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OPTIMAL DISCRETE NEUMANN ENERGY
IN A BALL AND AN ANNULUS

E.G. PRILEPKINA, A.S. AFANASEVA-GRIGOREVA

ABSTRACT. In this paper, we prove some exact estimates for the discrete
Neumann energy of a ball and an annulus in Euclidean space for points
located on circles. The proofs are based on dissymmetrization and analy-
sis of the asymptotic behavior of the Dirichlet integral of the potential
function.

Keywords: discrete energy, Green function, Neumann function, dissym-
metrization.

1. INTRODUCTION

In this paper, R? will mean the d-dimensional Euclidean space of points x of
the form (x1,..., x4) with the usual length and distance, d > 2. In the case d = 2
we assume that R2 is the complex plane. The solution of the classical Neumann
problem in the bounded domain D C R? for the Poisson equation requires the
construction of the Neumann function (this function is sometimes called the Green
function for the Neumann problem or the Green function of the second kind). The
classical Neumann function [1], [2] is defined as the function of x € D in D\ {y}
that satisfies the conditions

_ pa(x—y|) +u(x,y, D)

(1) N(vavD) - Wy 9
ON(x,y,D) 1
Ony  54-1(0D)’
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N(x,y,D)doyx = 0.
aD

Here piq(-) is the fundamental solution of the Laplace equation, (ua(p) = — log p,
pa(p) = p*~¢/(d —2) for d > 3), wq = 2n%?/T(d/2) is area of the unit hypersphere,
v(x,y, D) is some harmonic function in D, s4_; is the Lebesgue measure and
differentiation is taken with respect to the outward normal.

There are many studies related to extremal problems for various types of discrete
charge energies (see, for example, [3], [4], [5] and references therein). In [6], two
estimates are obtained for the discrete energy of the Green function of an annulus
on the plane in the case of points located on some circle. These results have been
extended into Euclidean space in [7]. The purpose of this paper is to obtain results
of a similar sort for the Neumann function.

Let us recall the definition of discrete Green energy [8|. Let A = {d;}}'_, be an
arbitrary discrete charge (the set of real numbers) that takes the value d; at the
point x, k= 1,...,n of D . The Green’s energy of this charge with respect to D
is the quantity

E(X,A, D)= Z Zék&gn(xk,xz),

k=1 =1
Ik

where gp (xg, x;) is the Green’s function of the domain D. In a similar way we define
Neumann energy

n n

En(X,A,D) =YY 60N (xk, %1, D).

k=1 l=1
1#k

Everywhere below, D is either a ball of the form {|x| < 7} or an annulus of
the form {m; < |z| < 7»}. Let us take the following notation: B(a,r) is the open
ball centered at point a of radius 7, J is (d — 2)-dimensional plane {x € R? :
x = (0,0,23,...,24)}. We need the cylindrical coordinates (r,68,x’) of the point
x = (z1,..., xq) in Rd, related to the Cartesian coordinates by the relations x; =
rcosf, ro = rsinf, x' € J. Entries like {# = ¢} mean the set of points in R? with
polar coordinates (r,p,z'), r > 0, x’ € J, where ¢ is fixed.

Let Q = {S} is a set consisting of a finite number of distinct circles S of the form
S ={(ro,0,x5) : 0 < 0 < 2x} lying in D (here 79 > 0 and x{, € J are assumed to
be fixed). For arbitrary real numbers 6;, j =0,..., m —1,

0<by<b<...<BOp_1<2m,

denote by X = {xj}7_, the set of intersection points of circles from  with half
planes

L; :{(r>97xl):9:93’}7%:0,...71’)1—1.

We also denote the set of intersection points of circles from € with symmetrical
half-planes

Ly ={(r,0,x'): 0 =27j/m}, j=0,....,m—1.

as X* ={x;}7_,.

The following theorems show that for some choice of the charge A, the symmetric
configuration can provide either the maximum or the minimum of the Neumann
energy En(X,A, D).
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Theorem 1. Let D be the ball or the annulus, 2, X and X* are defined above,
the charge A = {0,}_, takes the same values 0, = 0; at the points x, € X and
x; € X located on the same circle from Q and

k=1

In addition, let the points X, € X and x; € X* lie on the same circle in €,
k=1,...,n. Then
En(X,A,D) > En(X*,A, D).
Theorem 2. Let D be the ball or the annulus, 2, X, X*, A are defined above, m
is an even number and 0 = —0; at points x; € X and x; € X lying on the same
circle from Q and on neighboring half-planes from the collection {Lj};-":_ol. Then
En(X,A,D) < En(X*,A, D),

where the points X* are numbered as follows: if xj € X* lies on the intersection of
circle S from Q with the half-plane L7, then the corresponding point x;, € X must
lie at the intersection of S and the half-plane L;, k=1,...,n,0<j<m—1.

Note that the theorems obtained in this paper are also valid when D is the
domain of rotation (the domain D C R? is called domain of rotation with respect
to the J axis if the point (r, ¢, x’) belongs to D for any point (r,0,x’) € B and any

©).
Under the additional condition

@) S 6 =0
k=1
we define the function
u(x) =u(x; X,D,A) = ZékN(x, Xk, D),

which we call the potential Neumann function of the configuration X, A, D. The
expansion of the potential function in a neighborhood of the point xi, k =1,...,n,
follows directly from the definition

(3) u(x) :51{M+ak+0(1), X — X,
d
where
ay, = &) ko Xhy ) 0(Xp, Xpe, D Z5ZN xt.x0, D).
l;ék
Sum
D
(4) Z5kak = ZZW )or0 = En(X, A, D) + Z %ﬂc’“)
d
k=1 1=1 =

isa quadratlc form of variables A with coefficients 1y (D) depending on the Neumann
function. Denote this quadratic form by

(5) @n(X,A, D) ZZWM )6161,

k=11=1
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where 1y (D) = N(xk, x1, D), k # 1, mr(D) = v(Xk, Xp, D) /wa.

Quadratic forms of this kind, as well as forms with coefficients depending on
the Green or Robin functions, play an important role in the geometric theory of
functions. Various inequalities for such forms and their applications are found in
the works of Alenitsin, Nehari, Duren, Schiffer, Dubinin and other mathematicians
(see [9], [10], [11], [12]) . We prove that

Qn(X,A,D) > Qn(X*,A,D)
under the conditions of Theorem 1 and
Qn(X,A,D) <Qn(X*,A,D)

under the conditions of Theorem 2. To calculate the coefficients of the quadratic
form @, under the additional condition (2), we can use the generalized Neumann
function [13] instead of the classical one. The analytical expression of the quadratic
form @, of a planar disk is known.The Neumann function of the unit disk U [2] is

log |z — zo|1 — 2Zg]

N U) =
(ZaZ07 ) o )
SO
It — 21|11 — 2,27
ma(0) = — B AL A
iy
~ log(1—[z/?)
mk(U) = . .

The coefficients ny; (K) of the quadratic form of the planar annulus K = {p < |2] <
1} were given in [13|. Namely,

— 5= log |01 (ilog(2x71) /2; )01 (ilog(z/20) /2; )|, Kk #1,
110 4|z || sin (i log |z |)| k=1
o7 108 (1—]2x|?)] thetay(ilog |zx|;1)07 (0;1)] )

k1 (K) :{

where
oo

Or(zp) = —i Y (—1)npt/D eilndbz,
In the space of dimension d > 3, we did not find in the literature an analytic
expression for the Neumann function of an annulus. For the unit ball U = B(0,1)
the Neumann function was found in [2] and has the form

1
Ny 0) = - (alix =y +a (Jalyl = T ) +axn ) + Const

d

where €1(x,y) is given by the formulas

2
e1(x,y) = log ,d=3;
1= Gey) + [xlvl - |
V2 — 2
a(x,y) = (x.y) arctan VPP - 6 y)? log |x|y| — y‘7d = 4;
VPl = (x,y)? 1-(x,y) vl
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9 p—1 1—2k
e1(x,y) = log +Y <’M —Q
1= Gey) + xlyl = || = ES Iyl

~ 2k 4 - DK -3 (x,y) x|y > x[?lyl* — (x,y)
: (k _ )(Qk + 2 — 1)” (‘X|2|y|2 _ (X y)2>i+1 2k—1 + (X7 y) )
k=1 =0 ) ’x|y| \y\

d>5d=2p+1,p>2;

—2k
. 1)

61(X7y) = 710g

y| &1 y
- ]+ X o ('xm - T
Iyll =2k vl

ToTe 2=l or _ 1) 2%k, |2k
+ (x,y) arctan [x[%lyl (xy) Z( - ')" X[l )
A-Goy) = 2% (xPly]? - (x,y)2)F 2
—1p—k-1 . .
R ”Z (2k+2 = DU+ D! (xy)x*ly[* |x|2|y|2—<x,y>_(x 9
oo 2Rk DNE D! (1x2ly 2 - (x,y)2) T 2"

‘X|Y‘ |y|
d>6,d=2p+2,p>2;

2. PROOF OF THEOREM 1.

Denote by D, the domain obtained by removing from D balls with center xy,
of radius r, D, = D \ (U}_;B(xk,7))). Then the Dirichlet integral I(u,D,) =
fDr |Vu|?dx of the potentlal functlon satisfies the asymptotic formula [14, Lemma
2.1], [15, Lemma 1]

6) I(u,D,) = (z_:l 5,3) “ju(d En(X,A, D) +I;‘”X’;U’;’“’m+o(1), =0,
or
(7) (Z 5,,@) #a(r) + Z drar +o(1), r—0.

k=1

The function v(x) is called admissible for D, X, A, if v(x) € Lip in a neighborhood
of every point D, except perhaps for a finite number of points, it is continuous in
D\ Ui_,{xx}, and in a neighborhood of x;, we have the asimptotic expansion

(8) v(x)zékw—kbk—i—o(l),x—)xk.

For an admissible function v and the potential function v we have the asymptotics
[14, Lemma 2.2], [12, Lemma 2]

(9) I(v—u,D,)=1(v,D,)—I(u,D,) — QZék(bk —ag)+o(l), r—0.
k=1
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Let u1(x) be the potential Neumann function of X, A and let uz(x) be the
potential Neumann function of X*, A. We denote by Dis the dissymmetrization
described in the proof of Theorem 1 in [7]. In the domain D we construct the
function v(x) according to the rule

v(x) = uz(Dis™(x)).

Since the configuration X*, A, D is symmetric, the function wus(x) is invariant
under any mapping from the symmetry group ¢ € & involved in the definition of
the dissymmetrization Dis. Therefore v(x) is uniquely defined and it is admissible
for X, A. Since dissymmetrization is, in fact, a special permutation of angles, then

I(v, D) = I(ug, D),
where D} = D\ (U}_,B(x},7))). The relations (7), (9) imply

(10) 0 < I(v,Dp) = I(u1,Dp) =2 Sx(bi — ax) + o(1) =
k=1

n n

I(ug, Dy) = I(u1, Dy) =2 0(br — ax) +0(1) = Y _ Sp(ax — bx) + o(1), r— 0,
k=1 k=1

(11) Zékbk < Z(Skak.
k=1 k=1

Here b, are the coeflicients of the asymptotic expansion of the potential function of
the symmetric configuration, and aj, correspond to the nonsymmetric configuration.
Taking into account (4), we get

(12) En(X*,A,D)+Y_ o < En(X,A,D)+ . l o
k=1 k=1

Since D is the ball or the annulus, v(x,x, D) = v(y,y, D) for any two points x, Yy,
on the same circle S from 2. Therefore,

i 5,31)()(,’2,)(2, D) _ i 6iv(xk,xk, D).

Wq Wq

k=1 k=1

Thus, the inequality (12) proves Theorem 1.

3. Proor or THEOREM 2.
Let us first prove an auxiliary lemma.

Lemma 1. Let Y = {y,},_, be the set of points lying on the half-plane {0 = 0},
Ao = {og},—1 be some charge, 0 < a < 7, D(a) = DN {0 < 6 < a}, [(a) =
OD(a) N {0 = a} or D(a) = DN{—a < 0 < 0}, I'(o) = OD(x) N {0 = —a}.
Consider the function h,(x) that satisfies the following conditions: it is harmonic
in D(«) except for the points of Y; it is continuous in D(«)\Y'; this function is zero
on I'(«); it has the zero derivative on the remainder of the boundary 0D(a) \ Y
and the decomposition is true

(13) he(x) zaqw +eq(@) +0(1), X — ya,
wq
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in a neighborhood of the points y,. Then the function

!
fla) = Z TqCq(e)

is concave by 0 < a < w as a function of a.

Proof. Outside the domain D(«), we assume that the function h, is extended by
zero. In terms of [14], [15], the function hq(x) is called the potential function of the
collection D(«), I'(a), Y, Ag. Repeating the proof of Lemma 2.1 in [14] we get the
decomposition

! I
(14)  I(ha,D(a),) = % (Z O—Z) “Z)(:) n % qucq(a) +o(1), r = 0.
qg=1

q=1

For 0 < a < B < m we construct in the domain D((a + ()/2) the function
V(a+p)/2(X) by rule

_ ha(x) +hp(x) = hp(x")
U(a+6)/2(x) = 9 )

where x* means the point symmetric to x with respect to the half-plane {6 =
(+ B3)/2} (or {0 = —(a + B)/2}). The function v(a4p)/2(x) is admissible for
D((a+B)/2), T((a+ B)/2)), Y, Ap and it has the decomposition

pa(]x — yql) + cqla) +cq(B)
[y 2

(15) v(a+5)/2(x) =0y +0(1), X —yq-

Applying the analogue of the formula (9) (see the proof [15, Lemma 2], [14, Lemma
2.2]), we obtain

(16) 0 < I(v(a+p)/2: D((a+ B)/2)r) = I(h(a+p)/2: D((a + B)/2)r)—
l cqla) +cq(B a+p
Zloq <( )2 ( )fcq (2 )>+0(1), r — 0.

From the definition of the function v(g)/2(x) and the modulus property of the
vector |x + y|? < 2(|x|? + |y|?) follows

1 *
(A7) I(v(a+p)/2, D((a +5)/2)r) < 5 (1V(ha(x) = hg(x"))|*)dx-+
D(a+p)/2
L 2 1 2 1 2
3 |Vhg(x)|?dx = 5 [Vhe(x)|?dx + 3 |Vhg(x)|*dx.
D(a+p)/2 D(a) D(B)

The relations (14), (16), (17) imply
1 1 !
a+p
Zoch(a) + Zach(ﬁ) < QZach <2> ,
q=1 q=1 q=1

F@)+1(B) _ ,(atBY
2 2
The last inequality means that the function f(«) is concave. The lemma is proved.
O

or
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Let us now proceed to the proof of Theorem 2. Note that the conditions of the
theorem guarantee that >, _, 6, = 0. We assume that 6, = 0 and 6,,, = 27. Denote
by
Bj=Dn{; <0 <01},
9j +29j+1} B_ - DN {9 +91+1

Oy — 0,
aj = J+12 37
j=0,....m—1. Let Y = {yq}é:1 are points from X lying on {# = 0} and
Ag = {og},_, are their corresponding charges (o4 = 0y if y, = xx). We denote by
hl(x) the function h,(x) from Lemma 1 which defined by the set Y, the charge
Ay, the domain D(a) = DN {0 < § < «}. Similarly, let hZ(x) be defined by Y,
—Ag = {—0},=; and D(a) = DN {0 < 6 < a}. The function h3(x) corresponds
to Y, —Ag and D(a) = DN {—a < @ < 0}, and the function h’(x) corresponds to
Y, Ag and D(a) = DN {~a <0 < 0}. We will denote by c?(a) constant from the
expansion (13) of the function k2 (x), p =1,2,3,4.
We define the functions

UF(x) = he, (6;(x
+ 2 +
'l;/]j( )_h’ ( (X 7X€Bj 7]_1731"'7m_]-7
U7 (0 = 1, (B41(x)), X € By ] =0,2,...,m—2,
¥y (x) = hiij(@m(x)xx €Blj=13,....m-1,
where the notation ¢(x) means rotation through the angle ¢ (namely p(x) =

(r,0 —p,x') if x = (r,6,x’)). In the domain B;, j =0,...,m — 1, we also consider
the functions

Bj':Dﬁ{HjSHS <60<611},

), x€B,j=0,2,...,m-2,
)

w;f(x), X € B;.r,
Yi(x) =1 ¥; (x),x € By,

O, X = (7’, (9] + 0]'_;,_1)/2, 117/).
By construction, the function v;(x) is harmonic in By, has a zero normal derivative
on the boundary of 9B; (except for the points of X), and a decomposition of type
(8) in a neighborhood of points X N B;. Let u(x) be the potential Neumann function
of X, A, and Zj drar means the sum of those terms diay that correspond to the
points x;, € B;. Repeating the proof of Lemma 2.2 [14], we obtain

(18) 0 < I(u,(By),) = I(¥;, (B ZékawZoq )+
l
> (=og)ci(ay) +o(1), j=0,...,m—2,
q=1
(19)
l
0 < I(u, (Bj)r) = 1(, (B; Z(skak+z —0g)c (O‘j)+zach(aj)+0(1)a

q=1
j=1,....m—1.
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To get inequality

- 1 1
(20) deak < 5 Z Zaq Cq Oz] + 5 Z Z O'q

k=1 =0,..,m—2q=1 0,...,m—2 q=1
1 1
LY Vel ¥ e
j=1,....m—1g=1 j=1,....m—1qg=1
we sum the inequalities (18), (19) over all j = 0,...,m — 1, apply the expansion

(7) and equalities

l n

2 _ 2

m E o, = E 0sc)
g=1 k=1

and also take into account the fact that each point x; € X belongs to two closed
domains B;. Further note that the definition of h,(x) given in Lemma 1 implies
the equalities hl (x) = —h2(x), h3(x) = —hi(x), Therefore,

! !
D ogch(ag) =Y (—og)ci(ay), Y ogcylag) =Y (—0g)ck(ay)

q=1 q=1 q=1

In addition, there is the unique harmonic (except for points of Y) function in the
domain B(a) = DN {—a < 6 < a} vanishing on 9B(a) N ({6 = a} U {0 = —a}),
having zero normal derivative on the remaining part of the boundary dB(«) and
with expansion (13) in the neighborhood of y,, ¢ =1, ...,l. This function coincides
with Al (x) in the DN {0 < § < a}, and it coincides with the function A (x) in the
DN {—a <60 <0}. Therefore c} (o) = ¢j(r) and the inequality (20) becomes

,_.
—

n m—

l
(21) D oar <> ogeh( flay).

k=1 7j=0 g=1

3

<.
Il
=)

From (21), the concavity of the function f(«) due to Lemma 1, and the equality
Y7L, aj =, we obtain the inequality

(22) ancskakgmz: flaj) <mf (W):mf(l)

k=1 7=0

Now let u*(x) be the potential Neumann function of X*, A and a} denote the
corresponding constants from the asymptotic expansion. Repeating the above proof
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with X replaced by X*, it is easy to see that the equality sign holds in all inequalities
and

(23) izskaz = mf (%) .
k=1

So the inequality (23) means

(24) Zékak < Zéka,’;

As noted in the proof of Theorem 1, (24) is equivalent to the required statement.
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