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RECONSTRUCTION OF A HIGH-FREQUENCY SOURCE TERM
OF THE WAVE EQUATION FROM THE ASYMPTOTICS OF
THE SOLUTION. CASE OF THE CAUCHY PROBLEM

E.V. KORABLINA, V.B.LEVENSHTAM

ABSTRACT. We consider The Cauchy problem for the wave equation
with an unknown right hand side, that rapidly oscillates in time. This
right hand side is reconstructed from the three-term asymptotics of a
solution, which are given at one point of the domain. In this case, an
approach developed earlier by one of the authors of this article is used
to solve the inverse problems with rapidly oscillating data.

Keywords: wave equation, Cauchy problem, asymptotics of a solution,
reconstruction of an unknown high-frequency source term.

INTRODUCTION

In this paper we consider the Cauchy problem for a one-dimensional wave equation,
with a right hand side, that can be expressed as a product of two functions, with
one being a function of a time variable and a space variable and the other one
being a function of a time variable and a so-called fast time variable (IIpum. cmbica
"ObICTPOIl BpeMeHHOI " IepeMeHHOl B CTaThbe He YTOYHSETCH, B IPENPUHTE CTATbU
[5] ucnonb3yerca repmun "fast variable"). In the considered problem the second
function is unknown. We study the way of reconstructing it using the three-term
asymptotics of a solution, which are given at a certain point of the domain (in fact,
much less data is needed, see last paragraph of the introduction). In this paper
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we use the algorithm [1-5] for solving coefficient inverse problems with rapidly
oscillating data.

Inverse problems of mathematical phyiscs (including the source term reconstruc-
tion problem) are widely researched and one can find many monographs (see, for
instance, [6-11]) and papers on these topics. However, inverse problems for equations
with rapidly oscillating (high-frequency) data were not studied as a part of classical
theory. At the same time they are often encountered in mathematical modeling
of physical, chemical and other processes, which take place in environments with
unknown characteristics, and, in addition, are subject to high-frequency actions of
electromagnetic, acoustic, vibrational and other fields. Wave equation (1.1) refers
to equations of the indicated type; it simulates the vibrations of a string under
the influence of high-frequency external forces. This demonstrates the need for the
development of the theory of high-frequency coefficient inverse problems.

In [1-5] as well as in this paper, we use a new method for stating and solving high-
frequency coefficient inverse problems. This method is a combination of techniques
from theories of asymptotic methods and inverse problems. Because of that, in
every one of the aforementioned works the process of solving the inverse problems
is split into two steps, each corresponding to one of these fields, which also raises
the need to track coherence of these parts (for instance, smoothness of the obtained
functions). The papers mentioned above study the inverse problems for parabolic
and hyperbolic equations with the unkown rapidly oscillating source term (cases
of initial boundary value problems are covered in [1-5], while this work studies
the case of the Cauchy problem). Additionally, this method is special in a sense
that the overdetermination condition does not use the exact solution, as is usually
the case in more classical techniques, but its partial asymptotic, the length of
which is computed during the first step of solving the inverse problem. Moreover,
the information, required for the overdetermination condition is given not for all,
but for some "basis" coefficients (or their fast terms), from which the data for
other coefficients is uniquely determined, and the "basis" coefficients are used
to uniquely determine the data for other coefficients. For example, in this paper
the overdetermination condition in the statement of the inverse problem uses the
coefficients of the three-term asymptotics, that are computed in the certain point
of the domain, which are represented by functions q(¢), ¢(t) and ¥ (t) + x(t, wt),
however we explicitly set only two of them: ¢(¢) and (¢, 7). In that case, the inverse
problem is uniquely solvable.

1. CONSTRUCTION OF THE ASYMPTOTICS

Let T > 0, consider the strip II = {(z,t) : « € R,t € [0,T]} and the infinite
right parallelepiped Q = {(z,t,7) : (x,t) € II, 7 € [0,00)}. On the set II consider
the following Cauchy problem with the large parameter w

Uty — Uge = f(, t, wi)

’U,|t:0 =0 (11)

Ut|t:0 =0
Here f(x,t,7) is a real-valued function, which is defined (and continuous) on the
set € and is also 27-periodic in 7. In this paper, the term "solution" is understood
in the classical sense. By F(x,t) denote the mean value of the function f(x,t,7)
for the argument 7, i.e
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2w

Fla,t) =< f(x,t,7) ;% [ farar

Assume that F'(z,t) is differentiable with respect to x on IT and both the function
and its derivative are continuous on II. Consider the function ¢(x,t,7) = f(x,t,7)—
F(x,t). Assume that it is four times differentiable and is, along with all of these
derivatives, continuous on 2.

Let wu,,(z,t) be the solution of (1.1). Its asymptotics can be formally presented
as the following series

1 1
Uy (z, ) ~ ug(z,t) + ;ul(x,t) + E(uQ(x,t) + vo(z, t,wt))+

...—l—%(uk(x,t)+vk(a:,t,wt))+..., (1.2)

where functions wug(z,t) and vg(x,t,7) are defined and continuous on IT and € and
are two times continuously differentiable in x and (¢, 7), with vg(x,¢,7) also being
27-periodic in 7 such that

< wvg(x,t,7) >=0.
All the functions considered in this paper are real-valued.
To state the theorem we introduce some notation. Firstly, we define two types
of linear uniquely solvable problems. The first type contains the following problem
for the ordinary second-order differential equation

2
a Séf-72t77—) = w(x’t, T)
s(z,t, 7+ 2m) = s(x,t,7) (1.3)

< sz, t, ) >=0,
where t(x,t,7) is defined and continuous on  and is a 2m-periodic function in
T € [0;00) with zero mean value. It is known that the solution for (1.3) can be
represented as follows.

s(x,t,7) = /OT (/OZ Y(x,t,s)ds — </OT ¢(x,t,s)ds>>dz—
—</0T (/Ozz/)(x,t,s)ds— </OT¢(m,t,s)ds>)dz>.

In this paper the mean value < ... > is always computed with respect to the variable
7. The second type contains the following Cauchy problem for the second-order wave
equation on the strip (x,t) € II

U (T,t) — Ugz (2, 1) = g(,t)

w(x,t)|t=0 = a(x) (1.4)

ur(x,t)|t=0 = b(x),
where functions g(z,t) and b(z) are continuously differentiable with respect to z,
defined on IT and R respectively (with g, being continuous on IT), while a(z) is a
two times continuously differentiable function, defined on R. The solution for (1.4)
can be represented by the d’Alembert formula:

1 1 T+t 1 t z+(t—s)
we.t) = o0 vatr ) b5 [ e [as [0 Teteac
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For every positive M define the rectangle IIy; = {(z,t) : |z| < M,t € [0,T]} and
consider the (k + 1)-term (k = 1,2) asymptotics of the solution for (1.1) (see 1.2):

k 1 1
Uy (x,t) = uo(x,t) + ;ul(x, t)+ ...+ J(uk(x,t) + vz, t, wt)).
Theorem 1. The following asymptotic formula

2 -
[luws (2, ) = i (2, )| e(ma) = O ™), 00 = o0,

where up(z,t),n = 0,1,2, and va(x,t,7) are solutions for problems of type (1.4)
and (1.3) respectively, holds for every M > 0.

Hokasamenvcmeo. We start by formally substituting the series (1.2) into (1.1):

0%u(,t) 182u1($t) 0%uy(z.t) azvz(xvtth) Pvs(@twt) | 20%vs(x twt)
otz T ot~ T o7 Faminn w5, tw o2 -
%ug(a,t 16° b 1 (9 t t,wt

Y P ) A R

{uo(m )+ Luy(z,t) + & (uQ(:E )+ vg(:c,t,wt)> + } o= 0

|:8u0(a: SN aula(tw 4 o.)12 (auz(w 4 4 avz(g,tt,wt) +w8v2(g7,—t7wt)) n ] ‘t_o -0

In each one of the last three equalities, equate the coefficients of w®,w™!, w™2, w3

and then apply the averaging operation with respect to 7,7 = wt. As a result we
obtain the following set of problems

Puolet) _ 2M0Gt) — Pz, 1)

ot?
uo(@,t)|=0 =0 (1.5)
Oug (z,t) -0

ot =0 -

9% v (z,t,
% = ¢(I,t,7)

vo(z,t, 7+ 2m) = vo(x, ¢, 7) (1.6)
< vz, t,7) >=0;

62u1(z,t) 8%uy (x,t) -0

ot2 Ox2
wy (@, 8)|4—0 = 0 (1.7)
WH:O + M|” 0=0:
82v3(m,t,‘r) _ 2821)2(1 t,T)
T2 otoT
1)3(1:,15,7'—1-271') = vs(z,t,7) (1.8)
< vs(z,t,7) >=0;
BQUQ(x,t) _ 82u2(z,t) -0
ot2 2 -
ug (@, t)]i=0 + va(x,t T)\t,rzo =0 (1.9)
Bu%(zc,t)l o+ 8v2(m t,T) ‘ b0+ 6v3gv7:t,fr)| r—o = O;
Pva(mt,r) _ Pva(wt,r)  Pwa(witr) 232113(36775,7)
or2 - Ox? ot2 otoT
va(x, t, 7+ 2m) = vg(x,t,T) (1.10)

< wvyg(zx,t,7) >=0;

82 us(x,t) 82us(x,t) 0
2 - 2 -

(1.11)

ot
uz (2, t)|1=o + v3(2, t, Tt r=

9 t 9 t 9 it
u3(m )| o+ Us(x 7') tr=0 + v4gET T)|

t,7=0 = 0.
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3 3 1
Set w,, (2,t) =uy, (2,t) + Srva(z,t, wt). Then:

3 3
(i (2, 8)er — (T (2,))ge = [z, t,wt) + 2(x, t, wt)

3
i, (2,1)]—0 = w(@) (1.12),
3

(s (,1))ele=0 = 7(),

where functions z(z,t,7), w(z) and v(x) can be written as follows:
z(z,t,T)
_ 1 (82113(x, t,T) B O?vy(w,t,7) +282v4(x, t, 7')) 1 (8%4(307 t,7) _82114(:5, t, 7'))
Wl ot? Ox? otor w ot? 0x? ’
1
U)(ZE) = JU4(I7 07 0)7
1 Ouy(z,t,7)
r(z) = w ot t7=0

From this we obtain the following asymptotic equalities

2(z,t,7) = O(w™?),w — oo, uniformly with respect to (z,t,7), (x,t,7) € Q,|z| < M,
w(z) = O(w™*),w — oo, uniformly with respect to z, |z| < M,

r(z) = O(w™),w — oo, uniformly with respect to z, |z| < M.

Therefore,

2
| ve(z,t)— Uy (z,1) ”C(HM)

3 3 9
< e, t)— e (2,1) o) + e (@)= o (2,1) [loa
= O(w_3) + O(w_3) = O(w_3),w — 00
And the statement of the theorem follows from the obtained estimates. O

2. THE INVERSE PROBLEM

Let T and IT be the same as in the previous section. On the strip I consider the
following Cauchy problem
Ut — Ugy = f(:c,t)r(t,wt)
Ult=o =0 (2.1)
Ut|t:0 =0

We make some assumptions regarding functions f(z,t) and (¢, 7): f(x,t) is defined
on IT and is, along with its derivative with respect to x is four times continuously
differentiable with respect to (z,t), while r(¢,7) is defined and continuous on the
set Q@ = {(¢t,7) :t € [0,T],7 € [0;00)} and can be presented as follows: r(t,7) =
ro(t) + r1(¢t, 7), where ro(t) is continuous on the segment [0; 7] and (¢, 7) is four
times differentiable by ¢ and is, along with all of these derivatives, continuous on @)
and is 2m-periodic in 7 with its mean value equal to zero, i.e.

<ri(t,T)>=0

For the sake of brevity we will call the function r(¢, 7), which satisfies the aforemen-
tioned conditions the function of the (I) class. In this section, f and r are assumed
to be known and unkown respectively.

Consider the following predetermined objects: point xg, such that f(xo,t) # 0,
t € [0,T]; the continuous and two times continuously differentiable on the segment
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[0,7] function ¢(t), such that ¢(0) = ¢’(0) = 0; function x(¢,7), continuous on
@ and 2m-periodic in 7 with its mean value equal to zero. Moreover, x(t,7) is
two times continuously differentiable with respect to 7 and x”.(t,7) is four times
differentiable by ¢ and is, along with all of these derivatives, continuous. Consider
two additional functions

B(t) = 11 (o, 1),

"l}(t) = 712(‘770707
where @1 (z,t), G2 (z, t) are the solutions of problems (1.7)-(1.9), such that v (z,t,7) =
f(@H)x(,7)

f(@o,t)
Definition. The problem of finding an (I) class function r(¢,7), such that the

solution for (2.1) on the segment (xq,t),t € [0, T, satisfies the following condition

[t0,1) = a6) = Z0(0) = — (WO + x(t.1)

is called the inverse problem.

= 0w ), w— oo, (2.3
o) (w™) (2.3)

Theorem 2. The inverse problem is uniquely solvable.

JHoxasameavcmso. By Theorem 1, the solution of the Cauchy problem (2.1) satisfies
the following condition:

1 1
oo ) )= S o, )= g war ) bun(r )| = O(w7), 0 o0,

where u;,v; are the same as in the previous section. From this, while considering
(2.3) we derive that

1 1
Uo(l?(),t) + ;ul(x(%t) + ﬁ(u2('x07t) + UQ(I07t7Wt)) =

= 4(t) + _0(0) + 5 (0(0) + x(t, 1)) + Ow™) (24)

Equate the coefficients of w® w™!,w~2 in (2.4). From this, while considering the

averaging operation with respect to 7,7 = wt we get that

uo(zo,t) = q(t); (2.5)
u (2o, t) = ¢(t); (2.6)
uz(zo,t) = ¥(t); (2.7)
va(xo, t,7) = x(t, 7). (2.8)

From the previous section we obtain that
1 t 10+(t—8)
uo(zo,t) = 5/ ro(s)/ (&, s)dEds.
0 zo—(t—s)
From this and (2.5), it follows that the equality

1 t I(]Jr t S
= / / s)deds.
0 To

holds. By differentiating it twice with respect to ¢ we obtain the Volterra equation
of the second kind:

(1) = ro(®)f0nt) + 5 [ ro(s)[F2Geo+ (¢ = 9).5) = ol — (6= 5). ),
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which implies the existense and uniquness of the continuious solution ry. Now, by
differentiating (2.8) twice with respect to 7 and considering (1.6) we obtain that

2x(t, T
f(xo, t)ri(t,7) = 9 x(t,7)

or?
Therefore, the function 71 (¢, 7) can also be uniquely determined. Due to conditions,
imposed on functions ¢(t) and x(¢,7), we get that the resulting function r(¢,7) =
ro(t) +r1(t,7) is an (I) class function.

It can be easily shown that the solution of the Cauchy problem (2.1) with
the obtained function r(¢,7) satisfies the asymptotic formula (2.3). Therefore, the
theorem is proved.

O
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