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ONE NECESSARY CONDITION FOR THE REGULARITY OF A
p-GROUP AND ITS APPLICATION TO WEHRFRITZ’S
PROBLEM

S.G. KOLESNIKOV, V.M. LEONTIEV

ABSTRACT. We obtain a necessary condition for the regularity of a p-
group in terms of segments of P. Hall’s collection formula. For any prime
number p such that (p + 2)/3 is an integer, we prove that a Sylow p-
subgroup of the group GL,(Zy=) is not regular if n > (p + 2)/3 and
m > 3. We also list all regular Sylow p-subgroups of the Chevalley group
of type G2 over the ring Zym.
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1. INTRODUCTION

In 1982, B. Wehrfritz posed a question in the Kourovka Notebook [1]: find n, m, p
for which a Sylow p-subgroup P, (Z,=) of the group GL,,(Z,~) over the ring Z,m of
integers modulo p™ is regular. Recall that a finite p-group G is said to be regular if
for every two elements a, b € G and every n = p* the equality (ab)™ = a"b"S} ... SP
holds, where Si,..., S; are suitable elements of the derived subgroup of a group
generated by the elements a and b [2, p. 205]. The answer to the question is known
for the following cases: nm —1 < p (follows from the work by Yu. I. Merzlyakov [3]),
n>p+1(A. V. Yagzhev [4]), n > (p+1)/2 or n? < p (S. G. Kolesnikov [5], [6]). In
this work, a necessary condition of regularity is obtained, which allows to partially
study the case n > (p+1)/3, and also to obtain a complete solution of the analogue
of this question for a Sylow p-subgroup P®(Z,~) of the Chevalley group ®(Z,n)
for @ of type G.
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Theorem 1. If a finite p-group G is regular, then for every a,b € G there ewists
an element d € {(a,b)’ such that

» = T[RI®),

where the product is taken over all commutators R; of weight w(R;) = p from the
P. Hall’s collection formula. In particular, for every non-negative integer j

dP = H R{i(p) (mod G(p“"’l))7
p<w(Ri)<p+j
where GPHIHY) s the (p+ j + 1)-th term of the lower central series of the group G.
Theorem 1 and Theorem 3 in [7] imply

Corollary 1. Let G be a regular p-group, p > 2, and a,b € G. Suppose that every
commutator of a and b :

1) that has more than two entries of b, equals 1,

2) weighting more than p — 1, has an order 1 or p.

Then there exists an element d € (a,b)’ such that

(p—3)/2 »
d? = [b,p_1a] [b, p_2a,b] " H [[b, p—2_val, [b, ya]] ™V (mod GP+1)),
v=1

Theorem 2. Let p be such an odd prime number that the number (p +2)/3 is an
integer. Then the group P, (Zym) is not regular if n > (p+2)/3 and m > 3.

Moreover, in [8] it is shown that the groups P,(Z,m) for m > 2, p > 5, n <
(p — 1)/2 satisfy the conditions of regularity listed in [2].

Theorem 3. A group PG2(Zym) is regular if and only if p > 17 or (m,p) €
{(1,7),(1,11),(1,13),(2,13) }.

2. PROOF OF THEOREM 1 AND COROLLARY 1. AUXILIARY STATEMENTS

We will now prove Theorem 1. Suppose that a,b € G. By Theorem 12.4.2 from
[2], there exists an element ¢ € (a, b)’ such that (ab)? = aPbPcP. On the other hand,
according to [9, Theorem 3.1], there exists a sequence of commutators R; of a and
b, ordered by weight, and a sequence of integers f;(p), such that

(ab)? = aPbP H lei(p) H lei(p).
2<w(Rq)<p w(R;)=p

Since the group G is regular and the exponents f;(p) are multiples of p, when
2 < w(R;) < p, then by Corollary 12.4.1 from [2] there exists an element u € (a, b)’

such that
uP = H RfL(P)
2<w(R;y)<p
Therefore,
aPbPcP = aPbPuP H R{"’(p)
2<w(R;)<p
or

H qu(p) — (u—l)pcp — dp
2<w(R;)<p
for some d € (a,b)’. Theorem 1 is proved.



140 S.G. KOLESNIKOV, V.M. LEONTIEV

Remark. For every integer m and every non-negative integer n, we use a classic
definition of a binomial coefficient:

(n)_ LT =, ifm> o0
m ,me<0.

For such definition, the following relation holds: () + (m?—l) = (;;j_ll)

We will prove Corollary 1. According to [7, Theorem 3], the P. Hall’s collection
formula given the condition 1) of the corollary is reduced to the form

(ab)"
p—1 p—1 "
= @ [ [bsua) ) T (0w P3G T [1bs uals [b )™,
u=1 u=1 I<v<ugp—1
where
9p(u,v)
p—1 v p—m—k . p—m—i—l i p—2 p—1 m k
CRVERY I G [PRAVED 919 S (5164]
m=1k=1 i=v—k m=1 k=m+1

By condition 2) of the corollary, all commutators weighting more than p — 1
have an order 1 or p. We will calculate modulo p the exponents of all commutators
of weight p, occurring in the collection formula. The first and the second products
contain one commutator of weight p each. That is [b,,—1a] and [b,,_2a, b] respectively.
The exponent of the first commutator equals (5) = 1. For the second one, we have

A7) 7)ot

Consider the latter product. The commutators of weight p, occurring in it, are as
follows: [[b, p—2—val, [b, va]], where v =1,..., (p — 3)/2. According to [10, Theorem
1], the function g,(u,v) admits representation

gp(u,v)

ivilf u—k+1+s\/(v—k P +1§(_1)i p+1 P

= v—k s u+s+2 P ut+i+1/\v+1—-3/)
Therefore,

gp(p—2—v,v)

S (I e ()G

where t = p—wv. The inequality 1 < v < (p—3)/2 yields that (p+3)/2 < p+s—
—land0<v+1—i< (p—1)/2. Hence in the double sum the binomial coefﬁ(:lent

(.%s) = (,,4_,) is always a multiple of p. In the single sum, the binomial coefficient
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(444_;) is not a multiple of p only in the case when v 4+ 1 — i = 0. Therefore,

Go(p—2—v,0) = (—1)”“(“;+ 1) (fo’) _

— v 1(p+1)(p+v—|—1)
=07 (v+1)!

Now, Corollary 1 follows from Theorem 1.

(v+1)!
(v+1)!

=(-1)"™ = (-1)"*' (mod p).

To prove Theorems 2 and 3, we will need the following statements.

Lemma 1. Let G be a group, y1,...,ys € G, s > 2. Assume that the nilpotency
class of the subgroup H = (y1,...,ys) equals 2. Then for every natural number n,
the following equality holds:

-y =i ]] [y, 4i) ().
1<i<j<s

Proof. Induction on n. Since the nilpotency class of H equals 2, we have

oy = | ] i wil ) | oy =
1<i<j<s
S e | [y, i) ().

1<i<j<s

Using the relation yi'y; = vy} [yj, i)™ which follows from the condition of the
lemma, we collect the terms in the right-hand side in order ¥, ..., ys. Then, taking
into account the permutability of the commutators, we convert the obtained expres-
sion into the form

(yr.-..ys)" T = 1/711+1 eyt H [y, yi](2)+n'

1<i<j<s
The equalities (’;) +n= (72’) + (711) = ("‘QH) complete the proof. O

Corollary 2. Let the subgroup H from Lemma 1 be a p-group, p > 2, with an
elementary Abelian derived subgroup, and number n is a multiple of p. Then for
any integer oy, ..., a5 and every permutation m on the set {1,...,s}, we have

( aq as)n _ QA (1) QX (s) n _noy nog
Yty = (Y1) - YUn(s) =y Ly,
If for some i additionally y* =1 or y? € H' and «; is a multiple of p, then

Here the superscript ~ marks the absence of this element in the product.

3. SYLOW p-SUBGROUPS OF THE GROUPS GL,(Zpm) AND ®(Zpm )

Following [3], we define the sequence of functions f,, n = 1, 2,..., of natural
arguments i, j, k, setting that
o i—j—k
n\t, 7k = )
fnli, 4, k) { - }
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here [z] is the integer part of number x (the closest integer to x on the left). By
J we denote the ideal of the ring Z,~, generated by the element p, and by E the
identity matrix of order n. We select in GL,,(Z,=) the subgroups

G(k) = <E+A|A: (aij)7 ai; € Jf”(i’j’k), 1 <Z,] <n>, k= 1,2,....

From here on we set by definition J° = Z,n. According to [3], G™) is isomorphic
to the group

Pn(me) = {E+ (aij) ‘ a;; € me for i > 7 a;; € J, for i < j},

and the sequence
GH 5GP 5. o>gmb 5 (E)

is its lower central series, if p > 2. Moreover, for every prime p and every natural
k,l, the following relation holds:

(1) [Gac)’G(l)} c gD,

In [8, Lemma 2], it was shown that if A = (a;;), B = (b;;) are such matrices
that a;; € J%(3%) and b;; € J/»(530  then the elements c;; of the matrix C' = AB
belong to the ideals J/»(7k+D) This and the properties of divisibility of binomial
coefficients easily yield

Lemma 2. If p > n, then for every natural k the following inclusion holds:

Let ® be an arbitrary reduced indecomposable root system. In the Chevalley
group ®(Z,m ), we select a sequence of subgroups (k=1,2,...)

S®) = (z,(t), hs(1 +u) | 5 € ®, t € JITE) 4y € JHOR)),

where the function f(r,k) is defined on the set @y x N, &5 = & U {0}, by the
equality f(r,k) = —[(ht(r) —k)/h]. Here ht(r) is theroot height function, ht(0) = 0,
h is the Coxeter number of the root system ®. According to [11], the group S is
isomorphic to the Sylow p-subgroup

POZy) = (0 (L )7 (T) b (11 J) | 7 € ),
of the Chevalley group ®(Z,= ), and the sequence
S 5 8@ 5 gmh) — (1),
is its lower central series, if p does not divide p(®P)!, where
p(®) = max{(r,r)/(s,s) | r,s € D}.

As above, for every prime p and every natural k, [, the following relation holds:
2) [Sm, Sm] C SO+

Recall that in the group P®(Z, ) the following relations are satisfied: (r, s € ®)

1) addititve property of root elements:

()2 (u) = 2, (t + u), t,u e JSD;
2) multiplicative property of diagonal elements:

he(Ohe(w) = hy(tu),  tue 1+ 7O,
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3) relations between root and diagonal elements:
[2(t), ho(w)] = 2 (H™M) = 1)), te JID ue JJOD;
4) Chevalley’s commutator formula:

[xs(u)7xr(t)] = H xir+js€<1>(0ij,rs(_t)iuj)a te Jf(r71)7u S Jf(&l)?

ir +js € @,
i,7 >0

5) relations between the opposite root elements:
[2:(t), 2_p(u)] = (¢ Pu)hp(Q)z_p(—c Hu?), ¢=1—tu,t € JITD e g/emb,
The analogue of Lemma 2 for Sylow p-subgroups of Chevalley groups is

Lemma 3. Ifp > h, then for every natural number k the following inclusion holds:

[S(k)]p C Slk+h),
Proof. Induction on k. We have

[S(mh)}p C [(1)]P = (1) = SOmhth),
Suppose that 1 < k < mh and y € S®). Then

l q
y:Hxn H SJ1—|—Z]
=1

j=1

where r; € ®, t; € JF(":k) and s; € TI(®), z; € JF(OF) . We will show that y? €
Sk+h) - According to [2, Theorem 12.3.1],

q
p—Hxn : H (LA 2)P e et e

where the wights of the commutators cy, . .., ¢, are from 2 to p—1, and the numbers

ai,...,q, are multiplies of p, the weights of the commutators ¢, 11, ..., Cy+o €xceed

p— 1. Since f(r;, k) + 1= f(r;,k + h), we have that
pt; € p(]f(hwk) — Jfrik)+1 — gf(rik+h)

and therefore z,., (t;)? = x,, (pt;) € S*+H),
Next, the function f(0, k) satisfies the following inequalities:
1) (0, k1) + f(0,k2) = £(0, kl + ko) for every ki, ko € N;
) f(O kl) > f(O k2) if kl
Also from the condition p > h it follows that kp > k + h. Hence, f(0,k)p
f(0,kp) = f(0,k + h). From here,

p—1 p—1
I+z)P=1+) <Z) 22l e 14y pg/Ow g JJOR g IOk

w=1

and therefore, h, (1 + z;)? € G(k+h)
The commutators ci,...,c, belong to SZ*) C S*+1) hence, ¢{*,...,c0 €

Sk+1+h) € §(k+h) 1y the induction assumption. Finally, from relation (2) it follows
that cy41,... Cutov € S(kp) C S(k+h) ”
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We denote by K, (J*) and ®(J*) respectively the congruence subgroups of the
groups GL,(Z,m) and ®(Z,~), which are defined as the kernels of the homomor-
phisms G Ly, (Zpm) — GLyp(Zpm-«) and ®(Zym) — ®(Zym-r), induced by the ring
homomorphism Z,m — Z,m-«. Relations 1) of the following lemma can be found
in [3] and [11], relations 2) are easily established by the methods used in the proofs
of Lemmas 2 and 3.

Lemma 4. The following inclusions hold:
1) [Kn(J%), Kn(J')] C Kn(J5H), [@(TF), ®(J")] € @(T5H);
2) [K,(J5)]" C K, (J5+Y), [@(J%)]" € ®(JF+1).

4. PROOF OF THEOREM 2.

Since the regularity property is inherited by subgroups and quotient groups, to
prove Theorem 2, it suffices to establish the nonregularity of the group P,4.2)/3(Zyps3 ).
We will need a number of auxiliary statements.

Lemma 5. For every E+ X, E+Y € P,(Zym), the following identity holds
oo k—2

(3) [E+X.E+Y]=E+3 3 ()XY 2(X,Y),
k=2 t=0

where (X,Y) = XY - Y X.

Proof. Due to nilpotency of the matrices X and Y, we have

[E+X,E+Y]_<§:(X)i> i(fy)j (E+X)(E+Y).

i=0 §=0

Opening the brackets, we obtain a sum of homogeneous polynomials f(X,Y) of
degree k, moreover, it is obvious that fo(X,Y) = E and f;(X,Y) = O, where O is
a zero matrix. We fix £ > 2. Then

fX,Y) = (= X)" + (XM Y) + (X)X + (- X)Y

k—2
A XN (Y (Y)Y 4+ (Y)RY 4 (<Y XY
t=0

S
3]

=) (-DEXYFI2(XY).

~+
I
o

O

Substituting X with pX in (3), the commutator [E+pX, F+Y] can be represented
in the form of a series by exponents of p with coefficients depending on X and Y.
Next, we will be interested in the coefficient of the term p in the decomposition of
the complex commutators.

Lemma 6. Suppose that E + pB,E + A € P,(Z,~). The coefficient of p in the
expansion of the commutator [E + pB, E + Al], s € N, in powers of p equals

W =Xy (U (T s

J
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Proof. Induction on s. By Lemma 5,

E
V)

[E+pB,E+Al=E+)_ (pB)tAFt=2(pB, A)
k=2 t:O
=E+p) (-)FAM (B, A)+... = E+pz )P AR (B, A) +
k=2

The obtained coefficient of p, obviously equals the expression (4), if in the latter
one we take s = 1.

Suppose that s > 1. To calculate the coefficient at p in the expansion of the
commutator [F+pB,s+1 E+ A] in powers of p, we will use the inductive assumption
and substitute B in the sum

o0

> (=1)FA%(B, A)

k=0

with the expression (4). We will transform the obtained multiple sum by opening
the outer Lie commutator:

Sr ()T s

oo s—1 oo .
1 — i1 ,
=SSy (T (T ke aa
t=0 j=0 k=j J 5
oo s—1 oo .
+ Z Z(_l)t-i-k-i-l (S _ 1) <S +k _i - 1)At+k+1(B,A)As_j_1.
° ! J s —
t=0 j=0 k=j

We fix the number 7', 0< 5" <s, and the number &', ¥ > j'. The coeflicient at
A¥ (B, A)A*=7" equals:

S () () e (5 (Y

(O )

if 7/ =0;

§<1>k’ C2OC 2 -0) ktos<1>k’ "1
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if j/ =s;

K

S (Y G)
() S Y S () ()

where 0 < j’ < s. Therefore, the coefficient at A (B, A)As_j/ in all cases equals
, k' — i
G
j s

Next, we assume that n > 3. The matrix of order n with one in position (i, j),
where 1 < 4,5 < n, and zeros elsewhere will be denoted by e;; and referred to as
an matrix unit. Recall that the following formula of multiplication of matrix units
is true:

O

€ijCts = 0jtCis,
where ¢;; is the Kronecker delta. We also agree to consider: e;; = O,if ¢ ¢ {1,...,n}
orj¢{l,...,n}. A sum with a lower limit exceeding the upper one is considered

to be zero (is a zero matrix).
We fix the following matrices till the end of the paragraph

A=ey +ez+ ...+ enn_1, B = e1,.

In the following lemmas, we calculate the product from the Corollary 1 and study
the derived subgroup of the group generated by the elements F + pB and E + A.

Lemma 7. For every natural s, the following equality holds:
s n—1 .
_ c(sS\[(s+k—7—1
P =X S0 () (T s
j=0 k=j
Proof. Taking into account the above-mentioned agreements, for every non-negative

integer k£ we have
n
Ak = Z Ctt—k-

t=k+1
Therefore, '
A*(B,A)As—I1

n n
= ( E 6t,t—k> (el,n—l - €2n) E Ctt—s+j+1 | = Ck+1ln—s+5 — €k4+2n—s+j+1-

t=k+1 t=s—j
Substitute into (4) and break into two sums

S

—1n—-1 .
s—1\[(s—1+k—7

F(S): E E (1)k< ] >< s 1 >ek+1,n—s+j

§=0 k=j

s—1n—1

=3 > (-1t <S ; 1> <S N i t lf - j) Cht2,n—stj+1-

=0 k=j
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In the second double sum, we substitute k¥ with £k — 1 and j with 7 — 1:

s—1n—1 .
s=1\[(s—14+k—j
=3 X0 () (T ek
=0 k=j J
s n—1 .
sf(s—1\[(s—14+k—j
15 90 DT () | G AT

j=1k=j

Since (*7') = (*7}') = 0, we extend the summation over j in the first sum to j = s

and the summation over j in the second one to 7 = 0 and summarize them

- S8 [+ (D (o
S an(—l)k (j) (S " ]::{ - 1) Cht1n—s+j:

J=0k=j

O

Note that the arbitrary element E+C' from the group P, (Z,= ) can be represented
(of course, not in a unique way) in the form

E4+C=E+p°Co+pCi+...+p™ 1C,_1.

The following simple lemma often simplifies the calculations in P, (Z,s).
Lemma 8. Suppose that E + pX + p°Y, E + pU + p*V € P,(Z,3). Then

1) (E+pX +p?Y) ! = E—pX — p?Y +p?X?;

2) (E+pX +p*Y)P = E+ p2X;

3) [E+pX +p*Y,E+pU +p*V] = E + p*(X,U).
Lemma 9. Suppose that a prime p is such that n = (p+2)/3 is an integer. In the
group P, (Z,3), the following equality holds

[E+pB,,1E+ A|[E+pB,,—2E+ A, E+pB]™*

(p—3)/2
x [I [E+pB,p-2-sE+AL[E+pB, E+ A)|D"

s=1
_ 2 2
=Q€p1 —Pen2—PEen_11,
where o € Zys.

Proof. First, we will show that [E + pB, sE + A] = E, if s > 2n. In particular,
[E+pB,,—1E+ A] = E, since p > 7, and therefore n > 3, hence,

p—1=3n—-3=2n+(n—3) > 2n.
We introduce the following notation:
o(a,"y) = [z,9],  o(z,'y) = ly.al,
by induction for ¢ > 2, we put
O(@, " Y1, Myg) = G(A(x, My, M yg1), M),

where o; = r or o; = 1.
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We decompose the matrices £+ A and E+ pB into the product of transvections:
E+ A=toa1(Dts2(1) ... thno1(1), E+pB =ti,(p).
Commutator identities
[r,y2] = [z, 9)[e, y, 2], 2], [yz, 2] = [z, 2]z [2, y]]ly, 2],

yield that [E + pB, (E + A] can be factorized into a commutator product of the
form

(5) ¢(t1n(p)7alti1,i1—1(1)a-~-aaqtiqxiq—1(1))7 qzs.
We study in detail the expression (5). The relation

(6) [tij(a), trm(B)] =

= (1= 06k) (X = 6im ) E + 61 (1 = Gim ) tim () + Gim (1 — G5k ) s (—aB),
that holds when j # k or i # m, implies that if we commute transvections with
differences between the first and second indices being equal to s; and so, we obtain
the identity matrix, or a transvection with index difference s; + s5. Therefore, the
expression (5) for ¢ = n — 2 is an identity matrix, or a transvection with index
difference that equals —1, that is,

P(tin(p), iy iy —1(1), -, "y i, o—1(1) = tiiya(ep),
where ¢; = 0 or ¢; = £1 for some 7. Next, using the relation
(7) [tij(a),tji(B)] = tij(c &P B)dij(e)tji(—c a?),
where d;j(c) = E + (c — 1)e;; + (¢7! — 1)ej;, that holds if the element ¢ = 1 — af3
is invertible (in this case that is true, since ¢ =1 (mod p)), we obtain
(8) [tii—1(ep) ti,_yin_,—1(1)] =
= (1= 6ii_)E 4 6ii_ tiiv1 (€707)diiv1 (1 — p)tigr,i(—€ip(1 — ep)7H).

Here we used the fact that p* = 0 in Z,s and therefore, eZp?(1 — ¢;p)~" = €p?.
Finally, the relations (6), (7) and
9) [tkm (a), diag (B, ..., Bn)] = tim(a(BmB; " — 1))

show that commuting (8) with the transvection ¢;, ;, _1(1) yields: the identity
matrix if i, # ¢ — 1,4,7 + 1; the matrix from the unitriangular group UT,,(Z,s)
if 4, =4 — 1,7+ 1; and finally, the matrix d; ;+1(1 — €p?)0, where § € UT,(Z,3),
if ¢, = i. This and (9) yield that the expression (5) given ¢ = n + 1 belongs to
UT,(Zy3) and equals E given ¢ = 2n, since the group UT;,(Z,3) is of nilpotency
class n — 1.
Note that if p > 7, we have p — 2 > 2n, and hence,
[E+pB,,—2E+ A E+pB|=E.
When p = 7, we have n = 3, and direct calculations show that
[E+pB,p—2E + Al = t31(=3p%), [ta1(—=3p?), t13(p)] = E.
Therefore, in all cases,

[E+pB,, 1E+A][E+pB,, 2E+AFE+pB] ' =E.
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We will calculate the remaining product. According to item 3) of Lemma 8, we
have

(10)  [[E+pB,p—2_sE+ Al [E+pB,E+ Al =E+p°F(p—2—s)F(s).
Suppose that s > 2n — 1. Then the expression

AM(B, A)A"T Tt = AFBASTT 4 AR BAST !
equals zero matrix, if 0 < j < s and k > j, since A™ = O. Indeed, when 0 < j <
n—2,wehave s—j—12>n;if j=n—1, then s—j >n and k + 1 > n; finally, if
j = n, then k > n. This and Lemma 6 yield that F(s) = O, when s > 2n — 1, and

F(p—2—-s)=0, when p—2— s > 2n — 1. Therefore, commutator (10) is distinct
from E when

n—2<s<min{2n—2,(p—3)/2} = (3n—5)/2.
We put s =n — 2+ «a. Then

(p—3)/2

(11) H [[E +pB,p,2,SE—|—A]7[E+pB’SE+A]](_1)S+1
s=1
(n—1)/2 .
= H [[E+pB,on—-o oE+AL[E+pB,n_oiaE+ AV
a=0
(n—1)/2
=E+p* Y (-1)*"(F2n-2-a),F(n—2+aq)).
a=0

The nilpotency class of the group P,(p®) equals 3n — 1 = p + 1. Hence, the
product (11), consisting of commutators of weight p, belongs to the hypercenter
and equals to

E +p*ben1 + p°Ben—1,1 + p*ven2
for the suitable 6, 5, .

We will calculate the coefficient 3 for e,—1,:. To do that, using Lemma 6, we
choose in the factorization of F'(2n — 2 — ) into matrix units the summands with
the first index that equals n—1, and in F'(n — 2 — «) the summands with the second
index that equals 1:

n—2 .
Z neaf2n—2—a\ (3n—5—a—]
(12) (_1) 2( . > ( 2n _ 3 — )en_17_n+2+0¢+j7

i=0 J
n—1
n—24+a\/n—2+k
13 —1)k .
" ga;( ) ( a1 )(n—3+a>ek“’1
Note that in (13) for & = 0 and k = —1, not only eg; equals zero matrix, but the

binomial coefficient (" *1*) = ("7?) also equals zero. Taking into account that

—n+2+a+j < a<k+1, the coefficient at e,—1,1 in the product of (12) and
(13) equals

(—1)n-2+a-1 2n—2—-a\(3n—-5—-a—-—n+2\/n-24+a\/n—-24+a-1
n—2 n—-3 -« a—1 n—3+a

(19 —coe (20 (M)



150 S.G. KOLESNIKOV, V.M. LEONTIEV

(When « = 0, the expression (14), obviously, equals zero). Next, selecting in the
expansion of F(n — 2 + «) the summands with the first index equal to n — 1, and
in F(2n — 2 — «) the summands with the second index equal to 1, we obtain

n—2 ‘
ofn—24+« 2n_5+a+j
15 71n 2 . L
(15) > (" e
n—1
16 e |
" k:nz—;—a( )<n—1—a)<2n_3_a>€k+1,1

Taking into account that 2 —a+ j <n —a < k+ 1, the coefficient at e,,_1,; in the
product of (15) and (16) equals

(71)n72+n717a n—24+a\(2n—-5+a—-—n+2\/2n—-2—-a\[(2n—-3 -«
n—2 n—3+a«a n—1—« 2n—3—«

(1) —co ("2 (2T

Multiplying the difference between (14) and (17) by (—1)**!, and then summing
over a, we can see that

(18) 5= —(ng) [ | G B G | G 1

We calculate the obtained sum. We have

(nil:)p 2n—2—a\/n—2+« _ i 2n—2+a\/n—2—«
n—2 n—1 - n—2 n—1

a=0 a=—(n—1)/2
_ 2": n—24+a\/2n—2—« _ zn: n—24+a\/2n—2—«
B n—2 n—1 n n—2 n—1 '
a=n—(n—1)/2 a=(n+1)/2

Therefore,
n 2n—2
n—24+a\/2n—2—« « 3n—4—«
_5—(;)( n—2 >( n—1 )_a§2<n—2)< n—1 )

2n — 2 2n — 2

Here we used the fact that (*"~*~3"~2)) = 0, and the proved in [10] identity

2 ()0

We calculate the coefficient . We select in the expansion of F(2n — 2 — «) the
summands with the first index equal to n, and in F(n — 2 — «) the summands with
the second index equal to 2:

n—1 .
ne1f2n—2—a\(3n—4—-—a—j
(19) § (_1) ! ( . > < M —3— )en,n+2+o¢+ja

i=0 J
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n—1
ok (n—2+a\(n—=3+k
(20 S (M) (g e

Taking into account that —n+ 2+ a+j < o+ 1 < k+ 1, the coefficient at e, » in
the product of (19) and (20) equals

(_1)n71+a 2n—-2—-a\[(2n—-3—a\/n—2+a\ /n—-3+«a
n—1 2n—3 —« « n—3+a

(21) —coe (2 (M)

Next, selecting in the expansion of F(n — 2+ «) the summands with the first index
equal to n, and of F(2n — 2 — «) the ones with the second index equal to 2, we
obtain

n—1 .

_ —24a\/(2n—44+a—7
22 —pynt (" o
(22) > G | G E

n—1

2n—2 —« n—3+k
23 —1)k .
(23) k:zn;a( )< n—a« )(2n3a>ek+l’2

Note that in (22) when o = 0 and j = n — 1, the matrix e, 41 is zero and its
binomial coefficient (Zj) equals zero. The sum (23) for « = 0 also by definition
equals zero. Taking into account that 2 —a+j <n—a+1 < k+ 1, the coefficient
at ey in the product of (22) and (23) equals

(_1)n_1+n_a n—24+a\(/n—3+a\/2n—-2—-a\[(2n—-3 —«
n—1 n—3+a« n—ao 2n —3 —«

(24) —co ("2 ()

(When a = 0, the expression (24), obviously, equals zero). Summing over « the
difference between (21) and (24), multiplied by (—1)T!, we obtain again the
expression (18). Therefore, v = —1. O

Lemma 10. The derived subgroup of the subgroup H = (E + A, E + pB) of the
group P, (Z,3) is generated by the commutators

yi=[E+pB,;E+A4],i=12,...,
yj1 = [[E+pB, ;E + A],|[E+pB, E+ A, j,l=0,1,....

Ifd € H' and d? € G®) (the p-th element of the lower central series of the group
P,(Zys3)), then

2n — 3 2n —3
d?P = FE + )\erml — Tp2 " en—1,1+ sz " €n,2-
n—2 n—2

Proof. Note that y; € K,,(J) and y;; € K,,(J?) for every i, j, l. Since K, (J%) = (E)
and by Lemma 4, the following inclusions are true: [K,,(J), K, (J?)] C K, (J?) and
[Kn(JQ)]p C K, (J?), then [y;, ;)] = E and y;)l = E. Therefore, due to Corollary 2,
we can assume that

d=yl" ... yz .
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Next, if i > 2n — 1, then y; € G®™ C K,,(J?) and hence, y? = E. Therefore,
the product yo." 7' ... y5 7' in the expansion of d can be dropped as well.

Suppose that 1 < i < 2n — 4. Then y; € GOt and by Lemma 4, we have
y? € GUHn+) We will show that 37 ¢ GUF"+2), Indeed, if 1 < i < n — 1, then

using Lemmas 4 and 8, we obtain

y? = (E+pF(i) + p*Q(i))? = E + p*F (i)

) 1 —1
_E+...+(1)0(0>(Z,_1>p2€1,n—i+...—E+...+p2€1,n—z’+....

At the same time,

Ffollin—ijitn+2)=— {1_("”)_(””%)} -3,

n

which means that the element located at the position (i,n — i), of the arbitrary
matrix from G172 belongs to the ideal J3. Similarly, if n < i < 2n — 4, then

. ; 1
PB4 4 (=1)itn ! ! 20 0 1.
yi =B+ +(=1) (i+1n i1 )P ezt

and (;,{_,) #0 (mod p), and on the other hand,

21— (i+2
fn(z'+2n,1,i+n+2){l+ r i+ +")]3.

n
Therefore, y? ¢ GU"+2), This and the inclusion dP € G? = G®"~2) yield that the
commutators yi, . . ., Yo, 4 must be included into the expansion of d with exponents

divisible by p, and hence, they can also be dropped. Therefore, we can assume that
d =yl _syb. . Using again Corollary 2 and Lemma 7, we find

d” = ybr bty = (E+p°F(2n—3))" (E+p*F(2n —2))"
2n — 3 2n — 3 2n — 3 T
= (E+p2(2n—3)<n_2>en,1 —p2<n_2>en_1,1 +p2<n_2>en,2>
2n — 2 H 2n — 3 2n — 3
X (E +p2( " )en,l) = E+7p2en,1_7—p2 ( :_ >en1,1+7—p2< " )en,2'

n—1 2 n—2
O

We will now prove Theorem 2. From Lemmas 9 and 10 it follows that in the
case when the subgroup H is regular, the following equivalences have to be solvable
simultaneously

- <2:_23> =—1 (mod p), 7(2:_23) =-1 (mod p)

with respect to 7. Summing them, we obtain 0 = —2 (mod p), which is a contradiction.
Therefore, the group Ppgj (Zy3) is not regular. Theorem 2 is proved.

5. PROOF OF THEOREM 3

Hereinafter, a,b are fundamental roots of a root system of type G5, moreover,
la] < |b]. As above, we will split the calculations necessary for the proof of the
theorem into separate statements. The list of all nontrivial Chevalley commutator
formulas is provided in Appendix 2. The numbers Cj; ;. in the formulas are defined
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with respect to the structural constants €; = Ngp, €2 = Ny atb, €8 = No2a+bs
€4 = Np 3q+b, that correspond to the extraspecial pairs (a,b), (a,a+b), (a,2a+b),
(b,3a + b). In the calculations, we everywhere assume that e = €3 = €3 = ¢4 = 1.

Lemma 11. Suppose that

9 = zp() Ta+(B8) T2a+5(7) T3a+5(0) T3a120(€) € PG2(Zy).
The following equalities hold:
gxa(l) —

() Tayb(B—) T2 (Y+a—2B) T3045(0—+3B—37) 301 20(e—a® —35°+30p),

g = 24(@) Tas(8) 2015(7) T3045(8) T304 2(€ — b).
Proof. Using the identity xy = yz[z,y] and the Chevalley commutator formula
(formulas (29), (28), (27), (31) from Appendix 2), we will switch places the element
x4(1) and every factor from g in the product g z,(1) :
gaa(l) = (@) Tasu(B) T2a+5(7) 30+5(5) ¥3a+25(€) Ta (1)
() Ta45(8) 2a+5(7) Ta(1)T3a+5(0) T3a+26(€)

(@) Ta+5(B) 2a(1) T2045(7) [T20+5(7), Ta(1)] 230+5(5) T3a+26(€)
(@) Tat(B) Ta(1)T2a45(7) T3a45(—=37) T3a+5(8) T3a-+26(€)

(@) 2a(1) Ta4(B) [Tats(B), Ta(1)] T2a+5(7) T3a+5(0 — 37) T3a426(€)
za(1) zo(e) [13(a), 2a(1)] Tatt(B) T2a+6(—28) T3a45(35) X
T3a+26(—35%) T2a16(7)s T3a15(8 — 37) T3a12(€)
= 2a(1)2p(@) Tatp(—a) T2a45(0) T3a+5(— ) T3a425(—0%) Tasb(B8) %

T20+6(7 = 2B) 23045(0 + 38 — 37) T3a+25(e — 357)
= 2q(1) Ta1p(B — @) Taapp (v + @ = 26) 23015(6 — e+ 38 — 3v)x
23a+26(€ — a? — 35% 4 3ap).

Tyl

= Ipl&

Therefore,
92q(1) = 24(1) zp(@)zayp(B — ) X
Toa16(7 + @ = 28) T3045(6 — @ — 38 — 37) T3a120(e — @ — 387 + 3ap),
which yields the required equality.
Similarly,

mb(a) $a+b(5) 1’2a+b(7) x3a+b( )x3a+2b( ) (1)
Tp() Tatb(B) T2a+5(7) To(1) T30+6(0) [T30+5(6), 76 (1)] T3a-+20(€)
= 2(@) Tat5(B) P20+ (7) T6(1) T30-+6(0) T30426(€ — 0)
( (

= (1) zp(a) Tatp(B) 2a+5(7) T3a+5(5) T3a+2b(€ — 5).

grp(1)

Lemma 12. Let

9 = Tat5() T2a45(8) T3a+6(7) T3a+26(5) € PG2(Zp).
For every n € N, the following equality holds:

9" = Tatp(nat) T2a46(nB) T3a1s(nY) T3at2p(nd + 3(5) ).
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Proof. Induction on n and formula (29) from Appendix 2.

gt = gy

= Zapb(n) B2046(nB) T3045(nY) T3a420(nd + 3(5) aB) x
Tat(0) T2a+6(8) 3a+6(7) T3a+26(0)

= Zatp((n+ 1)) 22a4p((n +1)B) 23045((n + 1)7) x
T3a126((n + 1) + 3(5) aB + 3naps)

= Zagp((n+1)a) 22ars((n+1)B) T3a4u((n + 1)7) ¥
Z3atap((n+1)5+3("3 1) af).

[l
Lemma 13. In the group PG2(Z,), the following relations hold:
(@a(1) 25(1))* = 2a(2) 25(2) Tatp(—1) T2045(1) T30 45(—1),
(@a(1)25(1))° = 2a(3) 25(3) Tats(—3) T2a15(5) T3a+6(—9) T3a26(—4),
(@a(1) 25(1))* = 2a(4) 25(4) Tat5(—6) T2a15(14) T3015(—36) T30420(—31),
(@a(1) 25(1))” = 2a(5) 24(5) a1 5(—10) 22015(30) T3015(—100) T304 25(—127).
Proof. We put D = x,(1) z5(1) and use Lemma 11.
(D)? = wa(1)2p(1) za(1) 2p(1)
2a(2) zo(1) [25(1), wa(1)] 2(1)
24 (2) 2p(1) Za4u(—1) T2a46(1) T3a+5(—1) T3a420(—1) 26(1)
= 2a(2) 2(2) Tats(—1) T2a46(1) 23016(—1)
(D) = 24(2) 2(2) Tarp(—1) 22a15(1) T3a+6(—1) Ta(1) 25(1)
2a(3) 26(2) Ta4b(—3) T2a+5(5) T3a+6(—9) T3a+20(—13) (1)
= 2a(3) 2p(3) Tatp(—3) T2445(5) T3a+6(—9) T3a+26(—4)-
(D)* = 24(3) 2(3) Tarb(—3) 22a+5(5) T3a+6(—9) T3at26(—4) Ta(1) z5(1)
Ta(4) 26(3) Tarb(—6) T2a+5(14) T3a+45(—36) T30425(—67) 25(1)
= za(4) 25(4) Tats(—6) T2a45(14) 23016(—36) T3a426(—31)
(D)> = 2,(4)2p(4) 2o yp(—6) T2015(14) T3015(—36) 30425 (—31) 24 (1) 25(1)
= 24(5) 2p(4) 2445(—10) Z2445(30) Z34+5(—100) 23425 (—227) x5 (1)
= x4(5) 2p(5) a16(—10) Z24+5(30) 234+6(—100) z34425(—127).
(Il

Lemma 14. In the group PGs(Zym) fori=1,...,12 the following equalities hold:
Vi = [2_3a—20(p), ima(1) 2p(1)] = Wis1Yito, Vipo € SOT2),

where
2| z-3a-5(p) | 5 z—a(—2p) 2_s(6p) 8 | wa4p(28p) | 11 | 3a425(—168p)
3| z_2a—b(p) | 6| h—a(1+2p)h—s(1 —6p) | 9 | z2a4s(—56p) | 12 1
4| x_as(2p) | 7 za(10p) z,(—18p) 10 | z3445(168p) | 18 1
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Proof. The case when i = 1. Formula (44) from Appendix 2:
Vi = [2_3a-20(p), Tp(1)] = 2301 ().
The case when i = 2. Formula (40) from Appendix 2:
Va = [2-3a-0(p), za(D)ap(1)] = [2-30-0(p), Ta(1)] = 2-20-5(p) (mod SW).
The case when i = 3. Formula (39) from Appendix 2:

Vs = [2-20-3(p) Y1, 2a(1)20(1)] = [2-20-5(p), €a(1)] = 2—a—s(2p) (mod ).
The case when i = 4. Formulas (13) and (18) from Appendix 2:
Vi=[z—a-s(2p) Y5, za(1)zp(1)] =

= [2_as(2p), 2o(1)][Z_a—p(2p), a(1)] = 2_a(=2p) z_4(6p) (mod S©).
The case when i = 5. Relations between the opposite root elements:
Vs = [2-a(=2p) ©5(6p)Ys, za(D)z3(1)] =
= [ra(~2p), 2a(1)] [0-0(6p),26(1)] = h—a(1 +2p) h_y(1 — 6p) (mod S7).

The case when i = 6. Relations between root and diagonal elements and Table 2
from Appendix 1:

Vo = [h—a(142p) h—p(1 = 6p)Y7, za(1)2(1)] =
= [h—a(1+2p) h—y(1 = 6p), 2p(1)] [h—a (L + 2p) h—p(1 — Op), za(1)] =
= 2,(10p) z3(—18p) (mod S®).

The case when i = 7. Formulas (26) and (27) from Appendix 2:

Vi = [24(10p) 2p(—18p) Yz, 24 (1)xp(1)] =
= [2(10p), 20(1)] [2(~18p), a(1)] = 20+s(28p) (mod S©).
The case when i = 8. Formula (28) from Appendix 2:

V8 - [l'a+b(28p)Y97 _’L‘a(l)mb(l)]
= [#4+6(28p), 2a(1)] = 22044(=56p)  (mod S1).

The case when i = 9. Formula (29) from Appendix 2:
Vo = [224+45(—56p) Y10, 24 (1)xp(1)] =
= [22a46(—56p), Ta(1)] = £3444(168p)  (mod S1V).

The case when ¢ = 10. Formula (30) from Appendix 2:
Vio = [#3a+5(168p) Y11, za(1)1(1)] =

= [£3045(168p), 25(1)] = T30426(—168p) (mod S1?)).
The case when ¢ = 11. We have

Vi1 = [T3a426(—168p)Yia, 74(1)73(1)] = [Yi2, za(1)zp(1)] € ST,

The case when ¢ = 12 is trivial. O
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Lemma 15. In the group PG2(Z,m) fori=1,...,5 the following equalities hold
Ui = [[#-3a—25(P), 11— Za(1) 26(1)], [2-3a—25(P), s wa(1) 26 (1)]] = PiQs,
where Q; € SUY | Py = 2;,(—168p?) and

i 2 3 7 5
P; | 2,(168p%) | 24(—224p?) | 2,(168p?) 2, (168p?) | 24 (—100p?) x,(—324p?)

Proof. We use Lemma 14, noting that W; € ().
The case when i = 1. Formula (66) from Appendix 2:
Ur = [23a+20(—168p) Y12, 2_34—5(p)Y3] =
= [w30+25(—168p), T_34—p(p)] = 75(—168p) (mod S!Y)).
The case when i = 2. Formula (60) from Appendix 2:

Us = [23a+6(168p) Y11, 2_24—s(p)Ys] =
= [23045(168p), Z_24_1(p)] = 2,(168p>) (mod SU1Y).
The case when i = 3. Formula (52) from Appendix 2:

Us = [T2a45(—56p) Y10, T_a—s(2p)Ys] =
= [@2a15(—=56p), £ _a_p(2p)] = x4 (—224p) (mod SUY).
The case when i = 4. Formulas (45) and (47) from Appendix 2:

Us = [Za15(28p)Yo, 2o (—2p)x_5(6p)Ys] =
= [2a16(28p), 7—a(=2p)][xa+4(28p), x4(6p)] =
= 13(168p?)z,(168p?)  (mod SUY).
The case when © = 5. Relations between root and diagonal elements and Table 2
from Appendix 1:
Us = [2a(10p) 25(—18p)Ys, h—a(1 + 2p)h—p(1 — 6p)Y7] =
= [24(10p), h—a(1 + 2p)h—_p(1 — 6p)][z6(—18p), h—a(1 + 2p)h_p(1 — 6p)] =
= 2,(—100p?)x(—324p%)  (mod S14)),
(]
We will now prove Theorem 3. According to [11], the nilpotency class of a Sylow
p-subgroup PGs(Zym ) equals mh—1 = 6m—1, therefore, it is regular when 6m—1 <
p. On the other hand, in [6] it is shown that the group PG3(Z,m) is regular if
p > |Ga| + |II(G2)| = 12 4+ 2 = 14, that is, when p > 17. Hence, it suffices to study
the cases when p € {2,3,5,7,11}.
First, we will show that the group PG2(Z,) is not regular when p = 2,3,5. Note
that in these cases PG2(Z,) coincides with the unipotent subgroup UG2(Z,,) of the

Chevalley group G2(Z,). The derived subgroup UG>(Z,), according to [11], belongs
to the subgroup

H = (za15(1), T2a+6(1), T3a+46(1), T3a420(1)),
where every element g can be uniquely represented in the form

9 = Tayp () T2a45(B) T3a46(Y) T3a+26(0), a,B,7,6 € Zyp.
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We put A = z,(1) and B = x,(1). Obviously, [(4, B), (4, B)]P C HP.
The case when p = 2. By Lemma 13, in PG2(Z,) the following equality holds:
C =B 2472(AB)? = 2a4p(1) Taass(1) 23045(1).

Due to Lemma 12, H? C x3,42,(Z,), therefore, C ¢ H?. Hence, the group PG5(Z>)
is not regular. Slnce it is a homomorphic image of PG2(Zam) for every m > 2, we
imply that PG3(Zam) is irregular for m > 1.

The case when p = 3,5. By Lemma 12, in both cases HP? = 1. At the same
time, by Lemma 13 (AB)® = A3B3 - 29444(2) 234426(2) in PG5(Zs3) and (AB)® =
ASB® - 23,424(2) in PG2(Zs). Hence, the groups PG (Zgm ), PGo(Zsm) are irregular
for m > 1.

Cases when p = 7,11. We will prove that the group PG3(Z,2) is not regular
for the given p. We put A = z,(1)xp(1) and B = z_34_25(p). The element B
belongs to the congruence subgroup Go(J), which is normal in PG5(Z,2) and is an
elementary Abelian p-group. Therefore, every commutator of the elements A and
B belongs to G2(J) and equals one to the power which is a multiple of p. Hence,
[(A, B)')’ = 1. On the other hand, every commutator of A and B, that has more
than two occurrences of B, equals one, therefore,

BPAP(AB)" = [B,A|®) ... B, ,.14)¢) = (B, ,_1A].

By Lemma 14, the commutator [B, ,—1 4] equals z,(10p) z,(—18p)Ys # 1in PGo(Z72)
and equals 23,125(—168p) # 1in PGo(Z1,2). Hence, the groups PGo(Zr2), PG2(Z112)
are not regular. This yields irregularity of the groups PG2(Z7m) and PGo(Z11m)
for every m > 2.

The case when p = 13. We will prove that the group PG2(Z133) is not regular.
We put A = 2,(1)2p(1) and B = x_34,—25(p). Elements A and B satisfy conditions
1) and 2) of Corollary 1. Indeed, every commutator from A and B with weight more
than 12 or having two occurrences of B, belongs to the elementary Abelian p-group
G2(J?%), which is centralized by the element B.

Assume that the group PG2(Z,s) is regular. Then by Corollary 1, there exists
an element d € (A4, B) such that

/\/\

(25) dP = [ 712A] allA B )H—l

B,11_A],[B,; A]|" (mod S19).

n'::]cn

The group (A, B)’ is generated by the commutators y; = [B, ;A4], i = 1,2,...,
and y;; = [vs, 9], i, =1,2,..., that satisfy Lemma 1 and Corollary 2. Moreover,
yfj =1 for every 4, j, and y = 1, when i > 12. Therefore, due to Corollary 1 we
can assume that

= [B, A]**...[B,;1 A]*"

for some ay,...,a1;. The element [B,;A]? belongs to S¢+7) but does not belong
to SU+8) for i = 1,...,10. Indeed, using Lemmas 14 and 1, we obtain
[BLA = W YE Wi, Y] G,

By Lemma 4, y¥ , € S0F9), [Wi+17}§+2}(2) € S@H9 WP e ST but, obviously,
WP, & S(+8)_ Since the right-hand side of (25) lies in S13), and

d? = [B, A]P*t ... [B,11 AJPY1,
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then the numbers oy, . .., ag must be multiples of p. Therefore, we can assume that
d = [B,7A]*7 ... [B,11 A]“*.

Finally, [B,;A]? € S04 when i > 8, therefore,
d? = [B,7A]*" = 24,(1007p?)zp(—18a7p?)  (mod SUD).
On the other hand, using Lemmas 14 and 15, we obtain
[B.12A] [B.u A B [ ([B.1n-iAL[B., ANV =

i=1

=1-1-24(—168p%) (24(168p%)) ™" w0 (—224p%) (4 (168p*) 74 (168p?)) '
X 24(—100p?) 4(—324p?) = 24 (—660p?) x(—212p?)  (mod S1H).

5

It is easy to see that both equalities 10a7p? = 9p? and 8a7p? = 3p? simultaneously
are not fulfilled in the ring Zi3s given any «y. Therefore, the group PG2(Z13s),
along with the groups PG2(Z13m), m > 3, is not regular. Theorem 3 is proved.

6. APPENDIX 1

According to [13, p.319], in a three-dimentional Eucledian space with the orthonormal
basic 1, €2, €3, we choose two vectors

a=¢€1—¢€y, b=—-2e1+¢e9+es.
Then the set of vectors
—3a —2b, —3a—b, —2a—b, —a—b, —a, —b, a, b, a+b,2a+b, 3a+b, 3a+ 2b
forms a root system of type G2, and the roots

a, b, a+b, 2a+0b, 3a+0b, 3a+2b
form its subsystem of positive roots. The roots a and b form a fundamental system
of roots.

Structural constants of the Lie algebra of type G2 are listed in the following

lemma.

Lemma 16. We put

Na,b = €1, Na,a+b = 262, Na,2a+b = 3637 Nb,3a+b = €4

and suppose that €5 = 5123. Then nonzero constants N, ; have the forms provided
in the following table:

Table 1.
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=} ~
(o] = ~ ~ = [a]
| [ [ 5 T + + +
Y I A RS B I T A
—3a — 2b €4 —es5 €5 | —€4
—3a—b €4 €3 —e3 —eyq
—2a —b —3es 3es 2eo —2eo —e€3 €5
—a—b 3es 2€eo 3e1 —€1 —2€2 —€5
—b —€q €1 —€1 €4
—a —3e3 —2e2 —€1 3e1 2€e2 €3
a —e3 | —2€2 | —3eq €1 2€o 3es3
b —€4 €1 —€1 €4
a+b €5 2eo —3e1 €1 | —2€2 —3es
2a+b | —es5 €3 2eo | —2e€2 —3e3 3es
3a+b €4 €3 —€g —€y
3a + 2b €4 —e€5 €5 —€q

Proof. According to [12, Theorem 4.2.2.], structural constants of an simple Lie
algebra of type ® over C satisfy the following relations:

(1) Ns,r = _Nr,m T,5 € (I);

N, N, .. N,.
(i) —2"2 = 208 — T80 i ey ooy € @ and 7y + 7o + 13 = 0;
(rs,r3)  (r1i,re)  (ra,72)

(iii) N sN_p s =—(p+1)2, r,s,7 +s € P;

(iv) NT15T2 NTS’Tél NT27TS NT15T4 NTSJ’I NT27T4
(ri+ra,ri+r3)  (r2a+r3,ratry)  (r3+r,r3 )
if ri,79,73,74 € ®, 11 + 79 + 13 + 74 = 0 and there are no opposite pairs among the
roots 11,172,713, 4.

From the equalities

b+(-a—b)+a=0, (a+b)+(—2a—b)+a=0,
(2a4+b)+ (-3a—b)+a=0, (Ba+b)+(-3a—2b)+b=0
and item (ii) it follows that
Nocav _ Noaba _Nap € Napb-2ab _ N-saba _ Naatb

)

2 6 2 20 T 2 2 2 %
Noatb,—3a—b _ N-ga—ba _ Na2a+b _ €3
2 N 2 6 27
Nsat+b,—3a—26 _ N-ga—20,6 _ Np3a+b _ €4
6 N 6 6 6

Next, the equality
(a+0b)+(2a+0b)+(=b)+ (—3a—b) =0
and item (iv) yield that

Notv20+6N-t,—3a—b . Nt a+6N2a+b,—3a—b

=0
6 2 ’
hence,
N_pa+6N2atb,—3a—b (—€1)es €1€3
Na+b,2a+b =-3 : : =-3——=-3— = —365.
N_p _3a—b —€4 €4

Finally, from the equality
(2a4+b) 4+ (—3a —2b) + (a+b) =0
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it follows that
Noa+b,—3a—2b o N_340—2b,a+b _ Notb2a+b _ &

2 B 2 B 6 2
The remaining structural constants N, ; are defined from the relations:

Nr,s = N—s,—r = _Ns,r = _N—r,—s-

The following table lists the values of the dot product (hs, 7).
Table 2.

ho\s | a| bla+b|2a+b|3a+0b]|3a-+2b
hq 23| -1 1 3 0
hpy -1 2 1 0 -1 1
hats |-1] 3| 2 1 0 3
Foazs | 1] 0] 1 2 3 3
aass | L]-1| O 1 2 1
sazen | O] 1] 1 1 1 2

7. APPENDIX 2

The Chevalley’s commutator formulas for the type Ga
Let ® be a reduced indecomposable root system, K is a field or associative-
commutative ring with a unit. According to [12, Theorem 5.2.2], the commutator
[ (w), 2 ()] = @5 (u) ", (8) " s (w)ze (1),

where r,s € ® and u,t € K, equals identity, if r + s ¢ ® and r # —s, and can be
decomposed into a product of root elements by the formula

[2s(u), 2, ()] = H mirJer(CijJ’S(_t)iuj)v
ir+js € P,
i, >0

if r + s € ®. Co-factors of the product are located with respect to the increase of
the sum ¢ + j, and the constants Cj; s are integers and are defined by the formulas
[12, Theorem 5.2.2]:

1

. 2
Cil,rs = Mr,s,ia Clj,rs = (_l)JMs,r,jv C132,7"5 = ng+s,r,27 023,7”5 = _§M5+r,s,2~

In turn, the numbers M, , ; are expressed with respect to the structural constants
N, s of the corresponding Lie algebra by the formula [12, p. 61]

1
Mr,s,i = ﬂNr,sNr,rJrs cee Nr,(i—l)r+57

The list of formulas.
Positive roots

(26)  [zo(u), za(t)] =

= Torp(—€1tU) Tagrp(€162t2U) T3ab(—€1€2631°U) T304 2p(—€ae5t ),
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[za(u), 2o(t)] =

= Topp(e1tu) Togp(—€1€atu?) T3a4p(€r€aestu®) T304 0p(—2e0e5t%u>),
[Tass (1), 2o ()] = Toags(—2€atu) 3444 (3ea€3t>U) T304 25(—3€2€5tu?),
(22015 (1), Ta(t)] = T301b(—3eztu),
[23a1b(w), p(t)] = T3a126(—€atu),
[22045(1), Tars(t)] = T30426(3e€stU),

Negative roots

[z -p(u), 2-a(t)] =

= x_q_p(ertu) T_gq_p(e16at?u) T_sq_p(erezest?n) x_sq_op(—eaest’u?),
[2—a(u), ()] =
=2_q p(—ertu) T_o,_p(—€reatu?) 2 _34_p(—€r€eestu?),
[T 0 p(1), T o(t)] = T_04_p(2e0tu) T_3,_p(3eaes3t®u) 3425 (—3ezestu?),
[2—20—5 (1), 2o (t)] = T_34—1(3€stu),
[T-3a—b(w), Tp(t)] = T_30—2p(€atu),
[T _20—b(u), 2_q—b(t)] = 2_30—26(—3€stu),

Mixed roots

[T—a—b(u), 2 (t)] = x_p(3€rtu),

[x,ga,b(u), Tq (t)} = {E,a,b(262tu) x,b(36162t2u) x,3a,25(36265tu2),

[z —3a—b(u), za(t)] =

= 2_9q_p(estu) x_q_p(eest®u) x_p(ereaest®u) T_z4_op(eaest®u?),

[Ta(w), T —3a—5(t)] =

= x,ga,b(fqtu) $,a,b(76263tu2) xfb(761€263t7.l,3) $,3a,2b(26265t2us),

[2p(uw), 2 —a—p(t)] =

=2_g(ertu) x_oq_p(—€reat®u) T_3,_op(€1€2est u) _5,_p(—€eae3t®u?),
[2—a—p(u),zs(t)] =
= x,a(—eltu) .”L',Qa,b(elegtUZ) $,3a,2b(—616265tu3) l',ga,b(—262€3f2u3),
[_3a—2(u), 2p(t)] = 2_34_p(estu),

(o), Tass(8)] = 23 (3ertu),
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(46)

(51)
(52)

(53)
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[z (), zays(1)] =

= xa(—eltu) $2a+b(—€162t2u) 1‘3a+2b(—616265t3u) $3a+b(—62€3t3u2),

(ot (u), zp(1)] =

= x4 (e1tu) Toayp(€1eatu?) T304 op(€1€aestu®) T304 p(—2e0e3t?u®),

[T _9a_p(1), Tass(t)] = T_o(—2€atu) 2p(—3ereat®u) 2_34_p(3ezestu?),

[Z_3a—2b(1), Tatb(t)] =

= x,ga,b(—%tu) .T,a(6265t2u) l’b(6162€5t3u) {E3a+b(62€3t3u2),

[Ia+b(u), x—3a—2b(t)} =

= 2_9q_p(estu) r_o(—erestu?) xp(—ereaestu®) T304 (2e0e3t%u?),
[T 0(1), Toais(t)] = Tarp(2e2tu) 234126 (—3ezest?u) xp(—3er eatu?),
[T 0 b(1), T2ass(t)] = Ta(—2€2tu) T304 4(—3eaest®u) x_p(3ereatu?),

[Z—3a—b(w), Z2a+b(t)] =

= l',a(—63t’u,) $a+b(—62€3t2u) x3a+2b(616265t3u) .’L‘b(—61€2t3u2),

[T2a1b(w), 2_34—(t)] =

= x,a(e;;tu) $a+b(62€3tu2) $3a+2b(—6263€5tu3) $b(—261€2f2’u3),

[‘T—Sa—Zb(U), ZL'Qa_H,(t)] =

= 2_q_p(estu) To(—ezest®u) T3 15(—caezest>u) _p(eqeat>u?),

[$2a+b(u), 1'73a72b(t)] =

= 2_q_p(—estu) T4 (eaestu?) w3015 (caezestu®) 2y (261 eat?u®),

[@_a(u), T3a45(t)] =

= Zoapp(€3tu) Tapp(—ezestu?) p(e1exestu®) T30 0p(2e2€5t%u°),

[Z3046(0), z_q(t)] =

= Togrp(—estu) xoyp(e2e3t®u) Tp(—€1€ae3t®u) 234425 (€2est>u?),

[Z_20—b(u), X3a+b(t)] =

= xq(—€stu) I_a_b(€2€3tu2) x_ga_gb(62€365tu3) z_b(—26162t2u3),

[Z3a45(w), T_2a—p(t)] =

= Za((fgtu) Z'_a_b(f€263t2"u) 517_3a_2b(7€263€5t3’u) I_b(7€1€2t3u2),

[T —3a—20(1), T3a+b(t)] = T_p(—€atu),
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(62) [r_a—b(u),z30+25(t)] =

= $2a+b(—€5tu) [L‘a(—62€5tu2) CIZ,b(616265tu3) $3a+b(262€3t2u3),

(63)  [T3a+2b(0), T_aqp(t)] =

= £C2a+b(65t’u,) {L'a(€265t2u) (L',b(—616265t3’u) $3a+b(62€3t3u2),

(64) [T_2q—p(u), T3a426(t)] =

= LL‘a+b(€5tU) ‘T,a(6265tu2) l',ga,b(762€365tu3) l’b(26162t2’u3),

(65)  [T3010b(1), T_2a_p(t)] =

= Zaqp(—€stu) I_a<*€2€5t2u) a?_ga_b(62€365t3u) zb(6162t3u2),

(66) [2—3a-b(w), Z3a+25(1)] = Tayu(—€atu).
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