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ESTIMATES FOR SOLUTIONS TO ONE CLASS OF NONLINEAR
NONAUTONOMOUS SYSTEMS WITH TIME-VARYING
CONCENTRATED AND DISTRIBUTED DELAYS

1.I. MATVEEVA

ABSTRACT. We consider a class of nonlinear systems of nonautonomous
differential equations with time-varying concentrated and distributed
delays than can be unbounded. Using a Lyapunov — Krasovskii functional,
some estimates of solutions are established. The obtained estimates allow
us to conclude whether the solutions are stable. In the case of exponential
and asymptotic stability, stabilization rates of the solutions at infinity
are pointed out.
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1. INTRODUCTION

We consider the systems of delay differential equations of the following form:

S0 = AOuO + BOY—r0)+ [ Dt - o)(s)ds
t—7(t)
+F | t,y(t),y(t —7(t)), / D(t,t —s)y(s)ds |, t>0, (1.1)

t—7(t)
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where A(t), B(t), D(t,s) are (n x n)-matrices with continuous real-valued entries,
ie.,
aij(t), bi;(t) € C(Ry), dij(t,s) € C[RY), i,j=1,...,m,
7(t) is the delay function, 7(t) € C1([0, x)),
dr(t)
dt
F(t,u,v,w) is a continuous real-valued vector-function. We assume that F'(¢, u, v, w)

is a Lipschitz function of u, w on every compact set G C [0,00) x R™ x R™ x R"
and satisfies the inequality

| F(t, u,v,w)|| < qllul*T, t>0, wu,v,weR", (1.3)

with ¢, w > 0.

Our aim is to obtain estimates for solutions to (1.1) on the whole half-axis {t >
0}, on the base of which we can make conclusions about stability of the solutions (in
particular, exponential or asymptotic stability) and point out stabilization rates.

There is a large number of works devoted to the study of stability of solutions to
delay differential equations (for example, see [1]-[5] and the bibliography therein).
Researchers often use Lyapunov — Krasovskii functionals in order to obtain stability
conditions. However, not every Lyapunov — Krasovskii functional allows us to obtain
estimates characterizing decay rate at infinity. In recent years, investigations in
this direction have been actively developed. A lot of works are devoted to delay
differential equations with constant coefficients. In the nonautonomous case the
number of relevant articles is significantly less.

This article continues our research of stability of solutions to nonautonomous
delay differential equations. In particular, we investigated time-delay systems with
periodic coefficients in linear terms. Conditions for exponential stability of the
zero solution were established and estimates of exponential decay of solutions at
infinity were obtained by using suitable Lyapunov—Krasovskii functionals. In [6]
some nonlinear systems with variable coefficients and time-varying concentrated
delay were studied.

In this article we consider nonautonomous systems of the from (1.1) with time-
varying concentrated and distributed delays. Note that the delay can be unbounded
if 1 > 0. We establish estimates for solutions that allow us to conclude whether
the solutions are stable. In the case of exponential and asymptotic stability, we
point out stabilization rates of the solutions at infinity. In Section 2 we establish
estimates for solutions to linear systems (i.e. F(¢,u,v,w) = 0). In Section 3 we
consider nonlinear systems of the form (1.1) when the vector-function F'(¢,u, v, w)
satisfies (1.3) with ¢ > 0.

The author is grateful to Professor G. V. Demidenko for useful discussions.

0<7<7({t)<mt+m, 0<7 <1, 7>0, <m<l1, (1.2)

2. ESTIMATES FOR SOLUTIONS TO LINEAR SYSTEMS

At first we introduce some notations. Define the (n x n)-matrices H(t), K(t,s)
such that

H(t) € CY(R,), H(t)=H*(t) >0, t>0, (2.1)
the minimal eigenvalue h(t) of H(t) satisfies the inequality
h(t) > ho > 0, (2.2)

K(t,s) € C'[RY), K(t,s)=K*(t,s), K(t,s)>0, (ts)eR,.  (23)
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Hereinafter, the matrix inequality S > 0 (or S < 0) means that S is a positive (or
negative) definite Hermitian matrix. We use the spectral norm of matrices.
Define the matrix

Qui(t,s) Qua(t,s) Qus(t,s)
Qt,s) = | Qiat,s) Qalt,s) Qaalt,s) (2.4)
QTC&(L S) Q;Z& (tv 5) QSS (ta 5)

with the entries

Quilt.s) = —SH() ~ H)A(W) — A*(H () ~ K(1,0),
QlQ(t’ S) = _H(t)B(t)7
@Q13(t,s) = —7(t)H(t)D(t,s),
(2.5)
Qualt,s) = (1 - (ZT(t)) K(t,7(1)),
QZB(tv 8) = 07
Qs3(t,s) = —7(t) <§tK(t,s) + iK(t,s)) .
Consider the initial value problem for the linear systems (F' (¢, u,v,w) = 0)
p ¢
GO = AOYO) + BOyt—r0)+ [ Dltt—su(s)ds,  t>0.
t=7(t) (2.6)

y(t) = (p(t), te [_7—27 0]’

y(+0) = ¢(0),

where ¢(t) € C([—72,0]) is a given real-valued vector-function. Below we establish
some estimates for solutions to (2.6).

Theorem 1. Suppose that there are matrices H(t), K(t,s) satisfying (2.1)-(2.3)
such that

(e (8 ). (1)) 2 o000 + KOO 0w (@)
u,v,w € R", (t,s) € Ri,
where p(t), k(t) € C(Ry). Then, for a solution y(t) to (2.6), the following estimate
holds
ool < | S e (<5 [ o). o0, (2.8
where
0
V(0,) = (H(0)p(0), »(0)) + / (K (0, =s)¢(s), (s))ds, (2.9)
—7(0)

() = min{p(t), (1)} (2.10)
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Proof. Let y(t) be a solution to (2.6). Using the matrices H(t), K (¢, s), satisfying the
conditions of Theorem 1, by analogy with [7], we consider the following Lyapunov—
Krasovskii functional on this solution

t

V(t.) = (), u(0)) + J/ (K (1 — syy(s)y(s)ds.  (211)
t—7(t)

Differentiating this functional, we have

V(e = (G HOU0.0)

* /t <2K(t’t—8)y(8)7y(8)>ds.

Taking into account that y(t) satisfies (2.6), we obtain

V() = (| HO + HOAQ + 40RO+ Ke.0)| y0.0(0))

+HH () B@)y(t — (1)), y(1)) + (B* () HB)y(t), y(t — 7(1)))

t

/ D(t,t — s)y(s) ds>

t—7(t) t=7(t)
- (1= G70) e pe—r) [ (R0 ) ds

t—7(t)
Using the matrix Q(t, s) defined in (2.4), (2.5), we have

d . y(t) y(t)
5V ()= 0] / <Q(t7t—8) ( y(ty—(ST)(t)) ) : ( y(t —7(t)) >d8-

t—7(t) y(S)

By (2.7), we arrive at the inequality

GV < pOHOUO.0) - kO [ K- (). u()ds

dt
t—7(t)
According to the definition of (2.11), we have

LVity) < V(1)

where 7(t) is given in (2.10). This differential inequality yields the estimate

V&wgV@&Mm<‘[v®%)
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where V (0, ) is defined in (2.9). Obviously,

R ly@)I1* < HOy(t), y(2) < IHOlly@)]*, (2.12)

where A(t) is the minimal eigenvalue of H(t). Then,

(017 < 5 T O(0)9(0) < V“’)y) FRACLIPNN (— / v(é)d£> ,

whence (2.8) follows.
Theorem 1 is proven. O

Corollary 1. Let the conditions of Theorem 1 hold. If

t

/ V(s)ds > 0,

0

then the zero solution to (1.1) is stable; moreover, for a solution y(t) to (2.6), we
have the estimate

V(0,¢)

<
Iyl < | =22

t>0,

where hg is defined in (2.2).

Corollary 2. Let the conditions of Theorem 1 hold. If

t
/v(s)ds — 00, t— 00,

to

for some to > 0, then the zero solution to (1.1) is asymptotically stable; moreover,
the stabilization rate is determined by the function

exp (; / :fy(s)ds) |

Corollary 3. Let the conditions of Theorem 1 hold. If

t

/V(S)ds >mt+y, >0,
0

then the zero solution to (1.1) is exponentially stable; moreover, for a solution y(t)
to (2.6), we have the estimate

V (0, ) Mt 7
<y —== SRE Sa—— )
ly(t)]l < he P 5 5 ) >0
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3. ESTIMATES FOR SOLUTIONS TO NONLINEAR SYSTEMS

Consider the initial value problem for (1.1)

t

y(t) = AR)y(t) + B@yy(t — 7(t)) + / D(t,t - s)y(s) ds

t—7(t)
+F (t,y(t),y(tT(t)), ft D(t,t — s)y(s) ds>, t>0, (3.1)
t—7(t)
y(t) = p(t), te[-7,0],

y(+0) = ¢(0),

where ¢(t) € C([—72,0]) is a given real-valued vector-function. Below we establish
some estimates for solutions to (3.1).

4
dt

Theorem 2. Let the conditions of Theorem 1 hold and w = 0 in (1.3). Then, for
a solution y(t) to (3.1), the following estimate holds

ool < |5 oo (=5 [uterie) . 10, (32)
where
sutt) =min{ (st - 2L o (33)

Proof. Let y(t) be a solution to (3.1). Consider the Lyapunov—Krasovskii functional
(2.11) on this solution. As in the proof of Theorem 1, differentiating V'(¢,y), we
obtain

! y(t) y(t)
%V(t,y) = —% / <Q(t»t—8) ( y(t —7(t)) ) ; ( y(t —7(t)) >>d8
)

bt y(s) y(s)
+W (1), (3.4)
where Q(t, s) is defined in (2.4), (2.5),

t

W(t)=<H(t)F ty(®),y(t —7(t)), / D(t;t = s)y(s) ds ,y(t)>

t—7(t)

+ <H(t)y(t),F Ly(t), y(t — (1), / Dt,t — s)y(s) ds > . (35)
t—7(t)
By (1.3) for w = 0, we have
W @) < 2q||H ()| ly(2)]1>-

By (2.7), we arrive at the inequality

%V(t y) < —p(t)(H()y(t), y(t))
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—k(t) / (K (t,t = s)y(s),y(s))ds + 2q|| H ()| [ly(t)]|*.
t—7(t)
Using (2.12), we obtain

R (OB e RUTOVORTE)

t
“h(t) [ Kt = 9(s)(s)ds.
t—7(t)
According to the definition of (2.11), we have
d

where v,(t) is given in (3.3). Repeating similar reasoning as in the proof of Theorem
1, we obtain (3.2).
Theorem 2 is proven.
([

Theorem 3. Let the conditions of Theorem 1 hold and w > 0 in (1.3). Suppose
that the integral

[ wal HOIAE) " exp (—2 / 7(8)d8> &

0

converges. Then the estimate holds

ol <[P e (-3 [terde) (1-vro.ar) L im0, 6

h(t) 2
for a solution y(t) to (3.1) with the initial function p(t) such that
V(0,0) < R/, (3.7)
where
iy ¢
R= [ gl HE)I(h€) " exp (—;’ / 7(8)d8> € @Y

0

Proof. Let y(t) be a solution to (3.1). Consider the Lyapunov—Krasovskii functional
(2.11) on this solution. As in the proof of Theorem 2, differentiating V' (t,y), we
obtain (3.4), where W (t) is defined in (3.5). By (1.3) for w > 0, we have

IW @)1 < 24l H @)y (0]
By (2.7), we arrive at the inequality
d

21V (6y) < —pOH @)y (D), y(1))

t

—k(t) / (K(t,t = s)y(s),y(s))ds + 2q| H @)l [[y ()]

t—7(t)
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According to the definition of (2.11), we have

%V(t y) < OV (t,y) ++2q| HO[lly(@)]*F,
where ~(¢) is given in (2.10). Taking into account the inequality
Iwiol? < S,
we obtain
@V(t y) < 7OV (ty) + BOV () T2,
where

B(t) = 2q|H(#)||(h(1)) "1/,

Hence, by Gronwall’s inequality (see, for example, [8]), we arrive at the estimate

V(t,) < V(0,0) exp (— /0 t 7(£)d§>

—2/w
¢
x| 1-— EV“’/ 2 / B(&
2
0
where V(0, ¢) is defined in (2.9). We now estimate the function in parentheses

¢
—¢ [y(s)ds
U(t) =1-2ver, '/5 o dé

L\D\E

g
— [~(s)ds
0 de . t>0, (3.9)

M\E

3
=1 g"“”(o,so)/ﬁ@ A > 1= VR0, )R
0
where R is defined in (3.8). If o(t) is such that (3.7) is valid, then U(t) > 0.
Consequently, it follows from (3.9) that
—2/w

V(t.y) < V(0,0) exp <— /0 tv(&)d£> (1-v*20.0)R)

By the definition of (2.11), we obtain (3.6).
The theorem is proven.

Remark 1. If ¢ = 0, then Theorems 2 and 3 turn into Theorem 1.

Remark 2. Let the conditions of Corollaries 2 and 3 in Section 1 be valid, which
guarantee the asymptotic or exponential stability of the zero solution to the linear
systems. Then Theorem 3 gives us estimates for attraction domains and estimates
characterizing stabilization rates of solutions to (1.1) as t — oo.
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