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Abstract. In this paper we delve into connection between sharp constants
in the inequalities

‖y′‖Lq(R) ≤ K+

√
‖y‖Lr(R)‖y′′

+‖Lp(R),

‖u′‖Lq(0,1) ≤ K
√
‖u‖Lr(0,1)‖u′′‖Lp(0,1),

where the second one is considered for convex functions u(x), x ∈ [0, 1]
with an absolutely continuous derivative that vanishes at the point x = 0.
We prove that K+ = K under conditions 1 ≤ q, r, p <∞ and 1/r+1/p =
2/q.
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1. Ââåäåíèå

Ðàáîòà ïîñâÿùåíà íåðàâåíñòâó òèïà Êîëìîãîðîâà ìåæäó íîðìîé ïåðâîé ïðî-
èçâîäíîé ôóíêöèè â ïðîñòðàíñòâå Lq, íîðìîé ôóíêöèè â ïðîñòðàíñòâå Lr è
Lp-íîðìîé ïîëîæèòåëüíîé ñðåçêè âòîðîé ïðîèçâîäíîé íà îñè. Ââåäåì îáîçíà-
÷åíèÿ íîðì

‖y‖p = ‖y‖Lp(R) =

(∫
R
|y(x)|pdx

)1/p

, ‖y‖∞ = ‖y‖L∞(R) = ess sup
x∈R

|y(x)|,

‖y‖Lp(a,b) =

(
1

b− a

∫ b

a

|y(x)|pdx

)1/p

, ‖y‖L∞(a,b) = ess sup
x∈(a,b)

|y(x)|, 1 ≤ p <∞,

è ïîëîæèòåëüíîé ñðåçêè y+(x) = max{y(x), 0} ôóíêöèè.
Íåðàâåíñòâà âèäà

(1.1) ‖y(k)‖Lq(R) ≤ K‖y‖
α
Lr(R)‖y

(n)‖βLp(R)
è èõ îáîáùåíèÿ èçó÷àþòñÿ áîëåå âåêà. Îäèí èç ôóíäàìåíòàëüíûõ ðåçóëüòàòîâ
ïîëó÷åí â 1939 ã. À.Í.Êîëìîãîðîâûì [1]. Äëÿ q = p = r =∞ îí íàøåë òî÷íóþ
êîíñòàíòó K ïðè âñåõ çíà÷åíèÿõ n è k, 1 ≤ k < n. Ïîäðîáíóþ èíôîðìàöèþ îá
èñòîðèè èçó÷åíèÿ ïîäîáíûõ íåðàâåíñòâ íà îñè è ïîëóîñè ìîæíî íàéòè â îáçî-
ðàõ [2], [3] è ìîíîãðàôèè [4], íà îòðåçêå � â ðàáîòàõ [5], [6], [7], [8].

Â 1976 ã. Â.Í. Ãàáóøèí [9] äîêàçàë ñëåäóþùèé êðèòåðèé ñóùåñòâîâàíèÿ
êîíå÷íîé êîíñòàíòû â íåðàâåíñòâàõ (1.1) è â íåðàâåíñòâàõ ñ ïîëîæèòåëüíîé
ñðåçêîé ñòàðøåé ïðîèçâîäíîé.

Òåîðåìà. (Â.Í. Ãàáóøèí). Ïóñòü 0 ≤ k < n, 0 < q, r, p ≤ ∞ è q 6= r, åñëè
k = 0. Ïðåäïîëîæèì, ÷òî âñå ïðîèçâîäíûå ôóíêöèè y ∈ Lr(R) äî ïîðÿäêà n−1
ëîêàëüíî àáñîëþòíî íåïðåðûâíû è

Ω(y(n)) = y(n) èëè Ω(y(n)) = (y(n))+.

Òîãäà íåðàâåíñòâî

‖y(k)‖Lq(R) ≤ K‖y‖
α
Lr(R)‖Ω(y(n))‖βLp(R)

ñïðàâåäëèâî ñ êîíñòàíòîé K, íå çàâèñÿùåé îò f , òîãäà è òîëüêî òîãäà, êîãäà

(1.2) p ≥ 1, α =
k − 1/q + 1/r

n− 1/p+ 1/r
, β = 1− α è

n− k
r

+
k

p
≥ n

q
.

Íåðàâåíñòâà ñ îäíîñòîðîííèì îãðàíè÷åíèåì íà ñòàðøóþ ïðîèçâîäíóþ ìå-
íåå èçó÷åíû. Â ðàáîòå Ë. Õ¼ðìàíäåðà 1954 ã. [10] (ñì. òàêæå [11]) ïðèâåäåíî
ðåøåíèå àíàëîãà çàäà÷è (1.1) ñ îãðàíè÷åíèÿìè íà ñòàðøóþ ïðîèçâîäíóþ

‖y(k)± ‖L∞ → sup, ‖y‖L∞ ≤ A1, ‖y(n)+ ‖L∞ ≤ A2, ‖y(n)− ‖L∞ ≤ A3.

Îáîçíà÷èì ÷åðåç W = W(r, p) ìíîæåñòâî ôóíêöèé y ∈ Lr(R), èìåþùèõ
ëîêàëüíî àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ è òàêèõ, ÷òî ïîëîæèòåëüíàÿ
ñðåçêà âòîðîé ïðîèçâîäíîé y′′+ = (y′′)+ ∈ Lp(R). ×åðåç U îáîçíà÷èì ìíîæå-
ñòâî âûïóêëûõ íà îòðåçêå [0, 1] ôóíêöèé u, èìåþùèõ àáñîëþòíî íåïðåðûâíóþ
ïðîèçâîäíóþ íà [0, 1] è îáëàäàþùèõ ñâîéñòâîì u′(0) = 0. Î÷åâèäíî, ÷òî äëÿ
ôóíêöèé u ∈ U âûïîëíÿåòñÿ ðàâåíñòâî u′′ = u′′+.
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Å.À. Çåðíûøêèíà â 2008 ã. [12] íàøëà òî÷íóþ êîíñòàíòó K2,2,2 â ñëåäóþùåì
íåðàâåíñòâå ñ ïîëîæèòåëüíîé ñðåçêîé âòîðîé ïðîèçâîäíîé:

(1.3) ‖y′‖L2(R) ≤ K2,2,2

√
‖y‖L2(R)‖y′′+‖L2(R), y ∈ W(2, 2).

Ïðèáëèæåííî K2,2,2 ≈ 1.5289..., òî÷íîå æå çíà÷åíèå âûðàæàåòñÿ ÷åðåç ðåøå-
íèå íåêîòîðîãî óðàâíåíèÿ. Äëÿ ïîëó÷åíèÿ ýòîãî ðåçóëüòàòà Å.À. Ç¼ðíûøêèíà
äîêàçàëà ðàâåíñòâî K2,2,2 = K2,2,2, ãäå K2,2,2 � ýòî òî÷íàÿ êîíñòàíòà â íåðà-
âåíñòâå

(1.4) ‖u′‖L2(0,1) ≤ K2,2,2

√
‖u‖L2(0,1)‖u′′‖L2(0,1), u ∈ U ,

ïîòîì íàøëà K2,2,2 è ýêñòðåìàëüíûå ôóíêöèè â (1.4). Ýòî ïîçâîëèëî ïîëó-
÷èòü çíà÷åíèå K2,2,2 è âûïèñàòü ýêñòðåìàëüíóþ ïîñëåäîâàòåëüíîñòü ôóíêöèé
â èñõîäíîì íåðàâåíñòâå (1.3).

Â 2020 ã. àâòîð [13] ïîëó÷èë òî÷íóþ êîíñòàíòó K2,1,∞ â íåðàâåíñòâå

‖y′‖L2(R) ≤ K2,1,∞

√
‖y‖L1(R)‖y′′+‖L∞(R), y ∈ W(1,∞).

Ðåøåíèå òàêæå îñíîâàíî íà äîêàçàòåëüñòâå ðàâåíñòâà K2,1,∞ = K2,1,∞, ãäå

K2,1,∞ � òî÷íàÿ êîíñòàíòà â íåðàâåíñòâå

‖u′‖L2(0,1) ≤ K2,1,∞

√
‖u‖L1(0,1)‖u′′‖L∞(0,1), u ∈ U ,

è ïîñëåäóþùåì âû÷èñëåíèè çíà÷åíèÿ K2,1,∞ =

√
8

3
.

Öåëüþ ðàáîòû ÿâëÿåòñÿ âûÿñíåíèå ñâÿçè ìåæäó òî÷íûìè êîíñòàíòàìèK+ =
K+,q,r,p è K = Kq,r,p â íåðàâåíñòâàõ

(1.5) ‖y′‖Lq(R) ≤ K+

√
‖y‖Lr(R)‖y′′+‖Lp(R), y ∈ W(r, p),

è

‖u′‖Lq(0,1) ≤ K
√
‖u‖Lr(0,1)‖u′′‖Lp(0,1), u ∈ U .

Ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Åñëè ïîêàçàòåëè q, r, p ∈ [1,∞) óäîâëåòâîðÿþò ðàâåíñòâó

(1.6)
1

r
+

1

p
=

2

q
,

òî

K+ = K.

Îòìåòèì, ÷òî â óñëîâèÿõ òåîðåìû íåðàâåíñòâî (1.2) (n − k)/r + k/p ≥ n/q
èç êðèòåðèÿ Â.Í. Ãàáóøèíà îáðàùàåòñÿ â ðàâåíñòâî (1.6). Êàê îòìå÷åíî âûøå
Å.À. Çåðíûøêèíà [12] äîêàçàëà ÷àñòíûé ñëó÷àé òåîðåìû 1 äëÿ p = q = r = 2,
àâòîð [13] äîêàçàë àíàëîã òåîðåìû äëÿ q = 2, r = 1, p = ∞, êîòîðûé ëåãêî
îáîáùèòü íà ïðîèçâîëüíûå q, r, ïðè q = 2r. Â ñëó÷àå q = r = p = ∞ çàäà-
÷à î òî÷íîé êîíñòàíòå â íåðàâåíñòâå (1.5) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì çàäà÷è,
ðåøåííîé Ë. Õ¼ðìàíäåðîì. Ñëó÷àé r = ∞, 1/p = 2/q â äàííîé ðàáîòå íå ðàñ-
ñìàòðèâàåòñÿ.
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2. Äîêàçàòåëüñòâî òåîðåìû 1

Ââåäåì ôóíêöèîíàëû

Ψ(y) = ΨR(y) :=
‖y′‖2Lq(R)

‖y‖Lr(R) · ‖y′′+‖Lp(R)
, Ψ[a,b](y) :=

‖y′‖2Lq(a,b)
‖y‖Lr(a,b) · ‖y′′+‖Lp(a,b)

.

Åñëè ôóíêöèÿ y ýêâèâàëåíòíà 0, òî ñ÷èòàåì çíà÷åíèÿ ôóíêöèîíàëîâ ΨR(y) è

Ψ[a,b](y) ðàâíûìè 0. ßñíî, ÷òî K2
+ = sup{Ψ(y) : y ∈ W}, K2

= sup{Ψ[0,1](u) :
u ∈ U}. Íåòðóäíî ïðîâåðèòü, ÷òî åñëè ôóíêöèè f(x), x ∈ [a, b], è g(x), x ∈ [c, d],
ñâÿçàíû ðàâåíñòâîì

g(x) = f

(
(b− a)(x− c)

d− c
+ a

)
, x ∈ [c, d],

òî

(2.1) Ψ[a,b](f) = Ψ[c,d](g).

2.1. Îöåíêà êîíñòàíòû K+ ñâåðõó. Â ýòîì ðàçäåëå áóäåò äîêàçàíà îöåíêà

K2
+ = sup{Ψ[a,b](f) : f ∈ P[a,b]} ≤ sup{Ψ[0,1](u) : u ∈ U} = K

2
.

Â äîêàçàòåëüñòâå ñóùåñòâåííî èñïîëüçóþòñÿ èäåè è ìåòîäû ðàáîò [12], [14].
Äîêàçàòåëüñòâî ðàçáèòî íà íåñêîëüêî ëåìì.

Ëåììà 1. Åñëè y ∈ W, òî y(x)→ 0 è y′(x)→ 0 ïðè x→∞.

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî y → 0 ïðè x → +∞ (ïðè x → −∞, äîêàçà-
òåëüñòâî àíàëîãè÷íî). Îò ïðîòèâíîãî, ïðåäïîëîæèì, ÷òî y íå ñòðåìèòñÿ ê 0
ïðè x→ +∞. Òîãäà ñóùåñòâóåò òàêîå ε0 > 0, ÷òî äëÿ ëþáîãî T íàéäåòñÿ òî÷-
êà t > T , â êîòîðîé |y(t)| > ε0. Âîçüìåì ïðîèçâîëüíîå ε ∈ (0, ε0/2). Äëÿ íåãî
íàéäóòñÿ òî÷êè Tε è t > Tε òàêèå, ÷òî

(2.2)

(∫ +∞

Tε

|y′|qdx
)1/q

< ε,

(∫ +∞

Tε

|y|rdx
)1/r

< ε.

è |y(t)| > 2ε. Ïóñòü 0 < s ≤ 1. Â ñèëó íåðàâåíñòâà Ãåëüäåðà è ïåðâîãî íåðàâåí-
ñòâà â (2.2) ∫ t+s

t

|y′|dx ≤ s1−1/q
(∫ +∞

Tε

|y′|qdx
)1/q

≤ ε.

Îòñþäà ïîëó÷àåì îöåíêó

|y(t+ s)| =
∣∣∣∣y(t) +

∫ t+s

t

y′dx

∣∣∣∣ ≥ 2ε−
∫ t+s

t

|y′|dx ≥ 2ε− ε = ε.

Íî òîãäà

(∫ +∞

Tε

|y|rdx
)1/r

>

(∫ t+1

t

εrdx

)1/r

> ε, ÷òî ïðîòèâîðå÷èò âòîðîìó

íåðàâåíñòâó â (2.2).
Òåïåðü ïðåäïîëîæèì, ÷òî y′ íå ñòðåìèòñÿ ê 0 ïðè x→ +∞. Òîãäà ñóùåñòâóåò

ε1 > 0 òàêîå, ÷òî äëÿ ïðîèçâîëüíîãî ε ∈ (0, ε1/2) íàéäåòñÿ Tε, äëÿ êîòîðîãî

(2.3)

(∫ +∞

Tε

|y′|qdx
)1/q

< ε,

(∫ +∞

Tε

(y′′+)pdx

)1/p

< ε.

Äàëåå íàéäåòñÿ òàêæå ïàðà òî÷åê t > T ∗ ≥ Tε ñî ñâîéñòâàìè
|y′(T ∗)| < ε, |y′(t)| > 2ε,



ÐÅÄÓÊÖÈß ÍÅÐÀÂÅÍÑÒÂÀ ÊÎËÌÎÃÎÐÎÂÀ 1629

áîëåå òîãî, ìîæíî âûáðàòü ýòè òî÷êè òàê, ÷òîáû |t − T ∗| ≤ 1. Ïîñêîëüêó â
ïðîòèâíîì ñëó÷àå ∫ +∞

Tε

|y′|qdx ≥
∫ t

t−1
|y′|qdx ≥ ε.

Åñëè y′(t) < 0, òî äîêàçàòåëüñòâî àíàëîãè÷íî ïðåäûäóùåìó. Åñëè æå y′(t) > 2ε,
òî ñëåäóþùàÿ öåïî÷êà íåðàâåíñòâ ïðèâîäèò ê ïðîòèâîðå÷èþ

y′(t) ≤ y′(T ∗) +

∫ t

T∗
y′′+dx ≤ ε+

(∫ t

T∗
(y′′+)pdx

)1/p

(t− T ∗)
p−1
p < 2ε.

�

Ïóñòü P[a,b] åñòü ìíîæåñòâî íåïðåðûâíî äèôôåðåíöèðóåìûõ êóñî÷íî ïîëè-
íîìèàëüíûõ ôóíêöèé f , îïðåäåëåííûõ íà [a, b], ñî ñâîéñòâîì f ′(a) = f ′(b) = 0.

Ëåììà 2. Äëÿ ïðîèçâîëüíîãî îòðåçêà [a, b] èìååò ìåñòî ðàâåíñòâî

K2
+ = sup{Ψ[a,b](f) : f ∈ P[a,b]}.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû ðàâíîñèëüíî òîìó, ÷òî äëÿ ïðîèçâîëü-
íîé ôóíêöèè y ∈ W è ëþáîãî ε > 0 íàéäåòñÿ îòðåçîê δ è ôóíêöèÿ f = fε ∈ Pδ
ñî ñâîéñòâîì

|Ψ(y)−Ψδ(f)| < ε.

Ïåðåéäåì ê ïîñòðîåíèþ ôóíêöèè f . Âîçüìåì ε ∈ (0, 1). Èç ëåììû 1 è îïðå-
äåëåíèÿ êëàññà W ñëåäóåò, ÷òî äëÿ êàæäîé ôóíêöèè y ∈ W íàéäåòñÿ òàêîå
T = Tε > 1, ÷òî ñïðàâåäëèâû íåðàâåíñòâà

(2.4)

|y(x)| < ε, |y′(x)| < ε ïðè |x| ≥ Tε,∫
|x|>Tε

|y|rdx < ε,

∫
|x|>Tε

|y′|qdx < ε,

∫
|x|>Tε

(y′′+)pdx < ε.

Ïîñêîëüêó ìíîæåñòâî àëãåáðàè÷åñêèõ ìíîãî÷ëåíîâ ïëîòíî â L1(−T, T ), òî äëÿ
y′′ íàéäåòñÿ àëãåáðàè÷åñêèé ìíîãî÷ëåí, êîòîðûé íàì óäîáíî îáîçíà÷èòü f ′′, ñî
ñâîéñòâîì

(2.5) ‖y′′ − f ′′‖L1(−T,T ) <
ε

T 3
.

Äëÿ x ∈ [T, T ] ïîëîæèì

f ′(x) = y′(−T ) +

∫ x

−T
f ′′(t)dt.

Ââåäåì îáîçíà÷åíèÿ

µ := f ′(T ), ν := f ′(−T ), δ := [−T − |ν|, T + |µ|].
Äëÿ x ∈ (T, T + |µ|] ìû îïðåäåëÿåì f ′(x) = µ + signµ(T − x), äëÿ x > T +
|µ| ïîëàãàåì f ′(x) = 0. Àíàëîãè÷íûì îáðàçîì äîîïðåäåëÿåì ôóíêöèþ f ′ íà
ïðîìåæóòêàõ [−T − |ν|,−T ) è (−∞,−T − |ν|). Êàê ñëåäñòâèå, |f ′′(x)| = 1, x ∈
(−T − |ν|,−T ) ∪ (T, T + |µ|). Äëÿ x ∈ δ îïðåäåëèì ôóíêöèþ f ðàâåíñòâîì

f(x) = y(−T ) +

∫ x

−T
f ′(t)dt.

Íàì îñòàåòñÿ ñðàâíèòü íîðìû y, y′, y′′+ íà R ñ ñîîòâåòñòâóþùèìè íîðìàìè
f , f ′, f ′′+ íà îòðåçêå δ. Íà ýòîì ýòàïå áóäåò óäîáíî ñ÷èòàòü, ÷òî ôóíêöèÿ f
ðàâíà 0 âíå δ.



1630 Í.Ñ. ÏÀÞ×ÅÍÊÎ

Ñíà÷àëà ñðàâíèì ôóíêöèè íà îòðåçêå [−T, T ]. Ïðèìåíÿÿ íåðàâåíñòâî |y′′+ −
f ′′+| ≤ |y′′ − f ′′| è íåðàâåíñòâî (2.5), ìû ïîëó÷àåì

(2.6) ‖y′′+ − f ′′+‖L1(−T,T ) ≤ ‖y′′ − f ′′‖L1(−T,T ) <
ε

T 3
.

Âíîâü èñïîëüçóÿ (2.5), èìååì äëÿ x ∈ [−T, T ]

(2.7) |y′(x)− f ′(x)| =
∣∣∣∣∫ x

−T
(y′′(t)− f ′′(t))dt

∣∣∣∣ ≤ 2T‖y′′ − f ′′‖L1(−T,T ) ≤
2ε

T 2
,

÷òî ñðàçó âëå÷åò

(2.8) ‖y′ − f ′‖Lq(−T,T ) ≤
2ε

T 2
.

Èç íåðàâåíñòâà (2.7) ñëåäóåò, ÷òî

(2.9) |y(x)− f(x)| =
∣∣∣∣∫ x

−T
(y′(t)− f ′(t))dt

∣∣∣∣ < 4ε

T
, x ∈ [−T, T ],

è

(2.10) ‖y − f‖Lr[−T,T ] <
4ε

T
.

Òåïåðü îöåíèì èíòåãðàëû îò f , f ′, f ′′+ íà δ \ [−T, T ]. Ïðèìåíÿÿ (2.7) äëÿ
x = T è âòîðîå íåðàâåíñòâî â (2.4), ìû ïîëó÷àåì |µ| ≤ |f ′(T )−y′(T )|+ |y′(T )| ≤
2ε

T 2
+ ε ≤ 3ε è, êàê ñëåäñòâèå,

(2.11)

∫ T+|µ|

T

(f ′′+)pdx ≤
∫ T+|µ|

T

1pdx = |µ| ≤ 3ε, t ∈ [0, |µ|].

(2.12)

∫ T+|µ|

T

|µ|qdx ≤ (3ε)q+1, t ∈ [0, |µ|].

Äëÿ ìîäóëÿ ôóíêöèè ñ ïîìîùüþ îöåíêè |µ| ≤ 3ε, (2.9) è (2.4) íàõîäèì

|f(T + t)| =

∣∣∣∣∣
∫ T+t

T

f ′dx+ f(T )

∣∣∣∣∣ ≤
∫ T+|µ|

T

|µ|dx+ |f(T )− y(T )|+ |y(T )|

≤ 9ε2 + 4ε+ ε ≤ 14ε.

Îòñþäà ïîëó÷àåì

(2.13)

∫ T+|µ|

T

(14ε)rdx ≤ (14ε)r(3ε).

Äëÿ îòðåçêà [−T − |ν|,−T ] îöåíêè àíàëîãè÷íû.
Îöåíèì ðàçíîñòè íîðì ôóíêöèé y è f è èõ ïðîèçâîäíûõ íà îñè. Èç (2.10),

(2.4) è (2.13) ñëåäóåò

(2.14)

|‖y‖r − ‖f‖r| ≤ ‖y − f‖r =

=

(∫
[−T,T ]

|y − f |rdx

)1/r

+

(∫
R\δ
|y|rdx

)1/r

+

(∫
R\δ
|f |rdx

)1/r

≤

≤ (2T )1/r
4ε

T
+ ε1/r + 14ε(6ε)1/r = O(ε1/r), ε→ 0.
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Ñäåëàâ àíàëîãè÷íûå ïðåîáðàçîâàíèÿ äëÿ ïðîèçâîäíûõ, èç (2.8), (2.4) è (2.12)
ïîëó÷èì

(2.15) |‖y′‖q − ‖f ′‖q| ≤ ‖y′−f ′‖q < (2T )1/q
2ε
3

+ε1/q +(2(3ε)q+1))1/q = O(ε1/q).

Äëÿ âòîðûõ ïðîèçâîäíûõ âîñïîëüçóåìñÿ ñîîòâåòñòâåííî (2.6), (2.4) è (2.11)

(2.16)
∣∣‖y′′+‖p − ‖f ′′+‖p∣∣ < (2T )1/p

ε

T 3
+ ε1/p + (6ε)1/p = O(ε1/p).

Åñëè ôóíêöèÿ y íå ýêâèâàëåíòíà íóëþ, òî âåëè÷èíû ‖y‖r è ‖y′′+‖p ïîëî-
æèòåëüíû. Ïîýòîìó äëÿ äîñòàòî÷íî ìàëûõ ε ñîîòíîøåíèÿ (2.14), (2.15), (2.16)
âëåêóò ñëåäóþùåå ïðåäñòàâëåíèå äëÿ ôóíêöèîíàëà Ψδ íà ôóíêöèè f = fε:

Ψδ(fε) =
(‖y′‖q +O(ε1/q))2

(‖y‖r +O(ε1/r))(‖y′′+‖p +O(ε1/p))
.

Èñïîëüçóÿ ñîîòíîøåíèå (2.1) îò ïîñòðîåííîãî îòðåçêà δ ìîæíî ïåðåéòè ê îò-
ðåçêó [0, 1]. Ëåììà äîêàçàíà. �

Ëåììà 3. Ïðåäïîëîæèì, ÷òî íå ýêâèâàëåíòíàÿ 0 ôóíêöèÿ y àáñîëþòíî
íåïðåðûâíà, íå óáûâàåò íà îòðåçêå [0, 1] è y′ ∈ L∞(0, 1). Òîãäà ïðè ëþáîì

M ≥ ‖y′‖L∞(0,1) äëÿ òî÷êè τ =
y(1)− y(0)

M
≤ 1 è ôóíêöèè g(x) = Mx + y(0),

îïðåäåëåííîé íà îòðåçêå [0, τ ], âûïîëíÿþòñÿ íåðàâåíñòâà

(2.17)

τ∫
0

|g′(x)|qdx ≥
1∫

0

|y′(x)|qdx,
τ∫

0

|g(x)|rdx ≤
1∫

0

|y(x)|rdx.

Äîêàçàòåëüñòâî. Îòìåòèì, ÷òî â óñëîâèÿõ ëåììû 0 ≤ y′(x) ≤ M äëÿ ïî÷òè
âñåõ x ∈ [0, 1]. Ýòà îöåíêà ïîçâîëÿåò ïîëó÷èòü ïåðâîå íåðàâåíñòâî

1∫
0

y′(x)qdx ≤Mq−1
1∫

0

y′(x)dx = Mq−1(y(1)− y(0)) = Mqτ =

τ∫
0

g′(x)qdx.

Äîêàçàòåëüñòâî âòîðîãî íåðàâåíñòâà ðàçîáüåì íà òðè ñëó÷àÿ.
Ïåðâûé ñëó÷àé y(0) ≥ 0. Ðàññìîòðèì âñïîìîãàòåëüíóþ ôóíêöèþ f(x) =

g(x− 1 + τ) íà îòðåçêå [1− τ, 1]. Óáåäèìñÿ, ÷òî

(2.18) f(x) ≤ y(x), x ∈ [1− τ, 1].

Äåéñòâèòåëüíî, ðàçíîñòü ∆(x) = f(x)−y(x) èìååò ñëåäóþùèå ñâîéñòâà: ∆(1) =
f(1)−y(1) = 0, ∆′(x) = M −y′(x) ≥ 0 äëÿ ïî÷òè äëÿ âñåõ x ∈ (1− τ, 1). Îòñþäà
ñëåäóåò, ÷òî ∆(x) ≤ 0, x ∈ [1 − τ, 1], à ýòî ñîâïàäàåò ñ (2.18). Â ñèëó (2.18)
èìååì

(2.19)

τ∫
0

|g(x)|rdx =

1∫
1−τ

|f(x)|rdx ≤
1∫

0

|y(x)|rdx.

Âòîðîé ñëó÷àé y(1) ≤ 0. Î÷åâèäíî, ÷òî g(x) ≥ y(x) íà [0, τ ]. Êðîìå òîãî,
g(τ) = y(1) ≤ 0, ñëåäîâàòåëüíî,

(2.20)

τ∫
0

|g(x)|rdx ≤
τ∫

0

|y(x)|rdx ≤
1∫

0

|y(x)|rdx.
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Òðåòèé ñëó÷àé y(0) < 0, y(1) > 0. Â ýòîì ñëó÷àå íàéäåòñÿ òî÷êà x0, òàêàÿ
÷òî y(x0) = 0. Ôóíêöèÿ y íà îòðåçêå [0, x0] ïîïàäàåò ïîä âòîðîé ðàññìîòðåííûé
ñëó÷àé, à íà îòðåçêå [x0, 1] � ïîä ïåðâûé. Àíàëîãàìè ôóíêöèè g è ïàðàìåòðà
τ íà ýòèõ îòðåçêàõ ñîîòâåòñòâåííî áóäóò

τ1 = −y(0)/M, τ2 = y(1)/M ;

g1(x) = g(x) = Mx+ y(0), x ∈ [0, x0]; g2(x) = M(x− x0), x ∈ [0, x0].

Â ñèëó (2.19), (2.20) ñïðàâåäëèâû íåðàâåíñòâà

(2.21)

∫ τ1

0

|g(x)|rdx =

∫ τ1

0

|g1(x)|rdx ≤
∫ x0

0

|y(x)|rdx,∫ x0+τ2

x0

|g2(x)|rdx ≤
∫ 1

x0

|y(x)|rdx.

Èìååì g(τ1) = 0, g2(x0) = 0, à ñëåäîâàòåëüíî g2(x− τ1 +x0) = g(x). Êðîìå òîãî
τ = τ1 + τ2. Ïîýòîìó∫ τ

0

|g(x)|rdx =

∫ τ1

0

|g(x)|rdx+

∫ τ1+τ2

τ1

|g(x)|rdx

=

∫ τ1

0

|g1(x)|rdx+

∫ x0+τ2

x0

|g2(x)|rdx.

Òîãäà èç (2.21) ñëåäóåò âòîðîå íåðàâåíñòâî â (2.17) è â òðåòüåì ñëó÷àå ëåììà
äîêàçàíà. �

Ñëåäóþùàÿ ëåììà ïîçâîëÿåò ñâåñòè ðàññìîòðåíèå çàäà÷è íà îòðåçêå ê êëàñ-
ñó U .

Ëåììà 4. Äëÿ ïðîèçâîëüíîãî îòðåçêà δ, cïðàâåäëèâà îöåíêà

sup{Ψδ(f) : f ∈ Pδ} ≤ sup{Ψ[0,1](u) : u ∈ U}.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî äëÿ ëþáîé f ∈ Pδ íàéäåòñÿ u ∈ U ñî ñâîéñòâîì
Ψδ(f) ≤ Ψ[0,1](u). Ïðåäñòàâèì δ â âèäå îáúåäèíåíèÿ êîíå÷íîãî ÷èñëà îòðåçêîâ
δj , òàêèõ, ÷òî ïðîèçâîäíàÿ f

′(x) îáðàùàåòñÿ â 0 íà êîíöàõ ýòèõ îòðåçêîâ è ëèáî
ñòðîãî ïîëîæèòåëüíà, ëèáî ñòðîãî îòðèöàòåëüíà, ëèáî òîæäåñòâåííî ðàâíà 0
âíóòðè. Ïóñòü J åñòü ìíîæåñòâî èíäåêñîâ òàêèõ ÷òî p′ 6≡ 0 íà δj . Îáîçíà÷èì

(2.22) Ψm(f) := max
j∈J

Ψδj (f).

Ðàâåíñòâî (1.6) ïîçâîëÿåò ïðèìåíèòü íåðàâåíñòâî Ãåëüäåðà äëÿ ñóìì ñ ïîêà-
çàòåëÿìè 2r/q, 2p/q è ïîëó÷èòü îöåíêó(

Ψδ(f)‖f‖Lr(δ)‖f
′′
+‖Lp(δ)

)q/2
= ‖f ′‖qLq(δ) =

1

|δ|

∫
δ

|f ′|q =
1

|δ|
∑
j∈J
|δj |‖f ′‖qLq(δj)

=
1

|δ|
∑
j∈J
|δj |

(
Ψδj (f)‖f‖Lr(δj)‖f

′′
+‖Lp(δj)

)q/2
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≤ Ψm(f)q/2

|δ|
∑
j∈J
|δj |‖f‖q/2Lr(δj)

‖f ′′+‖
q/2
Lp(δj)

=
Ψm(f)q/2

|δ|
∑
j∈J

(∫
δj

|f |r
)q/(2r)(∫

δj

(f ′′+)p

)q/(2p)

≤ Ψm(f)q/2

|δ|

∑
j∈J

∫
δj

|f |r
q/(2r)∑

j∈J

∫
δj

(f ′′+)p

q/(2p)

≤
(
Ψm(f)‖f‖Lr(δ)‖f

′′
+‖Lp(δ)

)q/2
.

Îòñþäà ñëåäóåò, ÷òî Ψδ(f) ≤ Ψm(f).
Îöåíèì ñâåðõó Ψm(f). Â ñèëó èíâàðèàíòíîñòè çàäà÷è î ñóïðåìóìe Ψ[a,b](f)

ïî îòðåçêó ìîæíî âìåñòî Ψδj (f) ðàññìàòðèâàòü Ψ[0,1](f) â ïðåäïîëîæåíèè, ÷òî
f ′(0) = f ′(1) = 0. Áîëåå òîãî, ìîæíî ñ÷èòàòü, ÷òî f ′(x) ≥ 0 äëÿ x ∈ [0, 1].
Äåéñòâèòåëüíî, åñëè f ′(x) ≤ 0 äëÿ x ∈ [0, 1], òî âìåñòî f(x) ìîæíî ðàññìàò-

ðèâàòü ôóíêöèþ f(x) = f(1 − x), x ∈ [0, 1]. Äëÿ íå¼ èìååì f
′′
(x) = f ′′(1 − x),

x ∈ [0, 1]; êàê ñëåäñòâèå Ψ[0,1](f) = Ψ[0,1](f), ïðè ýòîì f
′
(x) = −f ′(1 − x) ≥ 0

äëÿ x ∈ [0, 1].
Èòàê, ïóñòü f � êóñî÷íî ïîëèíîìèàëüíàÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ

ôóíêöèÿ íà îòðåçêå [0, 1] ñî ñâîéñòâàìè f ′(x) ≥ 0 äëÿ x ∈ [0, 1] è f ′(0) =
f ′(1) = 0. Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà, ïðåäñòîèò ïîñòðîèòü ôóíêöèþ u ∈
U , òàêóþ, ÷òî Ψ[0,1](f) ≤ Ψ[0,1](u).

Åñëè f ′′(x) ≥ 0 äëÿ x ∈ [0, 1], òî óæå f ëåæèò â U . Ïðåäïîëîæèì, ÷òî íàé-
äóòñÿ òî÷êè èç îòðåçêà [0, 1] òàêèå, ÷òî f ′′ â íèõ îòðèöàòåëüíà. Òîãäà ôóíêöèÿ
f ′ äîñòèãàåò ìàêñèìàëüíîãî çíà÷åíèÿ â íåêîòîðîé òî÷êå x0 ∈ (0, 1), åñëè òàêèõ

òî÷åê íåñêîëüêî, âîçüìåì íàèìåíüøóþ. Îáîçíà÷èì x := x0 +
f(1)− f(x0)

f ′(x0)
≤ 1

è ðàññìîòðèì ôóíêöèþ

(2.23) g(x) =

{
f(x), x ∈ [0, x0],

f ′(x0)(x− x0) + f(x0), x ∈ [x0, x].

Î÷åâèäíî, ÷òî ‖g′′+‖Lp[0,x] ≤ ‖f ′′+‖Lp[0,1]. Â ñèëó ëåììû 3 ñïðàâåäëèâû íåðàâåí-
ñòâà

x∫
0

|g(x)|rdx ≤
1∫

0

|p(x)|rdx,
x∫

0

|g′(x)|qdx ≥
1∫

0

|p′(x)|qdx.

Îòñþäà ïîëó÷àåì, ÷òî äëÿ f1(x) = g(xx) ñïðàâåäëèâà îöåíêà

Ψ[0,1](f) ≤ Ψ[0,1](f1)

. Åñëè f ′′1 (x) ≥ 0 äëÿ x ∈ [0, 1], òî ñóæåíèå f1 íà îòðåçîê [0, 1] ëåæèò â U .
Åñëè íà [0, 1] íàéäóòñÿ îòðåçêè, íà êîòîðûõ f ′′1 (x) < 0, òî îáîçíà÷èì ÷å-

ðåç [a, b] ∈ [0, 1] íàèáîëüøèé èç îòðåçêîâ, íà êîòîðîì âî âñåõ òî÷êàõ îòðåçêà,
ãäå âòîðàÿ ïðîèçâîäíàÿ f ′′1 ñóùåñòâóåò, îíà óäîâëåòâîðÿåò óñëîâèþ f ′′1 (x) < 0.
Òîãäà íàéäåòñÿ òàêàÿ òî÷êà d ∈ [b, 1], ÷òî f ′1(x) ≤ f ′1(a) = f ′1(d). Âîçüì¼ì
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x = a+
f1(d)− f1(a)

f ′1(a)
≤ 1 è îïðåäåëèì ôóíêöèþ

(2.24) g1(x) =


f1(x), x ∈ [0, a],

f ′1(a)(x− a) + f1(a), x ∈ [a, x],

f1(x+ d− τ), x ∈ [x, 1− d+ x].

Ïðè ïîìîùè ëåììû 3 ïîëó÷àåì, ÷òî äëÿ f2(x) = g1((1 − d + x)x) ñïðàâåäëè-
âî Ψ[0,1](f1) ≤ Ψ[0,1](f2). Â ñèëó òîãî, ÷òî êîëè÷åñòâî èíòåðâàëîâ âûïóêëîñòè
ââåðõ êîíå÷íî, ìîæíî ïîñòðîèòü âûøå îïèñàííûì ñïîñîáîì ôóíêöèþ g ∈ U ,
äëÿ êîòîðîé Ψ(f) ≤ Ψ[0,1](g). �

Îáúåäèíÿÿ óòâåðæäåíèÿ ëåìì 2 è 4 ïîëó÷àåì îöåíêó K+ ñâåðõó:

(2.25) K2
+ = sup{Ψ[a,b](f) : f ∈ P[a,b]} ≤ sup{Ψ[0,1](u) : u ∈ U} = K

2
.

2.2. Îöåíêà êîíñòàíòû K+ ñíèçó. Èç îïðåäåëåíèÿ êëàññà U î÷åâèäíî, ÷òî

êîíñòàíòàK
2
êîíå÷íà. Ñëåäîâàòåëüíî, íà îòðåçêå [0, 1] ñóùåñòâóåò ëèáî ýêñòðå-

ìàëüíàÿ ôóíêöèÿ, ëèáî ýêñòðåìàëüíàÿ ïîñëåäîâàòåëüíîñòü. Îáîçíà÷èì òàêóþ
ïîñëåäîâàòåëüíîñòü {vn}, åñëè ñóùåñòâóåò ýêñòðåìàëüíàÿ ôóíêöèÿ v, òî ñ÷è-

òàåì, ÷òî vn = v äëÿ âñåõ íàòóðàëüíûõ n. Èìååì vn ∈ U è Ψ[0,1](vn) → K
2
,

n → ∞. Íàøà öåëü � èñõîäÿ èç ïîñëåäîâàòåëüíîñòè {vn}, ïîñòðîèòü ýêñòðå-
ìàëüíóþ ïîñëåäîâàòåëüíîñòü {hn} íà R.

Ëåììà 5. Åñëè ôóíêöèÿ v ∈ U ïîëîæèòåëüíà íà îòðåçêå [1/2, 1], òî äëÿ
c = v(1/2) ñïðàâåäëèâî íåðàâåíñòâî Ψ[0,1](v) ≤ Ψ[0,1](v − c).

Äîêàçàòåëüñòâî. Â ôóíêöèîíàëå Ψ[0,1] îò àääèòèâíîé êîíñòàíòû c çàâèñèò
òîëüêî èíòåãðàë îò ñòåïåíè ôóíêöèè, ïîýòîìó äîñòàòî÷íî ïîêàçàòü, ÷òî

(2.26)

∫ 1

0

|v(x)|rdx ≥
∫ 1

0

|v(x)− c|rdx.

Äîñò
Ðàññìîòðèì ñíà÷àëà r = 1. Äëÿ x ∈ [1/2, 1] ðàçíîñòü |v(x)| − |v(x) − c| = c,

à äëÿ x ∈ [0, 1/2] ðàçíîñòü |v(x)| − |v(x)− c| ≥ −v(x) + v(x)− c = −c, ïîýòîìó∫ 1

0

|v(x)|dx−
∫ 1

0

|v(x)− c|dx =

∫ 1

0

(|v(x)| − |v(x)− c|)dx ≥

≥
∫ 1/2

0

(−c)dx+

∫ 1

1/2

c dx = 0.

Ðàññìîòðèì r > 1. Äëÿ γ ∈ [v(0), v(1/2)] îáîçíà÷èì ÷åðåç xγ íàèìåíüøóþ
òî÷êó x ∈ [0, 1/2], â êîòîðîé v(xγ) = γ. Ïðîäèôôåðåíöèðóåì èíòåãðàë J(γ) =∫ 1

0

|v(x)− γ|rdx ïî ïàðàìåòðó γ, ïîëó÷èì

J ′(γ) = −
∫ 1

0

r|v(x)− γ|r−1 sign(v(x)− γ)dx =

= r

∫ xγ

0

(γ − v(x))r−1dx− r
∫ 1

xγ

(v(x)− γ)r−1dx,
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Çàìåòèì, ÷òî â ñèëó íåóáûâàíèÿ v′ äëÿ ëþáîãî t ∈ [0, xγ ] ñïðàâåäëèâî

γ − v(xγ − t) =

∫ xγ

xγ−t
v′(x)dx ≤

∫ xγ+t

xγ

v′(x)dx = v(xγ + t)− γ.

Ó÷èòûâàÿ, ÷òî xγ ∈ [0, 1/2], ïîëó÷àåì îöåíêó∫ xγ

0

(γ − v(x))r−1dx ≤
∫ 1

xγ

(v(x)− γ)r−1dx,

â ñèëó êîòîðîé J ′(γ) ≤ 0 äëÿ γ ∈ [0, v(1/2)]. Ýòî âëå÷åò íåðàâåíñòâî J(0) ≥
J(v(1/2)), ò. å. íåðàâåíñòâî (2.26). Ëåììà äîêàçàíà. �

Ëåììà 6. Åñëè íå ýêâèâàëåíòíàÿ íóëþ ôóíêöèÿ v ∈ U íå ïîëîæèòåëüíà íà
îòðåçêå [0, 1], òî äëÿ ëþáîãî ε ∈ (0, 1), ñïðàâåäëèâî íåðàâåíñòâî

Ψ[0,1](v) ≤ Ψ[0,1](v − v(1− ε)).

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïîêàçàòü, ÷òî

(2.27)

∫ 1

0

|v(x)|rdx ≥
∫ 1

0

|v(x)− v(1− ε)|rdx.

Òàê êàê ôóíêöèÿ v íå óáûâàåò è íå ïîëîæèòåëüíà, äëÿ ëþáîãî ε ïðè x ∈
[0, 1− ε] âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ |v(x)| = −v(x) > −v(x) + v(1−
ε) = |v(x)− v(1− ε)|, îòêóäà ëåãêî ïîëó÷èòü

(2.28)

∫ 1−ε

0

|v(x)|rdx ≥
∫ 1−ε

0

|v(x)− v(1− ε)|rdx.

Ôóíêöèÿ −v(x)− v(2− ε− x) âûïóêëà ââåðõ íà îòðåçêå [1− ε, 1], ïîñêîëüêó
åå âòîðàÿ ïðîèçâîäíàÿ −v′′(x)−v′′(2−ε−x) íå ïîëîæèòåëüíà íà ýòîì îòðåçêå.
Îòñþäà ñïðàâåäëèâà îöåíêà

min
x∈[1−ε,1]

{−v(x)− v(2− ε− x)} = −v(1− ε)− v(1) ≥ −v(1− ε),

èç êîòîðîé ñëåäóåò, ÷òî

|v(2− ε− x)| = −v(2− ε− x) ≥ −v(1− ε) + v(x) = |v(x)− v(1− ε)|.
Òîãäà

(2.29)

∫ 1

1−ε
|v(x)|rdx =

∫ 1

1−ε
|v(2− ε− x)|rdx ≥

∫ 1

1−ε
|v(x)− v(1− ε)|rdx.

Îáúåäèíèâ (2.28) è (2.29) ïîëó÷àåì (2.27). �

Íà îñíîâàíèè ëåìì 5 è 6 ìîæíî ñ÷èòàòü, ÷òî êàæäàÿ ôóíêöèÿ vn îáðàùà-
åòñÿ â íîëü â íåêîòîðîé òî÷êå xn ∈ [1/2, 1). Ïóñòü {zn} � ïîñëåäîâàòåëüíîñòü,
óäîâëåòâîðÿþùàÿ óñëîâèÿì xn < zn < 1 è

(2.30)

∫
[0,zn]

|v′n|qdx ≥ (1− 1/n)

∫
[0,1]

|v′n|qdx.

Íà îòðåçêå [0, 2] îïðåäåëèì ôóíêöèè hn ðàâåíñòâàìè

hn(x) =


vn(x), x ∈ [0, zn]
v′n(zn)

2(zn − 1)
(x− zn)(x+ zn − 2) + vn(zn), x ∈ (zn, 1],

hn(2− x), x ∈ (1, 2].



1636 Í.Ñ. ÏÀÞ×ÅÍÊÎ

Ïðîäîëæèì ôóíêöèè hn íà îòðåçîê [0, 2n] 2-ïåðèîäè÷åñêè, à âíå [0, 2n] îïðå-
äåëèì ñëåäóþùèì îáðàçîì:

hn(x) =


[2(x− 2n)3 − 3(x− 2n)2 + 1]vn(0), x ∈ [2n, 2n+ 1]

0, x > 2n+ 1

hn(−x), x < 0.

Ëåãêî ïðîâåðèòü, ÷òî íà îòðåçêå [2n, 2n+ 1] ñïðàâåäëèâû íåðàâåíñòâà

|hn(x)| ≤ |vn(0)|, |h′n(x)| ≤ |3vn(0)| , |h′′n(x)| ≤ |6vn(0)|,

èç êîòîðûõ âûòåêàþò îöåíêè∫ 2n+1

2n

|hn|rdx < |vn(0)|r,
∫ 2n+1

2n

|h′n|qdx < |3vn(0)|q ,

∫ 2n+1

2n

|(h′′n)+|pdx ≤
∫ 2n+1

2n

|h′′n|pdx < |6vn(0)|p.

Îöåíèì èíòåãðàëû îò hn è å¼ ïðîèçâîäíûõ íà [0, 1] ñíèçó. Â ñèëó âûïóêëîñòè
îòðèöàòåëüíîé ÷àñòè hn∫ 1

0

|hn|rdx ≥
(∫ 1

0

|hn|dx
)r
≥

(∫ 1/2

0

|hn|dx

)r
≥
∣∣∣∣vn(0)

4

∣∣∣∣r .
Äëÿ ïðîèçâîäíûõ ñïðàâåäëèâû îöåíêè∫ 1

0

|h′n|qdx ≥
(∫ 1

0

|h′n|dx
)q

= (hn(1)− vn(0))q > |vn(0)|q,

∫ 1

0

|(h′′n)+|pdx ≥
(∫ 1

0

|(h′′n)+|dx
)p
≥ (h′n(xn)− h′n(0))p = (v′n(xn))p

≥
(∫ xn

0

v′ndx

)p
= |vn(0)|p.

Èìååì

(2.31) ‖hn‖r =

(
4n

∫
[0,1]

|hn|rdx+ 2

∫
[2n,2n+1]

|hn|rdx

)1/r

=

= ‖4nhn‖Lr(0,1)(1 + r0,n/n)1/r,

ãäå

r0,n =

∫
[2n,2n+1]

|hn|rdx

2

∫
[0,1]

|hn|rdx
≤ 4r|vn(0)|r

2|vn(0)|r
≤ 4r.

Àíàëîãè÷íî

(2.32) ‖h′n‖q = ‖4nh′n‖Lr(0,1)(1 + r1,n/n)1/q,

(2.33) ‖(h′′n)+‖p = ‖4n(h′′n)+‖Lp(0,1)(1 + r2,n/n)1/p,
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ãäå

r1,n =

∫
[2n,2n+1]

|h′n|qdx

2

∫
[0,1]

|h′n|qdx
≤ 3q, r2,n =

∫
[2n,2n+1]

|(h′′n)+|pdx

2

∫
[0,1]

|(h′′n)+|pdx
≤ 6p.

Ïî ïîñòðîåíèþ (h′′n)+ ≤ (v′′n)+, 0 ≤ h′n ≤ v′n è |hn| ≤ |vn| íà îòðåçêå [0, 1]. Ïî-
ýòîìó ‖hn‖Lr(0,1) ≤ ‖vn‖Lr(0,1) è ‖(hn)′′+‖Lp(0,1) ≤ ‖(vn)′′+‖Lp(0,1). Â ñèëó âûáîðà
(2.30) òî÷êè zn ìû èìååì

(2.34)

∫
[0,1]

|h′n|qdx ≥
∫
[0,zn]

|h′n|qdx =

∫
[0,zn]

|v′n|qdx ≥ (1− 1/n)

∫
[0,1]

|v′n|qdx.

Ïîëó÷åííûå âûøå ñîîòíîøåíèÿ (2.31), (2.32), (2.33) è (2.34) ïîçâîëÿþò íàïè-
ñàòü íåðàâåíñòâà

K2
+ ≥ lim

n→∞
ΨR(hn) = lim

n→∞

‖h′n‖Lq(0,1)
‖hn‖Lr(0,1)‖(h′′n)+‖Lp(0,1)

≥ lim
n→∞

(1− 1/n)1/q‖v′n‖Lq(0,1)
‖vn‖Lr(0,1)‖(v′′n)+‖Lp(0,1)

= lim
n→∞

Ψ[0,1](vn) = K
2
.

Ïîñëåäíåå íåðàâåíñòâî è íåðàâåíñòâî (2.25) âëåêóò ðàâåíñòâî K+ = K. Òåîðå-
ìà 1 äîêàçàíà.
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