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Abstract. We consider a non-homogeneous compound renewal process,
which is also known as a cumulative renewal process, or a continuous time
random walk. We suppose that the jump sizes have zero means and �nite
variances, whereas the renewal-times has moments of order greater than
3/2. We investigate the asymptotic behaviour of the probability that this
process is staying above a moving non-increasing boundary up to time T
which tends to in�nity. Our main result is a generalization of a similar
one for homogeneous compound renewal process, due to A. Sakhanenko,
V. Wachtel, E. Prokopenko, A. Shelepova (2021).

Keywords: compound renewal process, continuous time random walk,
non-homogeneous process, boundary crossing problems, moving bounda-
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1. Ââåäåíèå

1.1. Ïîñòàíîâêà çàäà÷è. Ïóñòü (X1, v1), (X2, v2), . . . � áåñêîíå÷íàÿ ïîñëå-
äîâàòåëüíîñòü íåçàâèñèìûõ ïàð ñëó÷àéíûõ âåëè÷èí òàêèõ, ÷òî ïðè âñåõ n ∈ N

EXn = 0, σ2
n := EX2

n > 0, vn > 0 ï.í., an := Evn,(1)

An := a1 + . . . an <∞ è B2
n := σ2

1 + . . .+ σ2
n <∞.

Shelepova, A.D., Sakhanenko, A.I., On the asymptotics of the probability to stay

above a non-increasing boundary for a non-homogeneous compound renewal process.
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Ïîëîæèì S0 = V0 = B0 = A0 = 0 è

Sn = X1 + . . .+Xn, Vn = v1 + . . .+ vn, n = 1, 2, . . . .

Ïðè t ≥ 0 ââåäåì ñëó÷àéíûé ïðîöåññ

(2) S(t) = SN(t), ãäå N(t) = max{k ≥ 0 : Vk ≤ t}.

Òàêèì îáðàçîì, N(t) � ýòî íåîäíîðîäíûé ïðîñòîé ïðîöåññ âîññòàíîâëåíèÿ, ïî-
ñòðîåííûé ïî ñëó÷àéíûì âåëè÷èíàì v1, v2, v3, . . ., à S(t) � îáîáùåííûé ïðîöåññ
âîññòàíîâëåíèÿ (ÎÏÂ) (ñì. ìîíîãðàôèþ À. À. Áîðîâêîâà [1]). Â èíîñòðàííîé,
îñîáåííî ôèçè÷åñêîé, ëèòåðàòóðå òàêèå ïðîöåññû òàêæå íàçûâàþò ñëó÷àéíû-
ìè áëóæäàíèÿìè ñ íåïðåðûâíûì âðåìåíåì.

Ïóñòü g(t) � íåêîòîðàÿ ôóíêöèÿ, îïðåäåëåííàÿ ïðè t ≥ 0. Ââåäåì ñëó÷àéíóþ
âåëè÷èíó

(3) τ := inf
{
t > 0 : S(t) ≤ g(t)

}
= inf

{
t > 0 : Z(t) := S(t)− g(t) ≤ 0

}
ðàâíóþ ïåðâîìó ìîìåíòó ïåðåñå÷åíèÿ ñâåðõó âíèç óðîâíÿ g(t) íàøèì îáîáùåí-
íûì ïðîöåññîì âîññòàíîâëåíèÿ S(t). Öåëü äàííîé ðàáîòû � èçó÷èòü àñèìïòî-
òèêó äëÿ âåðîÿòíîñòè

(4) P(τ > T ) = P
(
Z(T ) := inf

0<t≤T
(S(t)− g(t)) > 0

)
ïðè T →∞

â ñëó÷àå, êîãäà

(5) g(t) = o(
√
t) ïðè t→∞.

Ñ öåëüþ èçáåæàòü â äàëüíåéøåì òðèâèàëüíûõ îãîâîðîê, ìû áóäåì ðàññìàòðè-
âàòü â ðàáîòå òîëüêî ôóíêöèè äëÿ êîòîðûõ

(6) P(τ > T ) > 0 ïðè âñåõ T > 0.

Ìû áóäåì äàëåå ïðåäïîëàãàòü, ÷òî ñëó÷àéíûå âåëè÷èíû {Xi} óäîâëåòâîðÿ-
þò êëàññè÷åñêîìó óñëîâèþ Ëèíäåáåðãà, êîòîðîå ìîæíî ïåðåïèñàòü ñëåäóþùèì
îáðàçîì [2]

(7) L2,n = L2.n(X•) :=

n∑
k=1

E

[
|Xk|3

B3
n

∧ X
2
k

B2
n

]
→ 0 ïðè n→∞.

Àíàëîãè÷íîå óñëîâèå ìû íàêëàäûâàåì íèæå íà ñëó÷àéíûå âåëè÷èíû {vi}:

(8) L1,n = L1,n(v•) =

n∑
k=1

E

[
v2k
A2
n

∧ vk
An

]
= o

(
1√
An

)
ïðè n→∞.

Çäåñü è âñþäó â ðàáîòå äëÿ ëþáûõ ÷èñåë a è b ìû ïîëàãàåì:

a ∧ b = min{a, b}, a ∨ b = max{a, b}, a+ = a ∧ 0, a− = (−a)+.

Â ÷àñòíîñòè, èç óñëîâèé (8) è (7) ñëåäóåò (ñì. ëåììó 1), ÷òî

(9) An+1 ∼ An →∞ è Bn+1 ∼ Bn →∞ ïðè n→∞.

Íàïîìíèì, ÷òî óñëîâèå L2,n → 0 äîñòàòî÷íî äëÿ ÖÏÒ Ëèíäåáåðãà, è ÿâëÿåò-
ñÿ íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì äëÿ ñïðàâåäëèâîñòè ôóíêöèîíàëüíîé
ÖÏÒ Ïðîõîðîâà. Àíàëîãè÷íî, óñëîâèå L1,n → 0 äîñòàòî÷íî äëÿ âûïîëíåíèÿ çà-
êîíà áîëüøèõ ÷èñåë äëÿ âåëè÷èí {vi} (ñì. [2], ñòð. 180, ïàðàãðàô 3). Íî óñëîâèå
(8) æ¼ñò÷å: îíî âëå÷¼ò íàëè÷èå íåêîòîðîé ñêîðîñòè ñõîäèìîñòè â ýòîì çàêîíå
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áîëüøèõ ÷èñåë (ñì ëåììó 2). Îòìåòèì åù¼, ÷òî ïðè ïðîâåðêå óñëîâèÿ (8) ìîæåò
áûòü ïîëåçíûì ñëåäóþùåå áîëåå ïðîñòîå óñëîâèå:

(10)
√
AnL1,n ≤

n∑
k=1

Evqk

/
Aq−1/2n → 0 ïðè íåêîòîðîì q ∈ [1, 2].

1.2. Îñíîâíûå ðåçóëüòàòû. Ââåä¼ì äâà îñíîâíûõ ïðåäïîëîæåíèÿ.
(A) Äëÿ íåçàâèñèìûõ ïàð ñëó÷àéíûõ âåëè÷èí {(Xi, vi)} âûïîëíåíû óñëîâèÿ

(1), (7), (8) è

(11) An = O(B2
n) ïðè n→∞.

(G) ìîíîòîííî íåâîçðàñòàþùàÿ ôóíêöèÿ g(·) îáëàäàåò ñâîéñòâîì (5) è

(12) P(X1 > g(v1)) > 0.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (A) è (G). Òîãäà èìååò ìåñòî ñëåäó-
þùàÿ àñèìïòîòèêà

(13) BnP(τ > Vn) ∼
√

2/πUn ïðè n→∞,

ãäå ïîñëåäîâàòåëüíîñòü

(14) Un := E[Sn − g(Vn); τ > Vn] > 0, n = 1, 2, . . . ,

ìîíîòîííî íå óáûâàåò. Êðîìå òîãî, ïîñëåäîâàòåëüíîñòü {Un} ÿâëÿåòñÿ ìåä-
ëåííî ìåíÿþùåéñÿ â ñëåäóþùåì ñìûñëå: ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü íà-
òóðàëüíûõ ÷èñåë m(n) òàêàÿ, ÷òî îäíîâðåìåííî ïðè n→∞

(15)
Bm(n)

Bn
→ 0 è max

m(n)≤k≤n

∣∣∣∣UkUn − 1

∣∣∣∣→ 0.

Îòìåòèì, ÷òî â ñëó÷àå íåâîçðàñòàþùèõ ôóíêöèé g(·) óñëîâèÿ (12) è (6) ýêâè-
âàëåíòíû, ïîñêîëüêó P(Sk ≥ S1 = X1) > 0 äëÿ ñóìì íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí ñ íóëåâûìè ñðåäíèìè.

Ïðè 0 ≤ T <∞ îáîçíà÷èì

(16) n(T ) := max{n > 0 : An ≤ T}, B(T ) = Bn(T ), U(T ) = Un(T ).

Òåîðåìà 2. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1 è ñóùåñòâóåò ÷èñëî
c ∈ (0,∞) òàêîå, ÷òî

(17) An ∼ c2B2
n ïðè n→∞.

Òîãäà

(18) B(T )P(τ > T ) ∼
√

2/πU(T ) ïðè T →∞.

Êðîìå òîãî, ôóíêöèÿ U(T ) ≥ U1 > 0 ìîíîòîííî íå óáûâàåò è ÿâëÿåòñÿ
ìåäëåííî ìåíÿþùåéñÿ â êëàññè÷åñêîì ñìûñëå ïðè T →∞.

Â ÷àñòíîñòè, ïðè T = An àñèìïòîòèêà (18) èìååò ñëåäóþùèé âèä

BnP(τ > An) ∼
√

2/πUn ïðè n→∞.
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1.3. ×àñòíûå ñëó÷àè è ïðåäøåñòâóþùèå ðåçóëüòàòû. Îêàçûâàåòñÿ, ÷òî
âñå èçâåñòíûå ïðåäøåñòâóþùèå ðåçóëüòàòû óäîâëåòâîðÿþò ñëåäóþùåìó óñëî-
âèþ:

∀ n an = c2σ2
n, à ïîòîìó An = c2B2

n

ïðè íåêîòîðîì c ∈ (0,∞). Â ÷àñòíîñòè, â ýòîì ñëó÷àå àâòîìàòè÷åñêè âûïîë-
íÿþòñÿ ïðåäïîëîæåíèÿ (17) è (11).

Ñëåäñòâèå 1. Ïóñòü (X1, v1), (X2, v2), . . . � ïîñëåäîâàòåëüíîñòü íåçàâèñè-
ìûõ è îäèíàêîâî ðàñïðåäåëåííûõ ïàð ñëó÷àéíûõ âåëè÷èí òàêèõ, ÷òî

(19) EX1 = 0, EX2
1 = 1 = Ev1 è Ev

3/2
1 <∞.

Òîãäà âñå óòâåðæäåíèÿ òåîðåì 1 è 2 èìåþò ìåñòî ïðè An = B2
n = n.

Äëÿ äîêàçàòåëüñòâà ýòîãî óòâåðæäåíèÿ íàì äîñòàòî÷íî ëèøü ïðîâåðèòü, ÷òî
âûïîëíåíî óñëîâèå (8). Äåéñòâèòåëüíî, ïðè n→∞

√
nL1,n =

√
n · nE

[
v21
n2
∧ v1
n

]
= E

[
v21√
n
∧
√
nv1

]
≤ E

[
v21√
n
∧ v3/21

]
→ 0.

Â ÷àñòíîñòè, ñëåäñòâèå 1 óñèëèâàåò àíàëîãè÷íîå óòâåðæäåíèå èç ðàáîòû [6],
ãäå èñïîëüçîâàëîñü áîëåå æ¼ñòêîå óñëîâèå

(20) Evq1 <∞ ïðè íåêîòîðîì q > 3/2.

Îòìåòèì, ÷òî åñëè áû â äîêàçàòåëüñòâå ñëåäñòâèÿ 1 ìû áû ïðîâåðÿëè íå ãðî-
ìîçäêîå óñëîâèå (8), à áîëåå ïðîñòîå äîñòàòî÷íîå óñëîâèå (10), òî ìû áû òàêæå
ïðèøëè ê ïðåäïîëîæåíèþ (20), âìåñòî áîëåå îáùåãî è èçÿùíîãî óñëîâèÿ (19)
ñ q = 3/2.

Â ñëó÷àå êëàññè÷åñêèõ ñëó÷àéíûõ áëóæäàíèé ðåçóëüòàòû íàñòîÿùåé ðàáîòû
ïîçâîëÿþò ïîëó÷èòü

Ñëåäñòâèå 2. Ïóñòü X1, X2, . . . � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àé-
íûõ âåëè÷èí ñ íóëåâûìè ñðåäíèìè, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå Ëèíäåáåð-
ãà (7). Ïðåäïîëîæèì, ÷òî âåëè÷èíû {vk} íåñëó÷àéíû è vk = σ2

k := DXk > 0
ïðè âñåõ k = 1, 2, . . . . Åñëè åù¼ âûïîëíåíî óñëîâèå (G), òî â ýòîì ñëó÷àå âñå
óòâåðæäåíèÿ òåîðåì 1 è 2 âåðíû ïðè An = B2

n.

Îòìåòèì, ÷òî â ýòîì ñëó÷àå

τ = Aβ = B2
β , ãäå β = min{n ≥ 1 : Sn ≤ gn := g(B2

n)}
� ýòî ìîìåíò ïåðâîãî âûõîäà êëàññè÷åñêîãî ñëó÷àéíîãî áëóæäàíèÿ çà ïîñëå-
äîâàòåëüíîñòü ÷èñåë gn, ïîñòðîåííóþ ïî ôóíêöèè g(·). Ïîä÷åðêí¼ì, ÷òî ñëåä-
ñòâèå 2 ñëàáåå, ÷åì ãëàâíûé ðåçóëüòàò ðàáîòû [4], â êîòîðîé íå ïðåäïîëàãàëîñü,
÷òî ôóíêöèÿ g(·) ÿâëÿåòñÿ ìîíîòîííî íåâîçðàñòàþùåé. Òàì îò ýòîé ôóíêöèè
òðåáîâàëèñü òîëüêî óñëîâèÿ (5) è (6). Îäíàêî íàøè ïðèêèäêè ïîêàçûâàþò, ÷òî
â ñëó÷àå íåêëàññè÷åñêèõ ÎÏÂ ñî ñëó÷àéíûìè {vk}, äëÿ âîçðàñòàþùèõ ôóíê-
öèé g(·) íàøà àñèìïòîòèêà (13) ïåðåñòàíåò èìåòü ìåñòî, åñëè ìû îãðàíè÷èìñÿ
óñëîâèÿìè (5) è (6) âìåñòî áîëåå æ¼ñòêîãî ïðåäïîëîæåíèÿ (G).

Íàïîìíèì, ÷òî äàííîé òåìå ïîñâÿùåíî çíà÷èòåëüíîå êîëè÷åñòâî ðàáîò, â
êîòîðûõ èçó÷àþòñÿ ìîìåíòû âûõîäà ÷åðåç ïîñòîÿííûå ãðàíèöû g(·) = g(0)
äëÿ êëàññè÷åñêèõ ñëó÷àéíûõ áëóæäàíèé ïîðîæä¼ííûõ íåçàâèñèìûìè è îäè-
íàêîâî ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè÷èíàìè X1, X2, . . .. Äåëî â òîì, ÷òî
â ýòîì ÷àñòíîì ñëó÷àå ìîæíî ïðèìåíèòü ìåòîä ôàêòîðèçàöèîííûõ òîæäåñòâ
(ñì., íàïðèìåð, [5]).
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1.4. Î ñòðóêòóðå äîêàçàòåëüñòâ. Äîêàçàòåëüñòâî òåîðåìû 1 áóäåò ïðîâå-
äåíî â ïàðàãðàôàõ 2 � 4 â íåñêîëüêî ýòàïîâ. Ïðè ýòîì èñïîëüçóåòñÿ ïîäõîä,
îñíîâàííûé íà èäåÿõ èç [4] äëÿ îáû÷íûõ ñëó÷àéíûõ áëóæäàíèé, êîòîðûé áûë
çàòåì â [6] ïåðåíåñ¼í íà ÎÏÂ, íî òîëüêî äëÿ ÷àñòíîãî ñëó÷àÿ îïèñàííîãî â
ñëåäñòâèè 1.

Ñíà÷àëà â ïàðàãðàôå 2 ìû äîêàæåì íåñêîëüêî ïîëåçíûõ âñïîìîãàòåëüíûõ
óòâåðæäåíèé. Çàòåì â ïàðàãðàôå 3 ìû íàéä¼ì ïðîñòóþ îöåíêó ñâåðõó (ñì.
ïðåäëîæåíèå 3) äëÿ P(τ > Vn), èç êîòîðîé çàòåì â ïðåäëîæåíèè 4 èçâëå÷¼ì
àñèìïòîòè÷åñêóþ îöåíêó ñâåðõó äëÿ P(τ > Vn). Êðîìå òîãî, â ïðåäëîæåíèè 3
ìû äîêàæåì ñâîéñòâî (15) î ìåäëåííîì èçìåíåíèè ïîñëåäîâàòåëüíîñòè {Un}.
Âåñü ïàðàãðàô 4 ïîñâÿù¼í äîêàçàòåëüñòâó ïðåäëîæåíèÿ 5, êîòîðîå ñîäåðæèò
àñèìïòîòè÷åñêóþ îöåíêó ñíèçó äëÿ P(τ > Vn). Óòâåðæäåíèå òåîðåìû 1 î÷å-
âèäíûì îáðàçîì ñëåäóåò èç ïðåäëîæåíèé 3, 4 è 5.

Îòìåòèì, ÷òî â ïàðàãðàôàõ 2 � 4 ïðåäïîëàãàþòñÿ âûïîëíåííûìè âñå óñëîâèÿ
òåîðåìû 1, à ïðåäåëû áåðóòñÿ ïðè n → ∞; ïðè÷¼ì ýòè äâà ôàêòà ìû îáû÷íî
íå îãîâàðèâàåì â ýòèõ ïàðàãðàôàõ.

Òåîðåìà 2 äîêàçûâàåòñÿ â ïîñëåäíåì ïàðàãðàôå 5. È òàì ìû âñåãäà îãîâà-
ðèâàåì: áåð¼òñÿ ëè ïðåäåë ïðè T →∞, èëè ïðè n→∞.

Äàëåå â ðàáîòå ÷åðåç C0, C1, . . . ìû îáîçíà÷àåì ââîäèìûå íàìè àáñîëþòíûå
ïîñòîÿííûå. À ÷åðåç K0,K1, . . . îáîçíà÷àþòñÿ ïîñòîÿííûå, êîòîðûå çàâèñÿò îò
ïàðàìåòðîâ âîçíèêàþùèõ èç óñëîâèé (A) è (G).

2. Âñïîìîãàòåëüíûå ëåììû

2.1. Ñâîéñòâà óñëîâèé (7) è (8). Ââåäåì âñïîìîãàòåëüíûå ñðåçàííûå ñëó-
÷àéíûå âåëè÷èíû

ṽj,n := vjI{vj ≤ An} ≥ 0 è v̌j,n := vjI{vj > An} = vj − ṽj,n ≥ 0,(21)

Ṽn :=

n∑
j=1

ṽj,n ≥ 0 è V̌n :=

n∑
j=1

v̌j,n = Vn − Ṽn ≥ 0.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (7) è (8). Òîãäà èìåþò ìåñòî âñå ñî-
îòíîøåíèÿ â (9) è

(22) an :=
1

An
max
k≤n

ak → 0 è σn :=
1

Bn
max
k≤n

σk → 0.

Êðîìå òîãî, â ýòîì ñëó÷àå

L1,n =

n∑
j=1

Eṽ2j,n
A2
n

+

n∑
j=1

Ev̌j,n
An

≥ DṼn
A2
n

+
EV̌n
An
→ 0.(23)

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì, ÷òî ñîîòíîøåíèÿ â (23) íåìåäëåííî
âûòåêàþò èç îïðåäåëåíèÿ (8) âåëè÷èíû L1,n. Ïîýòîìó, ïðè âñåõ j = 1, . . . , n ìû
èìååì:

M̃2
j,n :=

Eṽ2j,n
A2
n

≤
n∑
j=1

Eṽ2j,n
A2
n

≤ L1,n → 0,

M̌2
j,n :=

(
Ev̌j,n
An

)2

≤ Ev̌j,n
An

≤
n∑
j=1

Ev̌j,n
An

≤ L1,n → 0.
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À ïîñêîëüêó aj/An = M̃j,n + M̌j,n, òî èç îïðåäåëåíèÿ (22) ïîëó÷àåì:

(24) an = max
j≤n

(
M̃j,n + M̌j,n

)
≤ 2
√
L1,n → 0.

Òàêèì îáðàçîì, èç (24) âûòåêàåò ïåðâàÿ ñõîäèìîñòü â (22). Íî èç íå¼ ìû
íàõîäèì, ÷òî

1 ≥ An
An+1

=
An+1 − an+1

An+1
= 1− an+1

An+1
≥ 1− an+1 → 1,(25)

0 ≤ a1
An
→ 0, ãäå a1 = Ev1 > 0 ïîñêîëüêó v1 > 0 ï.í.(26)

Íî èç (26) ñëåäóåò, ÷òî An → ∞, à èç (25) âûòåêàåò, ÷òî An ∼ An+1. Çíà÷èò,
(25) è (26) äîêàçûâàþò ïåðâîå ñîîòíîøåíèå â (9).

Âòîðûå ñîîòíîøåíèÿ â (22) è (9) èçâåñòíû, ïîñêîëüêó îíè ìíîãî ðàç èç-
âëåêàëèñü èç çíàìåíèòîãî óñëîâèÿ Ëèíäåáåðãà. Êðîìå òîãî, îíè ìîãóò áûòü
ïîëó÷åíû àíàëîãè÷íî òîìó, êàê ìû âûâåëè ïåðâûå ñîîòíîøåíèÿ. �

2.2. Îöåíêè äëÿ ðàñïðåäåëåíèÿ âåëè÷èíû Vn. Ââåäåì ñëåäóþùèå âåëè-
÷èíû

(27) θn := 3
√
BnL1,n, θn := sup

k≥n
θk, An := (1 + θn)An.

È îòìåòèì, ÷òî

(28) 0 < θn ≤ θ̃n := θn + L1,n → 0 è θn ≤ θn ↓ 0.

Ëåììà 2. Ïóñòü âûïîëíåíî óñëîâèå (8). Òîãäà ïðè âñåõ n = 1, 2, . . .

P(Vn −An < −θ̃nAn) ≤ θn/Bn,(29)

P(Vn > 2An) ≤ Ln,1 = θ3n/Bn,(30)

Ên := E[
√
Vn;Vn > 2An] ≤ 3

√
AnL1,n = 3θ3n

√
An/Bn.(31)

Åñëè æå, θn ≤ 1, òî

P(Vn > An) = P(Vn −An > θnAn) ≤ θn/Bn.(32)

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî çàìåòèì, ÷òî â ñèëó (21) è (23)

0 ≤ Ãn :=

n∑
j=1

Eṽj,n ≤ An = Ãn + EV̌n ≤ Ãn +AnL1,n.(33)

Ïî íåðàâåíñòâó ×åáûøåâà

∀ θ > 0 θAnP(±(Ṽn − Ãn) > θAn) ≤ θAnP(|Ṽn − Ãn| > θAn)

≤ E∗n(θ) := E[|Ṽn − Ãn| ; |Ṽn − Ãn| > θAn] ≤ E|Ṽn − Ãn|2

θAn
=

DṼn
θAn

.(34)

Ñóììèðóÿ, ïðè θ = θn ïîëó÷àåì:

(1− θ̃n)An = Ãn + EV̌n − θnAn − Ln,1An ≤ Ãn − θnAn,

P(Vn < (1− θ̃n)An) = P(Ṽn < Ãn − θnAn) ≤ DṼn
θ2nA

2
n

≤ L1,n

θ2n
=

θn
Bn

,

÷òî äîêàçûâàåò (29). Ïðè âûâîäå ïîñëåäíåãî íåðàâåíñòâà ìû òàêæå èñïîëüçî-

âàëè îïðåäåëåíèå (27) è òîò ôàêò, ÷òî Ṽn ≤ Vn ââèäó (21).
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Äàëåå, çàìåòèì, ÷òî

P(Vn 6= Ṽn) ≤
n∑
j=1

P(vj,n 6= ṽj,n) =

n∑
j=1

P(vj,n > An) ≤
n∑
j=1

Ev̌j,n
An

=
EV̌n
An

.

Îòñþäà è èç (34) ïðè 0 < θ ≤ 1 íàõîäèì:

P(Vn > (1 + θ)An) ≤ P(Vn > Ãn + θAn)

≤ P(Ṽn > Ãn + θAn) + P(Vn 6= Ṽn)(35)

≤ DṼn
θ2A2

n

+
EV̌n
An
≤ DṼn
θ2A2

n

+
EV̌n
θ2An

=
L1,n

θ2
.

Çäåñü ìû òàêæå èñïîëüçîâàëè (21), (27) è (33). Ïîäñòàâëÿÿ θ = 1 â (35) ìû
ïîëó÷àåì (30), à ïðè θ = θn ≤ 1 èç (35) ìû íàõîäèì (32).

Íàêîíåö, îöåíèì Ên. Ïðåæäå âñåãî çàìåòèì, ÷òî

√
V n =

√
Ãn + Ṽn − Ãn + V̌n ≤

√
An +

√
|Ṽn − Ãn|+

√
V̌n

è In := I(Vn > 2An) = I2n =
√
In. Òàêèì îáðàçîì,

(36) Ên = E
√
VnIn ≤

√
AnEIn + E

√
|Ṽn − Ãn|In + E

√
V̌nIn.

Êðîìå òîãî, EIn = P(Vn > 2An) ≤ Ln,1 êàê ñëåäóåò èç îöåíêè (30). Ïðèìåíÿÿ
íåðàâåíñòâî Ã¼ëüäåðà ñ p = 4 è q = 4/3 è ó÷èòûâàÿ (23), ïîëó÷àåì ïðè δ =√
|Ṽn − Ãn|, ÷òî

E

√
|Ṽn − Ãn|In = E(δnIn) ≤ (Eδ4n)1/4(EI4/3n )3/4 ≤ (E|Ṽn − Ãn|2)1/4(EIn)3/4

= (DṼn)1/4(P(Vn > 2An))3/4 ≤ (A2
nL1,n)1/4(L1,n)3/4 =

√
AnL1,n.(37)

Àíàëîãè÷íî, èç íåðàâåíñòâà Ã¼ëüäåðà ñ p = q = 2 íàõîäèì

(38) E

√
V̌n · In ≤

√
EV̌n ·EIn ≤

√
AnL1,n · L1,n =

√
AnL1,n,

ïîñêîëüêó EV̌n ≤ AnL1,n ââèäó (23).
Ïîäñòàâëÿÿ òåïåðü (30), (37) è (38) â (36), ïðèõîäèì ê (31). �

2.3. Îäíî ñëåäñòâèå èç ñâîéñòâ ìàðòèíãàëîâ. Ïîëîæèì

β := inf{n > 0 : Z(Vn) ≤ 0} = inf{n > 0 : τ ≤ Vn}.
Èç îïðåäåëåíèÿ (2) âûòåêàåò, ÷òî äëÿ íåâîçðàñòàþùåé ôóíêöèè g(·) ïðîöåññ
S(t) ìîæåò îïóñêàòüñÿ íèæå ýòîé ôóíêöèè òîëüêî â ìîìåíòû âðåìåíè t =
V1, V2, . . . . Ñëåäîâàòåëüíî

τ = Vβ , {τ > Vn} = {β > n},(39)

β = inf{n > 0 : Sn ≤ g(Vn)} = inf{n > 0 : Zn ≤ 0}.

Èç îïðåäåëåíèé (3) è (4) âåëè÷èí Z(·) è Z(·) íåòðóäíî ïîíÿòü, ÷òî ïîñëåäîâà-
òåëüíîñòü òðîåê

(40) M := {(Vk, Z(Vk), Z(Vk)) : k = 1, 2, . . .}
îáðàçóåò öåïü Ìàðêîâà, à β � ìîìåíò îñòàíîâêè ýòîé öåïè. Ïîëîæèì

Zn = Sn − g(Vn), Z∗n = ZnI{β > n}.(41)
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Ëåììà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (À) è (G), à α � òàêîé ìîìåíò îñòà-
íîâêè öåïè Ìàðêîâà M, ÷òî 1 ≤ α ≤ n ïðè íåêîòîðîì íåñëó÷àéíîì íàòó-
ðàëüíîì n. Òîãäà

EZ∗α −EZ∗n = E[Zβ ;α < β ≤ n] + E[g(Vβ∧n)− g(Vα);α < β ∧ n].(42)

Äîêàçàòåëüñòâî. Òàê êàê Sn � ìàðòèíãàë, òî ïî òåîðåìå îá îñòàíîâêå ìàð-
òèíãàëà èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî

0 = ESα∧β = E[Sβ ;β ≤ α] + E[Sα;β > α].

Ïîñêîëüêó
EZ∗α = E[Sα;β > α]−E[g(Vα);β > α],

òî

(43) EZ∗α = −E[Sβ ;β ≤ α]−E[g(Vα);β > α].

Ââåäåì ñîáûòèÿ

(44) D1 := {α < β ≤ n}, D2 := {α < n < β}.
Ëåãêî âèäåòü, ÷òî

(45) D0 := D1 ∪D2 = {α < β, α < n} = {α < β ∧ n}.
Èç (43) ïîëó÷èì, ÷òî

EZ∗α + E[Sβ ;β ≤ α] = −E[g(Vα);β > α](46)

= −E[g(Vα);D1]−E[g(Vα);D2]−E[g(Vn);α = n < β].

Ïîäñòàâëÿÿ òåïåðü α = n â ëåâóþ ÷àñòü (46), ìû èìååì

EZ∗n + E[Sβ ;β ≤ n] = −E[g(Vn);β > n](47)

= −E[g(Vn);D2]−E[g(Vn);α = n < β],

Âû÷èòàÿ (47) èç (46), íàõîäèì

EZ∗α −EZ∗n = E[Sβ ;β ≤ n]−E[Sβ ;β ≤ α]−E[g(Vα);D1 ∪D2]

+E[g(Vn);D2].

Èç ïðåäûäóùåãî ðàâåíñòâà î÷åâèäíûì îáðàçîì ïîëó÷àåì

EZ∗α −EZ∗n = E[Zβ ;D1] + E[g(Vβ)− g(Vα);D1] + E[g(Vn)− g(Vα);D2].

Íî èç (44) è (45) âûòåêàåò, ÷òî ïîñëåäíåå ðàâåíñòâî ìîæíî ïåðåïèñàòü â âè-
äå (42). �

2.4. Ñâîéñòâà âåëè÷èí Un. Ââåäåì ñëåäóþùèå âåëè÷èíû

(48) G(T ) := sup
0≤t≤T

|g(t)|, κn := sup
k≥n

G(2Ak)√
Ak

↓ 0.

Îòìåòèì, ÷òî ââèäó îïðåäåëåíèé (14), (16) è (42)

(49) U(An) = Un = EZ∗n ïðè Z∗n = ZnI{β > n}.

Ïðåäëîæåíèå 1. Ïóñòü âåðíû âñå óñëîâèÿ ëåììû 3 è L2,n ≤ 1. Òîãäà

(50) 0 ≤ EZ∗n −EZ∗α ≤ 12κn
√
AnL1,n + (4κn

√
An + 2 3

√
L2,nBn)P(β > α).

Â ÷àñòíîñòè, â ñëó÷àå íåâîçðàñòàþùåé ôóíêöèè g(·) ïîñëåäîâàòåëüíîñòü
{Un} íå óáûâàåò è ïðè âñåõ n ≥ α = m ≥ 1

(51) Un = EZ∗n ≥ EZ∗m = Um ≥ U1 = EZ∗1 = E[X1 − g(v1) ;X1 > g(v1)] > 0.
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Îñòàâøàÿñÿ ÷àñòü íàñòîÿùåãî ïóíêòà ïîñâÿùåíà äîêàçàòåëüñòâó ïðåäëîæå-
íèÿ 1. Ïîëîæèì

E1 := E[g(Vα)− g(Vβ∧n) ;α < β ∧ n], E2 := E[Zβ ;α < β ≤ n],(52)

E3 := E[G(Vβ∧n);α < β ∧ n], E4 := E[Xβ ;α < β ≤ n].(53)

Ëåììà 4. Ïóñòü âåðíû âñå óñëîâèÿ ëåììû 3. Òîãäà

EZ∗α −EZ∗n = E1 − E2 ≤ 4E3 − E4.(54)

Êðîìå òîãî, ïðè âñåõ n ≥ 1

E3 ≤ κn
√
An(3L1,n + P(β > α)).(55)

Äîêàçàòåëüñòâî. Ðàâåíñòâî â (54) î÷åâèäíî ñëåäóåò èç óòâåðæäåíèÿ (42) ëåì-
ìû 3. Òåïåðü èñïîëüçóåì îïðåäåëåíèå âåëè÷èíû β:

Sβ = Sβ−1 +Xβ > g(Vβ−1) +Xβ .

Äàëåå, èç îïðåäåëåíèé âåëè÷èí Zβ è G(·) ïðè β ≤ n ïîëó÷èì:

Zβ = Sβ − g(Vβ) > g(Vβ−1) +Xβ − g(Vβ) ≥ Xβ − 2G(Vβ∧n).

Âîñïîëüçóåìñÿ òåïåðü îïðåäåëåíèÿìè ñîáûòèé D1 ⊂ D0 èç (44) è (45). Â èòîãå
èìååì:

(56) E2 = E[Zβ − g(Vα);D1] ≥ E[Xβ ;D1]− 2E[G(Vn);D0] = E4 − 2E3.

Àíàëîãè÷íûì îáðàçîì, ïðè α ≤ n íàõîäèì:

(57) E1 = E[g(Vα)− g(Vβ∧n);D0] ≤ 2E[G(Vβ∧n);D0] = 2E3.

Èç îöåíîê (56) è (57) î÷åâèäíî âûòåêàåò íåðàâåíñòâî â (54).
Íàêîíåö, ââèäó (53) äëÿ îöåíêè E3 ìû ìîæåì èñïîëüçîâàòü ñëåäóþùåå íåðà-

âåíñòâî

E3 ≤ E[G(Vn);Vn > 2An] + E[G(Vn);β > α, Vn ≤ 2An]

≤ E[κn
√
Vn;Vn > 2An] + E[G(2An) ;β > α]

= κnÊn +G(2An)P(β > α) ≤ κnÊn + κn
√
AnP(β > α).

Íî èç ïîëó÷åííîãî íåðàâåíñòâà è (31) âûòåêàåò (55). �

Ëåììà 5. Ïðè âûïîëíåíèè óñëîâèé ïðåäëîæåíèÿ 1 äëÿ âñåõ n ≥ 1 âåðíà
ñëåäóþùàÿ îöåíêà

E4 ≤ 2 3
√
L2,nBnP(β > α).(58)

Äîêàçàòåëüñòâî. Äëÿ âñåõ x > 0 è 2 ≤ j ≤ n ââåäåì âåëè÷èíó

Ěj,m(x) := E[−Xβ ;β = j > α,−Xβ > x]

≤ E[−Xj ;β > j − 1 ≥ α,−Xj > x]

= E[−Xj ;−Xj > x]P(β > j − 1 ≥ α),

Âòîðîå ðàâåíñòâî âåðíî, òàê êàê ñîáûòèå {β > j−1 ≥ α} ïîðîæäàåòñÿ ñëó÷àé-
íûìè âåëè÷èíàìè X1, . . . , Xj−1, à, çíà÷èò, îíî íåçàâèñèò îò ñëó÷àéíîé âåëè÷è-
íû Xj . Çíà÷èò,

Ěj,m(x) ≤ E[|Xj | ; |Xj | > x]P(β > α).
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Ñëåäîâàòåëüíî, äëÿ ëþáîãî x > 0

E4 = E[−Xβ ;n ≥ β > α](59)

= E[−Xβ ;n ≥ β > α, 0 ≤ −Xβ ≤ x] + E[−Xβ ;n ≥ β > α,−Xβ > x]

≤ xP(β > α) +

n∑
j=2

Ěj,m(x) ≤ xP(β > α) +

n∑
j=1

E[|Xj | ; |Xj | > x]P(β > α).

Ïîñêîëüêó |X|(|X| ∧ Bn) íå óáûâàåò, êàê ôóíêöèÿ îò |X|, ïî íåðàâåíñòâó
×åáûøåâà,

n∑
j=1

E[|Xj | ; |Xj | > x] ≤
n∑
j=1

E[|Xj | · |Xj |(|Xj | ∧Bn)]

x(x ∧Bn)
=

B3
n

x(x ∧Bn)
L2,n.(60)

Ïîäñòàâëÿÿ (60) â (59) ïðè 0 < x ≤ Bn, íàõîäèì:

E4 ≤ xP(β > α) +
B3
n

x2
L2,nP(β > α), ïðè 0 < x ≤ Bn.

Ïîñêîëüêó L2,n ≤ 1, òî ïîëàãàÿ â ïîñëåäíåì âûðàæåíèè x = 3
√
L2,nBn ≤ 1, ìû

ïîëó÷èì òðåáóåìîå íåðàâåíñòâî (58). �

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà ïðåäëîæåíèÿ 1 îáðàòèìñÿ ñíà÷àëà ê îïðå-
äåëåíèþ (52) è çàìåòèì, ÷òî E1 ≥ 0 ïîñêîëüêó ôóíêöèÿ g(·) íå âîçðàñòàåò, à
E2 ≤ 0 òàê êàê Zβ ≤ 0 ïî ñâîéñòâó (39) ìîìåíòà β. Íî îòñþäà ñëåäóåò ëåâîå
íåðàâåíñòâî â (54), à çíà÷èò ìû äîêàçàëè è ëåâîå íåðàâåíñòâî â (50). Íî èç ýòî-
ãî ôàêòà ïðè α = m âûòåêàåò, ÷òî ïîñëåäîâàòåëüíîñòü {Un} íå óáûâàåò è ÷òî
âûïîëíåíî (51). Ïîäñòàâëÿÿ, íàêîíåö, îöåíêè(55) è (58) â (54), ìû ïðèõîäèì
êî âòîðîìó íåðàâåíñòâó â (50).

2.5. Îöåíêè â îäíîé ãðàíè÷íîé çàäà÷å. Öåëüþ äàííîãî ïóíêòà ÿâëÿåòñÿ
ïîëó÷åíèå, ïðè íåêîòîðûõ t, x è n > k > 0, äâóñòîðîííèõ îöåíîê äëÿ ñëåäóþ-
ùèõ âåðîÿòíîñòåé:

(61) Qk,n(t, x) := P(τ > Vn, Vn ≤ Ān|τ > Vk, Vk = t, Zk = x).

Ïðè n > k ≥ 0 è C1 := 22 ìû ââåäåì îáîçíà÷åíèÿ:

(62) B2
k,n = B2

n −B2
k, ρn := C1

4
√
L2,n +

3G(Ān)

Bn
≤ C1

4
√
L2,n + 3κn

√
An
Bn

.

Ïðåäëîæåíèå 2. Ïóñòü ÷èñëà t, x è k,m, n óäîâëåòâîðÿþò ñëåäóþùèì óñëî-
âèÿì:

(63) x > 0, 0 < t < An, 0 < k ≤ m < n, B2
m ≤ B2

n/2.

Òîãäà

(64) Qk,n(t, x) ≤ C0x

Bm,n
+ ρn,

ãäå 0.7 < C0 = 2ϕ(0) =
√

2/π < 0.8 � ïîñòîÿííàÿ.
Ñ äðóãîé ñòîðîíû, ïðè ëþáîì h > 0 èìååì:

(65) Qk,n(t, x) ≥ C0
x

Bn

(
1− h2

B2
n

− I[x >
√

2h]

)
− ρn − pk,n(t, x),

ãäå

(66) pk,n(t, x) := P(Vn > Ān|τ > Vk, Vk = t, Zk = x).



ÎÁ ÀÑÈÌÏÒÎÒÈÊÅ ÂÅÐÎßÒÍÎÑÒÈ ÍÅÂÛÕÎÄÀ 1677

Îñòàëüíàÿ ÷àñòü äàííîãî ïóíêòà ïîñâÿùåíà âûâîäó ñôîðìóëèðîâàííîãî ïðåä-
ëîæåíèÿ. Ââåä¼ì ôóíêöèè

(67) ϕ(x) =
1√
2π
e−

x2

2 , Ψ(x) = 2

∫ x

0

ϕ(y)dy.

Êàê èçâåñòíî

Ψ(x+) = P(x+ min
0≤t≤1

W (t) > 0),

ãäå W (t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ. Ïðè 0 < k < n ðàññìîòðèì
âåëè÷èíû

(68) µk,n := min
k<j≤n

(Sj − Sk), qk,n(x) := P(x+ µk,n > 0).

Ëåììà 6. Äëÿ ëþáûõ 0 < k < n è âñåõ y ñïðàâåäëèâû íåðàâåíñòâà

(69) Ψ

(
y + 2πnBn

Bk,n

)
+ πn ≥ qk,n(y) ≥ Ψ

(
y − 2πnBn

Bk,n

)
− πn,

ãäå

(70) ∀ n > 0 πn ≤ 6.3 4
√
L2,n.

Äîêàçàòåëüñòâî. Óòâåðæäåíèÿ èç (69) ïîëó÷åíû â [4] ïðè âûâîäå ëåììû 18,
ãäå â êà÷åñòâå πn áûëî âûáðàíî ðàññòîÿíèå Ïðîõîðîâà â ïðîñòðàíñòâå C[0, 1]
ìåæäó âèíåðîâñêèì ïðîöåññîì W (t) è ñîîòâåòñòâóþùåé ñëó÷àéíîé ëîìàíîé,
ïîñòðîåííîé ïî âåëè÷èíàì, óäîâëåòâîðÿþùèì óñëîâèþ (7). Îöåíêà (70) äëÿ
πn áûëà óñòàíîâëåíà â [7]. �

Åñëè ââåñòè âåëè÷èíó

(71) Mk,n := min{Z(t) : Vk ≤ t ≤ Vn}, 0 < k < n,

òî Qk,n(t, x) ìîæíî ïåðåïèñàòü â âèäå

(72) Qk,n(t, x) = P(Mk,n > 0, Vn ≤ Ān|τ > Vk, Vk = t, Zk = x).

Îòìåòèì, ÷òî ïðè Vk ≤ t ≤ Vn

Z(t)− Zk = SN(t) − Sk − g(t) + g(Vk),

ñëåäîâàòåëüíî, ïðè òåõ æå t

∆k(t) := |Z(t)− Zk − (SN(t) − Sk)| ≤ 2G(Vn).

Èç îïðåäåëåíèé (68) è (71) íåñëîæíî óâèäåòü, ÷òî

(73) |Mk,n − Zk − µk,n| ≤ sup
Vk≤t≤Vn

∆k(t) ≤ 2G(Vn), 0 < k < n.

Ëåãêî çàìåòèòü, ÷òî èç îïðåäåëåíèÿ (67) âåëè÷èíû Ψ ìîæíî ïîëó÷èòü

(74) ∀ x, z |Ψ(x− z)−Ψ(x)| ≤ 2ϕ(0)|z| = C0|z|.

Òàê êàê Bn ≥ Bk,n, òî

(75) ∀ x ≥ 0 Ψ

(
x

Bn

)
≤ Ψ

(
x

Bk,n

)
≤ 2ϕ(0)x

Bk,n
=
C0x

Bk,n
.
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Ëåììà 7. Äëÿ ëþáûõ n > k ≥ 0 è âñåõ x > 0

(76) Qk,n(t, x) ≤ C0x

Bk,n
+ ρk,n,

ãäå

(77) ρk,n := ck,nπn +
2C0G(Ān)

Bk,n
, ck,n = 1 + 2C0

Bn
Bk,n

.

Äîêàçàòåëüñòâî. Ïðèìåíèì ïðåäñòàâëåíèå (72) è íåðàâåíñòâî (73):

Qk,n ≤ P(Zk + µk,n + 2G(Vn) > 0, Vn ≤ Ān|τ > Vk, Vk = t, Zk = x)

≤ P(x+ 2G(Ān) + µk,n > 0|τ > Vk, Vk = t, Zk = x)(78)

= qk,n(x+ 2G(Ān)).

Èñïîëüçóÿ ëåììó 6, ìîæåì îöåíèòü

(79) qk,n(x+ 2G(Ān)) ≤ Ψ

(
x+ 2G(Ān) + 2πnBn

Bk,n

)
+ πn.

Ñëåäîâàòåëüíî, â ñèëó (74) è (75),

(80) qk,n(x+ 2G(Ān)) ≤ C0x

Bk,n
+ ck,nπn +

2C02G(Ān)

Bk,n
.

Èç (78) è (80) ïîëó÷èì òðåáóåìîå íåðàâåíñòâî. �

Ëåììà 8. Ïðè âûïîëíåíèè óñëîâèé ëåììû 7

(81) Qk,n(t, x) ≥ Ψ

(
x

Bn

)
− ρk,n − pk,n(t, x),

ãäå âåëè÷èíû ρk,n è pk,n îïðåäåëåíà â ëåììå 7 è â ïðåäëîæåíèè 2.

Äîêàçàòåëüñòâî. Èñïîëüçóåì ïðåäñòàâëåíèå (72) è íåðàâåíñòâî (73):

Qk,n(t, x) ≥ P(Zk + µk,n − 2G(Vn) > 0, Vn ≤ Ān|τ > Vk, Vk = t, Zk = x)

≥ P(x+ µk,n − 2G(Ān) > 0, Vn ≤ Ān|τ > Vk, Vk = t, Zk = x)

≥ qk,n(x− 2G(Ān))− pk,n(t, x).(82)

Äàëåå, ïðèìåíÿÿ ëåììó 6 è îöåíêè (74), (75),

qk,n(x− 2G(Ān)) ≥ Ψ

(
x− 2G(Ān)− 2πnBn

Bk,n

)
− πn(83)

≥ Ψ

(
x

Bk,n

)
− πn − 2C0

(
G(Ān) + πnBn

Bk,n

)
≥ Ψ

(
x

Bn

)
− ck,nπn −

2C0G(Ān)

Bk,n
.

Èç (82) è (83) ïîëó÷èì íåðàâåíñòâî (81). �

Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 2. Îöåíèì ñíèçó Ψ(y) èç (67) ñ ïîìîùüþ ðàç-
ëîæåíèÿ â ðÿä Òåéëîðà

Ψ(y) = 2

y∫
0

ϕ(x)dx ≥ 2

y∫
0

ϕ(0)

(
1− x2

2

)
dx = 2ϕ(0)

(
y − y3

6

)
.



ÎÁ ÀÑÈÌÏÒÎÒÈÊÅ ÂÅÐÎßÒÍÎÑÒÈ ÍÅÂÛÕÎÄÀ 1679

Ñëåäîâàòåëüíî, ïðè y = x/Bn

Ψ

(
x

Bn

)
≥ Ψ

(
x

Bn

)
I[0 < x ≤

√
6h] ≥ C0

xI[0 < x ≤
√

6h]

Bn

(
1− x2

6B2
n

)
(84)

≥ C0
xI[0 < x ≤

√
6h]

Bn

(
1− h2

B2
n

)
≥ C0

x

Bn

(
1− h2

B2
n

− I[x > 2h]

)
,

ãäå I[A] � èíäèêàòîð ìíîæåñòâà A.
Äàëåå, ïðè âûïîëíåíèè (63) èìååì èç (77) ÷òî

Bk,n ≤
√

2Bn, 2C0
Bn
Bk,n

≤ C2 := 2
√

2C0 < 2.4, ck,n ≤ 1 + C2,

à ïîòîìó ââèäó (70)

(85) ρk,n = ck,nπn +
2C0G(Ān)

Bk,n
≤ 6.3(1 + C2) 4

√
L2,n +

C2G(Ān)

Bn
≤ ρn.

Çäåñü ìû èñïîëüçîâàëè åù¼ îïðåäåëåíèå ρn èç (62).
Îöåíèâàÿ òåïåðü âåëè÷èíó ρk,n â (77) ïðè ïîìîùè (85), ìû ïîëó÷àåì (64).

À ïîäñòàâëÿÿ (84) è (85) â (81) ìû ïðèõîäèì êî âòîðîìó óòâåðæäåíèþ (65)
ïðåäëîæåíèÿ 2. �

3. Îöåíêè ñâåðõó äëÿ P(τ > Vn)

3.1. Êëþ÷åâîå íåðàâåíñòâî. Ïóñòü ÷èñëà m, n òàêèå, ÷òî

(86) 0 < m < n, B2
m ≤ B2

n/2, θn ≤ 1.

Ëåììà 9. Ïóñòü âûïîëíåíî óñëîâèå (86). Òîãäà

(87) P(τ > Vn) ≤ C0Un
Bm,n

+ ρnP(τ > Vm) +
θn
Bn

.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ îïðåäåëåíèå (61), íåðàâåíñòâî (76) è ìàðêîâñêîå
ñâîéñòâî ïàð {(Vm, Zm),m = 1, 2, . . .}, èìååì:

P(τ > Vn, Vn ≤ Ān) = P(τ > Vn, Vn ≤ Ān, τ > Vm) = E[Qm,n(Vm, Zm), τ > Vm].

Íî îòñþäà è èç íåðàâåíñòâà (76) íàõîäèì:

Pn := P(τ > Vn, Vn ≤ Ān) ≤ E
[C0Zm
Bm,n

+ ρn, τ > Vm

]
=
C0Um
Bm,n

+ ρnP(τ > Vm).

(88)

Äàëåå, î÷åâèäíî

(89) P(τ > Vn) ≤ P(τ > Vn, Vn ≤ Ān) + P(Vn > Ān) ≤ Pn +
θn
Bn

.

Ïîäñòàâëÿÿ òåïåðü (88) â (89) è ó÷èòûâàÿ, ÷òî Um ≤ Un, ìû ïðèõîäèì ê (87).
�
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3.2. Ãðóáàÿ îöåíêà ñâåðõó äëÿ P(τ > Vn). Èç àñèìïòîòèêè (9) è óñëîâèÿ
(11) ñëåäóåò, ÷òî

(90) K1 := sup
n≥1

Bn+1

Bn
<∞ è K2 := sup

n≥1

√
An
Bn

<∞,

ïîñêîëüêó B1 > 0. Ââåä¼ì îáîçíà÷åíèÿ:

N0 := min
{
n ≥ 1 : θn ≤ 1 è L2,n := sup

k≥n
L2,k ≤ 1

}
,(91)

λn := 12κnK2θ
3

n/U1 + 4κnK2 + 2 3
√
L2,n → 0.(92)

Ïðåäëîæåíèå 3. Â óñëîâèÿõ òåîðåìû 1 íàéä¼òñÿ òàêîå ÷èñëî K0 <∞, ÷òî

(93) ∀ n > 0 BnP(τ > Vn) ≤ K0Un.

Êðîìå òîãî, åñëè n ≥ N0, òî ñïðàâåäëèâû íåðàâåíñòâà

(94) 0 ≤ Un − Um ≤ λnUn(1 +K0Bn/Bm) ïðè n > m > 0 .

Â ÷àñòíîñòè, ñâîéñòâî (15) èìååò ìåñòî, íàïðèìåð, ïðè

(95) m(n) = n ∧min{k ≥ 1 : Bk ≥
√
λnBn}.

Äîêàçàòåëüñòâî. Ââåäåì ÷èñëà

N1 = min{n ≥ 1 : 2
√

2K1ρn ≤ 1 è θn ≤ 1},(96)

K0 = 2
√

2C0 +
2

U1
+ max
n<N1

BnP(τ > Vn)

Un
.(97)

Ïðè n < N1 íåðàâåíñòâî î÷åâèäíî ñëåäóåò èç îïðåäåëåíèÿ ïîñòîÿííîé K0.
Ðàññìîòðèì n ≥ N1 ≥ 1. Ïî èíäóêöèè, ïóñòü äëÿ âñåõ m < n íåðàâåíñòâî óæå
äîêàçàíî, òî åñòü

(98) P(τ > Vm) ≤ K0Um
Bm

≤ K0Un
Bm

.

Çäåñü ìû òàêæå èñïîëüçîâàëè ñâîéñòâî Um ≤ Un. Âûáåðåì m = max{k < n :
B2
k ≤ B2

n/2}. Â ýòîì ñëó÷àå î÷åâèäíî, ÷òî

B2
m ≤ B2

n/2 < B2
m+1 ≤ K1B

2
m è B2

m,n ≥ B2
n/2.

Ïðèìåíèì îöåíêó (87), ïîäñòàâèì â íåå (98) è èñïîëüçóåì (51). Â èòîãå ïðè
n > m ≥ N1 ïîëó÷èì:

BnP(τ > Vn) ≤ C0Un
Bn
Bm,n

+K0ρn
Bn
Bm

Un + θn
Un
Un

(99)

≤ Un
(
C0

Bn
Bm,n

+
θn
Un

+K0ρnK1
Bn
Bm+1

)
≤ Un

(
C0

√
2 +

1

U1
+K0ρnK1

√
2

)
≤ Un

(
K0

2
+
K0

2

)
= K0Un.

Ïðè âûâîäå ïîñëåäíåãî íåðàâåíñòâà ìû òàêæå èñïîëüçîâàëè îïðåäåëåíèÿ (96)
è (97).

Ïî èíäóêöèè, (99) âëå÷¼ò (93). Äàëåå, ÷òîáû ïîëó÷èòü (94), íàäî ïîäñòàâèòü
(93) â äîêàçûâàåìîå íèæå íåðàâåíñòâî (100) ïðè α = m è âîñïîëüçîâàòüñÿ
ðàâåíñòâàìè èç (49). Íàêîíåö, ïîäñòàâëÿÿ (95) â (94), èìååì:

0 ≤ 1− Um(n)

/
Un ≤ λn +K0

√
λn → 0.
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�

Ëåììà 10. Ïóñòü âûïîëíåíû óñëîâèÿ (À) è (G), à α � òàêîé ìîìåíò îñòà-
íîâêè öåïè ÌàðêîâàM, ÷òî 1 ≤ α ≤ n ïðè íåêîòîðîì íåñëó÷àéíîì íàòóðàëü-
íîì n. Òîãäà ïðè ëþáîì n ≥ N0

(100) 0 ≤ EZ∗α −EZ∗n ≤ λnUn + λnBnP(β > α).

Äëÿ âûâîäà ýòîãî íåðàâåíñòâà íàì äîñòàòî÷íî îöåíèòü ïðàâóþ ÷àñòü â (50),
èñïîëüçóÿ îïðåäåëåíèÿ (90), (91) è (92) âåëè÷èí K2, N0 è λn, à òàêæå ó÷åñòü,

÷òî L1,n = θ3n/Bn ≤ θ
3

n/Bn.

3.3. Àñèìïòîòè÷åñêàÿ îöåíêà ñâåðõó P(τ > Vn). Ïðè ïðîèçâîëüíîì ε ∈
(0, 1/2] ïîëîæèì

(101) N2(ε) := min

{
n ≥ 2 :

K0K1ρn√
ε

+
θn
U1
≤ C0ε è θn ≤ 1

}
.

Ïðåäëîæåíèå 4. Â óñëîâèÿõ òåîðåìû 1 ïðè ëþáîì ε ∈ (0, 1/2] äëÿ âñåõ
n > N2(ε)

√
1− εBnP(τ > Vn) ≤ (1 + ε)C0Un.

Äîêàçàòåëüñòâî. Ïóñòü m = max{k < n : B2
k ≤ εB2

n}. Òîãäà

B2
m ≤ εB2

n < B2
m+1 ≤ K1B

2
m è B2

n ≥ B2
m,n ≥ (1− ε)B2

n.

Òåïåðü ìû ìîæåì èñïîëüçîâàòü îöåíêè (87) è (98) âìåñòå ñ ïðåäûäóùèì íåðà-
âåíñòâîì. Ïîäñòàâëÿÿ íåðàâåíñòâî (98) â (87) è ïðèìåíÿÿ (51), ïîëó÷èì

√
1− εBnP(τ > Vn) ≤ Bm,nP(τ > Vn)

≤ C0Un + ρnK0Um
Bm,n
Bm

+ C
Bm,nθn
Bn

Un
Un

≤ Un
(
C0 +K0ρn

Bm+1

Bm

Bn
Bm+1

+
θn
Un

)
≤ Un

(
C0 +K0ρn

K1√
ε

+
θn
U1

)
≤ (1 + ε)C0Un.

Ïðè âûâîäå ïîñëåäíåãî íåðàâåíñòâà ìû òàêæå èñïîëüçîâàëè îïðåäåëåíèå (101).
�

4. Äîêàçàòåëüñòâî òåîðåìû 1

4.1. Îñíîâíàÿ èäåÿ. Ââåäåì âñïîìîãàòåëüíûå ñëó÷àéíûå âåëè÷èíû:

(102) ν(h) := inf{k > 0 : Zk ≥ h}, νm = min{ν(h),m}, m, h > 0,

ãäå m ∈ N è h = h(n) ∈ R áóäóò îïðåäåëåíû ïîçæå.

Ëåììà 11. Ïðè ëþáûõ n > m > 0 è h > 0

(103) Pn = E[Qνm,n(Vνm , Zνm);β > νm, Vνm ≤ Ān],

ãäå âåëè÷èíû Pn è Qk,n(t, x) áûëè ââåäåíû â (88) è (61) ñîîòâåòñòâåííî.
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Äîêàçàòåëüñòâî. Ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè, èñïîëüçóÿ òîò ôàêò, ÷òî
Vk < Vn äëÿ âñåõ k < n,

P(τ > Vn, Vn ≤ Ān) =

m∑
k=1

P(νm = k, τ > Vn, Vn ≤ Ān).(104)

Îòìåòèì, ÷òî νm ÿâëÿåòñÿ ìîìåíòîì îñòàíîâêè öåïè Ìàðêîâà M, ââåäåííîé
â (40). Â òàêîì ñëó÷àå, òàê êàê {τ > Vk} = {β > k} è Vk < Vn äëÿ âñåõ k < n,
ïîëó÷èì

P(νm = k, τ > Vn, Vn ≤ Ān)(105)

= P(νm = k, τ > Vn, Vn ≤ Ān, τ > Vk, Vk ≤ Ān)

= E[Qk,n(Vk, Zk);β > k = νm, Vk ≤ Ān].

Ïðè âûâîäå ðàâåíñòâà âûøå ñóùåñòâåííî èñïîëüçîâàëîñü îïðåäåëåíèå (61)
ôóíêöèè Qk,n(·, ·).

Ïîäñòàâëÿÿ (105) â (104), ïîëó÷èì óòâåðæäåíèå ëåììû. �

Îñòàëüíàÿ ÷àñòü äàííîãî ïàðàãðàôà ïîñâÿùåíà âûâîäó ñëåäóþùåãî óòâåð-
æäåíèÿ.

Ïðåäëîæåíèå 5. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1. Òîãäà äëÿ âñåõ
ε ∈ (0, 1/2] ñóùåñòâóåò òàêîå ÷èñëî N3(ε), ÷òî

BnP(τ > Vn) ≥ (1− ε)C0Un äëÿ âñåõ n ≥ N3(ε).

Äîêàçàòåëüñòâî òåîðåìû 1. Ïåðâîå óòâåðæäåíèå (13) òåîðåìû 1 íåïîñðåä-
ñòâåííî ñëåäóåò èõ ïðåäëîæåíèé 4 è 5. Âòîðîå óòâåðæäåíèå (15) ýòîé òåîðåìû
óæå âûâåäåíî âî âòîðîé ÷àñòè ïðåäëîæåíèÿ 3. �

4.2. Íèæíÿÿ îöåíêà äëÿ P(τ > Vn).

Ëåììà 12. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 è (86). Òîãäà äëÿ âñåõ h > 0

BnP(τ > Vn) ≥ C0E[Z∗νm ;Dm,n]

(
1− h2

B2
n

)
(106)

−ρnBnP(Dm,n)− C0Em,n −BnP(Vn > Ān),

ãäå

(107) Dm,n := {τ > Vνm , Vνm ≤ Ān}, Em,n := E[Z∗νm ;Z∗νm > 2h, Vνm ≤ Ān].

Êðîìå òîãî,

P(β > νm)−P(Vn > Ān) ≤ P(Dm,n) ≤ P(τ > Vm) + E[Z∗νm ;Dm,n]/h.(108)

Äîêàçàòåëüñòâî. Íåòðóäíî çàìåòèòü, ÷òî

P(τ > Vn) ≥ Pn = P(τ > Vn, Vn ≤ Ān) = E[Qνm,n(Vνm , Zνm);Dm,n].

Ïîäñòàâèì â ïîñëåäíåå ìàòåìàòè÷åñêîå îæèäàíèå îöåíêó äëÿ Qk,n(t, x) èç (65).
Â èòîãå ïîëó÷èì

P(τ > Vn) ≥

E

[
C0

Z∗νm
Bn

(
1− h2

B2
n

− I[Z∗νm >
√

2h]

)
− ρn − pνm,n(Vνm , Z

∗
νm) ;Dm,n

]
≥
C0E[Z∗νm ;Dm,n]

Bn

(
1− 2h2

3B2
n

)
− C0Em,n

Bn
− ρnP(Dm,n)−P(Vn > Ān),
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÷òî äà¼ò (106).
Çàìåòèì òåïåðü, ÷òî ïî íåðàâåíñòâó ×åáûøåâà èç îïðåäåëåíèÿ (107) èìååì:

P(Dm,n, τ ≤ Vm) = P(Z∗νm > h,Dm,n) ≤ E[Z∗νm ;Dm,n]/h.

Ñëåäîâàòåëüíî

P(Dm,n) ≤ P(τ > Vm) + P(Dm,n, τ ≤ Vm)(109)

≤ P(τ > Vm) + E[Z∗νm ;Dm,n]/h.

Êðîìå òîãî,

P(β > νm) = P(τ > Vνm) ≤ P(Dm,n) + P(Vνm > Ān)(110)

≤ P(Dm,n) + P(Vn > Ān).

Òåì ñàìûì (109) è (110) äîêàçûâàþò îáà íåðàâåíñòâà èç (108). �

4.3. Îöåíêà äëÿ Em,n.

Ëåììà 13. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1, à ÷èñëà n,m è h òàêèå,
÷òî

(111) h ≥ 4G(Ān) è h ≥ 2Bm.

Òîãäà íàéä¼òñÿ ÷èñëî K3 <∞ òàêîå, ÷òî ïðè âñåõ n ≥ m > 0

(112) Em,n ≤
16

h
K3UnBm

√
L2,n.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ âåëè÷èíû νm è ôóíêöèè G(·), èñïîëüçóÿ
(111), èìååì

Zνm = Zνm−1 +Xνm − g(Vνm) + g(Vνm−1)

< h+Xνm + 2G(Vνm) ≤ 3h/2 +Xνm ïðè Vn ≤ Ān,
ïîñêîëüêó Vνm ≤ Vn. Íî èç ýòîãî ñîîòíîøåíèÿ ìû òàêæå íàõîäèì:

Xνm > Zνm − 3h/2 ≥ h/2 ïðè Zνm > 2h è Vn ≤ Ān.
Èñïîëüçóÿ ýòè äâå îöåíêè, ïîëó÷àåì:

Em,n = E[Zνm ;β > νm, Zνm > 2h, Vn ≤ Ān](113)

≤ E[3h/2 +Xνm ;β > νm, Xνm > h/2] ≤ E[4Xνm ;β > νm, Xνm > h/2]

≤ E[8X2
νm/h;β > νm, Xνm > h/2] =

8

h

m∑
j=1

E[X2
j ;β > νm = j,Xj > h/2]

≤ 8

h

m∑
j=1

E[X2
j ;β > j − 1, Xj > Bm] =

8

h

m∑
j=1

E[X2
j ;Xj > Bm]P(β > j − 1).

Âñïîìíèì îöåíêè (93) è (90):

∀ j = 2, . . . , n, P(β > j − 1) ≤ K0Uj−1
Bj−1

≤ K0Un
Bj−1

≤ K0K1Un
Bj

.

Íî ïîñêîëüêó U1 > 0, B1 > 0 è P(β > j − 1) ≤ 1, òî ýòî íåðàâåíñòâî ìîæíî
ñäåëàòü âåðíûì è êîãäà j = 1:

(114) ∀ j = 1, 2, . . . , n, P(β > j − 1) ≤ K3Un/Bj ,

ïðè K3 := max{B1/U1,K0K1} <∞.
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Ââåä¼ì îáîçíà÷åíèÿ:

(115) mj := E[X2
j ; |Xj | > Bm], Mj :=

j∑
k=1

mk ≤ B2
j ,

è çàìåòèì, ÷òî â ýòîì ñëó÷àå

m∑
j=1

mj

Bj
≤

m∑
j=1

mj

M
1/2
j

=

m∑
j=1

Mj −Mj−1

M
1/2
j

≤
Mm∫
0

dx

x1/2
= 2M1/2

m .(116)

Èñïîëüçóÿ îöåíêè èç (114) è (116), à òàêæå îáîçíà÷åíèÿ (115), ìû ìîæåì ïðî-
äëèòü öåïî÷êó íåðàâåíñòâ â (113):

Em,n ≤
8

h

m∑
j=1

mjP(β > j − 1) ≤ 8

h
K3Un

m∑
j=1

mj

Bj
≤ 16

h
K3UnM

1/2
m .(117)

Ñðàâíèâàÿ îïðåäåëåíèÿ (115) è (7), íåòðóäíî çàìåòèòü, ÷òî

Mm =

m∑
j=1

E[X2
j ; |Xj | > Bm] ≤ B2

m

n∑
k=1

E

[
|Xk|3

B3
m

∧ X2
k

B2
m

]
= B2

mL2,m.

Ïîäñòàâëÿÿ ýòó îöåíêó â (117), ìû ïðèõîäèì ê (112). �

4.4. Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 5. Ïðåäïîëîæèì, ÷òî n ≥ N0, âûïîë-
íåíî (86), à ÷èñëî h > 0 óäîâëåòâîðÿåò óñëîâèÿì (111). Èç îïðåäåëåíèé (102)
è (107), ñ ó÷¼òîì ïðåäëîæåíèÿ 1, ïîëó÷àåì:

E[Z∗νm ;Dm,n] ≤ E[Z∗νm ] ≤ E[Z∗m] ≤ E[Z∗n] = Un,

EZ∗νm −E[Z∗νm ;Dm,n] = E[Z∗νm ;Vνm > Ān] ≤ hP(Vνm > Ān).

À èç ëåììû 10 ïðè α = νm íàõîäèì:

0 ≤ EZ∗νm −EZ∗n ≤ λnUn + λnBnP(β > νm).

Òàêèì îáðàçîì, èç ñêàçàííîãî âûøå èìååì:

Un ≥ E[Z∗νm ;Dm,n] ≥ Un − λnUn − λnBnP(β > νm)− hP(Vνm > Ān).(118)

Ââåäåì

δ1,n := Em,n +BnP(Vn > Ān) + hP(Vνm > Ān),

δ2,n := ρnBnP(Dm,n) + λnBnP(β > νm).

Ïîäñòàâëÿÿ (118) â (106), ïîëó÷àåì

BnP(τ > Vn)

Un
≥ C0 −

h2n
B2
n

− λn −
δ1,n
Un
− δ2,n

Un
.(119)

Çäåñü ìû åù¼ ó÷ëè, ÷òî 0 < C0 < 1. Ïîñêîëüêó Vνm ≤ Vn, òî èç (32) èç (111)
íåìåäëåííî íàõîäèì:

δ1,n ≤
16

h
K3UnBm

√
L2,n + θn +

hθn
Bn

.(120)

Èç íåðàâåíñòâà (108), ñ ó÷¼òîì (98), èìååì

P(Dm,n) ≤ Un
h

+ P(τ > Vm) ≤ Un
h

+
K0Un
Bm

,



ÎÁ ÀÑÈÌÏÒÎÒÈÊÅ ÂÅÐÎßÒÍÎÑÒÈ ÍÅÂÛÕÎÄÀ 1685

ãäå ìû åùå èñïîëüçîâàëè, ÷òî Un ≥ Um. Àíàëîãè÷íî, ó÷èòûâàÿ (32)

P(β > νm) ≤ P(Dm,n) + P(Vn > An) ≤ Un
h

+
K0Un
h

+
θn
Bm

.

Ñóììèðóÿ, ïîëó÷àåì

(121) δ2,n ≤ λnθn +K0Un(ρn + λn)Bn/Bm + Un(ρn + λn)Bn/h.

Ââåäåì ÷èñëà

(122) γ2n := (ρn + λn)→ 0, γ∗n := λn + λnθn/U1 + θn/U1 → 0.

Ïîäñòàâëÿÿ (120) è (121) â (106) è èñïîëüçóÿ îáîçíà÷åíèÿ (122), íàõîäèì

(123)
BnP(τ > Vn)

Un
≥ C0−

h2

B2
n

− hθn
Bn
−γ∗n−K0γ

2
n

Bn
Bm
−γ2n

Bn
h
−16K3

√
L2,n

Bm
h
.

Âûáåðåì òåïåðü ÷èñëî m = m(n), ïîëàãàÿ

m = m(n) := max{k : Bk ≤ γnBn}, ãäå γn = sup
k≥n

γn → 0.

Òàêèì îáðàçîì ïðè m = m(n)

(124) Bm ≤ γnBn < Bm+1, γ2n
Bn
Bm
≤ K1γ

2
n

Bn
Bm+1

≤ K1γ
2
n

γn
= K1γn → 0.

À ïîñêîëüêó γn → 0, òî

N4 := min{n ≥ N0 : γn ≤ 1/2} <∞.

Òî åñòü ïðè n ≥ N4 ≥ N0 âûïîëíåíî (86).
Âîçüìåì íàêîíåö â êà÷åñòâå h = h(n) ÷èñëî

(125) h = h(n) = 2γnBn + 4K1κnBn ≥ 2Bm + 4G(2An),

ãäå ïðè âûâîäå ïîñëåäíåãî íåðàâåíñòâà ìû èñïîëüçîâàëè (124), (48) è (90).
Ïîäñòàâëÿÿ òåïåðü â (123) ÷èñëà m è h èç (124) è (125), èìååì

BnP(τ > Vn)

Un
≥ C0 −

h2

B2
n

− h

Bn
− γ∗n −K0K1γn − γn − 8K3

√
L2,n

= C0 −O(γn + κn)− γ∗n −O(γn)−O(
√
L2,n)→ C0.

Íî èç ïîñëåäíåé ñõîäèìîñòè âûòåêàåò òðåáóåìîå óòâåðæäåíèå ïðåäëîæå-
íèÿ 5.

5. Äîêàçàòåëüñòâî òåîðåìû 2

Ïðåæäå âñåãî ìû óñòàíîâèì ñïðàâåäëèâîñòü äâóõ âñïîìîãàòåëüíûõ óòâåð-
æäåíèé.

Ëåììà 14. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 2

lim sup
T→∞

B(T )P(τ > T )

U(T )
= lim sup

T→∞

Bn(T )P(β > n(T ))

Un(T )
≤
√

2

π
.
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Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

(126) P(τ > T ) ≤ P(τ > VM ) + P(VM > T ) ïðè âñåõ M ≥ 0.

Äëÿ êàæäîãî èç ñëàãàåìûõ â ïðåäûäóùåì íåðàâåíñòâå ó íàñ èìåþòñÿ íåêîòî-
ðûå îöåíêè. Äëÿ âòîðîãî � ýòî ñëåäóþùàÿ îöåíêà èç ëåììû 2

(127) P(VM > T ) ≤ P(VM > AM (1 + θM )) ≤ θM
BM

ïðè AM (1 + θM ) ≤ T.

À äëÿ ïåðâîãî ñëàãàåìîãî ó íàñ èìååòñÿ àñèìïòîòèêà, ïîëó÷åííàÿ â òåîðåìå 1:

(128) P(τ > VM ) =

√
2

π

UM
BM

(
1 + o(1)

)
ïðè M →∞.

Íàøà ïåðâàÿ çàäà÷à � ïîäáîð òàêîãî M = M(T ) ≥ 0, ÷òîáû îäíîâðåìåííî
áûëè ñïðàâåäëèâû (127) è (128).

Ïðåäïîëîæèì äàëåå, ÷òî

(129) T > T0 := inf{T > 0 : θn(T/2) ≤ 1/2} è N := n(T ).

Ïîñêîëüêó 1− n(T/2) ≥ 1/2 ïðè T > T0, òî â ýòîì ñëó÷àå âîçüìåì

(130) M := M(T ) = n(T (1− θn(T/2))) ≥ L := L(T ) = n(T/2).

Íî ïðè âûáðàííîìM = M(T ), âñïîìíèâ, ÷òî θM ≤ θM ≤ θL, ïîëó÷àåì îöåíêó:

AM (1 + θM ) ≤ AM (1 + θL) ≤ T (1− θL)(1 + θL) = T (1− θ2L) ≤ T,

èç êîòîðîé ñðàçó æå ñëåäóåò (127). À òàê êàê M ≥ L → ∞ ïðè T → ∞, òî
âåðíî è (128). Ïîäñòàâèâ (127) è (128) â (126), èìååì:

BNP(τ > T )

UN
≤ BN
BM

UM
UN

BMP(τ > VM )

UM
+
BN
BM

θM
UN

(131)

≤ BN
BM

√
2

π

(
1 + o(1)

)
+
BN
BM

θM
U1
∼ BN
BM

√
2

π
ïðè M →∞.

Ïîñêîëüêó aM ≤ aNAN ïðè M ≤ N , òî, ââèäó (130),

AN ≥ AM ≥ T (1− θL)− aM ≥ AN (1− θN )− aNAN = AN (1− θN − aN ).

Òàêèì îáðàçîì,

1 ≥ AM
AN
≥ 1− θN − aN → 1 ïðè T →∞.

À ïî óñëîâèþ (17) òåîðåìû 2

(132)
BM
BN

=

√
c2B2

M√
c2B2

N

∼
√
AM√
AN

=

√
AM
AN
→ 1 ïðè T →∞.

Íî èç ýòîé ñõîäèìîñòè è (131) âûòåêàåò òðåáóåìîå óòâåðæäåíèå ëåììû. �

Ëåììà 15. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 2

(133) lim inf
T→∞

B(T )P(τ > T )

U(T )
= lim inf

T→∞

Bn(T )P(β > n(T ))

Un(T )
≥
√

2

π
.
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Äîêàçàòåëüñòâî. Àíàëîãè÷íî, êàê è â ïðåäûäóùåé ëåììå,

(134) P(τ > VK) ≤ P(τ > T ) + P(VK < T ) ïðè âñåõ K ≥ 0.

Èç óòâåðæäåíèÿ (29) â ëåììå 2 ó íàñ åñòü îöåíêà äëÿ

(135) P(VK < T ) ≤ P(VK < (1− θ̃K)AK) ≤ θK
BK

ïðè T ≤ (1− θ̃K)AK .

À èç òåîðåìû 1

(136) P(β > K) = P(τ > VK) =

√
2

π

UK
BK

(
1 + o(1)

)
ïðè K →∞.

Òåïåðü íàì íóæíî íàéòè òàêîå K = K(T ) ≥ N = n(T ), ÷òîáû áûëè îäíîâðå-
ìåííî âåðíû (135) è (136).

Ïðåäïîëîæèì, ÷òî

T > T1 := min{T > 0 : θ̃∗N := sup
k≥N

θ̃k ≤ 1/2, a∗N := sup
k≥N

ak ≤ 1/2},

ãäå θ̃∗N ↓ 0 è a∗N ↓ 0 ïðè N →∞. Òåïåðü âîçüìåì

(137) K = K(T̃ ) = n(T̃ ) ≥ N ïðè T̃ =
T

(1− θ̃∗N )(1− a∗N )
.

Òîãäà

AK = AK+1 − aK+1 ≥ AK+1 − aK+1AK+1 ≥ AK+1(1− a∗N ) ≥ T̃ (1− a∗N ).

À ïîòîìó, ââèäó (137),

AK(1− θ̃K) ≥ AK(1− θ̃∗N ) ≥ T̃ (1− a∗N )(1− θ̃∗N ) = T ≥ AN .(138)

Èç (138) ïîëó÷àåì, ÷òî ïðè âûáðàííîì K = K(T ) âåðíî (135). À òàê êàê
K(T ) ≥ n(T )→∞, òî âåðíî è (136). Ïîäñòàâèâ (135) è (136) â (134), íàõîäèì:

BNP(τ > T )

UN
≥ BN
BK

UK
UN

BKP(τ > VK)

UK
− BN
BK

UK
UN

θK
UK

(139)

≥ BN
BK

UK
UN

√
2

π

(
1 + o(1)

)
− BN
BK

UK
UN

θK
U1
∼ BN
BK

UK
UN

√
2

π
ïðè K →∞.

Äàëåå, AN+1 > T = T̃ (1− θ̃∗N )(1− a∗N ) â ñèëó (137). Çíà÷èò,

1 ≤ AK
AN
≤ T̃

AN
<
AN+1

AN

1

(1− θ̃∗N )(1− a∗N )
→ 1 ïðè N →∞.

Çäåñü ìû òàêæå èñïîëüçîâàëè (9). È ñëåäîâàòåëüíî, àíàëîãè÷íî (132),

(140)
BK
BN
∼
√
AK
AN
→ 1 ïðè T →∞.

Çàìåòèì, ÷òî ñõîäèìîñòü (140) ÿâëÿåòñÿ áîëåå æåñòêèì óñëîâèåì, ÷åì èñïîëü-
çîâàëîñü â (15) ïðè n = K è m = N . Ïîýòîìó, ïðè óêàçàííûõm è n èç ñâîéñòâà
(15) ìû ïîëó÷àåì, ÷òî UK/UN → 1 ïðè T → ∞. Ïîäñòàâëÿÿ ïîñëåäíèé ôàêò
è (140) â (139), ìû íàõîäèì (133). �
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Èç ëåìì 14 è 15 âûòåêàåò , ÷òî

lim
T→∞

B(T )P(τ > T )

U(T )
= lim
T→∞

Bn(T )P(β > n(T ))

Un(T )
=

√
2

π
.

Íî ýòà ñõîäèìîñòü ñîâïàäàåò ñ òðåáóåìûì óòâåðæäåíèåì (18) òåîðåìû 2. Êðî-
ìå òîãî, ôóíêöèÿ U(·) ìîíîòîííî íå óáûâàåò, ïîñêîëüêó íå óáûâàåò ïîñëåäî-
âàòåëüíîñòü {Un}, è îíà ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ ââèäó áîëåå ñèëüíîãî
ñâîéñòâà (15), êîòîðîå óæå óñòàíîâëåíî â òåîðåìå 1.

Òàêèì îáðàçîì, âñå óòâåðæäåíèÿ ðàáîòû ïîëíîñòüþ äîêàçàíû.
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