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MODERATE DEVIATIONS PRINCIPLE FOR INDEPENDENT
RANDOM VARIABLES UNDER SUBLINEAR EXPECTATIONS

Q.Q. ZHOU, A.V. LOGACHOV

ABsTRACT. In this paper, we obtain the moderate deviations principle
for a sums of weak independent random variables under sublinear expect-
ations. Unlike known results, we will not require that random variables
have the identical distribution.
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1. INTRODUCTION

With the development of economy, people’s risk awareness is constantly increasing,
and they are more concerned about the events with small probabilities. Large
deviations principle (LDP) is a powerful tool to study the rare events with exponen-
tial distributions and it is the precision of law of large numbers. Since then LDP is
widely used in mathematical statistics, statistical mechanics, quantum mechanics,
risk management and so on. For more details of LDP one can refer to Dembo and
Zeitouni [5] and, Deuschel and Stroock [6].

However, the classical LDP is confined to the linear case, such as linear expect-
ation and linear probability. Motivated by the risk measure in finance and the
problem of model uncertainties in statistics, Peng [10, 13, 14] put forward G-
expectation, G-normal distribution and other concepts related to G-expectation,
and then established the theory of nonlinear expectation and nonlinear probability.
Thus it is necessary to investigate the LDP in nonlinear expectation space. The first
result about LDP under sublinear expectation is from Hu [9] who obtained the upper
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bound of Cramér’s theorem for capacities. After that, Gao and Xu [8] obtained the
LDP for independent and identically distributed random variables under sublinear
expectations. Chen and Feng [2] established the LDP for a sequence of negatively
dependent random variables under sublinear expectations. Other works about LDP
under sublinear expectations one can refer to Cao [1], Chen and Xiong [4], Gao and
Jiang [7], Tan and Zong [15] and so on.

By the subadditive method, a moderate deviations principle (MDP) associated
with Peng’s CLT (introduced in Peng [11]) is obtained in Gao and Xu [8]. Chen
and Feng [2] established the upper bound of MDP for a sequence of negatively
dependent random variables under sublinear expectations. In this paper, we are
going to investigate the MDP for a sequence of weak independent but not identically
distributed random variables under sublinear expectations.

The rest of the paper is organized as follows. In section 2, we recall the necessary
definitions and formulate the main result. And at the end of this section, we give
an example. Section 3 is devoted to proving the main result of this paper. Auxiliary
results are given in Section 4.

2. MAIN RESULT, PRELIMINARIES

In this section, we first review the definition, related symbols and properties
of sublinear expectation. One can refer to Peng [10, 12, 13, 14] for more details of
sublinear expectations. Here, the relevant symbols and concepts are from Peng [14].

Let €2 be a given set, denote by B(2) the o—algebra of subsets of the set 2. We
denote by H a linear space of real —valued measurable functions defined on (2.

We will assume that any constant ¢ € H; I4 € H for any A € B(Q2), where 14
is the indicator of the set A; and if X € H, then |X| € H. The space H can be
considered as the space of random variables.

Definition 1. A functional E : H — R is called a sublinear expectation, if it
satisfies the following properties: for all X, Y € H

(i) monotonicity: EX > EY, if X > Y;

(ii) constant preserving: Ec = ¢, for all constants c € R;

(iii) sub—additivity: E[X + Y] <EX 4+ EY;

(iv) positive homogeneity: E[]AX]| = AEX, for all A > 0.

The triple (Q,H,E) is called a sublinear ezpectation space.
Given a sublinear expectation E, let us denote the conjugate expectation & of
sublinear expectation E by

EX = —E[-X] for all X € H.

Obviously, that £X <EX for all X € H.

In this paper, we use the following definition of independence of random variables
under sublinear expectation space (€2, H,E), which is weaker than that in Peng
[13, 14].

Definition 2. (Independence) (see [2, Definition 2.2]) Let X1, ..., X,, be random
variables in a sublinear expectation space (0, H,E), X,, is said to be independent
from (X1,...,X,_1) under E, if for every nonnegative measurable functions o;(-)
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on R with Ep;(X;) < 00, i =1,...,n, we have

) E[ili[lmxa} _ E[Emm} Egn(X,).

{X,,}22, is said to be a sequence of independent random variables, if for eachn € N,
X, is independent from (X1, Xsa,..., Xpn_1).

We will consider a sequence of independent but not identically distributed random

variables X7, X5, ... in a sublinear expectation space (2, H,E) with
. R
(2) EX;=£&X,=0forall i € Nand nllﬁn;oﬁZai2=02>O,
i=1

where 02 := EX?.
In addition, the following Cramér’s uniform condition is imposed throughout this
paper, i.e.

(3) sup Ee?Xil < 0o, for some ¢ > 0.
ieN

Suppose that z(n) is a sequence of positive real numbers satisfying
(4) im 20 oo, m E g,

We will be interested in the LDP for a sequence of random variables

S n
(5) Sy 1= —— where S,, = X;, n €N.
o) 2

Define an upper probability (a capacity)
V(A) :=El,, for A € B(Q).

Recall the definition of LDP under sublinear expectations with an upper probability
V. Denote by B(R) the Borel o—algebra of subsets of the set R.

Definition 3. A function I : R — [0,00] is called a rate function, if for all 1 > 0
the set {x : I(x) <1} is a compact subset of R.

Definition 4. Let s,, be a sequence of random variables in the sublinear expectation
space, ¥(n) be a sequence of positive real numbers such that lim ¥ (n) = co and
n—oo

I(-) be a rate function on R. The sequence s, is said to satisfy LDP in R with rate
function I(-) and speed 1/ (n) if
(a) For any closed set F' € B(R)

1
6 limsup — InV(s,, € F) < — inf I(z);
) msup e InV(s, € F) <~ i 1(x)

(b) for any open set G € B(R)

(7) lim inf %IHV(SH € G)> — inf I(x),

n—oc 1h(n) z€G

here we put I(2) = co.
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Here (6) is referred to as upper bound of large deviations (ULD) and (7) is
referred to as lower bound of large deviations (LLD). If (6) and (7) are satisfied
with ¢(n) = 22(n)/n and s,, = S,,/x(n), we say that s,, satisfies the LDP with rate
function I(-) and speed n/2%(n), say also that s,, satisfies MDP.

The following theorem is the main result of this paper.

Theorem 1. Let conditions (2)-(4) be met. Then the sequence s, defined in (5)

satisfies the MDP in R with speed m%(n) and rate function

.f 1+ P
(8) I(y) = sup {wy - QA(I)} =53 YER,

where A(z) = 22 lim 1 3 EX? = 2?02

Remark 1. It can be seen that the result in Theorem 1 extends and complements
the MDP in Theorem 3.1 and Corollary 3.2 of Gao and Xu [8] with d = 1 and
Y; =0.

Consider an example. Let (R, B(R),P; g2), i € N, 6? € (0,14 1/i] be a family of
probability spaces. Suppose that X; ~ N(0,62) on the probability space

(Rv B(R)a Pz,Gf)
for any fixed 62 € (0,1 + 1/i]. Then we have for any fixed
0? € (0,2],...,02 € (0,1+1/n]

that X1, Xs,...is a sequence of independent random variables with normal distribution
on the probability space

(anB(Rn)vpl,é’f X X Pn,Q%) = (]anB(Rn)an,O%)a 62

n

= (62,...,0%).
Let ‘H be a linear space of all random variables X such that

sup/ | X (w)|Pg2(dw) < o0,

62 Ja
where Q :=R>, 62 := (07,...,6%,...),

»Yno

o0
Pg> := [[Pig2, 67 € (0,1+1/i].
i=1
Let’s define
EX = sup/ | X (w)|Pg2 (dw),
62 Jo

for X € H. It’s obvious that (2, H, E) is a sublinear expectation space and X7, Xo, ...
is a sequence of independent random variables such that
EX;, =£X,; =0,

and
o?=EX?= sup 60}=1+1/i
62€(0,14+1/4]

It is easy to see that

"1
lnn<zf§1+lnn,
)

i=1



MODERATE DEVIATIONS PRINCIPLES 821

therefore
1
hme 0 = lim (nJrE _)1.
n—oo M n—oo M —1 2
1=
For any ¢ > 0
1 teo -2
EedlXil = sup / etl*le 20F dg
0<(0,|<y/17T V270i J -0
2 ngz +o0o _(m—qef)z
1 74 2
= sup 2 / e % dx
0<]0;|<y/1+ 1 0
+oo 2 292 2 .
—z= a a”(+1/4) 2
< sup e 2dr=2 sup e <2 2 < 2e? .
0<|0; |<./1+1 0<]0;|<4/1+%

Therefore, the hypotheses (2) and (3) of our result are satisfied. Thus the MDP of
Theorem 1 is applicable with the rate function

3. THE PROOF OF THEOREM 1

In this section we prove the Theorem 1.
1) Let F be any given closed set. If F' = & then the result is obvious. Thus we
assume here that ' # @&. Denote

y_:=sup{y e F:y<0} <0, yy :=inf{ye F:y >0} >0,
then F' C (—o0, y—]U[y4, +00). Here we assume that y_ = —oo, if FN(—00,0] = &
and y; = 400, if FN[0,+00) = &. Therefore, it is easy to see that if F' # &, then

at least one of the values y_ or y, is finite. Then, from the above statements we
have that

InV(s, € F)

InEl, ery
In (EI{STLQ(—oo,yf]} + EI{SnE[y+,+OO)})

In (2 max (EI{SHG(,OO,y,]}, EI{SnG[erHrOO)}))'

We first estimate Ely, c(—ooy_]3. The following Chebyshev inequality follows
from [3, Proposition 2.1]: let f(x) be a nondecreasing positive function on R, then
for any z € R

<
<

(9)

Ef(X)
(10) V(X >2) < o)
Therefore, for all A > 0, applying inequality (10) with f(z) = e* we get
Ee— A2 s,
Blisnetoon 1y = By etmg o ye200 }— PEVET

It follows from Lemma 2 (see section 4) that

,2 3 2
A S < o (3 o to(1))

Ee™
Then

(11) El{y, c(-ooy |} < € 20 (A2 2 Ay +o(1)).
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Choose A = —%; in (11) then

(12) Elfe,c(cooy ) <€ 20 (22, +o(1).

By using the similar method we can also prove that

-2 (25 o))
(13) Elfs,elys ooy S € 222700
Therefore, it follows from (4), (9), (12) and (13) that

n
lim sup 20

n—+00 ( )

vyt
In (V(Sn S F)) S — min (W’ M) .

2 2
It remains to prove that inf7 I(y) = min(2 %5 9 24). In fact, it follows from the
ye

form of I(y) in (8) such that
(T it
ylglfwj( y) =min(I(y-),I(y4)) = min (M’ M) '

Thus, the first inequality (6) in definition 4 is obtained.

2) Now it is left to prove that for any open set G inequality (7) holds with I(y)
defined in (8). Let G be any open set. If G = &, the result is obvious. Therefore,
we will assume that G # @. It is easy to see that for any [ > 0 the set

Ki={y:I(y) <1}

is compact. Since G # @, there exists l¢ > 0 such that G N K, # @.
Since G is an open set, for any ¢ > 0 there exists y € G N K, such that

. N .
(14) nf I(z) 2 I(y) —¢
For any ¢ > 0 denote

Y = (y — 6,y +9).

For any A € R and n € N, define
fE(")s

A\, n) := InEe
It is easy to see that

Az g AzZm) o 22() (\y—|A|5
(15) I{snEy(‘”}e n :I{sney(s)}e n >I{9 cy@®ye " Ay=IAl9)

Using the inequalities (15) and E[X —Y] > EX —EY’, for any A € R and sufficiently
small § > 0 we have that

mV(s, €G) > InV(s, €y®)=IEL, o),

x(n) _ _ m2(n) _ 12(")
> lnIE(I{sney(s)}@A n InmARN) =AY+ ARN) oA 6)

2
N+ a0 = W B (1= T gy e A )

1’2 n
20,

(16) > —A + AN 1) — A ()5+ln(1—EI{s gy S AGm)Y
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For all » > 0 it can be seen that

zln) g A(X Az g AN Az g Ax
EIf,, gyoye n S mAGM < BT sy sy et T ST AR LR o gyt S AR
7J.(n) (n) _rz(n) (n

Fe ot Sn a2t s, . Fe~ e Sna2ls,

— rz2(n 5 ra2(n)(s—
e (02)51y+ )eA()\:”) e (02)51. y)eA(/\»")
Fe(Zz+N s, FeA—2) 2 s,

T T r2mte) 22 (n)(5—y)
e o2n eA(/\an) e o2n eA()\vn)

= L+ 1.

Next, we are going to estimate I; and I, respectively.
It follows from Lemma 2 (see section 4) that

2 2 2
ez T(Ln,) ((7‘/0‘2+>\) 02+0(1))

— z2(n) (ry+rs | A2
GT(%JFTUz)

_ exp{xign) (27;22—:;—1—7"()\—32)4—0(1))}.

Choose r = ¢ then

I < exp{mzr(ln) <2622 +4 (A - —) +0(1))}

By employing the same method, we can also prove that

Iggexp{xi(ln) <_2(i‘22+5(y—x) +o(1 ))}

I

Thus,

(n 2 (52
(17) IEI{Sngy(s)}eA T Sn—A(n) < 2exp {xn(n) (— +0 ‘% — /\’ + 0(1)) } .

202
Therefore, for A\ = %% from (16), (17) and Lemma 2 (see section 4) we have that
v:
(18) hnn_1>1£f :c?( ] InV(s, € G) > —53 55

Since y € K., and the set K, does not depend on 6, let § — 0 on both sides of
(18), we obtain that

2

)
>_7_
(19) hnrr_1>10réf m2( ] InV(s, € G) 557"
Using (14) we have for any € > 0
Y2
(20) hnrrigf $2( ] InV(s, € G) > ~5g7 = —I(y) > —zlngI(I) —e.

Therefore, the proof is derived from (20) and € — 0. 0
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4. AUXILIARY RESULTS
Let’s prove several auxiliary results. For any A € R and all ¢ € N, denote
z(n) y.
Yin(A) = Eer v X,

It follows from conditions (4) and (3) that ¢;,,(A) < oo exists with sufficiently large
n.

Lemma 1. For each @; ,(\) the following inequalities

A222(n
(21) a0 <1+ X502 4 pi ),
A222(n
(22) pn) 21+ 2202 ),
hold, where f(n,\) = o(””n@) when n — oco.
Proof. We first prove inequality (21). It is easy to see that for any v € R
|’U,‘3 Jul

Taking Taylor expansion of e* at x := )\@Xi = 0 and using the inequality (23),
for any A € R we have

[ Az(n) A2z2( IAXG |2k (
in(A) < E|1 X
Pin(A) I + n + 2n2 Z nkk!

el Re) oy | PXPe) ema

s B+ n Xi+ o2 i 33 O

_E _1 N Az n)Xi n )\2$2(n)X2 N 8IA323(n) |g¢X;/2/? NS
I n 2n2 " ¢én? 3!

(24) < B[14 220y 200 g BAPTM) (1= 40) x|
- n ! 2n2 ! q3n3

where ¢ satisfies (3).

From condition (4) for any A € R when n is large enough we have )\@ < gq/2.
Thus, by using the sub-additive property of sublinear expectation, condition (2)
and inequality (24) we can obtain that

vin(A) < 1 +]E>\x(n)Xi + )‘2:”2(”)1[«;)(2 ME al X |
’ o 2n ¢ q n
R SRS

m2 ! q3n3
Furthermore, condition (3) implies that there exists a constant C' > 0 such that for
all i e N

(25) Eed Xl < C.

Thus (21) is proved.
Next, it remains to prove (22). Note that from (i) and (ii7) (see Definition 1)
the following properties are derived

(26) EX —EY <E[X —Y], E[X+¢=EX +c
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Therefore from the inequality (23) and property (26), for any A € R we get

Az (n) A222(n) oy o |AXG Rk (n)
b 2 B[14 20,y Xy >
ANz?(n) Az(n) IAX; 223 (n) =om
> AR R SRy (N ‘g 1A 2 Y IAXG
> E[H X ( (- xp) + S )]
2 2 3 3 x(n
> 14X W IE{M’(TL)(XZ.) 4 We(kli)%q)lxn]
2n n g3n
2.2 3.3
e > 1422 BALT Mg (e g)ix

212 i ¢3n3
where ¢ is the constant which satisfies condition (3).
Using (4) and (25) again, for large enough n we have
) , AP
M2 i ¢3n3 ’

where C' is a constant. Thus all the inequalities are proved. O

901’,”(/\) 2 1+

Lemma 2. For all A € R the equality

2
Fer 228, _ 5 (2207 40(1))

is true when n — oo.

Proof. Tt is easy to see that for any v € R
2
U< olul
5 =

Therefore, for all ¢ € N, from condition (3) there exist constants ¢ and C such that
(¢Xi)? _ 2
2 ¢ T q

2
(28) o =EX? = ?E
It is well known that
(29) In(1+u) =u+o(u),

when v — 0. And since for any n > 2 random variable X,, does not depend on
(X1,...,Xn—1), then when n — 400 from Lemma 1, the definition of independence
in (1), condition (2) and the above statements we have

z(n) = - A2z2(n z%(n
IS DR (e
i=1

i=1

—oo{ D (15550 = {8 (S5 (5))

— exp {xii") (1 zn: (AQU? " 0(1)) } - 6@(%202“(1)).

n 4 2
=1

O

The authors are grateful to A.I. Sakhanenko and reviewer for valuable comments
that improved the manuscript.
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