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ÎÃÐÀÍÈ×ÅÍÍÎÃÎ ÏÎÒÅÍÖÈÀËÀ ÂÇÀÈÌÎÄÅÉÑÒÂÈß

Â.Í. ÑÒÀÐÎÂÎÉÒÎÂ

Abstract. This paper deals with a boundary value problem for a para-
bolic di�erential equation that describes a chaotic motion of a polymer
chain in water. The equation is nonlocal in time as well as in space. It
includes a so called interaction potential that depends on the integrals
of the solution over the entire time interval and over the space domain
where the problem is being solved. The time nonlocality appears since
the time plays the role of the arc length along the chain and each
segment interacts with all others through the surrounding �uid. The
weak solvability of the problem is proven for the case of the bounded
continuous interaction potential. The proof of the solvability does not
use any continuity properties of the solution with respect to the time
and is based on the energy estimate only.

Keywords: nonlocal parabolic equation, initial boundary value problem,
solvability.

1. Ââåäåíèå

Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â Rn, n ≥ 2, ñ ëèïøèöåâîé ãðàíèöåé ∂Ω. Â
ïðîñòðàíñòâåííî-âðåìåííîì öèëèíäðå ΩT = Ω× (0, T ), T ∈ (0,∞), ðàññìîòðèì
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ñëåäóþùóþ êðàåâóþ çàäà÷ó:

∂tu−∆u+ ϕ
(∫ T

0

%(·, t) dt
)
u = 0,(1)

%(x, t) =
u(x, t)∫

Ω
u(x, t) dx

,

u(x, 0) = u0(x),(2)

u(x, t) = 0 ïðè x ∈ ∂Ω,(3)

ãäå x = (x1, . . . , xn)�ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ â Rn, t ∈ [0, T ]� ñêàëÿð-
íàÿ ïåðåìåííàÿ, u : ΩT → R�íåèçâåñòíàÿ ôóíêöèÿ, êîòîðóþ òðåáóåòñÿ îïðå-
äåëèòü â ðåçóëüòàòå ðåøåíèÿ çàäà÷è, ϕ : R → R� òàê íàçûâàåìûé ïîòåíöèàë
âçàèìîäåéñòâèÿ, óñëîâèÿ íà êîòîðûé áóäóò âûïèñàíû íèæå.

Äàííàÿ çàäà÷à âîçíèêëà â [1] ïðè ìîäåëèðîâàíèè äèíàìèêè ïîëèìåðíîé ìî-
ëåêóëû (öåïî÷êè) â âîäíîì ðàñòâîðå. Ïîñêîëüêó ïîëèìåðíàÿ öåïî÷êà äâèæåò-
ñÿ õàîòè÷íî, äëÿ îïèñàíèÿ å¼ äâèæåíèÿ èñïîëüçóåòñÿ âåðîÿòíîñòíûé ïîäõîä.
Ïåðåìåííàÿ t èãðàåò ðîëü ïàðàìåòðà äëèíû äóãè âäîëü ïîëèìåðíîé öåïî÷êè
è ñîîòâåòñòâóåò íîìåðó çâåíà öåïè. Òî åñòü t = 0 â ïåðâîì çâåíå è T åñòü
äëèíà âñåé öåïî÷êè. Ôóíêöèÿ % = %(x, t) ïðåäñòàâëÿåò ñîáîé ðàñïðåäåëåíèå
ïëîòíîñòè âåðîÿòíîñòè òîãî, ÷òî t-å çâåíî öåïî÷êè íàõîäèòñÿ â òî÷êå x ∈ Ω.
Òàêèì îáðàçîì, õîòÿ ñèñòåìà (1)�(3) âûãëÿäèò êàê íåñòàöèîíàðíàÿ ïàðàáîëè-
÷åñêàÿ çàäà÷à, ôèçè÷åñêè îíà ÿâëÿåòñÿ ñòàöèîíàðíîé è îïèñûâàåò óñðåäí¼ííîå
ïî âðåìåíè ñîñòîÿíèå ïîëèìåðíîé ìîëåêóëû.

Ïî ñâîåìó ñìûñëó ôóíêöèÿ % äîëæíà áûòü íåîòðèöàòåëüíîé, ïîýòîìó è ðå-
øåíèå çàäà÷è u íåîáõîäèìî èñêàòü â êëàññå íåîòðèöàòåëüíûõ ôóíêöèé. Ôóíê-
öèÿ u ñâÿçàíà ñ % íîðìèðîâî÷íûì óñëîâèåì, âûïèñàííûì ïîñëå óðàâíåíèÿ (1).
Åãî íàëè÷èå ñâÿçàíî ñ òåì, ÷òî ïðîñòðàíñòâåííûé èíòåãðàë îò % ïðåäñòàâëÿ-
åò ñîáîé âåðîÿòíîñòü òîãî, ÷òî êàæäîå çâåíî öåïè íàõîäèòñÿ â îáëàñòè Ω, è
ïîýòîìó äîëæåí áûòü ðàâåí åäèíèöå.

Â àðãóìåíòå ïîòåíöèàëà âçàèìîäåéñòâèÿ ϕ ñòîèò èíòåãðàë îò % ïî âñåé äëèíå
öåïî÷êè, òàê êàê êàæäîå çâåíî öåïè âçàèìîäåéñòâóåò ñî âñåìè îñòàëüíûìè
÷åðåç îêðóæàþùóþ æèäêîñòü. Ïîñêîëüêó % ≥ 0, ôóíêöèÿ ϕ äîëæíà áûòü
îïðåäåëåíà íà R+ = [0,+∞). Â äàííîé ðàáîòå ìû áóäåì ïðåäïîëàãàòü, ÷òî
ϕ ÿâëÿåòñÿ îãðàíè÷åííîé íåïðåðûâíîé ôóíêöèåé. Êðîìå òîãî, ïðè ìàòåìàòè-
÷åñêîì èññëåäîâàíèè çàäà÷è ìîæíî ïðåäïîëîæèòü, ÷òî ýòà ôóíêöèÿ ÿâëÿåòñÿ
íåîòðèöàòåëüíîé. Â ñàìîì äåëå, ïðåäïîëîæèì, ÷òî ϕ(ξ) ≥ −K äëÿ íåêîòîðîãî
ïîëîæèòåëüíîãî ÷èñëà K è âñåõ ξ ∈ R+. Åñëè u åñòü ðåøåíèå çàäà÷è (1)�(3),
òî ū(x, t) = e−Kt u(x, t) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è:

∂tū−∆ū+ ϕ̄
(∫ T

0

%̄(·, t) dt
)
ū = 0, ū|∂Ω = 0, ū|t=0 = u0,

ãäå ϕ̄ = ϕ + K è %̄(x, t) = ū(x, t)/
∫
Ω
ū(x, t) dx. Òî åñòü ìû èìååì òî÷íî òàêóþ

æå çàäà÷ó, íî ñ íåîòðèöàòåëüíûì ïîòåíöèàëîì ϕ̄. Â äàëüíåéøåì ìû áóäåì
ïðåäïîëàãàòü, ÷òî ϕ ÿâëÿåòñÿ íåîòðèöàòåëüíîé ôóíêöèåé.

Íåñìîòðÿ íà äîâîëüíî ïðîñòîé âèä óðàâíåíèÿ (1), ðåøåíèå êðàåâîé çàäà÷è
(1)�(3) ñâÿçàíî ñ ïðåîäîëåíèåì íåñêîëüêèõ ìàòåìàòè÷åñêèõ ñëîæíîñòåé. Âî-
ïåðâûõ, â óðàâíåíèè ïðèñóòñòâóåò èíòåãðàë îò ðåøåíèÿ ïî âñåìó èíòåðâàëó
(0, T ), íà êîòîðîì ðåøàåòñÿ çàäà÷à. Åñëè íàçâàòü ïåðåìåííóþ t âðåìåíåì, êàê
îáû÷íî ïîñòóïàþò ïðè èññëåäîâàíèè ïàðàáîëè÷åñêèõ óðàâíåíèé, òî íàëè÷èå
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òàêîãî èíòåãðàëà îçíà÷àåò, ÷òî òåêóùåå ñîñòîÿíèå ñèñòåìû çàâèñèò íå òîëü-
êî îò ïðåäøåñòâóþùèõ ïî âðåìåíè ñîñòîÿíèé, íî è îò áóäóùèõ. Ýòà ñèòóàöèÿ
íåîáû÷íà äëÿ ïàðàáîëè÷åñêèõ çàäà÷. Êðîìå òîãî, ïðè èññëåäîâàíèè ðàçðåøè-
ìîñòè íåëèíåéíûõ ïàðàáîëè÷åñêèõ çàäà÷ ðåøåíèå îáû÷íî ñòðîèòñÿ ñíà÷àëà íà
ìàëîì ïðîìåæóòêå âðåìåíè, à ïîòîì ïðîäîëæàåòñÿ íà âåñü èíòåðâàë (0, T ).
Â íàøåì ñëó÷àå ïðèìåíåíèå òàêîãî ïîäõîäà íåâîçìîæíî. Â ïîñëåäíåå âðåìÿ
ñòàëè ïîÿâëÿòüñÿ ðàáîòû, ïîñâÿù¼ííûå ïðåîäîëåíèþ äàííîé òðóäíîñòè (ñì.
[2, 3, 4, 5, 6, 7]). Åù¼ îäíà ñëîæíîñòü ñâÿçàíà ñ íîðìèðîâêîé, êîòîðàÿ ïðåä-
ïîëàãàåò äåëåíèå ðåøåíèÿ íà èíòåãðàë îò íåãî ïî îáëàñòè Ω. Òî åñòü äàííûé
èíòåãðàë íå äîëæåí îáðàùàòüñÿ â íóëü íà ìíîæåñòâå ïîëîæèòåëüíîé îäíîìåð-
íîé ìåðû Ëåáåãà â [0, T ]. Â ïðåäñòàâëåííîé ðàáîòå äëÿ ñëó÷àÿ îãðàíè÷åííîãî
ïîòåíöèàëà âçàèìîäåéñòâèÿ óäàëîñü ïîëó÷èòü îöåíêó ñíèçó íà ýòîò èíòåãðàë,
÷òî ïîçâîëèëî äîêàçàòü îáîáù¼ííóþ ðàçðåøèìîñòü çàäà÷è äëÿ ïðîèçâîëüíîãî
T > 0. Â ñëó÷àå íåîãðàíè÷åííîãî ïîòåíöèàëà çàäà÷à òðåáóåò áîëåå ñåðüåçíîãî
àíàëèçà.

2. Ðàçðåøèìîñòü çàäà÷è

Ìû áóäåì èñïîëüçîâàòü ñòàíäàðòíûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà Ëåáåãà
è Ñîáîëåâà Lp(Ω), H1

0 (Ω), Lq(0, T ;Lp(Ω)) è Lq(0, T ;H1
0 (Ω)), ãäå p, q ∈ [1,∞].

Íîðìà â L2(Ω) áóäåò îáîçíà÷àòüñÿ ÷åðåç ‖ · ‖.

Îïðåäåëåíèå 1. Ïóñòü ϕ : R+ → R+ �íåïðåðûâíàÿ ôóíêöèÿ, T ∈ (0,∞),
u0 ∈ L2(Ω) è u0 ≥ 0. Ôóíêöèþ u : ΩT → R+ íàçîâ¼ì îáîáù¼ííûì ðåøåíèåì
çàäà÷è (1)�(3), åñëè

(1) u ∈ L2(0, T ;H1
0 (Ω)), à òàêæå ϕ(ζ)u ∈ L1(ΩT ), ãäå

ζ(x) =

∫ T

0

%(x, t) dt, %(x, t) =
u(x, t)∫

Ω
u(x, t) dx

;

(2) èíòåãðàëüíîå òîæäåñòâî∫ T

0

∫
Ω

(
u ∂th−∇u · ∇h− ϕ(ζ)uh

)
dx dt+

∫
Ω

u0h0 dx = 0

âûïîëíÿåòñÿ äëÿ ïðîèçâîëüíîé ãëàäêîé â ΩT ôóíêöèè h, òàêîé ÷òî
h(x, t) = 0 ïðè x ∈ ∂Ω è ïðè t = T . Çäåñü h0 = h|t=0.

Ïðåæäå ÷åì ïåðåéòè ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó îñíîâíîãî ðåçóëüòàòà
äàííîé ðàáîòû îá îáîáù¼ííîé ðàçðåøèìîñòè çàäà÷è (1)�(3), óñòàíîâèì ñïðà-
âåäëèâîñòü îäíîé âñïîìîãàòåëüíîé ëåììû, â êîòîðîé ïîëó÷åíà îöåíêà ñíèçó
äëÿ

∫
Ω
v(x, ·) dx, ãäå v : ΩT → R åñòü îáîáù¼ííîå ðåøåíèå ñëåäóþùåé çàäà÷è:

(4) ∂tv −∆v + η v = 0 â ΩT , v|∂Ω = 0, v|t=0 = v0

è η : ΩT → R+ � îãðàíè÷åííàÿ ôóíêöèÿ. Î÷åâèäíî, ÷òî ýòà çàäà÷à èìååò
åäèíñòâåííîå îáîáù¼ííîå ðåøåíèå, êîòîðîå îïðåäåëÿåòñÿ òàêæå, êàê â îïðåäå-
ëåíèè 1 (ñì. [8]).

Îáîçíà÷èì ÷åðåç λ∗ ïåðâîå ñîáñòâåííîå çíà÷åíèå è ÷åðåç ψ∗ ñîîòâåòñòâóþ-
ùóþ åìó ñîáñòâåííóþ ôóíêöèþ îïåðàòîðà Ëàïëàñà (−∆) â îáëàñòè Ω ñ îäíî-
ðîäíûì êðàåâûì óñëîâèåì Äèðèõëå íà ∂Ω. Õîðîøî èçâåñòíî (ñì., íàïðèìåð,
[8, Sec. 6.5.1]), ÷òî λ∗ > 0 è ψ∗ > 0 â Ω.
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Ëåììà 1. Ïóñòü v0 ∈ L2(Ω), v0 ≥ 0, η ∈ L∞(ΩT ) è 0 ≤ η ≤ K ïî÷òè
âñþäó â ΩT äëÿ íåêîòîðîãî K > 0. Äëÿ êàæäîãî t ∈ [0, T ] îáîáù¼ííîå ðåøåíèå
çàäà÷è (4) óäîâëåòâîðÿåò ñëåäóþùåìó íåðàâåíñòâó:

(5)

∫
Ω

v(x, t)ψ∗(x) dx ≥ e−(λ∗+K)t

∫
Ω

v0(x)ψ∗(x) dx.

Êàê ñëåäñòâèå, åñëè
∫
Ω
v0(x) dx > 0, òî ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòî-

ÿííàÿ C∗, òàêàÿ ÷òî

(6)

∫
Ω

v(x, t) dx ≥ C∗ äëÿ âñåõ t ∈ [0, T ].

Ïîñòîÿííàÿ C∗ çàâèñèò îò v0, Ω, T è K.

Äîêàçàòåëüñòâî. Äîêàæåì ëåììó äëÿ ãëàäêèõ ôóíêöèé v0 è η. Â îáùåì ñëó-
÷àå óòâåðæäåíèå ëåãêî ìîæåò áûòü äîêàçàíî ñ ïîìîùüþ ðåãóëÿðèçàöèè è ïðå-
äåëüíîãî ïåðåõîäà. Ñíà÷àëà îòìåòèì, ÷òî v ≥ 0 âñëåäñòâèå ïðèíöèïà ìàêñè-
ìóìà. Ïîýòîìó

d

dt

∫
Ω

v ψ∗ dx =

∫
Ω

∂tv ψ∗ dx =

∫
Ω

(v∆ψ∗ − η v ψ∗) dx

=

∫
Ω

(−v λ∗ ψ∗ − η v ψ∗) dx ≥ −(λ∗ +K)

∫
Ω

v ψ∗ dx.

Èç ýòîãî íåðàâåíñòâà ñëåäóåò (5). Îöåíêà (6) ñëåäóåò èç (5), ïîñêîëüêó ìû ìî-
æåì âçÿòü òàêóþ ñîáñòâåííóþ ôóíêöèþ ψ∗, ÷òî ψ∗ ≤ 1, à äëÿ íå¼ ñïðàâåäëèâî
íåðàâåíñòâî

∫
Ω
v dx ≥

∫
Ω
v ψ∗ dx. �

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî T ∈ (0,∞), u0 ∈ L2(Ω), u0 ≥ 0,
∫
Ω
u0 dx >

0 è ϕ : R+ → R+ �íåïðåðûâíàÿ ôóíêöèÿ, òàêàÿ ÷òî 0 ≤ ϕ(ξ) ≤ K äëÿ
âñåõ ξ ∈ R+ è íåêîòîðîãî K > 0. Òîãäà ñóùåñòâóåò îáîáù¼ííîå ðåøåíèå
u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1

0 (Ω)) çàäà÷è (1)�(3), òàêîå ÷òî u ≥ 0, ∂tu ∈
L2(0, T ;H−1(Ω)), u ∈ C(0, T ;L2(Ω)),

(7)
1

2
‖u(·, t)‖2 +

∫ t

0

‖∇u(·, s)‖2 ds+

∫
Ω

ϕ(ζ)u2(·, t) dx ≤ 1

2
‖u0‖2

è
∫
Ω
u(x, t) dx > 0 äëÿ âñåõ t ∈ [0, T ], ãäå ζ(x) =

∫ T
0

(
u(x, t)/

∫
Ω
u(x, t) dx

)
dt.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷è ïðèìåíèì òåîðå-
ìó Øàóäåðà î íåïîäâèæíîé òî÷êå. Ïóñòü BR � çàìêíóòûé øàð ðàäèóñà R ñ
öåíòðîì â íóëå â ïðîñòðàíñòâå L1(Ω). ×èñëî R áóäåò îïðåäåëåíî ïîçäíåå. Îïðå-
äåëèì îòîáðàæåíèå Ψ : BR → BR, î êîòîðîì ãîâîðèòñÿ â òåîðåìåØàóäåðà. Äëÿ
êàæäîãî w ∈ BR îáîçíà÷èì ÷åðåç uw îáîáù¼ííîå ðåøåíèå ñëåäóþùåé çàäà÷è:

(8) ∂tuw −∆uw + ϕ(w)uw = 0, uw|∂Ω = 0, uw|t=0 = u0.

Èç êëàññè÷åñêîé òåîðèè ïàðàáîëè÷åñêèõ óðàâíåíèé (ñì., íàïðèìåð, [8, Ch. 7])
ñëåäóåò, ÷òî ýòà çàäà÷à èìååò åäèíñòâåííîå îáîáù¼ííîå ðåøåíèå. Ïîëîæèì

Ψ(w) =

∫ T

0

%w(·, t) dt, %w =
uw∫

Ω
uw dx

.



1718 Â.Í. ÑÒÀÐÎÂÎÉÒÎÂ

Åñëè íåêîòîðàÿ ôóíêöèÿ w ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé îòîáðàæåíèÿ Ψ , òî,
êàê íåòðóäíî âèäåòü, uw � îáîáù¼ííîå ðåøåíèå çàäà÷è (1)�(3). Òàêèì îáðà-
çîì, ñîãëàñíî òåîðåìå Øàóäåðà íåîáõîäèìî äîêàçàòü, ÷òî Ψ(BR) ⊂ BR äëÿ
íåêîòîðîãî R > 0 è Ψ : BR → L1(Ω)�íåïðåðûâíîå êîìïàêòíîå îòîáðàæåíèå.

Èç ïðèíöèïà ìàêñèìóìà äëÿ çàäà÷è (8) ñëåäóåò, ÷òî uw ≥ 0. Êðîìå òîãî, â
ñèëó ëåììû 1 ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C∗, ÷òî

∫
Ω
uw(x, t) dx ≥ C∗ > 0 äëÿ

âñåõ t ∈ [0, T ]. Ïîýòîìó ‖%w(·, t)‖L1(Ω) =
∫
Ω
%w(x, t) dx = 1 äëÿ âñåõ t ∈ [0, T ] è

ñïðàâåäëèâà îöåíêà:

‖Ψ(w)‖L1(Ω) ≤
∫ T

0

‖%w‖L1(Ω) dt = T.

Òàêèì îáðàçîì, åñëè ìû âîçüì¼ì R = T , òî ïîëó÷èì, ÷òî Ψ(BR) ⊂ BR.
Äîêàæåì íåïðåðûâíîñòü îòîáðàæåíèÿ Ψ . Ýíåðãåòè÷åñêàÿ îöåíêà äëÿ çàäà÷è

(8) èìååò ñëåäóþùèé âèä:

(9)
1

2
‖uw(·, t)‖2 +

∫ t

0

‖∇uw(·, s)‖2 ds+

∫
Ω

ϕ(w)u2w(·, t) dx ≤ 1

2
‖u0‖2

äëÿ ïî÷òè âñåõ t ∈ [0, T ]. Âîçüì¼ì òåïåðü ïðîèçâîëüíóþ ïîñëåäîâàòåëüíîñòü
{wk} â BR, êîòîðàÿ ñõîäèòñÿ â L1(Ω) ê íåêîòîðîé ôóíêöèè w ∈ BR. Òîãäà
wk → w ïî ìåðå (Ëåáåãà) íà Ω è â ñèëó òåîðåìû Ëåáåãà î ïðåäåëüíîì ïåðåõîäå
ïîä çíàêîì èíòåãðàëà ϕ(wk) → ϕ(w) â Lp(Ω) äëÿ âñåõ p ∈ [1,∞). Ðàçíîñòü
uwk
− uw ÿâëÿåòñÿ îáîáù¼ííûì ðåøåíèåì ñëåäóþùåé çàäà÷è:

∂t(uwk
− uw)−∆(uwk

− uw) + ϕ(w) (uwk
− uw) +

(
ϕ(wk)− ϕ(w)

)
uwk

= 0,

(uwk
− uw)|∂Ω = 0, (uwk

− uw)|t=0 = 0.

Ïîýòîìó äëÿ íå¼ ñïðàâåäëèâà ýíåðãåòè÷åñêàÿ îöåíêà:

ess sup
t∈[0,T ]

‖(uwk
− uw)(·, t)‖2 +

∫ T

0

‖∇(uwk
− uw)(·, s)‖2 ds ≤ ck,

ãäå

ck =
3

2

(∫ T

0

‖
(
ϕ(wk)− ϕ(w)

)
uwk

(·, s)‖ ds
)2
.

Êàê ñëåäóåò èç îöåíêè (9) è òåîðåì âëîæåíèÿ,∫ T

0

‖uwk
(·, s)‖2Lq(Ω) ds ≤ C

äëÿ âñåõ k ∈ N è íåêîòîðîé íåçàâèñÿùåé îò k ïîñòîÿííîé C, ãäå q = 2n/(n− 2)
ïðè n > 2 è q =∞ ïðè n = 2. Ïîñêîëüêó, â ñèëó íåðàâåíñòâà Ã¼ëüäåðà,∫ T

0

‖
(
ϕ(wk)−ϕ(w)

)
uwk

(·, s)‖ ds ≤ ‖(ϕ(wk)−ϕ(w)‖Lp(Ω)

∫ T

0

‖uwk
(·, s)‖Lq(Ω) ds,

ãäå p = 2q/(q−2), ìû ïîëó÷àåì, ÷òî ck → 0 è, êàê ñëåäñòâèå, ess supt∈[0,T ] ‖(uwk
−

uw)(·, t)‖ → 0 ïðè k →∞. Ïîýòî ìó

ess sup
t∈[0,T ]

∣∣∣ ∫
Ω

(uwk
− uw)(·, t) dx

∣∣∣→ 0 as k →∞

äëÿ ïî÷òè âñåõ t ∈ [0, T ]. Îòñþäà, ïîñêîëüêó
∫
Ω
uw(·, t) dx ≥ C∗ è

∫
Ω
uwk

(·, t) dx ≥
C∗ äëÿ âñåõ k ∈ N è t ∈ [0, T ], íåñëîæíî âûâåñòè, ÷òî Ψ(wk) → Ψ(w) â L1(Ω)
ïðè k →∞. Òàêèì îáðàçîì, îòîáðàæåíèå Ψ ÿâëÿåòñÿ íåïðåðûâíûì íà BR.
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Îñòà¼òñÿ äîêàçàòü êîìïàêòíîñòü Ψ . Ïóñòü {wk}�ïðîèçâîëüíàÿ ïîñëåäîâà-
òåëüíîñòü â BR. Íåîáõîäèìî ïîêàçàòü, ÷òî ñóùåñòâóåò òàêàÿ å¼ ïîäïîñëåäîâà-
òåëüíîñòü {wk′}, ÷òî Ψ(wk′) ñõîäèòñÿ â L1(Ω). Ñîãëàñíî îöåíêå (9), ïîñëåäî-
âàòåëüíîñòü {uwk

} ÿâëÿåòñÿ îãðàíè÷åííîé â L2(0, T ;H1
0 (Ω)). Ïîýòîìó, â ñèëó

ëåììû 1, ïîñëåäîâàòåëüíîñòü {∇%wk
} îãðàíè÷åíà â L2(ΩT ) è, êàê ñëåäñòâèå,

ïîñëåäîâàòåëüíîñòü {∇Ψ(wk)} îãðàíè÷åíà â L2(Ω). ÏîñêîëüêóH1(Ω) êîìïàêò-
íî âêëàäûâàåòñÿ â L2(Ω), ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {Ψ(wk′)}, êîòî-
ðàÿ ñõîäèòñÿ â L2(Ω). Òàêèì îáðàçîì, îòîáðàæåíèå Ψ : BR → BR ÿâëÿåòñÿ
êîìïàêòíûì.

Èòàê, âñå óñëîâèÿ òåîðåìû Øàóäåðà âûïîëíåíû è ñóùåñòâóåò w ∈ L1(Ω),
òàêîå ÷òî Ψ(w) = w. Òîãäà u = uw ÿâëÿåòñÿ îáîáù¼ííûì ðåøåíèåì çàäà÷è (1)�

(3). Çàìåòèì, ÷òî ïðè ýòîì w = ζ =
∫ T
0

(
u(x, t)/

∫
Ω
u(x, t) dx

)
dt, è âûïîëíåíèå

ýíåðãåòè÷åñêîé îöåíêè (7) äëÿ ïî÷òè âñåõ t ∈ [0, T ] ñëåäóåò èç (9). Îíà áóäåò
ñïðàâåäëèâà äëÿ âñåõ t, åñëè u ∈ C(0, T ;L2(Ω)). Ýòîò ôàêò ýëåìåíòàðíî ñëåäó-
åò èç òîãî, ÷òî ∂tu ∈ L2(0, T ;H−1(Ω)) (ñì. [8]), à ýòî, â ñâîþ î÷åðåäü, âûòåêàåò
èç îãðàíè÷åííîñòè ôóíêöèè ϕ. Íåîòðèöàòåëüíîñòü ðåøåíèÿ u ñëåäóåò èç ïðèí-
öèïà ìàêñèìóìà, à òîò ôàêò, ÷òî

∫
Ω
u(x, t) dx > 0 äëÿ âñåõ t ∈ [0, T ] ÿâëÿåòñÿ

ñëåäñòâèåì ëåììû 1. Òåîðåìà äîêàçàíà. �
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