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ON COMPRESSED ZERO-DIVISOR GRAPHS OF FINITE
COMMUTATIVE LOCAL RINGS

E.V. ZHURAVLEV, O.A. FILINA

ABSTRACT. We describe the compressed zero-divisor graphs of a commu-
tative finite local rings R of characteristic p with Jacobson radical J such
that J* = (0), F = R/J = GF(p") and dimp J/J? = 2, dimp J?/J* = 2,
dimp J® = 1 or dimp J/J? = 3, dimp J?/J® = 1, dimp J* = 1.
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1. INTRODUCTION

All rings in this paper are considered to be finite, associative and commutative
rings with identity. By J = J(R) and R* denote the Jacobson radical and the group
of unit elements of R respectively. Also let F' denote a finite field GF(q) of order
q = p" where p is prime.

By I'(R) denote a zero-divisor graph of the ring R, i.e. a graph with elements of
R as its vertices and pairs (z,y) (where  may be equal to y) such that zy = 0 as
its edges (see [1, 2]).

Let S be a commutative semigroup with zero. For every x € S consider

Ann(z) = {y € S|zy = 0}.
We introduce the following equivalence relation:
for all z,y € S = ~y < Ann(z) = Ann(y).

By [z] denote the equivalence class of € S and by S/~ denote the quotient set
with respect to said equivalence relation.
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Note that ~ is in fact a congruence relation on .S: indeed, for all x1,z2,y1,y2 € S
if 21 ~ x9 and y; ~ yo then z129 ~ y1y2. Hence we can consider S/~ a semigroup
with the operation [z][y] = [zy].

Consider a graph I'(S/~) with elements of S/~ as its vertices and with pairs of
vertices ([x], [y]) where [z] may be equal to [y], such that [z][y] = [0] (or equivalently
such that zy = 0) as its edges. Such graphs are called compressed zero-divisor
graphs (see [3, 4]). If [x] € I'(S/ ~), then either ab = 0 for all a,b € [z] or ab # 0
for all a,b € [z]. Therefore every vertex [z] with a loop in I'(S/ ~) is a complete
subgraph in I'(S), such that all of its vertices have loops, while a vertex [z] without
a loop in T'(S/ ~) is an empty subgraph of I'(S), i.e. a set of isolated vertices.

The ring R is said to be local if R/J = F is a field. All zero-divisors of a local
ring form a radical J, that is a nilpotent ideal of nilpotency index K, K € N (the
set of natural numbers), and every element of the local ring is either a unit element
or a nilpotent element. It is known that the finite commutative ring with identity
is a direct sum of local rings (see [5, 6]).

F

Proposition 1. [5, 6, 7| Let R be a local ring of characteristic p, R/J = GF(p")
and K be the nilpotency index of J. Then

(1) J*/J**1 is a finite-dimensional vector space over F for all1 <k < K —1,
(2) there exists n € N such that |R| = p™ and |J| = p(»~ .

Zero-divisor graphs were first introduced by D.F. Andrerson, P.S. Livingston
and I. Beck in [1, 2]. The research on that topic is connected to the problem of
describing the rings, such that their zero-divisor graphs satisfy certain conditions.
For instance, one can find complete descriptions of rings with planar zero-divisor
graphs [8, 9, 10, 11], eulerian zero-divisor graphs [12], and finite rings with complete
bipartite zero-divisor graphs. Additionally, in [14, 15], a description of ring varieties,
such that finite rings with isomorphic zero-divisor graphs are isomorphic, while in
[16] a study of commutative finite rings with compressed zero divisor graphs of
order 2 has been carried out and all graphs of order 3 that are zero-divisor graphs
for some finite ring were found.

These results show that the problem of presenting zero-divisor graphs of finite
rings is still relevant. In [3, 4, 17] one can find a description of such graphs for
commutative local rings R of order p™", where nr < 5. The authors of these
papers used the classification of finite rings from [18, 19, 20, 21]. More specifically,
Tadayoyonfar and Ashrafi used their knowledge of the rings’ multiplication table as
well as the presentation of a zero-divisor graph as a union and sum of empty and
complete graphs (see [17]), while Bloomfield (see [4]), presented the geomtetric
representation of the graphs I'(R/~) for such rings.

Currently, local rings of order p™”, nr > 5 are classified only in some special cases.
For instance, in [22, 23] all local rings R of characteristic p of all the following types

(1) dimg J/J? =2, dimp J2/J3 =2, dimp J? =1, J* = (0);

(2) dimg J/J? =3, dimp J?/J3 =1, dimp J? =1, J* = (0),
are described up to isomorphism. These are the rings of order p®". Moreover,
in [24], the compressed graphs of rings of characteristic 2 with extra conditions
dimp J/J? = 2, dimp J2/J3 = 2, dimg J3 = 1, J* = (0) are considered. The aim
of this paper is to continue the research, started in [24]. For both types of rings and
for any p we wish to show the equivalence classes for the relation ~ and to present
the geometric representations for graphs I'(R/~).



ON COMPRESSED ZERO-DIVISOR GRAPHS 1533

2. PRELIMINARIES
Let R be a local ring of characteristic p and dimp J/J? =3, dimg J2/J3 =1,
dimp J? =1, J* = 0. Then R can be presented as a sum
R=F®Fu; & Fu,® Fus® Fvé Fw
and
J =Fuy & Fus ® Fus & Fv & Fw,
where {uy,us,us,v,w} is a basis of J over F. Note that ui,us,uz € J\ J?, v €
J2\ J3, w e J? (see [22]). Since u;u; € J? and u;v € J3, we have that
UU; = a0 + bijjw T ouv = ciw
ci1 €F, Z,j:ﬁ Let

for some g5, bij,

aiy a2 G13 bir bz b3 11
A= lan ax ax|, B=[bx by bys|, C=|cn
as; as ass b3 b3z b33 31

be the multiplication matrices of he ring R and let J; be some element of F* \ F*2.
All pairwise non-isomorphic local rings that are considered here can be defined by
the following matrices (see [22]):

1 00 0 00 1
(1) A=10 0 0),B=[0 0 0|, C=1[0];
0 0 O 0 0 O 0
100 0 00 1
(2) A=10 0 0),B=(0 1 0|, Cc=(0];
0 00 0 00 0
1 0 0 0 0 O 1
3 A=10 0 0),B=[(0 0 1|,C=(0], wherep=2;
0 00 010 0
1 00 0 0O 1
4 A=10 0 o|,B=[0 1 0],c=|0], where d € {1,5,}.
0 0 O 0 0 d 0

Let R be a local ring of characteristic p and dimp J/J? = 2, dimg J2/J3 = 2,
dimp J2 =1, J* = 0. Then R also can be presented as a sum

R=F®Fu, ®Fus ® Fv, ® Fvy® Fw
and
J=Fu; ® Fus ® Fv; ® Fuy, & Fuw,
where {u1,ug,v1,v2,w} is a basis of J over F. Note that uj,us € J \ J2, v1,v3 €
J2\ T3, w e J? (see |22, 23]). Since u;u; € J? and u;v; € J?, we have that
(1) (2)

U;Uy; = a; ij

ij 01t ag v + bijjw u uv; = cjjw

for some al(-;), ag), bij, cij € F,i,j =1,2.
Let

1 1 2 2
Ay — ‘151) agz) A, — ‘151) ‘152) B— bir b2 O— (11 2
L= a(l) a(l) ’ 2= a(2) a(Z) ’ - b21 bQQ ’ B C21 C22
21 22 21 22
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be the multiplication matrices of R.
Now we introduce some auxiliary definitions and provide the list of all pairwise
non-isomorphic rings, that are considered in our case (see [22, 23]).
Let
My ={z€F* | Vo € F 2(1+3612%) — 26:(3 + 612°) # 0} .
Now consider the set of functions

+az(a® + 381¢?) — ¢61(3a® + §1¢?)
+ M. F +

= :

K1 {(Pa,c 1 } ) (Pa,c(z) a(ag T 36162) T cz(3a2 (5102)

7

wherea =0,c=1lora=1,ce F.

This set is a group with respect to the binary operation (¢1 0 ¢2)(2) = ¢1(p2(2))
(¢1, P2 € K1). This group is acting on the set M; (see [22]). The set M; splits into
non-intersecting orbits, we denote the set of their representatives by Ky \ Mj.

Let J, be an element of F, such that Vo € F 6§, # x + 22. Also let u = a?c +
ac® + (14 82), n = a3 + ac?6z + 30,

My ={z€ F|Vse€{0,1} Ya,c€ F, a#0orc#0, (n(1+s)+ udz)z+mn#0}.
Again, consider a set of functions
(n+ps)z+ p
(n(L+s) + pd2)z+n’
where s € {0,1}, a,c € F, a # 0 or ¢ # 0. This set also forms the group acting
on M, with respect to the binary operation (¢1 o ¢2)(2) = ¢1(¢2(2)) (¢1, P2 € Ko)
(see [23]). By K2 \ M2 we again denote the set of orbit representatives.

For p = 2 all pairwise non-isomorphic local rings are defined by the following
quadruples of matrices (see [23]):

0a=(t Yone(3 o= D o=(t )

Ko = {QOS,a,c : My — F, Ws,a,c(z) =

ot o) 9on- -6 D)
- (3 o6 -3 )
S R P
ot ot 2o - )
P PR PR
where z € Ko\ Ms;
(s oG (9
o (s oo - )
(i o ()



ON COMPRESSED ZERO-DIVISOR GRAPHS 1535

where 2 is an element of F such that z + 1 ¢ (F*)3, z # 1.

While for p # 2 all pairwise non-isomorphic local rings are defined by the
following quadruples of matrices (see [22]):

& A1=(3 8),A2:((1) 3),32(8 8),02

@ A= (L0

)
o

—~~
w
~
N
_
I

O =
o O
N— — 0
N
[\
I
A/ N 7 N -~/

—~~
Ot
~
N
_
I

O =
> o
"
s
[\v]
I
R
—= O
O =
N
™
I
Y
o O
o O
N~
Q
I
N\
O =
> o
N~

—~~
=2
~
b
—
I

—~
i
SN
b
fl
Il
/ﬁ/x/o—':/—\/—\
— o

O =
)
N————
N
X
|

R RN R !

where £ € K \ Mq;

B B W R

3. ZERO-DIVISOR GRAPHS

We recall some useful properties of ~ - classes (i.e. the equivalence classes of ~
defined earlier) (see. [4]).

Proposition 2. Let R be a local ring and let A C R. If x € Ann(A), then [z] €
Ann(A). In other words, an annulator of any subset of R is a union of ~ — classes.

Proposition 3. Let R be a local ring and also let JX =0, JE~1 40, K € N.
(1) If x € JE=1\ {0}, then [x] = Ann(J) \ {0}.
(2) If for x € J\ {0}, a € R*, y € Ann(J) the element ax +y # 0, then
Ann(z) = Ann(az + y).

We now consider a compressed graph I'(R/~) of a local ring R and introduce
some additional notation regarding the way groups of similar vertices are presented
in the following pictures. If I'(R/ ~) contains a complete subgraph with loops, we
will picture this subgraph as a single vertex with a loop. If a set of vertices of
I'(R/~) contains a subset of pairwise non-adjacent vertices that have no loops we
will picture that subgraph as a single vertex without a loop. In all other cases we will
picture the subgraph as a single vertex with a dashed loop. For every such "vertex"
we will provide a condition for its elements being adjacent (or having a loop) at the
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bottom of the picture. If a group of vertices, that is depicted per rules described
above is connected by an edge to some vertex [z] of I'(R/ ~) it means that every
vertex from this group is adjacent to [z]. Similarly if such group is connected by a
dashed edge then some vertex from this group is adjacent to [z], when a condition
presented at the bottom of a picture is satisfied.

It is obvious that [0] = {0} and [1] = R* for every local ring R. Therefore, for the
sake of brevity, we will not include vertices [0] and [1] into a geometric representation
of a graph I'(R/ ~). Note that [0] is adjacent to every other vertex of I'(R/ ~), while
[1] is only adjacent to [0].

Theorem 1. Let R be a local ring of characteristic p and
J*=0,dimp J/J? = 3,dimp J?/J? = 1,dimp J® = 1,
where ' = R/J = GF(p"). Then, in addition to [0] = {0} and [1] = R*, R/~ is
defined by one of the following sets:
(1) [w1] = F*uy + Fugs + Fusz + Fv 4+ Fw, [v] = F*v + Fus + Fuz + Fuw,
[w] = (Fluz + Fus + Fw)\{0};
(2) [ur +muz) = F*(us +mjug) + Fus + Fv+ Fw, [us+nv] = F*(ug +n;v) +
Fug + Fw, [v] = F*v+ Fus + Fw, [w] = (Fus + Fw)\{0};
(3) [u1 + sjus + ljug) = F*(uy + s;us + ljug) + Fv + Fw for all s;,1; € F,
[ug+nus+kjv] = F*(us+nus+kjv)+Fw for alln;, k; € F, [ug+m;v] =
F*(uz +m;v) + Fw for all m; € F, [v] = F*v + Fw, |[w] = F*w;
(4) [u1r + squg + Liusg] = F*(u1 + s;ug + ljuz) + Fv + Fw for all s;,l; € F,
[ug +n,us +kjv] = F*(uas+nsus+kjv)+Fw for all ng, kj € F, [us+m;v] =
F*(ug +muv) + Fw for all m; € F, [v] = F*v + Fw, [w] = F*w.

For every case presented above, the geometric representation of the graph T'(R/ ~)

(excluding the vertices [0] and [1]) looks as follows:

(1)

[u1]
CM/
\@

pic. 1

L)

[U1 +>miU2]

pic. 2
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() ()

[v] [us +: m;v)

f)

[u2 + nius + kjv] - S [u1 + sty + Ljus]

LA0)

1) if m; +s; =0;
2) kaj+lﬁ+n28a:0
3) if ng +ng=0.

L)

[us + njuz + kjo] o [u1 + sita + Ljus]

)
1) if my +dl; =0;
2) if kj 4+ sq +dlgn; = 0;
3) if dnin; +1=0;
4) ifn; = 0.
pic. 4
Proof. To find the graph I'(R/~) of a ring R, we use the following algorithm:

(1) Present a splitting of R into ~ - classes.

(2) Find the annulator for every ~ - class, while noting that annulators for all
elements from the same ~ - class are equal and that annulators of elements
from different ~ - classes are different. Beacuse of this, by Proposition 3,
for example, instead of the set F*u; + Fv + Fw we can consider the set
u1 + Fv+ Fw.

(3) Note that the order of a union of considered classes is equal to the order of
the ring, i.e. it is equal to ¢°.

(4) Find the splitting of annulators of ~ - classes into equivalence classes (such
a splitting exists by Proposition 2) and provide a geometric representation
of the graph.

Let aq, ag, ag, B, v, af, ab, af, 5, v/, denote the elements of F' and let = and
a2’ denote the elements of the radical J. For instance, for the ring R = F & Fuj &
Fus @ Fus ® Fv® Fw:

T = a1ug + asus + azus + Bu + yw;
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/ / / ! ! !
2 = ajuy + ayug + ajus + v+ yw.

We now consider each case in more detail:

Case 1. Let
ULUL  ULU2  ULUS 1 0 0 0 0 0 ULV 1
uguy Ugus usuz | =10 0 OJov+ |0 0O O)w, |uw]|] =1]0]w.
uUzulp U3U2 UU3 0 0 O 0 0 O usv 0

We will show that

ay)

= [1]U ] U [o] U [w] U 0],
[u1] = F*uy + Fug + Fug + Fv + Fw,
[v] = F*v + Fug + Fug + Fw,
[w] = (Fug + Fus + Fw)\{0}.
In that case
za' =0 Bay +a18 =0, aja) =0.
If v € uy + Fus + Fuz + Fv 4+ Fw, then oy = 1 and
x' =0 Ba)+ 5 =0, o) =0.
From this we get that o} = 0, 8’ = 0. Therefore
Ann(z) = Fuz + Fus + Fw.
Ifxev+ Fus + Fus + Fw, 0 @1 =0, =1 and
zz' =0& o) =0.
Therefore
Ann(z) = Fus + Fusz + Fv + Fw.
If © € (Fug + Fuz + Fw)\{0}, then oy = =0, ag # 0 or a3 # 0 or v # 0, and
zz' =0 for all 2’ € J. Hence
Ann(z) = J.
Moving on, we get that
|R*| 4+ |F*uy + Fus + Fus + Fv+ Fw| 4 |F*v + Fug + Fus + Fw|+
+|(Fug+Fug+Fw)\{0}|+{0}| = (¢°~¢*)+(¢—1)¢* + (4= )¢’ +¢° —1+1 = ¢°.

Thus we obtain that
R =[1U[u] U o] Ufw]UI0],

Annfu] = [w] U 0],
Annfv] = [w] U [v] U [0],
Annfw] = J.
The geometric representation of the graph can be seen on picture 1.
Case 2. Let

ULUT  ULU2  ULUS 1 0 0 0 0 O ULV 1
uguy Ugs uguz | =10 0 OJov+ 10 1 OfJw, [uwv ] =10]w
U3U]  UIU2  UIU3 0 0 0 0 0 O U3V 0

We want to show that

R=11] U [ur + m,us] U [ug + nv] U [v] U [w] U [0],
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[u1 + myus] = F*(uy + miug) + Fus + Fv + Fuw,
[ug + nv] = F*(ug + nv) + Fug + Fw,
[v] = F*v + Fus + Fuw,
[w] = (Fus + Fw)\{0}.
In that case
rz’ =0 & azal + Ba) + af =0, ajay = 0.
If © € uy + myug + Fus + Fv + Fw for some m; € F, i € {1,...,q}, then oy =1,
g = m; and
zr' =0 o) =0, B+ Ba) + mas = 0.
From this we get that, o =0, ' = —m;a4. Therefore
Ann(z) = F(ug — m;v) + Fuz + Fw.

If ¢ € ug + njv+ Fug + Fw for some n; € F,i € {1,...,q}, then a1 =0, s = 1,
8 =n; and

zx' =0& a5+ nal =0.
From this we obtain that, a, = —n;a/. Hence

Ann(z) = F(u; — njug) + Fug + Fv + Fw.
Ifx € v+ Fus + Fw, then a1 =0, ap =0, 8 =1 and
rz' =0& o) =0.
So we get that
Ann(z) = Fus + Fuz + Fv + Fw.

If © € (Fug + Fw)\{0}, then o1 = as =3 =0, ag # 0 or v # 0, and xzz’ = 0 for
all 2 € J. Hence Ann(x) = J.
Moving on, we get that

|R*[ + U (F*(u1 + myus) + Fus + Fv 4+ Fw)| +
m;EF
+| | (F*(uz + niv) + Fuz + Fw)|+|F*v+Fug+Fw|+|(Fuz+ Fw)\{0}|+[{0}| =
n,€F
=(* )+ (@-D*+ (- 1DF+(g- 1)+ —1+1=°
Thus

R=[1] | [u1+miug] | [z +niv] U] Uw] U]
and for all m;,n; € F, ; e{l,...,q} it 1; true that
Annfuy + miusg) = [ug — myv] U [w] U[0],
Annfus + nv] = [ug — njus] U [v] U [w] U [0],
Annfv] = U [ug + n;v] U [v] U [w] U [0],
n;eF
Annfw] = J.

The geometric representation of the graph can be seen on picture 2.
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Case 3. Let p =2,

UiUr UjU2 UIU3 1 0 0 0 0 O u1v 1
uguy  Ugugy usguz | =10 0 OJov+ 10 0O 1|w, |[uww ] =10]w
U3U]  U3U2  UUS 0 0 O 0 1 0 Ugv 0

We will show that
R=1] U [ug + s;ug+1jus) U [ug +niuz+k;v] U [us +m;v]U[v]U[w]U[0],
sil;EF nik; €F o
[ur + sjug + Ljus] = F* (w1 + s;ue + ljug) + Fv+ Fu,
[ug + nyug + k;jv] = F*(ug + nyug + k;jv) + Fw,
[us + mv] = F*(uz + mv) + Fw,
[v] = F*v + Fuw,
[w] = F*w.
In that case
zr' =0 & agady + azah + fa) + a1 = 0,01 = 0.
If © € uy + syua + ljus + Fv+ Fw for some s;,1l; € F,then a1 =1, ag = 53, a3 =
and
zr' =0& o) =0,8 +1jah + siaf = 0.
Therefore oy =0, §' = o + s;04. Hence
Ann(z) = F(ug + ljv) + F(ug + s;v) + Fw.

If x € up + njuz + kjv + Fw for some n;, k; € F, i,j € {1,...,q}, then oy = 0,
agzl,agzm,ﬁ:kj and

zx' =0 < af + kja) + n;ah = 0.
From this we get that o4 = kja) 4+ n;a5. Therefore
Ann(z) = F(u1 + kjug) + F(ug + nsug) + Fv + Fuw.
If x € ug + myv + Fw for some m; € F, i € {1,...,q}, then a5 = 0,0 = 0,
az=1,8=m; and
zz' =0 & a4+ mial =0.
So we get that af, = m;a/. Hence
Ann(z) = F(u; + m;us) + Fus + Fv + Fuw.
Ifxev+ Fw, then g =0,a0 = 0,3 = 0,5 =1 and
r' =0& o) =0.
Therefore
Ann(z) = Fuz + Fus + Fv + Fw.

If 2 = w, then oy =0, as =0, a3 =0, 8 =0 and zz’ = 0 for all 2’ € J. From this
it is clear that, Ann(z) = J.
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Moving on, we get that

IR+ | | (F*(us + sius + Ljus) + Fo+ Fw)| +

si,li€F

+ U (F*(u2 + nsus + kjv) + Fw)| + U (F*(uz + mv) + Fw)| +

nik; EF miEF
+ |F*v + Fw| + |F*w| + |{0}| =
=@ =)+ (a-Dg" +(¢-1)’ +(@-D* +(g—Dg+g-1+1=¢".
So we can see that

R=11] U [w1 + siug +1jus) U [ug +nius+k;v] U [ug +m;v]U[v]U[w]U[0]
Si,leF ni,k‘jEF m;EF

and that for all s;,1;,n,,k;,m; € F, 4,5 € {1,...,q} it is true that

Annfuy + sjus + ljug) = U [ug + nqus + (1 + nas;)v] U [ug + s;v] U [w] U [0],
ne€F

Annug+nus+k;v] = U [u1+Satat(kj+nisq)us] U [ug+nius+kgv]J[v]U[w]U[0],
sq€F kgel

Annfus +m;v] = U [ur + miug + lous] U [ug + mqu] U [v] U [w] U [0],

loEF ma€F
Annfv] = U [ug + naqus + kgv] U [ug + mqau] U [v] U [w] U (0],
Ne,kgEF ma€F
Annfw] = J.

The geometric representation of the graph can be seen on picture 3.

Case 4. Let
U1 UiUuz UIU3 1 0 0 0 0 O urv 1
ugty Ugus uguz | =10 0 OJov4+ |0 1 OfJw, [wwv]=10]w
usup U3Uz U3U3 0 0 O 0 0 d usv 0

We shall prove that
R = 1] U [+ s;us +1jus) U [ug +niusz+k;v] U [ug+m;v]U[v]U[w]U[0],
sid;€F nik;€F m;eF
[ur + sjug + Ljug] = F* (w1 + s;ue + ljug) + Fv+ Fuw,
[ug + nyug + k;jv] = F*(ug + nyug + kjv) + Fw,
[ug + mv] = F*(us + mv) + Fuw,
[v] = F*v + Fuw,
[w] = F*w.
In that case we have that

zz' =0 & agady + dazaly + a1 8" + Bal = 0,10 = 0.
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If © € uy + sjug + ljuz + Fv + Fw for some s;,1; € F, i,j € {1,...,q}, T0 a1 =
1,00 = 55,03 =l and

zz' =06 af =0,8 + Ba) + siah +dljal = 0.

From this we get that, of =0, = —(s;a + dljaf). Therefore,

Ann(z) = F(ug — s;v) + F(ug — dljv) + Fw.
If x € up + njuz + kjv + Fw for some n;, k; € F, i,j € {1,...,q}, then oy = 0,
042:1, agzni,ﬂ:k]‘ and

2’ =0 oh + kja) + dnaly = 0.
Thus o = —(k;a) + dn;aj). Therefore
Ann(m) = F(u1 - ijg) + F(U3 — dniug) + Fv + Fuw.
If x € us+miv+ Fw for some m; € F,i € {1,...,q}, then o =0, s =0, a3 = 1,
8 =m; and
zz’ =0 < daj + mia) = 0.

m;

Thus a3 = —"a). Hence

Ann(z) = F(uy —%’U,g)—FFUg—‘rFU-{-FIU.

Ifxev+ Fw, then 1 =0,a0 = 0,3 =0,5 =1 and
zz' =0& o) =0.
So we obtain that
Ann(z) = Fug + Fusz + Fv + Fw.
Ifr=w,r00a; =0 a,=0,a3=0,5=0and zz’ =0 for all 2’ € J. Therefore
Ann(z) = J.

Moving on, we get that

|R*[ + U (F™*(u1 + sjug + Ljuz) + Fv + Fw)| +
Si,leF

+ U (F™*(ug + nsug + k;v) + Fw)| + U (F*(us + myv) + Fw)| +
ni,k; €F m;EF

+ |F*v + Fw| + |F*w| + |{0}| =
=" =)+ (g-Dg" + (=D’ + (@ -1 + (¢ —Dg+g—-1+1=4°
Thus
R=11] U [u1 + siug +1us) U [ug +nius+k;v] U [uz +mv]Uv]U[w]U[0]
sil;EF n,k;€F m;eF
and for all s;,1;,n;,k;,m; € F, 1,5 € {1,...,q} it is true that

Annfu; + sjus + ljug) = U [ug + nqus — (s; + dljng)v) U [ug — dijv] U [w] U [0],
na€F

Ann[uy + kjv] = U [ur — kjug + lpus) U [us + mav] U o] U [w] U [0],
lﬁGF meq €F



ON COMPRESSED ZERO-DIVISOR GRAPHS 1543

AHH[U,Q + n;usz + /ij} = U [U,l — (kj + dl@ni)UQ + lﬁUg]
lgeF

1
U [ug — I us + kou] U [v] U [w] U [0], tme n; # 0,
ka€F '

Annfuz + m;v] = U [ur + Squg — @’U{g] U [ug + kqu] U [v] U [w] U [0],

d
sa€F ko €F
Annfv] = U [u2 + nqus + kgv) U [us + mav] U o] U [w] U [0],
Na,kgEF mq€EF
Annfw] = J.

The geometric representation of the graph can be seen on picture 4.

Theorem 2. Let R be a local ring of characteristic p such that
J*=0,dimp J/J? = 2,dimp J?/J3 = 2,dimp J? = 1,

where F = R/J = GF(p").
If p = 2, then, in addition to [0] = {0} and [1] = R*, R/~ is defined by one of

the following sets:

(1) [u1]) = F*uy + Fug + Fuy + Fua + Fw,
uz] = (Fug + Fuvg)\{0} + Fuvy + Fuw,
w] = (Fv; + Fw)\{0};
Ul] = F*uy; + Fus + Fv, + Fus + Fuw,
ug] = F*ug + Fuy + Fuy + Fw,
vg] = F*vg + Fq + Fuw,
w] = (Fvy + Fw)\{0};

w] = F*w;
(4) [u1 + njus) = F*(u1 + njug) + Fvy + Fua + Fw for all n; € F,

w] = F*w;
uy + njug) = F*(uy + njug) + Fuy + Fua + Fw for all n; € F,
’U,g] :F*U2+F1}1 +F’U2+F’U},
v1 + myve] = F*(v1 + myva) + Fw for all m; € F,
vg] = F*vg + Fuw,
= F*w;
(6) [nsur + us) = F*(nuy + ug) + Fuy + Fua+ Fw for all n; € F,
ul] :F*u1 +FU1 +F’U2+FU},
mvy + v2] = F*(m;v1 + v2) + Fw for allm; € F,
v1] = F*v; + Fw,
w] = F*w;

E
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(7) [niur + ug] = F*(njuy + ug) + Fvy + Fug + Fw for alln; € F, n; #0,1,
u1] = F*uy + Fuy + Fuy + Fuw,

us + kjvo] = F*(ug + k;jva) + Fvy + Fw for all k; € F,

uy +ug + Livy] = F*(uy + ug + Live) + F(v1 + v2) + Fw for alll; € F,

vy +mve] = F*(v1 + mive) + Fw for all m; € F,

vg] = F*vg—|—Fw

w] =

ul] = {alm + asus + Brvr + Pave +yw | g, Bi,y € Fooq # 0,00 # s},
ug] = F*ug + Fvy + Fug + Fuw,

1+ ug +v1] = {1 (w1 +uz) + 1o+ Bove +ywlan, i, vy EF, a1 #0, 1 # P2},

[
[
[
[
[
[
[
(®) [
|
[ur + us] = F*(uy + uz2) + F(vy + v2) + Fuw,
[
[
[
[
[
[
[
[
[

<

<

1] = {B1v1 + Bava +yw | B,y € F, B1 # Ba},

| = (F(v1 +v2) + Fw)\{0}, i =1,2;

(9) [niur + us) = F*(nuy + ug) + Fuy + Fuoo + Fw for alln; € F, n; #0,1,
ul] F*U1+FU1+FU2+FU}
ug + kive] = F*(ug + k;va) + Fvy + Fw for all k; € F,
uy + ug + Livi] = F*(ug + ug + liv2) + F(v1 + v2) + Fw for alll; € F,
m;v1 + vg] = F*(myu1 + va) + Fw for all m; € F,
vy] = F*Ul-l-FU)
w] =

g

For every case presented above, the geometric representation of a graph T'(S/ ~)
(excluding the vertices [0] u [1]) looks as follows:

(1)

pic. 6
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(3)
I,"\\‘(l)
/[ug + k.ﬂ)Q] [u1 + nius)
Gw]\ ”
[v1] [mivll + o]

pic. 7
(4)
\“(1)
/[ug + kiva) [u1 + nius)
GW]\ é@
[01] [mgv1 + va]

(1) kaz—Fk]—f—l =0
(2) mez =nj.

Gw] §<1>

[v1 + m;va]

1545
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(6)
()
[u4] [niua + us] [v1]
Clul
[zv1 + v2] [mivll +vg] (024 D)ug + ug)
W, W,
m; %z, n; #0z+ 1.
(1) if mn; + 2zn; + (dz+1)m; +1=0.
pic. 10
(7)
[u1] [nﬂnl-l- ug] [u1 +U2 + liv9]
Gw] 5(4)
@ [ -Cjwz] (3)[162 + kiva]
(2) if m; =0;
(3) ifm;=1
) ifl; =k,
pic. 11
(8)
%[m tul
Clul
[v1] [u1 + uz + v1]
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[Ul]‘ [niu1 + ug) [ur + ua + L;v2]

(]

)

g U °

n; 75 O, 1.
(2) if L+ m; +min; +njz=0, m; #1,z;
4) if l; = (14 2)k;.
pic. 13
If p # 2, then, in addition to [0] = {0} and [1] = R*, R/~ is defined by one of
the following sets:

(1) [ul] = F*uy 4+ Fus + Fvy + Fvy + Fw,
us] = (Fug + Fvy) \ {0} + Fvs + Fw,
w] = (Fvg + Fw) \ {0};

[

[

[

[

(3) [u1 + njus) = F*(uy + njug) + Fvy + Fua + Fw for all n; € F,
[ug + kivi] = F*(ug + k;v1) + Fva + Fw for all k; € F,
[Ul +miv2] = F*(Ul +mﬂ)2) + Fw fOT all m; € F,
[UQ] = F*UQ —|—FU), [U)] = F*w;
[ur + njus) = F*(uy + njug) + Fuy + Fog + Fw, n; # +1 for alln; € F,
[ur + ua + kjva] = F*(uy + uz + kive) + F(vy +v2) + Fw for all k; € F,
[ur — ug + Live] = F*(u1 — ug + liv2) + F(v1 — v2) + Fw for alll; € F,
[us] = F*ug + Fvy + Fuy + Fw,
[

[

[w] = F*w;

[

[

[

[

[

[

[

[

uy + njus) = F*(uy + njug) + Fuy + Fua + Fw for all n; € F,
ug] = F*ug + Fvy + Fuy + Fw,

()

m;v1 + va] = F*(myu1 + va) + Fw for all m; € F,
v1] = F*v1 + Fw,
w] = F*w;

uy + uz] = F*(uy + u2) + Fuy + Fog + Fuw,

uyp — ug + v1] = {a1(ur — uz) + Brvr + Pova + ywlay # 0,61 # —fe,
alvﬁl)ﬁQ?’Ye F}a

[u1 — up] = F*(u1 — up) + F(v1 — v2) + Fw,

[v1] = {B1v1 + Bava +yw|By # —B2, B, B2, € F'},

[w] = (F(v1 — v2) + Fw) \ {0};

[ +kﬂt2] :F*(U1+k¢U2)+F’U1+F’U2+FU} fOT‘ allk,- EF, kz#il,

[u1 + w2 + nyva] = F*(u1 + ug + njve) + F(v1 4+ v2) + Fw for alln; € F,

= =

u
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[ug —ug + Liva] = F*(uy — ug + ljwe) + F(vy — vg) + Fw for alll; € F,
[us] = F*ug + Fuy + Fuy + Fw,

[v1 + mve] = F*(v1 + myvse) + Fw for all m; € F,

[vg] = F*vg + Fw,

[w] = F*w;

[ur + njug) = F*(uy + njug) + Fvy + Fva + Fw for all n; € F,

[us] = F*ug + Fvy + Fuy + Fuw,

[v1 +myvg] = F*(v1 + myva) + Fw for all m; € F,

[va] = F*v2 + Fw,

[w] = F*w;

[ur + mius] = F*(uy + mius) + Fuy + Fog + Fw for allm; € F,

[ug + n;v1] = F*(ug + nyv1) + Fog + Fw for all n; € F,

[v1 + kive] = F*(v1 + kijve) + Fw for all k; € F,

[va] = F*vz + Fw,

[

For every case presented above, the geometric representation of the graph
T'(R/~) (excluding the vertices [0] u [1]) looks as follows:

(1)

pic. 15
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(3)
()
[u1 + niug) (2)[111 + m;vo)
(1) if ki +k; =0;
(2) if my +n; + 1=0.
pic. 16
(4)
[us] [u1 + nius)] [y +u +k;iv2)
Gw] (2) §<3>
[v1] [miv + val s [un — ug + Liva]
W, W,
(1) anz +m] - 07
(2) if m; = —1;
(4) if m; =
pic. 17
(5)

pic. 18
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(6)
;U/QW/ \
Gw]<\ /[ul -
[ui] [u1 + ]
pic. 19
(7)
/[u1+ k; UQ] [UIQ] [u1 + uz +n,v2]
i o
\[U'z} [v1 + 7'71';@2] ol — uz + L;vs]
U
ki # 41
(1) if ki = —(;
(2) if kimj + ki + ij +1=0;
(3) if m; = —¢;
(4) if m; = —1;
(5) if m; =1.
(6) if 1+ Qli=(1-n;
pic. 20
(8)

(1) if mi = —%;
(2) if &m; +g§nj +omin; +1=0,n; #-%, m; #—5%;
(3) ifni = —3.

pic. 21
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()

[U1 +miU2] ------- [1)1 + k; Ug]

(2) Zf n; + n; = 0.
pic. 22

Proof. The results for the rings of characteristic p = 2 were proved in [24] and were
stated here for the sake of completeness.

Consider the case p # 2. The hardest part is to find the equivalence classes, listed
in the statement of the theorem. After obtaining these classes and the geometric
representation of the graph the rest of the proof for every case consists mainly of
checking the statement of the theorem via direct computation. As an example, we
will only consider case 7 as it is the hardest one we encountered.

Case 7. Let
(u1u1 u1u2> _ <1 0) v1+<0 1> Uz+<0 0> w <u1U1 Ull}g) _ <1 C) w
UgUT  UgUa 0 1 1 0 0 0/ 7 \ugvr wuavg ¢ 1)
1-¢ .
where ¢ # +1 and ¢ ¢ (F*)>.
We want to show that
R=11] U [ur + kiusg) U [u1 + ug + n;vg] U [u1 — ug + Liva] U [us]
ki€ F\{£1} n,eF LeF
U [v1 4+ m;vz] U [v2] U [w] U [0],
m,EF
[ur + kjus) = F* (u1 + ksuz) + Fuy + Foo + Fw, k; # £1,
[ur + ug + nyva] = F*(u1 + ug + nive) + F(v1 + v2) + Fw,
[u1 — ug + lLive] = F*(uy — ug + ljve) + F(v1 — v2) + Fuw,
[ug] = F*ug + Fvy + Fug + Fw,
[v1 + mve] = F*(v1 + mive) + Fw,
[v2] = Fv2 + Fw,
[w] = F*w.
In that case
zz' =06 a1 + asay, = 0, aqady + asa = 0,

o1 (81 + B5¢) + aa(B1C + B) + Br(a + ) + B2(a) ¢ + ab) = 0.
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If z € uy + kjus + Fuy + Fug + Fw, then ag = 1, ap = k; for some k; € F| k; # +1,
1€{l,...,q}, and
z' =0 o) +kiah =0, ay+ ko) =0,
B+ BoC + ki(B1C + B2) + Pr(a + asC) + Ba(ah( + ah) = 0.
Since o + k;ay = 0 and of + k;) = 0, then o/ (1 — k?) = 0, which means that
o)y = oy = 0. Therefore
' =08 o) =a,L=0,8(1+kC) + B5(ki+¢) =0.

If k; # —(, then
BRI

ki +¢

Ann(r)=F (111
If k; = —(, then 8] =0 and

'UQ) +FU}.

Ann(z) = Fus + Fuw.
If x € (ug + uz + njve) + F(v1 + v2) + Fw, then a1 = s =1, S = f1 + n; and

e, — Bl

! ! ! /
xr =0 o, = —« = —n;
2 1762 1+< 7

Therefore
1-¢
AHH(,T) =F U7 —uz—‘rrcniUQ +F('U1 _U2)+F'U}.

If € (ug —ug +ljv2) + F(v1 —v2) + Fw, then g = 1, ag = —1, B2 = —f1 +{; and
1
zz' =06 ahy =al, By = %glio/l—i-ﬁi.

Hence
1
Ann(l') = F <u1 + ug + l—i_gli’l}2> +F(’U1 +'l}2) +Fw
If x € ug + Fvi + Fus + Fw, then g = 0,a9 = 1 and
xx/:(){:}aé:o/l:(hﬁé:—ﬁig
Thus
Ann(z) = F(v; — (vq) + Fuw.
If € v1 + myv2 + Fw, then a1 = az = 0,51 = 1,82 = m; for some m; € F,
1€{l,...,q} and
zx' =0 o) + ahm; + ah¢ + aim;¢ = 0.

If m; # —(, then of = flggfa’l and

1+m¢
m; + ¢

Ann(z) =F <u1 - U2> + Fvy + Fug + Fw.

If m; = —(, then of =0 and
Ann(z) = Fus + Fu; + Fuy + Fuw.
If x € vg+ Fw, then oy = a3 =0,0; =0,62 =1 and
zr' =0 ah = —aC.
So we obtain that
Ann(z) = F(u; — Cus) + Fv; + Fus + Fu.
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If x = w, then za’ = 0 for all 2’ € J and thus Ann(w) = J.
Moving on, we have that

|R*‘+ U (F*<ul+k/’iUQ)+FU1+FU2+FU})

kie F\{£1}

+

+ |F*(uyr + ug + nyve) + F(vy + va) + Fw|+
+ |F*(u1 — ug + ljve) + F(v1 — va) + Fw| + |F*ug + Fuvy + Fus + Fw|+

+ U (F*(v1 + myug) + Fw)

m;EF
=1 +(q—1)(q-2)¢+ (¢— D¢’ + (¢ — D+
(a—D*+(@—-1Dg®+(g—1)g+(g—1) +1=¢°

+ [F vy + Fw| + [Frw| + {0} =

R= [1} U [u1 + k1u2] U [’LL1 =+ ug + ’I’Livg] U [u1 — U + lﬂ)g] U [UQ]
ki€F\{+1} nieF LeF

U [v1 + Mm;vs) U [v2] U [w] U [0]

and for all ki,li,mj,ni eF i,je€ {1,...,q},

Ann[ul + kiUQ] = |:U1 — 1]€+f2€v2:| U [w] U [0]7 k; ?é —¢,
Annfu; — Cug] = [v2] U [w] U[0],
Annfuy + ug + njvg] = {ul — Uy + % nivg} U [vr — ve] U [w] U 0],

1
Annfu; — ug + livg] = {ul + ug + % nivg} U [v1 + o] U [w] U [0],

Annlus] = [v1 — Cve] U [w] U [0],

177;; ij Uz} mgF[Ul +m;va]U[ve]U[w]U[0], m; # %1, —(,

Annfv; +mjvg] = [ul -

Annfv; — Cua| = [us] U [v1 + myva] U [ve] U [w] U [0],

Annfv; —vy] = U [ur 4+ ua + n;u9) U [v1 + m;vs] U [va] U [w] U [0],

Annfv; +v9] = U [ur — ug + lva] U [v1 + m;va] U [va] U [w] U [0],
Lier m;EF

Ann[vs] = [uy — Cug) U [v1 + m;vs] U [va] U [w] U [0],
m;EF
Annfw] = J.
The geometric representation of the graph can be seen on picture 20.
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