ,
[v2] = F ∗v2 + Fw,
[w] = F ∗w.

For every case presented above, the geometric representation of the graph
Γ(R/∼) (excluding the vertices [0] è [1]) looks as follows:

(1)

pic. 14

(2)

pic. 15
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(3)

(1) if ki + kj = 0;
(2) if mi + nj + 1 = 0.

pic. 16

(4)

(1) if ni +mj = 0;
(2) if mi = −1;
(3) if ki = lj;
(4) if mi = 1.

pic. 17

(5)

(1)

(1) if mi + δnj = 0.
pic. 18
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(6)

pic. 19

(7)

ki 6= ±1

(1) if ki = −ζ;
(2) if kimj + kiζ +mjζ + 1 = 0;
(3) if mi = −ζ;
(4) if mi = −1;
(5) if mi = 1.
(6) if (1 + ζ)li = (1− ζ)nj.

pic. 20

(8)

(1)

(2)

(3)

(1) if mi = − ξδ ;
(2) if ξmi + ξnj + δminj + 1 = 0, nj 6= − ξδ , mi 6= − ξδ ;
(3) if ni = − ξδ .

pic. 21
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(9)

(1) if ki +mj = 0;
(2) if ni + nj = 0.

pic. 22

Proof. The results for the rings of characteristic p = 2 were proved in [24] and were
stated here for the sake of completeness.

Consider the case p 6= 2. The hardest part is to �nd the equivalence classes, listed
in the statement of the theorem. After obtaining these classes and the geometric
representation of the graph the rest of the proof for every case consists mainly of
checking the statement of the theorem via direct computation. As an example, we
will only consider case 7 as it is the hardest one we encountered.

Case 7. Let(
u1u1 u1u2
u2u1 u2u2

)
=

(
1 0
0 1

)
υ1+

(
0 1
1 0

)
υ2+

(
0 0
0 0

)
ω,

(
u1υ1 u1υ2
u2υ1 u2υ2

)
=

(
1 ζ
ζ 1

)
ω,

where ζ 6= ±1 and
1− ζ
1 + ζ

/∈ (F ∗)3.

We want to show that

R = [1]
⋃

ki∈F\{±1}

[u1 + kiu2]
⋃
ni∈F

[u1 + u2 + niv2]
⋃
li∈F

[u1 − u2 + liv2] ∪ [u2]

⋃
mi∈F

[v1 +miv2] ∪ [v2] ∪ [w] ∪ [0],

[u1 + kiu2] = F ∗(u1 + kiu2) + Fv1 + Fv2 + Fw, ki 6= ±1,

[u1 + u2 + niv2] = F ∗(u1 + u2 + niv2) + F (v1 + v2) + Fw,

[u1 − u2 + liv2] = F ∗(u1 − u2 + liv2) + F (v1 − v2) + Fw,

[u2] = F ∗u2 + Fv1 + Fv2 + Fw,

[v1 +miv2] = F ∗(v1 +miv2) + Fw,

[v2] = F ∗v2 + Fw,

[w] = F ∗w.

In that case

xx′ = 0⇔ α1α
′
1 + α2α

′
2 = 0, α1α

′
2 + α2α

′
1 = 0,

α1(β′1 + β′2ζ) + α2(β′1ζ + β′2) + β1(α′1 + α′2ζ) + β2(α′1ζ + α′2) = 0.
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If x ∈ u1 + kiu2 +Fv1 +Fv2 +Fw, then α1 = 1, α2 = ki for some ki ∈ F , ki 6= ±1,
i ∈ {1, . . . , q}, and

xx′ = 0⇔ α′1 + kiα
′
2 = 0, α′2 + kiα

′
1 = 0,

β′1 + β′2ζ + ki(β
′
1ζ + β′2) + β1(α′1 + α′2ζ) + β2(α′1ζ + α′2) = 0.

Since α′1 + kiα
′
2 = 0 and α′2 + kiα

′
1 = 0, then α′1(1 − k2i ) = 0, which means that

α′1 = α′2 = 0. Therefore

xx′ = 0⇔ α′1 = α′2 = 0, β′1(1 + kiζ) + β′2(ki + ζ) = 0.

If ki 6= −ζ, then

Ann(r) = F

(
v1 −

1 + kiζ

ki + ζ
v2

)
+ Fw.

If ki = −ζ, then β′1 = 0 and

Ann(x) = Fv2 + Fw.

If x ∈ (u1 + u2 + niv2) + F (v1 + v2) + Fw, then α1 = α2 = 1, β2 = β1 + ni and

xx′ = 0⇔ α′2 = −α′1, β′2 =
1− ζ
1 + ζ

niα
′
1 − β′1.

Therefore

Ann(x) = F

(
u1 − u2 +

1− ζ
1 + ζ

niv2

)
+ F (v1 − v2) + Fw.

If x ∈ (u1−u2 + liv2) +F (v1− v2) +Fw, then α1 = 1, α2 = −1, β2 = −β1 + li and

xx′ = 0⇔ α′2 = α′1, β
′
2 =

1 + ζ

1− ζ
liα
′
1 + β′1.

Hence

Ann(x) = F

(
u1 + u2 +

1 + ζ

1− ζ
liv2

)
+ F (v1 + v2) + Fw.

If x ∈ u2 + Fv1 + Fv2 + Fw, then α1 = 0, α2 = 1 and

xx′ = 0⇔ α′2 = α′1 = 0, β′2 = −β′1ζ.
Thus

Ann(x) = F (v1 − ζv2) + Fw.

If x ∈ v1 + miv2 + Fw, then α1 = α2 = 0, β1 = 1, β2 = mi for some mi ∈ F ,
i ∈ {1, . . . , q} and

xx′ = 0⇔ α′1 + α′2mi + α′2ζ + α′1miζ = 0.

If mi 6= −ζ, then α′2 = − 1+miζ
mi+ζ

α′1 and

Ann(x) = F

(
u1 −

1 +miζ

mi + ζ
u2

)
+ Fv1 + Fv2 + Fw.

If mi = −ζ, then α′1 = 0 and

Ann(x) = Fu2 + Fv1 + Fv2 + Fw.

If x ∈ v2 + Fω, then α1 = α2 = 0, β1 = 0, β2 = 1 and

xx′ = 0⇔ α′2 = −α′1ζ.
So we obtain that

Ann(x) = F (u1 − ζu2) + Fv1 + Fv2 + Fw.
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If x = w, then xx′ = 0 for all x′ ∈ J and thus Ann(w) = J .
Moving on, we have that

|R∗|+

∣∣∣∣∣ ⋃
ki∈F\{±1}

(F ∗(u1 + kiu2) + Fv1 + Fv2 + Fw)

∣∣∣∣∣+
+ |F ∗(u1 + u2 + niv2) + F (v1 + v2) + Fw|+

+ |F ∗(u1 − u2 + liv2) + F (v1 − v2) + Fw|+ |F ∗u2 + Fv1 + Fv2 + Fw|+

+

∣∣∣∣∣ ⋃
mi∈F

(F ∗(v1 +miv2) + Fw)

∣∣∣∣∣+ |F ∗v2 + Fw|+ |F ∗w|+ |{0}| =

= (q − 1)q5 + (q − 1)(q − 2)q3 + (q − 1)q3 + (q − 1)q3+

(q − 1)q3 + (q − 1)q2 + (q − 1)q + (q − 1) + 1 = q6.

Thus

R = [1]
⋃

ki∈F\{±1}

[u1 + kiu2]
⋃
ni∈F

[u1 + u2 + niv2]
⋃
li∈F

[u1 − u2 + liv2] ∪ [u2]

⋃
mi∈F

[v1 +miv2] ∪ [v2] ∪ [w] ∪ [0]

and for all ki, li,mj , ni ∈ F , i, j ∈ {1, . . . , q},

Ann[u1 + kiu2] =

[
v1 −

1 + kiζ

ki + ζ
v2

]
∪ [w] ∪ [0], ki 6= −ζ,

Ann[u1 − ζu2] = [v2] ∪ [w] ∪ [0],

Ann[u1 + u2 + niv2] =

[
u1 − u2 +

1− ζ
1 + ζ

niv2

]
∪ [v1 − v2] ∪ [w] ∪ [0],

Ann[u1 − u2 + liv2] =

[
u1 + u2 +

1 + ζ

1− ζ
niv2

]
∪ [v1 + v2] ∪ [w] ∪ [0],

Ann[u2] = [v1 − ζv2] ∪ [w] ∪ [0],

Ann[v1+mjv2] =

[
u1 −

1 +mjζ

mj + ζ
u2

] ⋃
mi∈F

[v1+miv2]∪[v2]∪[w]∪[0], mj 6= ±1,−ζ,

Ann[v1 − ζv2] = [u2]
⋃

mi∈F
[v1 +miv2] ∪ [v2] ∪ [w] ∪ [0],

Ann[v1 − v2] =
⋃
ni∈F

[u1 + u2 + niv2]
⋃

mi∈F
[v1 +miv2] ∪ [v2] ∪ [w] ∪ [0],

Ann[v1 + v2] =
⋃
li∈F

[u1 − u2 + liv2]
⋃

mi∈F
[v1 +miv2] ∪ [v2] ∪ [w] ∪ [0],

Ann[v2] = [u1 − ζu2]
⋃

mi∈F
[v1 +miv2] ∪ [v2] ∪ [w] ∪ [0],

Ann[w] = J.

The geometric representation of the graph can be seen on picture 20.
�



1554 E.V. ZHURAVLEV, O.A. FILINA

References

[1] I. Beck, Coloring of commutative rings, J. Algebra, 116:1 (1988), 208�226. Zbl 0654.13001
[2] D.F. Anderson, P.S. Livingston, The zero-divizor graph of a commutative ring, J. Algebra,

217:2 (1999), 434�447. Zbl 0941.05062
[3] N. Bloom�eld, C. Wickham, Local rings with genus two zero divisor graph, Commun. Algebra,

38:8 (2010), 2965�2980. Zbl 1226.05132
[4] N. Bloom�eld, The zero divisor graphs of commutative local rings of order p4 and p5, Commun.

Algebra, 41:2 (2013), 765�775. Zbl 1262.05077
[5] B.R. McDonald, Finite rings with identity, Decker, New York, 1974. Zbl 0294.16012
[6] R. Raghavendran, Finite associative rings, Compos. Math., 21 (1969), 195�229. Zbl 0179.33602
[7] C.J. Chikunji, Unit groups of cube radical zero commutative completely primary �nite rings,

Int. J. Math. Math. Sci., 2005:4 (2005), 579�592. Zbl 1088.13009
[8] S. Akbari, H.R. Maimani, S. Yassemi, When zero-divisor graph is planar or a complete r-

partite graph, J. Algebra, 270:1 (2003), 169�180. Zbl 1032.13014
[9] R. Belsho�, J. Chapman, Planar zero-divisor graphs, J. Algebra, 316:1 (2007), 471�480. Zbl

1129.13028
[10] A.S. Kuz'mina, Yu.N. Maltsev, Nilpotent �nite rings with planar zero-divisor graphs, Asian-

Eur. J. Math., 1:4 (2008), 565�574. Zbl 1179.16007
[11] A.S. Kuzmina, Description of �nite nonnilpotent rings with planar zero-divisor graphs,

Discrete Math. Appl., 19:6 (2009), 601�617. Zbl 1238.16021 2
[12] A.S. Kuzmina, Finite rings with Eulerian zero-divisor graphs, J. Algebra Appl., 11:3 (2012),

Article ID 1250055. Zbl 1260.16020
[13] S. Akbari, A. Mohammadian, Zero-divisor graphs of non-commutative rings, J. Algebra,

296:2 (2006), 462�479. Zbl 1113.16038
[14] A.S. Kuzmina, On some properties of ring varieties in which �nite rings are uniquely

determined by their zero-divisor graphs, Sib. �Elektron. Mat. Izv., 8 (2011), 179�190. Zbl
1329.16019

[15] E.V. Zhuravlev, A.S. Kuz'mina, Yu.N. Mal'tsev, The description of varieties of rings whose

�nite rings are uniquely determined by their zero-divisor graphs, Russ. Math., 57:6 (2013),
10�20. Zbl 1284.16027

[16] E.V. Zhuravlev, A.S. Monastyreva, Compressed zero-divisor graphs of �nite associative rings,
Sib. Math. J., 61:1 (2020), 76�84. Zbl 1461.13005

[17] A. Tadayyonfar, A.R. Ashra�, The zero divisor graphs of �nite rings of cubefree order,
Filomat, 29:8 (2015), 1715�1720. Zbl 1458.16023

[18] B. Ñorbas, G.D. Williams, Rings of order p5. I: Nonlocal rings, J. Algebra, 231:2 (2000),
677�690. Zbl 1017.16014

[19] B. Ñorbas, G.D. Williams, Rings of order p5. II: Local rings, J. Algebra, 231:2 (2000), 691�
704. Zbl 1017.16015

[20] V.G. Antipkin, V.P. Elizarov, Rings of order p3, Sib. Math. J., 23 (1983), 457�464. Zbl
0507.16016

[21] B. Fine, Classi�cation of �nite rings of order p2, Math. Mag., 66:4 (1993), 248�252. Zbl
0838.16011

[22] E.V. Zhuravlev, Local rings of order p6 with 4-nilpotent Jacobson radical, Sib. �Elektron. Mat.
Izv., 3 (2006), 15�59. Zbl 1117.16009

[23] E.V. Zhuravlev, On the classi�cation of �nite commutative local rings, Sib. �Elektron. Mat.
Izv., 12 (2015), 625�638. Zbl 1383.13002

[24] E.V. Zhuravlev, A.S. Monastyreva, On zero divisor graphs of �nite commutative local rings,

Sib. �Elektron. Mat. Izv., 16 (2019), 465�480. Zbl 1423.13037

Evgeniy Vladimirovich Zhuravlev

Altai State University,

61, Lenina ave.,

Barnaul, 656049, Russia

Email address: evzhuravlev@mail.ru



ON COMPRESSED ZERO-DIVISOR GRAPHS 1555

Olga Alexandrovna Filina

Altai State University,

61, Lenina ave.,

Barnaul, 656049, Russia

Email address: olya-filina@mail.ru


