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ABsTRACT. We study rank properties for families of strongly minimal
theories. A criterion for e-total transcendence of families of strongly
minimal theories is obtained in terms of the description of the language
symbols.
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1. INTRODUCTION

In the study of elementary theories, an important role is played by the description
of their interrelationships and derived objects, including main characteristics. Essen-
tial interrelationships between theories arise when considering their various com-
binations,closures and generating sets for families of theories approximations of
theories. Along with combinations of theories in general, various combinations of
ordered theories are considered, which allow describing their essential structural
properties. Among various approximations of theories, one of the central places is
occupied by approximations by theories of finite structures, which define pseudofinite
structures [1, 2, 3, 4]. Important derived objects are algebras of definable subfamilies
[5]-Main characteristics related to the families of theories are the e-spectra, the ranks
for families of theories [5, 6, 7] and for formulas. Rank values allow one to determine
how complex certain types of families of theories are, both in general case and in
relation to natural classes of theories, including classes of substitution theories [8§],
theories of abelian groups [9], ordered theories [10, 11].
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The present article is concerned the notion of strong minimality initially deeply
investigated in [12]. We study rank properties for families of strongly minimal
theories. A criterion for e-total transcendence of families of strongly minimal theo-
ries is obtained in terms of the description of the language symbols.

2. PRELIMINARY NOTIONS

Definition 1 ([12]). Let T be a complete theory without finite models. The theory
T is said to be strongly minimal if for any model M |= T, any formula ¢(z,§) and
any tuple a € M either the set ¢(M,a) is finite or the set ~¢(M,a) is finite.

Definition 2 ([6]). Let 7 be a family of complete theories in a fixed language %,
¢ be an arbitrary X-sentence. Then the set 7y, := {T' € T | T = ¢} is said to be
the ¢-neighbourhood of the family T, or the s-definable subfamily of 7 defined by
the sentence ¢.

We define the rank RS for the family T as follows:

(1) RS(T) =-1, if T =0.
(2) RS(T) =0, if T is a finite nonempty family.
(3) RS(T) > 1, if T is infinite.
(4) RS(T) > a + 1, if there are pairwise inconsistent X-sentences ¢n,n € w,
such that RS(7Ty,) > .

(5) If § is a limit ordinal, then RS(T) > 6, if RS(T) > B for any § < 4.

We put RS(T) = «, if RS(T) > a and =[RS(T) > o+ 1].

If RS(T) > « for any «, then we put RS(T) = co.

A family T is called e-totally transcendental, or totally transcendental, if RS(7)
s an ordinal.

If a family T is e-totally transcendental, with RS(T) = a > 0, then the degree
ds(T) of T is the mazimal number of pairwise inconsistent sentences ¢; with

RS(T,,) = .
By the definition, if RS(7) = o € Ord then ds(7) € w \ {0}.

3. FAMILIES OF STRONGLY MINIMAL THEORIES AND THEIR RANKS

Throughout this article we denote by 7y the family of all strongly minimal
theories in a language .

Proposition 1. Let X! := {P!},.., where k is a cardinal. Then the following
holds:

(1) If k < w then RS(Tx1) = k.

(2) If Kk > w then RS(Tx1) = oc.

Proof. (1) By virtue of strong minimality, each unary predicate selects a finite or
cofinite set in any model of an arbitrary strongly minimal theory.

We construct an infinitely branching tree of length « for the family 7s:1 of
theories. At the first level, we distinguish theories in which the first predicate P;
selects in any model a finite set consisting of n elements for each n < w. Further,
at the i-th level (i < k), we distinguish theories in which the predicate P; selects a
finite set consisting of n elements for each n < w. Therefore, we obtain RS(7s1 ) = k.

(2) Since there exist infinitely many unary predicates, then one can construct an
infinitely branching tree of infinite length, whence RS(7x: ) = oo. O
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Let Z{ := {f!}, where f is a unary functional symbol, i.e. any theory T of the
language Z{ satisfies the following sentence: T' = (Va)(3ly) f(z) = y.

Let T be a complete theory of the language E{, MET.

We say that an element a € M forms a cycle of length 1 if f(a) = a.

We say that elements ai,as,...,a, € M form a cycle of length n if a; # a;
for any 1 < 4,5 < n with i # j, f(a1) = as, f(az) = as,..., f(ap—1) = a, and
flayp) = a;.

Consider the following sentences:
Q}L = EL’El ce Elxn[/\#jxl # Xy A /\?:_11 (.Tl) = Ti+1 A f(iL’n) = TN\

VYL VYn(Niggyi # 95 AN W) = Yirn A f(ya) = 31 = Vigyn = )],
02 :=3Azy ... Fx,Fys ... Jyn[NigjTi # 5 A /\?:_llf(zi) =z A f(zn) = 1A
Nizti¥i # Y5 AN () = Y A Fyn) = 1A
Va1 .. Vzn(ANigjzi # 2; /\/\?;11 (2i) = zigaANf(zn) = 21 = VI (21 = 2,V = 41))]-
The sentence 6! asserts that there exists a unique cycle of length n, and the
sentence 62 asserts that there exist exactly two cycles of length n. Similarly, we can

construct a sentence % asserting that there exist exactly k cycles of length n, for
any k,n < w.

Proposition 2. Let E{ = {f'}, where f is a unary functional symbol. Then
RS(’TZ{) = Q.

Proof. We construct an infinitely branching tree of infinite length for 7, Iz

At the first level, we distinguish theories in which there are exactly n cycles of
length 1 for each n < w. At the second level, we distinguish theories in which there
are exactly n cycles of length 2 for each n < w. At the k-th level (k < w), we
distinguish theories in which there are exactly n cycles of length k for each n < w.
Thus, we obtain RS(TE{) = o0. O

Since k-ary predicates and k-ary operations, for £ > 2, allow to interpret unary
operations, Proposition 2 implies:

Corollary 1. If a language ¥ contains a k-ary predicate symbol or a k-ary func-
tional symbol, where k > 2, then RS(Tx) = oo.

Proposition 3 ([7]). If ¥ is a language consisting of constant symbols then for the
family T of all theories in the language 3 either RS(T) = 1 and ds(T) = P(n),
where P(n) is the number of partitions of n-element sets, if ¥ consists of n symbols,
where n < w, or RS(T) = oo, if ¥ has infinitely many symbols.

Proposition 3 implies:

Fact 1. Let ¥, := {¢i}i<x, where  is a cardinal. Then RS(Ts:) = 0 and ds(Tx. ) =
P(k), where P(k) is the number of partitions of n-element set, if K < w, or
RS(Tse) = 00, if k > w.

Proposition 4. Let E,lﬂcn = {P,...,Plc1,...,cn}, where k,m < w. Then
RS(TE}C,U ) =k and dS(7-Ellc,u ) = P'(k,m), where P'(k,m) is the total number of
actions by predicates Pl,..., P} on each of P(m) partitions of the set {c1,...,cm}
on r parts, 1 <r <m: P'(k,m) =2,
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Proof. By virtue of Proposition 1 and Fact 1, we assert that RS(7s,
Let us now understand that ds(7s,

i,n) = k.
) = 2F™, Each of the unary predicates P!

Kom d
can act on the set of identified constants ¢; in two ways, i.e. either P!(c;), for
all identified constants c;, or —P}(c;) (each constant has only two possibilities
for a chosen unary predicate). Therefore, taking an arbitrary partition of the set
{c1,...,cm} into r parts, we obtain the multiplication 7 times 2* of the actions of
the predicates P}, ..., P! on each element partition equal to 2¥". Running through
all the partitions of constants and all variants of the influence of the predicates
Pi ..., Pk1 on the elements of the partitions of the set {ci,..., ¢}, we obtain the
desired equality dS(Ellc,in) = P'(k,m). O
Proposition 5 ([7]). If X is a language of 0-ary predicates, then for the family T
of all theories in the language ¥ either RS(T) = 0 and ds(T) = 2™, if & consists of
m 0-ary predicates, where m < w, or RS(T) = oo, if X has infinitely many symbols.

Proposition 5 implies:

Fact 2. Let X := {P)}i<x, where & is a cardinal. Then either RS(Tso) = 0 and
ds(Tse) = 2%, if k <w, or RS(Txo) = o0, if K > w.

In view of Fact 2 if we add to the language X finitely many 0-ary predicate
symbols then we preserve the e-total transcendence of the family of all strongly
minimal theories in the expanded language ¥’, whereas adding to the language X
infinitely many 0-ary predicate symbols we obtain the family 74 with RS(7%) = oc.
Thus, Propositions 1, 2, 4, Corollary 1, and Facts 1, 2 imply the following:

Theorem 1. A family Ts, of strongly minimal theories is e-totally transcendental
if and only if the language ¥ consists of finitely many constant symbols as well as
of finitely many 0-ary and unary predicate symbols.

Remark 1. Assuming that distinct constant symbols are interpreted by distinct
elements, e-totally transcendental families of strongly minimal theories in Theorem
1 admit arbitrarily many constant symbols in the language.

Remark 2. Since RS(7T) < RS(T7’) for T C T’ then the criterion for e-total
transcendence of families of strongly minimal theories in Theorem 1 can be trans-
formed for any family 7’ containing the family 7x of strongly minimal theories of
given language Y. In particular, it holds for families of w-stable, superstable, and
stable theories.
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