
S e©MR ISSN 1813-3304

ÑÈÁÈÐÑÊÈÅ ÝËÅÊÒÐÎÍÍÛÅ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÈÇÂÅÑÒÈß

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Òîì 18, �2, ñòð. 1757�1770 (2021) ÓÄÊ 512.54

DOI 10.33048/semi.2021.18.135 MSC 20F05

LOCALLY FREE SUBGROUPS OF ONE-RELATOR GROUPS

A.I. BUDKIN

Abstract. Let G1 = 〈x1, . . . xs; [x1, xn+1][x2, xn+2] . . . [xn, x2n]S〉,
G2 = 〈a, x1, . . . , xs; [a, x1][a, x2] . . . [a, xn]S〉 be one-relator groups. We
�nd conditions on S and n under which the normal closure of each
(n − 1)-generated subgroup of G1 and of each 3-generated subgroup of
G2 is locally free.
Keywords: one-relator group, locally free group, n-free group.

1. Introduction

In this paper we �nd conditions when the normal closure of each n-generated
subgroup of an one-relator group is a locally free group.

A group is said to be n-free if each of its n-generated subgroup is free. An example
of such group [1, lemma 3] is the fundamental group

An = 〈x1, x2, . . . , x2n; [x1, x2][x3, x4] . . . [x2n−1, x2n]〉

of genus n orientable surface. There are quite a lot of articles related to n-free
groups, we will note only a few of them.

In [2] it is found the conditions under which every subgroup of in�nite index of a
fundamental group of a surface is free. In particular, this implies that all subgroups
of in�nite index of An are free and An is n-free.

The proof of lemma 3 [1] without changes is suitable for establishing the following
result: the group

〈x1, x2, . . . , x2n, z1, . . . , zm; [x1, x2][x3, x4] . . . [x2n−1, x2n]S〉 (n ≥ 2),

where S is a word in the alphabet z1, . . . , zm, is n-free. A detailed proof of this fact
is given in [3, proposition 2] and in [4, lemma 1.2.3].
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It follows from [5] that a free product with amalgamation G = F ∗C F ′, where
the factors F and F ′ are free groups and the amalgamated subgroup C is a maximal
cyclic subgroup of each factor, is 2-free. Corollary 4.2 (see [6]) says that this group
G is in fact 3-free. In [6] it is de�ned a class Ck of groups which contains the class
of all k-free groups, and it is proved if G = K ∗K F ′, where K and K ′ belongs to
C3 and the amalgamated subgroup C is a maximal cyclic subgroup of each factor,
then G ∈ C3.

In [7] it is found the conditions on the de�ning relations of a group under which
it is 2-free. In [8] so-called fully residually free groups were studied. It is proved in
[8], if such group is 2-free then it is 3-free. Interesting results about n-free groups
can also be found in [9 � 13].

In this paper we generalize the notion of a n-free group. We consider a group

G1 = 〈x1, . . . xs; [x1, xn+1][x2, xn+2] . . . [xn, x2n]R〉,

where xn+1, xn+2, xn+3, . . . , x2n do not occur in R. We prove that if t1, . . . , tn−1 ∈
G1 then G

′
1〈t1, . . . , tn−1〉G1 is a free group. Note that such groups can also be found

in [11, 14, 15].
Also we investigate a group G2 which have the representation

G2 = 〈a, x1, . . . , xs;P 〉,

where P = P (a, x1, x2, . . . , xs) = [a, x1][a, x2] . . . [a, xn]S (n ≥ 7) and x1, . . . , x7 do
not occur in S. We show that if t1, t2, t3 ∈ G2 then G′2〈t1, t2, t3〉G2 is a locally free
group. Such group were also studied in [16] and for R = 1, n = 2 in [15].

2. Preliminary remarks

We recall some de�nitions and notation. As usual, 〈S〉 is a group generated by
S; 〈t1, . . . , tn〉G is a normal closure of a subgroup 〈t1, . . . , tn〉 in G (i.e. a normal
subgroup of G generated by t1, . . . , tn); G

′ is the commutant of G; Z(G) is the
center of G; [x, y] = x−1y−1xy; Z is a set of integers.

An embedding of a group A into B is any homomorphism ϕ : A → B which is
an isomorphism of A onto Aϕ. A group A is said to be embeddable in a group B if
there exists an embedding ϕ : A→ B.

A group is locally free if each of its �nitely generated subgroups is free.
We say that a set {f1, . . . , fr} of numbers has the property (E), if it contains

exactly one largest non-zero positive number or exactly one smallest negative non-
zero number. If this set does not have the property (E), we write not(E).

Let X = {x1, x2, . . . } be an alphabet, F (X) be a free group freely generated by
the setX, and α be an homomorphism of F (X) onto some group G. If {P,Q,R, . . . }
is a set of de�ning relations for G in the alphabet X under the map α, then G can
suitably be represented thus:

(1) G = 〈X;P,Q,R, . . . 〉.

In what follows we identify symbols xi with their corresponding generating elements
xαi . The elements of X are called generating symbols for G. We shall suppose that
X contains �xed symbols x1, . . . , xn.

If T is a group word in the alphabet X then σxi
(T ) (i = 1, . . . , n), or simply

σi(T ), denotes the sum of exponents over xi in T , and [T ] denotes the set elements
from X occurring in T .
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Let t ∈ G and T = T (x1, . . . , xn) be a group word in X for which Tα = t; then,
by de�nition, we put σi(t) = σi(T ). Since by assumption the sum of exponents
over xi in every de�ning relation of G is zero, it is readily checked that σi(t) is
independent of the choice of the word T .

Often we will write aij instead of σj(ti).

If t̃ = (t1, . . . , tk) is an k-tuple of elements t1, . . . , tk of G it is legitimate to
consider the following matrix with integer entries:

M(G, t̃) = M(G, t1, . . . , tk) =

 σ1(t1) . . . σn(t1)
. . . . . . . . .

σ1(tk) . . . σn(tk)

 =

 a11 . . . a1n
. . . . . . . . .
ak1 . . . akn

 .

Let L be a subgroup of G generated by elements t1, . . . , tk. We consider the
following elementary row transformations of the matrix M(G, t̃):

1) multiplication of elements of the j-th row by −1,
2) replacement of the j-th row by the di�erence between the j-th and m-th rows,

m 6= j.
Each of these transformations e�ects a transformation of the set t1, . . . , tk to a

new set of generators of the subgroup L; this new set may be derived from the old
by corresponding transformations:

1′) replacement of tj by t
−1
j ,

2′) replacement of tj by tjt
−1
m for m 6= j.

It is easy to see that the matrix M(G, t̃) with integer entries may be brought by
transformations of the above two types to a trapezoidal form. We may thus assume
that the generators t1, . . . , tk of L have been so chosen thatM(G, t̃) is a trapezoidal
matrix with only zeros below the principal diagonal (i.e. aij = 0 for all i > j) and
positive elements on the principal diagonal (i.e. aii ≥ 0 for all i). We will always

assume that the matrix M(G, t̃) has this form.
We will also consider
3) permutation of the columns of the matrix M(G, t̃).
This transformation corresponds to
3′) renaming of generators of the group G.
Note that transformation 3′ changes the de�ning relations of the group G.
We recall the Reidemeister-Schreier rewriting process. Let G have representation

(2) G = 〈x1, x2, . . . ;P,Q,R, . . .〉,

H ≤ G, and N be the preimage of a subgroup H under the homomorphism α.
Choose the Schreier system S of representatives of right cosets of the classes F (X)
modulo N . A representative of the coset Nu in S is denoted by u. Consider τ :
F (X) → F (Y ) which maps an element u = xε1i1 . . . x

εr
ir

(εl = ±1) of F (X) to an

element τ(u) = yε1s1,xi1
. . . yεrsr,xir

of F (Y ), where sj = xε1i1 . . . x
εj−1

ij−1
if εj = 1, and

sj = xε1i1 . . . x
εj
ij
if εj = −1. Note that the restriction of τ to N is an homomorphism

[17].
A representation of the group H relative to the mapping ys,x → (sxsx −1)α may

be obtained using the subgroup representation theorem [17, theorem 2.4]. Namely,
Y is taken to be the set of generators for H, and as the set of de�ning relations we
take

{τ(sPs−1), τ(sQs−1), · · · | s ∈ S} ∪ {ys,x | sx = sx in F (X)}.
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In particular, if H = 〈x2, x3, . . .〉G, and G/H is an in�nite cyclic group, then we
take the Schreier system of representatives of the right cosets of F (X) modulo N
to be the set S = {xk1 | k ∈ Z}. Then, by the subgroup representation theorem,

H = 〈{yxk
1 ,x1

, yxk
1 ,x2

, . . . }k∈Z; {yxk
1 ,x1

, τ(xk1Px
−k
1 ), . . . }k∈Z〉.

In order to pass from the above-given representation to a new one, we use Tietze
transformations, detailed information about which is contained in [17].

Later we shall also use the following corollary of the Magnus freedom theorem
[17, corollary 4.10.2]: if

H = 〈x, c, . . . , t;R(xp, c, . . . , t)〉, p 6= 0),

then the subgroup G of H generated by the elements xp, c, . . . , t, has the
representation

G = 〈b, c, . . . ;R(b, c, . . . , t)〉,

where b corresponds to the element xp, c to the element c, . . . , t to the element t
of G.

3. Locally free subgroups

Let's �x the matrices:

A =


1 a12 p2a13 p2p3a14 . . . p2p3p4 . . . pk−2a1,k−1
0 1 a23 p3a24 . . . p3p4 . . . pk−2a2,k−1
0 0 1 a34 . . . p4 . . . pk−2a3,k−1

. . .
0 0 0 0 . . . 1

,

B =


p2p3p4 . . . pk−2pk−1a1,k
p3p4 . . . pk−2pk−1a2,k
p4 . . . pk−2pk−1a3,k
. . .
ak−1,k

, X =


x1
x2
x3
. . .
xk−1

,

where p2 6= 0, . . . , pk−1 6= 0.

Lemma 1. The column (q1, . . . , qk−1)> is a solution of the system of equations
AX = B, where

q1 = (−1)k−2

∣∣∣∣∣∣∣∣∣∣
a12 a13 a14 . . . a1,k−1 a1,k
p2 a23 a24 . . . a2,k−1 a2,k
0 p3 a34 . . . a3,k−1 a3,k

. . .
0 0 0 . . . pk−1 ak−1,k

∣∣∣∣∣∣∣∣∣∣
,

q2 = (−1)k−3

∣∣∣∣∣∣∣∣∣∣
a23 a24 a25 . . . a2,k−1 a2,k
p3 a34 a35 . . . a3,k−1 a3,k
0 p4 a45 . . . a4,k−1 a4,k

. . .
0 0 0 . . . pk−1 ak−1,k

∣∣∣∣∣∣∣∣∣∣
,

. . .

qk−2 = −
∣∣∣∣ ak−2,k−1 ak−2,k
pk−1 ak−1,k

∣∣∣∣,
qk−1 = ak−1,k.
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Proof. First we �nd xi by Cramer' rule. Then we put the i-th column in the
place of the last one. Using the formula for the decomposition of the determinant
by column it is easy to see that
qi = (−1)k−i−1 ×∣∣∣∣∣∣∣∣∣∣
ai,i+1 pi+1ai,i+2 pi+1pi+2ai,i+3 ... pi+1...pk−2ai,k−1 pi+1...pk−1ai,k
1 ai+1,i+2 pi+2ai+1,i+3 ... pi+2...pk−2ai+1,k−1 pi+2...pk−1ai+1,k

0 1 ai+2,i+3 ... pi+3...pk−2ai+2,k−1 pi+3...pk−1ai+2,k

...
0 0 0 ... 1 ak−1,k

∣∣∣∣∣∣∣∣∣∣
Now we multiply the 2nd row by pi+1, the 3rd row by pi+1pi+2, . . . , the last row

by pi+1pi+2 . . . pk−1. Then we divide the 2nd column by pi+1, the 3rd column by
pi+1pi+2, . . . , column by pi+1pi+2 . . . pk−1. We obtain that

qi = (−1)k−i−1

∣∣∣∣∣∣∣∣∣∣
ai,i+1 ai,i+2 ai,i+3 . . . ai,k−1 ai,k
pi+1 ai+1,i+2 ai+1,i+3 . . . ai+1,k−1 ai+1,k

0 pi+2 ai+2,i+3 . . . ai+2,k−1 ai+2,k

. . .
0 0 0 . . . pk−1 ak−1,k

∣∣∣∣∣∣∣∣∣∣
. �

Now we present the construction of the embedding ψ of a group G into a
suitable group C with the specially selected representation in which the matrix

M(C, tψ1 , . . . , t
ψ
k ) has zero k-th column.

Lemma 2. Let

G = 〈a, x1, . . . , xs;R(a, x1, . . . , xs)〉
be a group, t1, . . . , tk (k ≤ s) be elements of G and σi(R) = 0 (i = 1, . . . , k). Suppose

that the matrix M(G, t̃) has the form:

(3) M(G, t̃) =


p1 a12 a13 . . . a1,k−1 a1k . . .
0 p2 a23 . . . a2,k−1 a2k . . .
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . pk−1 . . . . . .
0 0 0 . . . 0 0 . . .

 ,

where aij = σj(ti) (note that ak,k+1 is an element of matrix or is missing). Assume
that the group C has the representation

(4) C = 〈a, x1, . . . , xk−1, xk, . . . xs;R3〉,

where

R3(a, x1, . . . , xk−1, xk, . . . , xs) = R(a, x1x
−q1
k , x2x

−q2p1
k , x3x

−q3p1p2
k , . . . ,

xk−1x
−qk−1p1p2...pk−2

k , xmk , xk+1, . . . , xs),

m = p1 . . . pk−1 and q1, . . . , qk−1 be the same as in lemma 1. Then there exists the
embedding ψ : G → C of G into C such that the matrix consisting of the �rst k

columns of the matrix M(C, tψ1 , . . . , t
ψ
k ) is triangular with a zero angle under the

principal diagonal and with a zero k-th column.

Proof. Assume that the group C1 has the representation C1 =
〈a, x1, . . . , xk−1, xk, . . . xs;R1〉, where R1 = R(a, x1, . . . , xk−1, x

m
k , xk+1, . . . ). By

corollary of the Magnus freedom theorem formulated above, there exists the



1762 A.I. BUDKIN

embedding ψ of G into C1 such that aψ = a, xψi = xi(i = 1, 2, . . . , k − 1, k +

1, . . .), xψk = xmk . Clearly, in generators

a, y1 = x1x
q1
k , y2 = x2x

q2p1
k , . . . , yk−1 = xk−1x

qk−1p1p2...pk−2

k , xk, xk+1, . . . , xs

C1 has the following representation: C1 = 〈a, y1, . . . , yk−1, xk, . . . xs;R2〉, where

R2(a, y1, . . . , yk−1, xk, . . . , xs) = R(a, y1x
−q1
k , y2x

−q2p1
k , y3x

−q3p1p2
k , . . . ,

yk−1x
−qk−1p1p2...pk−2

k , xmk , xk+1, . . . , xs).

Rename generators y1, . . . , yk−1 by x1, . . . , xk−1 respectively, we see that C1 in
new generators has the representation

C1 = 〈a, x1, . . . , xk−1, xk, . . . xs;R3(a, x1, . . . , xs)〉,

i.e. C1 coincides with C.
Express elements tψ1 , . . . , t

ψ
k through these new generators. Suppose that ti is a

value of Ti(a, x1, . . . , xs) on generators a, x1, . . . , xs of G. We see

tψi = Ti(a, x1x
−q1
k , x2x

−q2p1
k , x3x

−q3p1p2
k , xk−1x

−qk−1p1p2...pk−2

k , xmk , xk+1, . . . , xs).

Therefore

σk(tψi ) = −ai1q1 − ai2p1q2 − ai3p1p2q3 − · · · − ai,k−1p1p2 . . . pk−2qk−1 + ai,km,

where i = 1, . . . , k− 1. As M(G, t̃) is a trapezoidal matrix we note that aij = 0 for
all j, j < i. Hence

σk(tψi ) = −p1 . . . aiiqi − ai,i+1p1 . . . piqi+1 − · · · − ai,k−1p1 . . . pk−2qk−1 + ai,km =

= −p1...pi(qi+ai,i+1qi+1+ai,i+2pi+1qi+2+ · · ·+ai,k−1pi+1...qk−1−ai,kpi+1...pk−1).

The expression in parentheses coincides with the i-th row of the matrix AX−B (if
xj replace by qj) therefore it is equal to 0. Thus

σk(tψi ) = 0 for i = 1, . . . , k − 1.

Since ak1 = ak2 = · · · = akk = 0 and σk(tψk ) = ak1q1 − ak2p1q2 − ak3p1p2q3 − · · · −
ak,k−1p1p2 . . . pk−2qk−1 + ak,km, we obtain that σk(tψk ) = 0.

So we found the embedding ψ : G→ C of G into C with the representation (4),

such that the matrix consisting of the �rst k columns of the matrixM(C, tψ1 , . . . , t
ψ
k )

is triangular with a zero angle under the principal diagonal and with a zero k-th
column. �

A similar construction also appeared in [18].

Lemma 3. Let a group G have the representation

G = 〈a, x1, . . . , xs;R(a, x1, . . . , xs)〉,

t1, . . . , tk ∈ G (k ≤ s) and σi(R) = 0 (i = 1, . . . , k). Suppose that the matrix

M(G, t̃) has the form (3). Let a group C have the representation (4), where m =
p1p2 . . . pk−1, (q1, . . . , qk−1)> is a solution of a system of equations AX = B from
lemma 1. Then if 〈a, x1, . . . , xk−1, xk+1, xk+2, . . . , xs〉C is a locally free (or free)
group then G′〈t1, . . . , tk〉G is also a locally free group (respectively, free group).
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Proof. According to the above construction of the embedding ψ (lemma 2), the

matrix M(C, tψ1 , . . . , t
ψ
k ) has zero k-th column. This means that C ′〈tψ1 , . . . , t

ψ
k 〉C is

contained in a subgroup 〈a, x1, . . . , xk−1, xk+1, xk+2, . . . , xs〉C , which by condition

is locally free. Hence C ′〈tψ1 , . . . , t
ψ
k 〉C is a locally free group. As ψ : G → C is an

embedding and (G′)ψ(〈t1, . . . , tk〉G)ψ ⊆ C ′〈tψ1 , . . . , t
ψ
k 〉C , then G′〈t1, . . . , tk〉G is a

locally free group. �

Lemma 4. Let a group G have the representation

G = 〈a, b, c, d, . . . , u, h, v, . . . , w, . . . , z;PR〉,

where P = [a, bh−f1 ][a, ch−f2 ][a, dh−f3 ] . . . . . . [a, uh−fk−1 ][a, hm][a, v] . . . [a,w].
Suppose that the set {f1, f2, . . . , fk−1,−m} of numbers satis�es the property (E). If

(i) h 6∈ [R] or
(ii) a 6∈ [R] and σh(R) = 0,

then the normal closure N = 〈a, b, c, d, . . . , u, v . . . , w, . . . , z〉G generated by all
generators except h is a locally free group.

Proof. We proceed as Magnus [17] did when he proved the freedom theorem
for one-relator groups.

Since G/N is an in�nite cyclic group then N is generated by all elements

(5) as = hsah−s, bs = hsbh−s, . . . , ws = hswh−s, . . . , zs = hszh−s (s ∈ Z).

By section 2 the group N in generators (5) is de�ned by the set of Pk (k ∈ Z)
de�ning relations, where Pk = τ(hkPRh−k). We have

P0 = P (a0, . . . , ufk−1
, . . . , z0)R0 =

= a−10 b−1f1 af1bf1 . . . a
−1
0 u−1fk−1

afk−1
ufk−1

a−10 a−m[a0, v0] . . . [a0, w0]R0,

where the word R0 is obtained by rewriting the word R through generators (5). We
note that from of al-symbols, only a0 can be occurred in R0.

Let the word Pi be de�ned as (Ri obtained from R0 by adding to each index of
the variable included in R0 the number i)

Pi = P (ai . . . ufk−1+i, . . . , zi)Ri =

= a−1i b−1f1+iaf1+ibf1+i . . . a
−1
0 u−1fk−1+i

afk−1+iufk−1+ia
−1
i a−m+i[ai, vi] . . . [ai, wi]Ri,

i.e. the number i added to each index of the variable included in P0.
Let µ andM respectively, be smallest and largest indexes of al-symbols included

in P0.
For every i = 0, 1, 2, . . . , we represent N−i,i by generators Si and de�ning

relations Σi as follows. As a generating set Si, take the set of generators from (5),
except for those ak for which k < µ− i or k > M + i, and take the set {P−i, . . . , Pi}
of de�ning words to be Σi. Thus

N−i,i = 〈Si;P−i, . . . , Pi〉.

In [17, theorem 4.10, case 3] these groups N−i,i are introduced for any one-relator
groups in which the sum of the exponents in our notation for h is 0. In [17] it is
proved that we can assume that N−i,i is a subgroup of N−i−1,i+1 generated by
elements from (5) included in the list of generators of N−i,i. In addition, in [17] it is
noted that the union an ascending sequence of groups N−i,i coincides with N . We
need to check that N−i,i is a free group. To do this, use the Tietze transformations.
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First, we assume that the set {f1, f2, . . . , fk−1,−m} contains exactly one largest
non-zero positive number. Deleting, via the Tietze transformations, aM+i (i.e. as
with largest index) from the set of generators of N−i,i and the de�ning relation
Pi. Since aM+i is not occurred in P−i, . . . , Pi−1, these de�ning relations will
not change. We continue this process of sequentially removing generators. Delete
aM+i−1, aM+i−2, . . . from the set of generators and, respectively, Pi−1, Pi−2, . . .
from the set of de�ning relations. As a result, we get that N−i,i can be de�ned by
an empty set of de�ning relations. It means that N−i,i is a free group.

In the case when the set {f1, f2, . . . , fk−1,−m} contains exactly one smallest
non-zero negative number, we will do the same, starting with the deletion of aµ−i.

Since the union of an increasing sequence of free groups is a locally free group,
we see that N is a locally free group. �

If P = [a, hm] (m 6= 0) we have a special case of lemma 3. In fact, as shown in
[1, Lemma 1], the following more general statement is true.

Lemma 5. Let a group G have the representation

G = 〈a, b, c, d, . . . , u, h, v, . . . , w, . . . , z; [a, hm]R〉 (m 6= 0).

If a 6∈ [R] and σh(R) = 0, then the normal closure N =
〈a, b, c, d, . . . , u, v . . . , w, . . . , z〉G generated by all generators except h is a free
group.

Theorem 1. Let a group G have the representation

G = 〈x1, . . . xs; [x1, xn+1][x2, xn+2] . . . [xn, x2n]R〉

where xn+1, xn+2, xn+3, . . . , x2n 6∈ [R]. If t1, . . . , tn−1 ∈ G then G′〈t1, . . . , tn−1〉G is
a free group.

Proof. If there exists i (i ≤ n) such that i-th column ofM(G, t̃) is zero, we apply
lemma 5 (h = xi, a = xi+n 6∈ [R], m = 1). By lemma 5 〈x1, . . . , xi−1, xi+1, . . . , xs〉G
is a free group. But G′〈t1, . . . , tn−1〉G ⊆ 〈x1, . . . , xi−1, xi+1, . . . , xs〉G therefore
G′〈t1, . . . , tn−1〉G is a free group. We will assume that the �rst n columns of the

matrix M(G, t̃) are non-zero.
Let's apply the transformations 1), 2) de�ned before. By renaming (if necessary)

generators x1, . . . , xn of G, we can assume that the matrix M(G, t̃) has the form

(6) M(G, t̃) =


p1 a12 a13 . . . a1,k−1 a1k . . .
0 p2 a23 . . . a2,k−1 a2k . . .
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . pk−1 ak−1,k . . .
0 0 0 . . . 0 0 . . .
. . . . . . . . . . . . . . . . . . . . .


for some k (k ≤ n), where p1 > 0, . . . , pk−1 > 0. In particular, at the intersection
of the row with the number > k and the column with the number < n+ 1, there is
a zero.

By the construction of the embedding described earlier (lemma 2), there is an
embedding ψ : G → C of G into C in which the k-th (k ≤ n) column of the

matrix M(G, t̃ψ) is zero. We can assume that the de�ning relation of C has the
form [xj , x

p1...pk−1

k ]T (j > k, xj 6∈ [T ]). Let's apply 5 (h = xk, a = xj 6∈ [T ],
σk(T ) = 0, m = p1 . . . pk−1). By lemma 5, N = 〈x1, . . . , xk−1, xk+1, . . . , xs〉C is a
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free group. Since (G′〈t1, . . . , tn−1〉G)ψ ⊆ N then by lemma 3, G′〈t1, . . . , tn−1〉G is
a free group. �

4. Normal closures of 3-generated subgroups

In this section, we will consider a group G = 〈a, x1, . . . , xs;P 〉, where
P = P (a, x1, x2, . . . , xs) = [a, x1][a, x2] . . . [a, xn]S (n ≥ 7)

and x1, . . . , x7 6∈ [S]. We will prove that a normal closure of every 3-generated
subgroup of this group is a locally free group.

Let t1, t2, t3 be any elements of G, R = 〈t1, t2, t3〉G be a normal closure of the
subgroup 〈t1, t2, t3〉 in G.

First, we will assume (lemmas 6, 7) that the matrix M(G, t̃) does not contain
zero columns.

Lemma 6. Let's suppose that there are three columns in M(G, t̃) with numbers
i, j, u such that

σi(t2) = σj(t2) = σu(t2) = 0, σi(t3) = σj(t3) = σu(t3) = 0.

Then RG′ is a locally free group.

Proof. Renaming generators {x1, . . . , xn} of G, we can assume that i = 1, j =

2, u = 3, i.e. the matrixM(G, t̃) has the form

 a11 a12 a13 a14 . . .
0 0 0 a24 . . .
0 0 0 a34 . . .

, where

a11 6= 0, a12 6= 0, a13 6= 0. We can suppose that a11 6= −a12.
Note that when we rename generators, the de�ning relation is transformed into

the relation denoted by P1(a, x1, x2, . . . , xs).
We apply the construction of the embedding described earlier (lemma 2).

According to it, there is the embedding (k = 2, q1 = a12, m = a11) ψ : G → C,
where C has the representation

〈a, x1, x2, . . . , x2n;P1(a, x1x
−a12
2 , xa112 , x3, . . . , xs〉.

Since the 2nd column of the matrix M(C, tψ1 , t
ψ
2 , t

ψ
3 ) is zero, then 〈tψ1 , t

ψ
2 , t

ψ
3 〉 is

contained in the normal closure N = 〈a, x1, x3, x4, . . . , xs〉C . By lemma 4 (here q1 =
a12,m = a11, a12 6= −a11) the subgroup N is locally free. As (RG′)ψ ⊆ NC ′ = N
then (RG′)ψ, and hence RG′, are locally free groups. �

Lemma 7. Let the matrix M(G, t̃) have the form

M(G, t̃) =

 p1 a12 a13 a14 . . .
0 p2 a23 a24 . . .
0 0 0 a34 . . .

 ,

where p1 > 0, p2 > 0, a23 > 0. Then RG′ is a locally free group.

Proof. We apply the construction of embedding described earlier (lemma 2).
According to it, there is the embedding (k = 3, m = p1p2) ψ : G → C, where C
has the representation

C = 〈a, x1, x2, . . . , xs;P (a, x1x
−q1
2 , x−p1q22 , xp1p23 , . . . , xs〉,

(q1, q2)> is a solution of a system of equations
x1p1 + x2p1a12 = p1p2a13
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x2p1p2 = p1p2a23,

i.e. q1 = −
∣∣∣∣ a12 a13
p2 a23

∣∣∣∣, q2 = a23.

Since the 3rd column of the matrix M(C, tψ1 , t
ψ
2 , t

ψ
3 ) is zero then 〈tψ1 , t

ψ
2 , t

ψ
3 〉

is contained in the normal closure N = 〈a, x1, x2, x4, . . . , xs〉C . Since numbers
q2p1,−p1p2 have di�erent signs then numbers q1, q2p1,−p1p2 contain exactly one
the non-zero largest or smallest number. By lemma 4 the subgroup N is locally free.
Since (RG′)ψ ⊆ NC ′ = N then (RG′)ψ, and hence RG′, are locally free groups. �

Let the matrix M(G, t̃) have the form

M = M(G, t̃) =

 p1 a12 a13 a14 a15 . . .
0 p2 a23 a24 a25 . . .
0 0 p3 a34 a35 . . .

 ,

where p1 > 0, p2 > 0, p3 > 0, a34 > 0, a35 > 0.
We apply the construction of embedding described earlier (lemma 2). According

to it (k = 4, m = p1p2p3), there is the embedding ψ : G → C0 of G into C0 from
construction, where C0 has the representation

C0 = 〈a, x1, x2, . . . , xn;P (a, x1x
−q1
2 , x−p1q22 , x−p1p2q33 , xp1p2p34 , x5, . . . , xs〉.

Here (q1, q2, q3)> is a solution of a system of equations
x1p1 + x2p1a12 + x3p1p2a13 = p1p2p3a14
x2p1p2 + x3p1p2a23 = p1p2p3a24
x3p1p2p3 = p1p2p3a34,

in particular, q3 = a34 > 0.
Rename generators of G twice. First, we denote x3 by x4, x4 by x5, x5 by x3,

then we denote x4 by x5, x5 by x4. This corresponds to a permutation of columns
of the matrix M(G, t̃). The following matrix are obtained

M =

 p1 a12 a14 a15 . . .
0 p2 a24 a25 . . .
0 0 a34 a35 . . .

 , M̃ =

 p1 a12 a13 a15 a14 . . .
0 p2 a23 a25 a24 . . .
0 0 p3 a35 a34 . . .

 .

Again, in each of these cases, we use lemma 2. We have groups C1, C2 of the
form

C1 = 〈a, x1, x2, . . . , xn;P1(a, x1x
−q1
2 , x

−p1q2
2 , x

−p1p2q3
3 , xp1p2a344 , x5, . . . , xs〉,

C2 = 〈a, x1, x2, . . . , xn;P2(a, x1x
−q̃1
2 , x−p1q̃22 , x−p1p2q̃33 , xp1p2p34 , x5, . . . , xs〉,

and embeddings ψ : G→ C1, ψ̃ : G→ C2 (P1, P2 is obtained from P by renaming
suitable generators).

For each matrix a corresponding system of equations arises. Its solutions for the

matrix M are denoted by q1, q2, q3, for the matrix M̃ by q̃1 q̃2, q̃3. By lemma 1

(7) q1 =

∣∣∣∣∣∣
a12 a13 a14
p2 a23 a24
0 p3 a34

∣∣∣∣∣∣ , q2 = −
∣∣∣∣ a23 a24
p3 a34

∣∣∣∣ , q3 = a34,

(8) q1 =

∣∣∣∣∣∣
a12 a14 a15
p2 a24 a25
0 a34 a35

∣∣∣∣∣∣ , q2 = −
∣∣∣∣ a24 a25
a34 a35

∣∣∣∣ , q3 = a35,
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(9) q̃1 =

∣∣∣∣∣∣
a12 a13 a15
p2 a23 a25
0 p3 a35

∣∣∣∣∣∣ , q̃2 = −
∣∣∣∣ a23 a25
p3 a35

∣∣∣∣ , q̃3 = a35.

We will assume that each of sets

(10) q1, q2p1, q3p1p2, −p1p2p3,

(11) q1, q2p1, q3p1p2, −p1p2a34,

(12) q̃1, q̃2p1, q̃3p1p2, −p1p2p3,
does not have the property (E) (i.e. it has the property not(E)).

Lemma 8.

(13) q̃1 −
p3
a34

q1 =
a35
a34

q1,

(14) q̃2 −
p3
a34

q2 =
a35
a34

q2.

Proof. We calculate

q̃1 −
p3
a34

q1 =

∣∣∣∣∣∣
a12 a13 a15
p2 a23 a25
0 p3 a35

∣∣∣∣∣∣−
∣∣∣∣∣∣
a12 a14

p3
a34

a15
p2 a24

p3
a34

a25
0 a34

p3
a34

a35

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
a12 a13 − a14 p3

a34
a15

p2 a23 − a24 p3
a34

a25
0 0 a35

∣∣∣∣∣∣ = a35

∣∣∣∣ a12 a13 − a14 p3
a34

p2 a23 − a24 p3
a34

∣∣∣∣ =

= a35

(∣∣∣∣ a12 a13
p2 a23

∣∣∣∣− p3
a34

∣∣∣∣ a12 a14
p2 a24

∣∣∣∣
)
.

Since

q1 = a34

∣∣∣∣ a12 a13
p2 a23

∣∣∣∣− p3 ∣∣∣∣ a12 a14
p2 a24

∣∣∣∣ ,
then the equality (13) is true. Also we have

q̃2 −
p3
a34

q2 = −
∣∣∣∣ a23 a25
p3 a35

∣∣∣∣+

∣∣∣∣ a24 p3
a34

a25
a34

p3
a34

a35

∣∣∣∣ =

=

∣∣∣∣ −a23 + a24
p3
a34

a25
0 a35

∣∣∣∣ =
a35
a34

(−a23a34 + a24p3) =
a35
a34

q2.

�

Lemma 9. From the equalities

q1 = −p1p2p3, q1 = −p1p2a34, q̃1 = −p1p2p3
no more than one is true.

Proof. Suppose that q1 = −p1p2a34, q̃1 = −p1p2p3. By (13)

−p1p2p3 +
p3
a34

p1p2a34 =
a35
a34

q1.

This means that q1 = 0. Now we see that the set {0, q2p1, a34p1p2, −p1p2p3} has
the property (E). We got a contradiction.
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Assume that q1 = −p1p2p3, q1 = −p1p2a34. By (13)

q̃1 +
p3
a34

p1p2a34 = −a35
a34

p1p2p3.

Hence q̃1 = −p1p2p3(1 + a35
a34

) 6= −p1p2p3. We see that

q̃1 < 0, −p1p2p3 < 0, q̃1 6= −p1p2p3, q̃3p1p2 = a35p1p2 > 0,

then the set {q̃1, q̃2p1, q̃3p1p2, −p1p2p3} has the property (E), what's wrong.
Let q1 = −p1p2p3, q̃1 = −p1p2p3. Since q3p1p2 > 0, q̃3p1p2 > 0, not(E) for sets

{q1, q2p1, q3p1p2, −p1p2p3} and {q̃1, q̃2p1, q̃3p1p2, −p1p2p3} bring us to equalities
q2p1 = q3p1p2, q̃2p1 = q̃3p1p2. It means q2 = a34p2 and q̃2 = a35p2. By (14)

a35p2 −
p3
a34

q2 =
a35
a34

a34p2.

Hence q2 = 0. We see that the set {q1, 0, a35p1p2, −p1p2p3} has (E). We got a
contradiction. �

Lemma 10. q̃1 6= −p1p2p3.

Proof. Suppose q̃1 = −p1p2p3. As q̃3p1p2 > 0, from not(E) for the set
{q̃1, q̃2p1, q̃3p1p2,−p1p2p3} it follows that q̃2p1 = q̃3p1p2. Hence q̃2 = a35p2.

By lemma 9, q1 6= −p1p2p3. Since {q1, q2p1, q3p1p2, −p1p2p3} has not(E) and
q3p1p2 > 0, −p1p2p3 < 0, we have that numbers q1, q2p1 are di�erent signs.
Hence, as not(E) and q2p1 = −p1p2p3, then q2 = −p2p3. Similarly, it is proved that
q2 = −p2a34. By (14)

a35p2 +
p3
a34

p2a34 = −a35
a34

p2p3.

Thus a35p2 < 0, what's wrong. �

Lemma 11. q1 6= −p1p2a34.

Proof. Assume q1 = −p1p2a34. Since q3p1p2 > 0, from not(E) for the set
{q1, q2p1, q3p1p2,−p1p2a34} we have q2p1 = q3p1p2, hence q2 = a35p2.

By lemma 9 q1 6= −p1p2p3. As {q1, q2p1, q3p1p2, −p1p2p3} has not(E) and
q3p1p2 > 0, −p1p2p3 < 0 then numbers q1, q2p1 are di�erent signs. If q1 < 0
then this set has (E), hence q1 > 0. Therefore, since not(E), q2p1 = −p1p2p3, i.e.
q2 = −p2p3.

By lemma 10 q̃1 6= −p1p2p3. Similarly to the previous one, it is proved that
q̃2 = −p2p3. By (14)

−p2p3 −
p3
a34

a35p2 = −a35
a34

p2p3.

It means −p2p3 = 0, what's wrong. �

Lemma 12. q1 6= −p1p2p3.

Proof. Suppose q1 = −p1p2p3. As q3p1p2 > 0, from not(E) for the set
{q1, q2p1, q3p1p2,−p1p2p3} it follows that q2p1 = q3p1p2. Hence q2 = a34p2.

By lemmas 10, 11 q1 6= −p1p2a34, q̃1 6= −p1p2p3. As in lemma 11 we show that
q2 = −a34p2, q̃2 = −p2p3. By (14)

−p2p3 +
p3
a34

a34p2 = −a35
a34

a34p2.

It implies p2 = 0. This is not true. �
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Lemma 13. At least one of the sets (10), (11), (12) has the property (E).

Proof. Let's assume that none of these sets has property (E). So far, we have
been under this assumption. By lemmas 10, 11, 12, q̃1 6= −p1p2p3, q1 6= −p1p2a34,
q1 6= −p1p2p3. As in the proof of lemma 11, we �nd that q̃2 = −p2p3, q2 = −a34p2,
q2 = −p2p3. By (14)

−p2p3 +
p3
a34

a34p2 = −a35
a34

p2p3.

Hence a35
a34
p2p3 = 0. This is not true. �

Theorem 2. Let a group G have the representation

G = 〈a, x1, . . . , xs;P 〉,

where P = P (a, x1, x2, . . . , xs) = [a, x1][a, x2] . . . [a, xn]S (n ≥ 7) and x1, . . . , x7 6∈
[S]. If t1, t2, t3 ∈ G then G′〈t1, t2, t3〉G is a locally free group.

Proof. Let R = 〈t1, t2, t3〉G be a normal closure of the subgroup 〈t1, t2, t3〉 in G.
If σi(t1) = σi(t2) = σi(t3) = 0 for some i, then we get into the situation of lemma
4, assuming that h = xi, m = 1, f1 = · · · = fk−1 = 0. By lemma 4 N is a locally
free group, where N = 〈a, x1, . . . , xi−1, xi+1, . . . , xs〉G. In this case t1, t2, t3 ∈ N ,
hence RG′ ⊆ N , therefore RG′ is a locally free group.

Note that if there are three columns in the matrix M(G, t̃) with numbers i, j, u
such that

σi(t2) = σj(t2) = σu(t2) = 0, σi(t3) = σj(t3) = σu(t3) = 0,

then by lemma 6 RG′ is a locally free group.
We can suppose that the matrix M(G, t) has the form

M(G, t) =

 p1 a12 a13 a14 a15 . . .
0 p2 a23 a24 a25 . . .
0 0 p3 a34 a35 . . .

 ,

where p1 > 0, p2 > 0, p3 6= 0, a34 6= 0, a35 6= 0, a36 6= 0, a37 6= 0. If it is necessary to
replace t3 with t−13 and rename generators of G, we can assume (since n ≥ 7) that
p3 > 0, a34 > 0, a35 > 0. By lemma 13, in this case at least one of the sets (10), (11),
(12) has the property (E), and one can apply lemma 4. This set with the property

(E) corresponds to one of matrices M0 = M(C0, t̃), M1 = M(C1, t
ψ
1 , t

ψ
2 , t

ψ
3 ), M2 =

M(C2, t
ψ̃
1 , t

ψ̃
2 , t

ψ̃
3 ). Let's say it's Mj . Let N be a normal closure in Cj of a subgroup

generated by all generators of Cj except x4. By lemma 4 N is a locally free group.
Hence by lemma 3 RG′ is a locally free group. �

The author is grateful to Svetlana Shakhova and Victoria Lodeischicova for a
number useful remarks.
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